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Introduction to Rotaional Motion by Andoyer
Variables

7Y ROA T -ERERWCEEDFEAR
KFH (ERLKXE)
Hiroshi Kinoshita (National Astronomical Observatory)

Kinoshita@nao.ac. jp

2-21-1 Osawa, Mitaka, Tokyo, Japan

ABSTRACT

Eulerian angles are frequently used to describe the rotational motion of a rigid body.
The equations of motion with use of the Eulerian angles have a complicated form
and the treatment and the discussion of the equations of motion is difficult and
troublesome. Here we introduce Andoyer variables and express the Hamiltonian
with use of them, of which form is very simple and the analytical treatment of the
rigid motion becomes much simpler than that with use of the Eulerian angles. Then
we show the precession of a synunetric top and the rigid Earth, and the long-periodic
motion of a planet as examples of the application of the Andoyer variables.
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Figure 1 — Eulerian angles (p, 8, v). The coordinate system:(X —Y — Z), inertial
frame. (z—y— z). Cartesian coordinate system fixed to the rigid body.
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Figure 2 — Andoyer angle variables (I, g, h). (X—Y —Z), inertial frame. (z—y—2),
Cartesian coordinate system fixed to the rigid body. Eulerian angles

(,0,9).
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Figure 3 — Equi-Hamiltonian curves of the torque free motion.
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Figure 4 — Trajectories on the inertial ellipsoid of the torque free motions
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&b -7z (Souchay et al. 2003).
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{3 Heuman’s Lambda function(Byrd and Friedman 1954,p.36) T#% 5 (k' = v1 — k?).
=0 D& E3X(28), (27), (24) &V u=0,l=m/2 7Y, K (23) 25, J=j L5 D
TROBFANES NS,

sinj <sinJ < /(1 +¢)/(1 —e)sinj. (35)

A BAJORVMETHLI L ERLTWAS. i S e — 2B ETEAT b
Uy 2 AL TOAKE j, 1

sinf, =v(1-¢e}/(1+e), F<js (36)
THDjORESCL > THHBEREOEHIR 1 DL ICHFETE 5.
ZITHLE, NIST AT L oMEREE5X 5.
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5= am%(l' —n/2) + /2. (38)
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Table 1: Classification of torque free motions

j (k%) energy
0 0 (G*/2€) (mininum)
(0<j<is) 0<k<l) secular stable rotation around
the short axis
(Js) 1 (G*/2B) separatrix
(Js<j<m/2) (1<k<o0) secular unstable, rotation around
ordinary stable the long axis
(x/2) (00) (G?/2A) (inaximum)

52 RiT— O/

EiE— FOMITEIEET — KO (23)-B4) ITBW T FBEE— A NARC
IS0k ANBRThIZL V. 29T 5L e DI

111
(E D

¢ = —Ph =3t

); (39)

|~

1
C

B —
SN
[N

L%,

6 EFEEDORE

HIE TR & N BRI R L RS TRB ST T, AHOKE &, Y
R X OBBE S IIRfErFHE (BERY) TH50EM L VEEITHS. Press
et al. (1992) @ Numerical Recipies I T2 H6M B E DY TN —F 2 &
WTEBE IS Lk E-> TL EAELEOBOFHEIIHETHS.

F2ICKBROKE (£FRL LTHIR) HE (BEXFRELLTAH)  BE (KX
FLTIANALV—ER), #UNRE (KL LTErs) Dee IRT. Zhhb6bhd &
SIS, BB, BERFRD e 1) &, SMAEMNREOBUNKRED e lTRE V. 7272
LBUNFAERD BT — KCEEL TWeeT5 8 (20L& RBETKERIIE
TELRWTHAD) e lI/hE .

6.1 cEllFehhEneEDREM
FPIEHE — REEBE T e VNSV EEDell2W T 2RETORMAEE5A 5.

l=1- i(a2 + Desin 2l + é(a’" +6a% + 1)esin4al + O(e®), (40)

| .
g=g+ %ae sin2l — 1—60((12 + 1)e?sin4l 4+ O(e*), (41)

. 1 1 .
L=GcosJ[1 - g(a" —1)e* - 5(012 —1)ecos2l +

+%i(a2 — 1)2e* cos 4l + O(e®), (42)
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Table 2: Triaxiality and Dynamical Ellipticity of the celestial bodies in the solar sys-
tem:triaxiality (e = 1/2(1/B — 1/A)/(1/C - 1/2(1/A + 1/B))), (e* = 1/2(1/B —
1/C)/(1/A — 1/2(1/C + 1/B))), dynamical ellipticity (H = (2C — A — B)/2C), here

we assume a uniform density distribution except Earth and Moon.

(2a x 2b x 2c)(km) e H (e*)
MI Phobos 28x22x20 0.719 0.185 0.0889
JIV Amalthea 270x166x150 0.900 0.276 0.0270
SvII Hyperion 350x240x200 0.723 0.278 0.0685
SX Janus 220x190x160 0.445 0.197 0.238
SXI Epimetheus 140x116x100 0.556 0.197 0.166
SXIIT  Telesto 30x26x16 0.311 0.338 0.357
SXVI  Prometheus 140x100x76 0.681 0.305 0.105
SXVII Pandora 110x86x66 0.562 0.277 0.163
433 Eros 35x16x7 0.919 0.467 0.0215
Halley 16x8x7.5 0.971 0.324 0.00753
Earth 0.00328 0.00327 0.987
Moon 0.214 0.000520 0.478
i Lo 2 7 71 oLl 99
J=J+ 1—6(201 + 1)e® tan J + tan J(Eecos2l ~ g cos4i). (43)
LERBETald i )
a=sec =G/L (44)
TH5.
L
AR
[
WIEERBRERAERTH Y, ELFNEROV L2 Th 5.
J
&
J
DRI
7 ; 1 9, (1 9. 3 4.9 3
cosJ = cos j[1 — e tan’j - (Z tan”j + ;- tan J)e’] + 0(e’), (45)
7 . 1 . 2 . 1 3 2 . 3
J =j+getanj+e tan,7(§+Etan J)+0(e”) (46)

TEXOND. AT
[
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D 8

1 G
%=§upw+umG+ZB(
THE. INSDERIONRL T (G < j,) K LBEATE B el T 4k E CHRE
{3 Kinoshita(1972) IC5 2 6T b, 22 TORY FWISBT 29 ERIE G, 4,
and gy TH 5. R (45) 65 T 23R, Eh & FIHE n; | ny 2 (47) & (48)
SEE L, EEOBANC BT 5 1,9, J 2R (40), (41), & (43) LV ko .

a? + 1)e* + O(e?). (48)

FflE— NORRERIEN (40) - (48) Te & D #HiIC

*

C
& DI EMANT L,
N>V D7 — Y ZREITH SR (40) - (43) ICBO TR BHDRI D e 1250

TOR/NREESIBUCHEN S [ OFBUEO (S TH L. ZOWEIZY 75 —EHo
R SHAIIONWT o7 — ) TREIICRNS 75 o R—= VOB EICHIEL T b,

6.2 eFlhlder KEWEEDRE

eEldet KEVE EFITTHTMORBNIINEAGE L THEOPICR S 200, LML
(36) M B e MKENVE EITAH JIINEW. ZZITe Db VI j 2B PINRTA—4 —
& LT ERT S (BHMC > TE Kinoshita(1992) % ZH8)

sin 21

1
l=0"=-e/(1 +¢)/(1 —e)j?———+ 03", 49
VT /= s+ () (49)
q=§+£(—\/‘l,—(32(l*—l~)
) Dny;
1 .. esin?l 2 ~
+=(1 +e)j? -+ I =10)) + o3, 50
4( )i [1+ec0321 \/1——?( )]) () (50)
L=Gl— 57— —j2cost]) + O("), (51)
2 l—e

J=jy/1+ 12_66 cos? [+ O(5). (52)

2 (49) 5 (52) ICEN 5
l*

KX TEHZ SN D. X
tanl* = /(1 —e)/(1 +e)tanl. (53)
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SEAES) g, ng  MEREE T IIMUNART A—F — j TRDO LD ISREETE S,

G — 1. .
"‘l- = B 1 - 62[1 - 2(1 _ 6)32] + O(Jd)’

1@:5UA+U&G+%O—¢Lw%x
x[1 + 5 /T (= a7 + 0",

cos J = cos j[1 — %(\/(l +e)(1 —e) — 1) tan? j] + O(j*),

J=((1+e)/(1-e)j+ 0.
INSDORBUTONED e & 1 EHERIC HEATE 5.

(54)

(55)
(56)

(57)

CGLETHANL AU &SI, BYER G, # AT (54) | (55) H 585
ngng B ROMER L § 2FHET L. 2hn s R (53) &V 15, R (49), (50), (52) »5

ERORANC BT S 1,9, J 2RD 5.

7 IBH
7.1 MR OES)

SIS

Figure 5 — A symmetric top
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MHpaeoNI Vb7 oL

F=F+R, (58)
o _ Lo o, L?
Fo=52(G"= L) + 55, (59)
R = —mg*acosf (60)
THDH. I 2T RIFEEDR (AHERR) TRMVBHRT > VTHL. HKE=
AEEHCT (2B B RE7 Y RUA7-FHTERRTS.
R = mg*a(cos I cos J — sin I sin J cos g) (61)

BB EIH A2V I CHDLOT, RIRGEBE LLH (I—FE LD .hIIDOP0T
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dh_OF ___1 0R
di — OH = Gsinldl
myg*a cos! .
= — 208 ——sin J cos 62
o (cos J + gl J cos g) (62)
&%, J << 1 THLNLMEOFRY EB)DAME (FEER) 13
dh _mg'a mg'a _mg'a
a - G T L  Cw (63)
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omEIZHEESOME L KA THE (728) IR .
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~.

Equatorial plane

—
LEcliptic plane
Figure 6 — The precession of the rigid Earth
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R= (C - A)Pg(sm B) (66)
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R = —%k:’\:f (1—€'2)"%%(3cos? I —1)(3cos® J — 1) (67)
b, AERLg I A2V v I THY, ThEITHRILERE LG H I3
Y, Ih&Y I, Jb—ELRL. FEEHT

dh  OR* IJ-’M’(C’ A)

Et.=a_H—__(1-5 n%J) (1—e?)™32cosT (68)

THEAOND. 75— 3N K (M + ME) =n?d® VT
dh 3C-A M

dh_ 3 a3,
dt 2°C M+ Mg (1-¢'2) " (1 5 sin J)cos I (69)

e n. FEROERRMSKD &N HBR O FEE OEEN T KEBENIHIE L T 5.
X (69) »obhd L) IFEEHOM S IZEEERORE LR THDS, M
OBHIR Y EB) & W X145 D, JEOEE) TIFENIC LS ML 7 A% #]7
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A

X

Figure 7 — The coordinate system:(X — Y — Z), the inertial frame. (z — y — 2),
the rotational frame.
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ABSTRACT

The aim of this paper is to expound some important results achieved in the last
30 years about the dynamics of celestial bodies in spin-orbit resonance. First, we
identify three distinct categories among these celestial bodies and we explain the
differences between these categories. Then, we take a more specific interest in the
first category that we name : “spin-orbit resonances of first type”. For celestial
bodies in this category, we remind Goldreich and Peale relations (1966) to evaluate
their probabilities of resonances capture and the Chirikov criterion (1979) to predict
the presence of chaotic zone in their phase space.

Introduction

Soit un corps céleste C; orbitant autour d’un autre (comme la Terre autour du
Soleil, ou la Lune autour de la Terre, ...).Nous représentons la rotation de ce corps
céleste en étudiant la rotation d’un repére Re 1ié & ce corps céleste C| par rapport
4 un repére de référence R:

o la réalisation du repere Rc li¢ & C) que nous choisissons est formée des trois
axes principaux de C et a pour origine le centre de masse de Cy: Nous notons A,
B C les vecteurs unitaires de ces axes principaux liés respectivement, et L par ordre
croissant, aux moments d'inertie A, B, C. L’axe de vecteur unitaire C s’appelle
I'axe de figure de C,.

e La réalisation du repere de référence R que nous choisissons est définie par
deux axes de vecteurs unitaires X et ¥ dans le plan de I'orbite de ce corps, un axe
perpendiculaire & ce plan de vecteur unitaire Z et une origine confondue avec le
centre de masse du corps central. Le vecteur unitaire X est dirigé vers le périastre.

Il est commode de faire également intervenir dans la modélisation mathématique
I'axe colinéaire au moment angulaire L de ce corps. Ces axes et les angles inter-
venants dans notre étude sont représentés sur la figure 1.

e L’angle I qui apparait sur la figure 1, est I'angle entre le moment angulaire L du
corps C] et le vecteur Z du repeére de référence R. Cette angle I se nomme 'obliquité
du corps C; sur son orbite.

e L’angle J qui apparait sur la figure 1, est I'angle entre I'axe de figure du corps

C) et le moment angulaire L du corps C;. Il correspond a peu de chose prés a
I’amplitude du mouvement du poéle de C.
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C = Axe de ligure

7. = Axe normal au

0] ] .= Axe de moment cinétique
plan de référence e

Figure 1: les Axes et les angles [ et J

Differents types de résonances spin-orbit

Nous classons les différentes études qui ont été menées sur les résonances spin-
orbit en trois grandes catégories:

1— Nous appelons “résonances spin-orbit de premicre espece”, les résonances ayant
lien avec des angles I et ./ constants et nuls. Cela revient a imposer que axe de
rotation du corps céleste €' est confondu avee son axe de figure et que ces deux
axes restent toujours perpendiculaires au plan de son orbite. Parmi les études ayant
pour sujet cette catégorie de résonance citons les travaux importants de Goldreich
P. et Peale S. 1. de (1966), (1968) et (1970)

2— Nous appelons “résonances spin-orbit de deuxicme espece”, les résonances
ayant lieu avec un angle ./ constant et nul. Cela revient a imposer que axe de
rotation du corps céleste ') reste toujours confondu avee I'axe de figure de ().
Daus ce cas, les équilibres dynamiques possibles du systéme sont appelés “états de
Cassini” par analogic avee le mouvement de rotation de la Lune. Ils sont réalisés
pour certaines valeurs constantes et non nulles de 'obliquité I du corps céleste C'y;
ces valeurs dépendant essentiellement de la triaxialité du corps, de 'excentricité et
de I'inclinaison de son orbite. Parmi les études ayant pour sujet cette deuxicme
catégorie de résonance citons Colombo G. (1966), Peale S. J. (1969) et Beletskii, 3
V.B V. (1972)

3— Nous appelons “résonances spin-orbit de troisicime espece”, le cas le plus
général, on le corps est en résonance spin-orbit mais sans aucune hypothese par-
ticuliere sur les valeurs des angles [ et J. Dans ce cas. des équilibres dynamiques
sont également possibles. Ils sont déerits par ce que nous avons appelé les “lois de
Cassini étendues” Bouquillon S.. Kinoshita H. et Souchay J. (2003).

Résonances spin-orbit de premiére espéce

Nous nous intéressons ici plus particulierement aux résonances spin-orbit de premiere
espece qui, par leur caractere plan, sont d’une modélisation mathématique plus
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simple que les deux autres types de résonance. Pour ce type de résonance, nous
représentons sur la figure 2 les angles de rotation et de révolution du corps C :

corps central

Figure 2: Variables angulaires

L'axe de rotation, le moment angulaire L et I'axe de figure de C; sont tous con-
fondus et normaux au plan de l'orbite. f est 'angle mesurant la rotation de C'; dans
le plan de son orbite. f est la longitude de '} mesurant sa position sur son orbite.
[ peut s’éerire sous la forme suivante:

f =M +2esin M + O(e?)

Ou M est 'anomalie moyenne et e U'excentricité . Avec ces notations 1'équation du
mouvement pour @ §'écrit (Danby 1962):

d*0 3 ra\3 ,(B-A\ . _
CEQ—Jrﬁ (l—> n (—('—) sin(2(0—f) =T

T correspond au couple de marée, n est le moyen mouvement de Cy, a le demi-grand
et r la distance entre le corps central et 'y qui peut s’éerire sous la forme :

a gl
— =1+4ecos M + O(e?)
-

Soit en remplagant f et % par leur valeur :

&8 3 5 e M Te 3M 5
Y 9 g5en v laompa aey  Eogfa M Te . _ e
G _(/t2+‘2n (B—A) |sin2(0 — M) 251112 (() 5 ) + - sin2 (() = ) + O(e )} 1

A. Sans effet dissipatif

Dans un premier temps, nous regardons les mouvements de rotation possibles
sans dissipation; ¢’est & dire avec un couple de marée nul (7 = 0). Ces mouvements
possibles de rotation sont représentés sur 'espace des phases de la figure 3. Chacune
des courbes correspond a une de ces rotations.
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Résonance
spin-orbit Mercure
32
libration
les satellites de Jupiter jusqu'a Callisto,
Résonance les satcllites de Saturne jusqu'd Iapetus
. . (Hyperion cxcepté),
de/ dt n spin-orbit les satellites de Uranus jusqu'a Oberon,
i1 les satcllites de Neptune jusqu'a Triton,
les satellites Phobos et Deimos de Mars,
la Lune.
l
1
Résonance
spin-orbit |Aucun corps céleste connu du systéme solaire |
172

Figure 3: Espace des phases

Nous voyons apparaitre deux types de mouvements possibles:

e soit un mouvement libratoire autour de résonances bien particulieres : 8 = %n,
f=n,0= %n, ... 8 = Fn avec m un naturel. Il s’agit de corps C) dont la période
de rotation moyenne est commensurable a leur demi-période de révolution moyenne.

e soit un mouvement circulatoire entre ces zones de résonance.

Aux intersections de ces deux types de mouvement apparaissent des séparatrices.
Pour chaque zone de libration, nous avons indiqué sur la figure 3 les corps du systéme
solaire s’y trouvant.

B. L’effet des forces de marée

Que sont les forces de marée et comment modifient-elles les mouvements de ro-
tation observés sur P'espace des phases ci-dessus? Le couple de marée est dii au
fait que le corps C) est déformé par l'influence gravitationnelle du corps central et
que cette déformation n’est pas instantanée du fait de frictions internes (déformation
inélastique). C’est I'influence gravitationnelle du corps central sur cette déformation
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qui crée un couple de rappel appelé couple de marée. Nous utilisons comme expres-
sion de ce couple de marée T, I'expression donnée par Kaula (1964) qui a 'avantage
d’une grande simplicité formelle.

T = —K |(1 —5¢*)sgn(f — n) + —sgn(0 - —n) + 4%sgn(@ - —n) + O(e*)
Cette expression du couple de marée correspond au cas ot le retard de la déformation
ne dépend pas de la fréquence de I'onde de marée.

Avec cette express1on nous voyons que, pour une excentricité inférieure a 0.233, le
couple de marée T s’annule et change de signe pour 6 = n, entrainant la rotation du
corps C) vers la résonance 1/1. Dans le cas ol 'exentricité est supérieure a 0. 235
et inférieure & 0.35 le couple de marée T s’annule et change de signe pour 6 = -n
entrainant la rotation du corps C; vers la résonance 3/2. Et ainsi de suite .

C. Probabilité de capture

Avec les relations ci-dessus, il est possible d’estimer la probabilité que le corps céleste
soit capturé par une des résonances spin-orbit de premiére espéce. Sans rentrer dans
le détail de ces relations, nous donnons ici la probabilité de capture pour les premiéres
résonances en fonction de 'excentricité de I'orbite du corps Cy (Goldreich et Peale
1968) :

P(3/2) ~ -
(3/2) +(1 — 5e?) + fe? + Le?
2(1 — 5¢?)
P(1) ~
(1) = (1—5e2) + 1e2 — Be2
12
P(1/2) ~ -
/2 —(1 - 5e?) — fe? — Le?

Nous remarquons que ces relations sont indépendantes de la forme du corps. C’est
du a la forme simplifiée de notre couple de marée. Des formules plus complexes
et plus exactes peuvent étre trouvées dans Goldreich et Peale (1968) (prenant en
particulier compte de la dépendance entre le retard de la déformation et la fréquence
de la déformation)

Avec les relations ci-dessus la probabilité que la Lune aie été capturée dans la
résonance 3/2 avec son excentricité actuelle e = 0.055 est de 0.07. De méme,
pour Mercure, la probabilité de capture dans la résonance 3/2 avec son excentricité
actuelle e = 0.2 est de 0.7. Cela pourrait paraitre trés satisfaisant, puisque Mer-
cure est effectivement dans la résonance 3/2 (la période de rotation observée pour
Mercure est bien 2/3 de sa période de révolution). Malheureusement, quand nous
considérons les formules plus précises tenant compte de la dépendance du retard
de la déformation avec la fréquence de la déformation, la probabilité pour Mercure
retombe & 0.07. La solution & ce probléme a été trouvée récemment par Correia
et Laskar (2004). Ils ont tenu compte dans le calcul de probabilité du fait que
Pexcentricité de Mercure avait beaucoup évolué au cours de son histoire. Ils ont
alors trouvé une probabilité “plus réaliste” de 0.55.

D. Critére de Chirikov
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Une des particularités de rotation des corps proches des résonances spin-orbit
que je voudrais encore évoquer ici, est I'apparition de zones chaotiques lorsque des
zones de libration viennent a se superposer. Or, la largeur des zones de libration
dépend : d’un coefficient mesurant le degré de symétrie de la répartition des masses
a l'intérieur de C; dans le plan de son orbite (représenté par le coefficient B—E."—‘), de
I'excentricité e de son orbite, du moyen mouvement = et de I'ordre de la résonance
(cf. figure 4).

\//
w2’ { T
/ " \ fie 3B-ar
N2 ¢
l
I n2

e o "Q\\\\_l P .
3B : .‘\! n
de/dt n ) < Mo
"/,//_\\\-“‘///\\

Figure 4: Critére de Chirikov

Chirikov (1979) a démontré, dans un cadre tres général, un critére trés simple per-
mettant de prédire I'apparition de zones chaotiques proches des séparatrices. St
nous appliquons ce critére au cas des résonances spin-orbit de premiere espéce, par
exemple pour le recouvrement de la résonance 1/1 et 3/2, nous obtenons la condition
suivante pour qu’il y aie apparition d'une zone chaotique : '

[Te  3(B—A) 3(B-A) n
— —_— 1 _— > -
5 X G X 1+ 5 X n> 5 = CHAOS

Par exemple, pour le satellite de Saturne, Hyperion, avec iLA— ~0.26 et e = 0.1,

le premier terme de I'inégalité ((—) 172 JB—’I X n+ -——B—i‘l X 1) vaut approxima-
tivement 1.2 X 7, ce qui est plus de deux f01s supérieur au crltme de Chirikov. Il est
donc siir qu’une ldl ge zone chaotique existe pour ce satellite autour de la résonance
1/1. Wisdom, Peale et Mignard (1984) ont montré que la rotation de ce satellite est
effectivement chaotique.
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ABSTRACT

Helioseismology has been successful in investigating the otherwise invisible solar
interior, and one of its greatest success is in revealing how the interior of the sun
rotates. It is briefly reviewed how this is done, what we have learnt, and what they
imply.

1 Introduction

The sun, the master of the solar system, rotates. We have been aware of this fact
since the time of Fabricius, for around 400 years. Somewhat remarkably, it has
been known for almost as long that the sun rotates differentially i.e. the equatorial
region rotates faster than the polar regions. In both cases, it was sunspot motion
that betrayed surface axisymmetric flow of the sun. How the sun rotates internally,
on the other hand, had not been an observational subject for a long time, simply
because the solar interior was — and still is, except metaphorically — invisible to
us.

However, the internal rotation of the sun has always been an important issue. The
solar activity cycle is thought to be caused by a dynamo mechanism, an interplay
between magnetic field and flow, of the latter of which rotation is the main compo-
nent. Also, although the sun is currently a slow rotator (see Section 2), its rotation
is believed to have been much faster, and have been affecting the course of evolution
of the sun. The so-called light-element problem, the apparent lack of light elements
such as Lithium on the surface of the sun, for example, may be explained only by a
mixing mechanism that involves rotation. And any theory of dynamical evolution of
stars will have to be able to explain the present-day solar internal rotation. There
was also the issue of measuring J> moment, in deciding if we need the Brans-Dicke
theory of gravitation as opposed to Einstein’s theory; a fast spinning core of the
sun would invalidate the calculation that ‘showed’ the latter to be able to explain
Mercury’s orbit.

If the solar interior is invisible, and its rotation beyond observation and yet so
important to astrophysics, why not trying a theoretical/numerical approach? This
is prohibitingly difficult. The outer 30 per cent (in radius) of the sun is convective
because higher opacity in surface ionization zones means photons alone cannot carry
all the energy generated inside to outside. Bad news is that this convection is
turbulent. Reynolds number is huge, thought to be in order of 10'2, which leads
to, according to Kolmogorov’s argument, the degree of freedom in order of 107 (for
Kolmogorov's argument see, e.g., [1]). If one is to take a head-on approach, he needs
10%" grid points to simulate the solar convection zone.

It was to this stage that helioseismology entered as a new method of probing the
solar interior, to let us ‘see’ the interior of the sun. In the next section the carly
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history of helioseismology is briefly presented together with some basic discussion of
its diagnostic power. In Section 3 it is outlined how observation of surface velocity
field can produce two-dimensional (that is, in radius and in latitude) map of solar
angular velocity, and our current knowledge of the sun’s rotation is summarized.
Section 5 will be dedicated for discussing the future of this line of investigation.

MDI Medium—! Power Speclrum

frequency, mHz

0 50 100 150 200 250 300
angular degree, [

Figure 1 — Powerspectrum of 60-day Doppler velocity data by MDI, as function of
spherical harmonic degree (abscissa) and frequency (ordinate). Horizontal
wavenumber is \/l(l + 1)/ R, where Rg is the solar radius. The region of
the highest power is around the period of 5 minutes (3.3mHz in frequency).
The ridges correspond to the position of eigenmodes. [Image courtesy of
the SOHO/SOI-MDI project of the Stanford Lockheed Institute for Space
Research, SOHO is a project of international cooperation between ESA and
NASA.|

2 Helioseismology

2.1 Solar acoustic eigenmodes

It all began in early 1960s, when the sun was discovered to oscillate [2]. Leighton
and his collaborators were measuring Doppler velocity field of the sun, which is to
say, the line-of-sight component of the solar surface velocity field. Their intention
was to study supergranulation, which is another convective structure larger in size,
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slower in turn-over speed and harder to detect compared to granulation. During the
course of their effort, they found that there was a concentration of temporal power
of the velocity field around the period of 5 minutes. This was the discovery of the
so-called solar 5-minute oscillation.

It took another decade or so until people came to agree that this oscillation was not
a locally-driven (and damped) phenomenon but a manifestation of global acoustic
eigenoscillations, also called p modes (‘pressure modes’). One of the key was the
observation by Deubner [3], who found that the concentration of power in two-
dimensional Fourier space (one dimension in temporal frequency and another in
horizontal wavenumber) was resolved into discrete ridges (see Figure 1 for modern
data), which signify eigenoscillations!.

Since the sun is almost perfectly spherical, we can label its normal mode by radial
order n, spherical-harmonic degree ! and azimuthal order m (= 0,1, £2,..., £I).
However, without any symmetry-breaking agent, there is no special axis, and hence
degeneracy with respect to m arises i.e. eigenfrequencies depend only on n and I,
which we may write w,;. By solving an eigenvalue problem, frequency spectrum
{wn} can be calculated. Horizontal structure of a mode is described by spherical
harmonic function Yy, so the wavenumber is /{(l + 1)/ Ry (Rg 1s the radius of the
sun): [ is essentially the horizontal wavenumber. By plotting w,; as function , we
reproduce the ridge patterns in two-dimensional power spectrum.

Once it was established that we were observing eigenoscillations, however, it was
quickly noted that these observation can be used for a diagnostic purpose. In fact,
in establishing the above, people were already comparing eigenfrequencies of solar
models with observed frequencies: the simplest of all the seismic approaches. Such
comparison would tell you how good a model is, or whether a model is better than
another. How far onc can go on improving a solar model depends on the information
content of eigenfrequency spectrum, and on whether one can devise a systematic
approach to modify models according to the observed eigenfrequencies.

2.2 Probing the solar interior

So what determines the eigenfrequencies? Any piece of solar plasma is under influ-
ence of local gas pressure and gravity. To know how the perturbation to this piece of
plasma would develop in timme, we have to know how the pressure and gravity would
change as results of the perturbation. To know the first is to know the so-called bulk
modulus i.e. how hard a piece of fluid element would bounce back when compressed.
In terms of quantities more familiar to astronomers, the bulk modulus is pc?, where
p is density and c is adiabatic soundspeed. To know how the gravity would change,
we need to know the distribution of material i.e. p as function of position in the
sun.

There is also magnetic field, of course, but the effect of magnetic field is small
(details of why and to what extent this is so is beyond the scope of the current
review).

Then there is rotation. Rotation affects the wave propagation by advection, and
by Coriolis force (to a lesser degree, in case of p-mode waves). Although in principle
any change in the equilibrium structure due to rotation should also be taken into
account, this is negligible since the sun is a slow rotator: the equator of the sun

"You may ask, why ridges, not points? Because of damping, points become blobs, and a series of such
blobs constitutes a ridge. Also, horizontal wavenumber is observed as a discrete number (see Fig.1)
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Figure 2 — Schematically drawn p-mode ray paths and their penetration depths. A wave
packet travelling inward from the surface refracts back to the surface because
of an inward increase in soundspeed. By comparing shallow-penetrating
modes (down to dashed circle) and deeply-penetrating modes (down to dot-
ted circle), it is possible to infer physical condition in the region that is
between the two circles. In the picture are also drawn rays that travel to a
surface point to be reflected inward.

rotates with a period of around 25 days (sidereal), compared to the dynamical
time scale of the sun of half an hour. This is even more true in considering effect
of rotation on observed oscillations, since we really have to compare the rotation
period with that of oscillation, which is typically 5 minutes (why the sun oscillates
at such high overtones is, once again, outside the scope of this brief summary). This
permits us to use linear perturbation theory to account for the effect of rotation on
eigenfrequencies.

Let us forget the magnetic field. The two quantities p and ¢ are what principally
determines wave propagation in the sun and, when combined with proper boundary
condition, its eigenfrequencies. Rotation affects the eigenfrequencies too, but since
the effect is small, it can be treated as a perturbation. If we look at this situation
from the other direction, we can conclude that by studying eigenfrequencies of the
sun we can learn the distribution of p and ¢, or the radial structure of the sun, and
that by studying fine structure that is brought about by rotation, we can investigate
how the solar interior rotates.

How well it can actually be done depends not only on how precisely the frequencies
can be measured, but also on how many frequencies are measured. Although this
may be intuitive enough, the reason is discussed in the below.

In the sun, deeper one goes and higher the temperature gets. In other words,
there is an inward increase of soundspeed?. As a result, a packet of soundwave that
starts an inward travel from a point on the surface undergoes refraction, eventually
to come back to the surface to start the next trip through the solar interior (Fig. 2).
Depending on the initial angle, a wavepacket penetrates to a certain depth. The
region between the surface and the deepest point that the wavepacket reaches is
called propagation region. Frequency of a mode comprising such wavepackets reflects
physical condition in this propagation region. Different modes will have different
penetration depths and hence different propagation regions, thereby sampling the

2 . . . . .
“Except near the centre, where a steep inward increase in mean molecular weight leads to an inward
decrease in soundspeed.
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solar interior in different fashions. If we have two modes with only slightly different
penetration depths, the small difference in their frequencies will tell us about the
thin layer between the two depths. With more modes added, we can probe more
layers. Thus, probing the interior of the sun requires a wide variety of modes.

2.3 Rotational splitting

/J—— m={

//—l—— m=l-]

i

i} p—— m=i-2

/ /

/2

(o] / !
‘ ) Whim
EN '
W m=-142

e m=4t

— m=el

Figure 3 — Eigenfrequency wy, splits into (21 + 1) distinct frequencies, wyy,y,, duec to
rotation §). The split frequencies w,,,, are spaced by averages of rotation
rate when rotation is slow.

Let us go into more details on the effect of rotation. The presence of rotation
means the spherical symmetry of the system is broken, and eigenfrequencies now
depend also on azimuthal order m. We denoted eigenfrequencies by w,,; before, but
now we need to use wyy,,. The m-independent frequency w, is the frequency at which
the mode would have been pulsating, were it not for the rotation. The difference
between wy, and w,; is calculated according to linear perturbation theory. The
result is:

Walyp — Wat =M X <Q>nlm ’

where € is rotational (angular) frequency which is function of radius r and colatitude
# (the component of flow that depends on azimuthal angle ¢ we do not call ‘rotation’
in the current context) and (£2),,,, is a certain average of Q(r, 8): the single frequency
wp ‘splits’ into 21 + 1 frequencies (Fig. 3). In the case of the sun, the sidereal
rotational period of ~ 25 days means that (Q).,,/27 ~ 460nHz. Howcver, due
to different ways by which modes sample the solar interior (Fig. 2), the average
varies from mode to mode in a subtle way (hence the subscripts nlm in (),,).
Accordingly,

(D i = / dr / 48K i (r, 0)SX(r 6) |

where K, (r,0) is the sensitivity function called splitting kernel that can be cal-
culated from eigenfunctions. This is the basis of helioseismic measurement of solar
internal rotation.

3 Helioseismic measurement of solar rotation

3.1 Observation

One big advantage of solar physics, compared to stellar physics, is that we can
observe the sun as a disc. Full-disc observations (sun-as-a-star obscrvations) are
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still practiced and do have certain advantages in observing low-/ modes which have
a broad spatial scale. Also, although so far I have mentioned only Doppler velocity
measurement in relation with helioseismology, intensity fluctuation can also be used
for seismic study. Still, in outlining the observing procedure in the below, I take the
resolved measurement of Doppler velocity as the canonical example.

Measuring Doppler velocity is done by observing an absorption line that is insen-
sitive to magnetic field, for then any change in the shape and position of the line
would mainly due to oscillating velocity field (and surface rotation, which can easily
be subtracted). By measuring Doppler velocity over the solar disc, we eventually
obtain the radial velocity field v.,q(@, ¢, t), which we expand in Y;"(8, ¢):

'Urn(l(a’ b, 1’) = Z A,m(t)Y;m(B, ¢) .

lm

If for simplicity we assume that v,,q is observed all over the solar surface, then

Aum(t) = / 49 veaa(8, 6, )Y;™ (6, ) |

where d? denotes surface element, gives the temporal variation of the spherical
harmonic component (I, m). Then a;,, (w), the Fourier component of Ay, (¢) obtained
by Fourier transform, or, more typically (but not necessarily), the power spectrum
|agm (w)|? will be examined for peaks that correspond to eigenmodes. A figure like
Figure 1 will be obtained by then averaging |a;.(w)|? over m.

A long and continuous observation is required for precise determination of eigen-
frequencies through Fourier analysis. In particular, if we are to measure rotational
splitting, we need at least observation time of around a month. Small gaps here
and there do not hurt very much, but large gaps do, and we need to avoid them.
However, even if the weather is good, the sun cannot be observed during night. To
solve this problem, some people go to South Pole in summer. Another solution is to
have a ground-based network, that operates by installing several telescopes around
the world and then observe the sun continuously in effect, after merging data from
their sites. And of course, going to space also provides a solution.

The GONG (Global Oscillation Network Group) project [4] is representative of
the ground-network effort. It has been operating 6 stations since 1995 in Big Bear
(California), Mauna Loa (Hawaii), Learmonth (Australia), Udaipur (India), El Teide
(Canary Islands) and Cerro Tololo (Chile). The variety in site longitude cannot deal
with bad weather, but still the GONG achieves a duty cycle of about 90 per cent.

The SOHO (Solar and Heliospheric Observatory) satellite [5] was launched in 1995
with a suite of solar observation instruments on-board, among which were MDI
(Michelson Doppler Imager), VIRGO (Variability of Solar Irradiance and Grav-
ity Oscillations) and GOLF (Global Oscillations at Low Frequencies). In the con-
text of helioseismology, the main purpose of VIRGO and GOLF are to discover
low-frequency, yet-to-be-found, gravity wave (not to be confused with gravitational
wave) oscillations (called g modes). The MDI carries out resolved measurement of
Doppler velocity (and intensity fluctuation too) for the purpose of p-mode helioseis-
mology.

With these new-generation experiments and more sophisticated method of data
analysis, these days eigenfrequencies can be measured with nominal precision of less
than a tenth of a uHz. In terms of relative precision, this is of the order of 107°
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or even 1079 which is rarely scen in other branches of astrophysics. The number
of modes observed depends on how one counts it: if one counts the (n,!) pairs, the
number is around a few thousands. The number of (n,{,m) triplets would exceed a
few hundreds of thousands. Equipped with these massive amount of high-precision
data, we can then attempt to uncover what is beneath the photosphere.

3.2 Inversion

At the end of Section 2.1 I mentioned the importance of a systematic method of feed-
ing information acquired by observation to our model. One such device is method
of inversion. Suppose we have a model of rotation profile {2(r,#). We can use this
profile to compute wyy, and then judge if the profile matches observation or not.
If not, we may be able to figurc out how to improve the model profile. It would
be much better, however, if we can work this backward, to produce an estimate of
Q(r, 0) directly from observed sct of frequencies {wr,, }. This is what an inversion
procedure aims to achieve.

There is a few minor issues concerning the determination of the internal rotation
from {wpp,,}. First of all, what lincar perturbation theory gives is how w,,, differs
from w,;. However, w,;, being a hypothetical quantity (the frequency at which the
mode would oscillate if the sun were not rotating), it cannot be measured. What
can really be used, in fact, is wum — Wni—m = 2m x (Q),4,,. Here it is implied
that () u,—m = {(Q)n1.4m. which is guaranteed by symmetry of sensitivity function
Kuun (as an additional note, in inversion for soundspeed or density, m-average of
Wnim sSubstitutes for w,y). The same symmetry, by the way, implies that we are only
measuring the component of (r, ) that is north-south symmetric. Second, we do
not normally use wy,, themselves but expand them in a form, for example, such as

Whtm = Z an[kpk('"l/l)
k

with a proper polynomial P;., and use the expansion cocflicients a,; instead as data.
However, all these do not change the fact that Q(r, ) is linearly related to rotational
splitting data, and that we arc to solve a linear inverse problem of rotational splitting
to infer the internal rotation of the sun. In the below (though only in a few places),
I still pretend that wyy, is the quantity we base our investigation upon.

It is not difficult to see that solving a linear inverse problem eventually comes
down to invert matrices, since a linear relation has to be discretized first and the
result is a matrix equation. Describing in detail how to proceed from there requires a
lot of space; please see [6] and references therein. One important aspect is that if one
solves the linear inverse problem via linear processes only, then the ‘solution’ Q('r, 0)
is related linearly to input data, and hence to the Q(r, 8), except for observational
error:

Q(r,0) = / dr’' / d0'A(r,8;7',68")Q(r', 0') + (data error term) .

It is more computational work to obtain the averaging kernel A(r,8;r',6") than to
obtain the solution itself, but it is through this function we learn spatial resolution,
by examining how sharp the averaging kernel is peaked around (r, ) or, indeed, if it
is peaked around (r,8). The latter tells us if we actually ‘missed’ our target in our
attempt to estimate the rotation rate at (r,8), our target point. These diagnostics,
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in addition to formal error in Q(r, @), is required to judge how reliable a solution
Q(r. ) is.

3.3 Results from MDI

P T nHz[ ]
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440 [—
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420 |-
A10
100 =
390
380

370
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340
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320

0.4 0.6 0.8 1.0
r/R

Figure 4 — Internal rotation of the sun inferred by inversion of MDI rotational-splitting
data, as a contour map of rotational frequency /27, The inner dotted curve
(in fact part of a circle) indicates the base of the solar convection zone. Note
that the north-south symmetry is because of the insensitivity of the method
to the asymmetric component. Adapted from Schou et al.(1998)

It has just been briefly outlined how one goes from Doppler measurement to the
solar rotation. To summarize our current knowledge of the internal rotation of the
sun thus obtained, I here present an example of rotation inversion of MDI data
(Fig.4). In the below I summarize the features that are of importance and interest.

The solution is plotted only in the outer 50 per cent of the sun, and even there not
in the very high latitudes. This is because either of a lack of precision (large error
bars) or of a lack ol spatial resolution, mainly in the sense that averaging kernels
are not centred well around targets. Since not many modes penetrate deep into the
sun, we do not have large enough variety of modes to probe the rotation in deeper
layers well. With soundspeed inversion, the situation is much better and we can go
down to the radius of ~ 0.1Rs. This is because w, (or m-average of wy,,) is more
precisely measured than w,;,. As for the pole, the situation is the same; not many
modes have a large amplitudes in high latitudes, hence the poor inversion.

When one look at the solution that is plotted, one thing that strikes eyes is that
the pattern of latitudinal differential rotation observed on the surface holds through
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the most of the the solar convection zone. Early attempts at dynamical dynamo
calculation predicted a cylindrical rotation of the convection zone [7], essentially be-
cause of the Taylor-Proudman theorem. This discrepancy has compelled numerical
modelling of dynamo to be reconsidered (see below).

In low- to mid-latitude, the rotation reaches its maximum around r/Rg =~ 0.95,
with a sub-photospheric shear layer (a sharp decrease in rotation rate) immediately
above. It has been suggested that this layer supports a small-scale dynamo which
is most likely not responsible for the 11-year cycle but playing an important role is
sustaining (or magnifying) surface magnetic field [8].

If one looks deeper, one notes that differential rotation is weak, if present at all,
in the radiative interior. Here, however, the spatial resolution is poor and error
bars are large. It would be saler il we say we see no evidence against a near-rigid
rotation, rather than we see evidence for.

In between, there is another shear layer at the base of the convection zone, named
tachocline [9, 10]. Physics of tachocline is currently one of the hottest topic in solar
and stellar astrophysical fluid dynamics. First, it can cause additional mixing in
the solar interior. Indeed, a sounspeed excess found around the base of convection
zone by helioseismology [11] may be explained by decreased amount of helium, as
a result of such mixing offsetting an increase of helium by gravitational settling
onto such layers. Second, tachocline may be playing an important role in dynamo
mechanism. The standard a-w dynamo has difficulty in explaining equatorward
migration of sunspots without the cylindrical rotation and associated relatively large
radial gradient of angular velocity in the solar convection zone. As an alternative,
an interface dynamo mechanism at the tachocline region has been suggested [12, 13].

4 What’s next?

The findings summarized in the last section could not have come via other routes,
even if you count discoveries by numerical means as pure discoveries, because of
the situation that was explained in Section 1. In this sense, one might say that
helioseismology is even more indispensible for study of solar rotation than for study
of solar (equilibrium) structure.

Still, we know very little of solar rotation in deep layers, or at polar regions, and
these remain as obvious challenges for helioseismologists.

Aside from these, there is the issuc of solar cycle variation. With data accumulated
for a better part of solar cycle. we can now examine such variation of rotation.
Though the signal still seems to be weak, it has been reported that the tachocline
region is undergoing a periodic variation, with a period of 1.3 years [14].

Probably the greatest impact of helioseismic measurement of solar rotation was
in the field of solar dynamo theory. The first kinematic dynamo calculation (the
one that assumes a rotation rate rather than solves everything consistently as in
dynamical dynamo) based on the ‘observed’ rotation rate was done by Dikpati
& Charbonneau (1999) [15]. It was found that such a model would predict that
sunspots would appear, in the beginning of a cycle, in latitudes too high compared
to observation. It was suggested by Nandy & Choudhuri (2002) that meridional
flow penetrating deep into the radiative zone can bring down the eruption latitude
[16]. This is so-called flux-transport dynamo. Meridional flows have been measured
in surface layers [17, 18, 19]. Although difficult, it will be one of the most important
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topic to pursue to detect the counter flow in deep layers, to provide observational
evidence for such a mechanism.

How about other stars? Asteroseimology, seismology of stars, is at last developing
fast and there has been a few reports on evidence of differential rotation in White
Dwarfs [20] and a 3-Cephei variable [21]. However, it will be a long time, if at all,
before a detailed map of angular velocity, such as the one we have for the sun, will
be available for stars.
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Quality: 4, Qualitu: 3, COuadity 1
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BBISHIG T 4 7 1y M3 Reliability code (=Quality code) T0i) L CdH 5 AVH EF
RGN AY L9 L vy, (The rotation rates of 788 asteroids plotted against their mean
diameters. Three colors correspond to the Reliability codes: 2, 3, and 4.)
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Figure 3: /NREAD L VNS A/NRIE DML, RIF D biEA o nNT FAT A= LITH
5. (Collision of an asteroid with a projectile of velocity, v and impact parameter b.)
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(1) Angular momentum impulse  (3) Escape of some ejecta
(2) Mass absorption (4) Escaping ejecta drain angular momentum

Figure 4: Angular Momentum Drain. flf22:5.70 & MRENIHEZE R 250 Shs & Big
O F TN S iz b o 2O BB E R TS 2 LA 5. BT S8 AT
tefi b 44, (Angular Momentum Drain. Collisional fragments are (‘._]c'.(,.!,e(l symmetrically
in asteroidal rotating frame. But, the ejection is not symmetric in the inetia frame. Some
fragments escape asteroidal gravity field and remove angular momentuin.)
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