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Preface／序文

2002年度の天体力学N体力学研究会（通称伊豆長岡N体）は、 2003年3月6日から 8日

にかけてまだ温泉の温かさがうれしい早春の伊豆長岡温泉千歳荘にて滞在型研究会の形で

開催されました。口頭発表が 18件、ポスター発表が21件あり、参加者は大学生からシニ

ア研究者までの 55名を数えました。

伊豆長岡 N体のメインテーマは、 Overthe Resonance —共鳴のあとで—ということで、天

体力学の真髄である「共鳴(resonance)」でした。軌道共鳴現象は銀河円盤から惑星リング

までさまざまなスケールでの円盤系のダイナミクスで重要な役割を果たしています。例え

ば、銀河円盤での構造形成、惑星系の構造形成、惑星リングの構造形成などをあげること

ができます。今回は軌道共鳴の基本である平均運動共鳴と永年共嗚についての2つの招待

講演を企画しました。平均運動共鳴については吉川真氏（宇宙科学研究所）に、永年共鳴に

ついては木下宙氏（国立天文台）にレビューしていただきました。興味深くわかりやすいレ

ビューをしていただいた両氏にはこの場を借りて感謝したいと思います。また、関連する

3つの共鳴現象についての寄与講演もお願いしました。 Lindblad共鳴については武田隆顕

氏（国立天文台）が、自転ー軌道共鳴については跡部恵子氏（東京工業大学）が、そして古在

共鳴については小久保英一郎（国立天文台）が講演しました。

共鳴のおもしろさ奥の深さを感じてもらえましたでしょうか。これらの共鳴現象の基礎

物理、相互関係、そして結果として何が起きるのかを理解していただけたなら世話人とし

てうれいし限りです。

研究会運営にあたっては千歳荘の職員の方々に大変お世話になりました。厚くお礼申し

上げます。また、国立天文台の福島登志夫氏には集録の出版費用を提供していただきまし

た。厚くお礼申し上げます。

平成 16年初春世話人代表小久保英一郎

Editors／世話人

小久保英一郎 (Kokubo,Eiichiro) 国立天文台理論天文学研究系

kokubo@th.nao.ac.jp 

荒木田英禎(Arakida,Hideyoshi) 国立天文台天文情報公開センター

h.arakida@nao.ac.jp 

山本一登(Yamamoto,Tadato) 総合研究大学院大学

tadato.yamamoto@nao.ac.jp 

-i-



Table of Contents／目次

"Over the Resonance" Feature Articles 

Dynamical resonances in planetary formation and evolution 

Shigeru Ida......................................................... I 

Obliquity variations of terrestrial planets in habitable zones 

Keiko Atobe, Shigeru Ida, and Takashi Ito............................... 2 

Mean motion resonances in the solar system 

Makoto Yoshikawa.................................................. 21 

Visualization of Lindblad and corotation resonances 

Ta切akiTakeda.............................................. ;...... 33 

A note on secular resonances 

Hiroshi Kinoshita................................................... 39 

Kozai Mechanism ("Resonance") 

Eiichiro Kokubo.................................................... 52 

Stellar Dynamics 

Long-term evolution of stellar self-gravitating system away from the thermal 

equilibrium: connection with non-extensive statistics 

Ats us hi Taruya and M asa-aki Sakagami............................... 60 

On the "stellar dynamical" evidences for massive black holes 

Junichiro Makino................................................... 10 

Formation of non-Gaussian velocity distribution after the collapse in self-gravitating 

system 

Naoko Kanaeda, Osamu Iguchi, and Yasuhide Sota..................... 77 

Fractal structure in one-dimensional sheet model and expansion law 

Takayuki Tatekawa and Kei-ichi Maeda............................... 88 

Formation and evolution of a globular cluster system 

Tsuyoshi Sakamoto and Masashi Chiba................................ 95 

-ii -



Kinematics of tidal debris from omega Centauri's progenitor galaxy 

Arihiro Mizutani, Masashi Chiba, and Tsuyoshi Sakamoto.............. 115 

Formation of Planetary Systems 

Formation of terrestrial planets in a dissipating gas disk with Jupiter and Saturn 

Junko Kominami and Shigeru Ida.................................... 128 

Migration_ mechanism of proto-Neptune 

Keisuke Takahashi and Sei-ichiro Watanabe........................... 144 

The evidence of an early stellar encounter and orbital evolution due to gas drag in 

Edgeworth-Kuiper belt objects 

Hiroshi Kobayashi................................................. 149 

Three-body affairs in the outer solar system 

Yoko Funato, Junichiro Makino, Piet Hut, Eiichiro Kokubo, and Daisuke 

Kinoshita........................................................... 190 

Gravitational interaction between a planet and an optically thin protoplanetary disk 

Masafumi Ito and Hidekazu Tanaka.................................. 198 

Disk-planet gravitational interaction 

Kei Sakai and Hidekazu Tanaka..................................... 205 

Solar System Dynamics 

Direct calculation method of the Poisson parentheses for the Keplerian elements 

Takeshi Inoue..................................................... 208 

Return of shepherding satellites 

Hiroshi Daisaka and Junichiro Makino................................ 216 

Final answer to the problem of the excess secular variation in the longitude qf the 

perihelion of Mere叩

Takeshi Inoue...................................... ~................、230

Subgroups of the Kreutz,sungrazers 

Hideo Sumitani.................................................. ~'.235 

．．． 
-m-



Resonance structure in Kuiper belt 

Hiroshi Nakai and Hiroshi Kinoshita................................. 243 

Candidate Centaurs trapped in mean motion resonances with a giant planet 

Yoshimitsu Masaki and Hiroshi Kinoshita............................. 255 

Earth Rotation 

Examination of the eclipse records of Japanese medieval times and the Earth's 

rotation 

Mitsuru Soma, Kiyotaka Tanikawa, Kin-aki Kawabata, and Hiromichi lmae 267 

Time variation of the moment of inertia of the Earth derived from Chinese and 

Japanese records of ancient solar eclipses 

Kin-aki Kawabata, Kiyotaka Tanikawa, and Mitsuru Soma.............. 282 

Dynamics of Artificial Satellites 

Problems in the orbital determination for NOZOMI spacecraft 2 

Makoto Yoshikawa................................................. 299 

Development of solar radiation pressure computation software 

Toshihiro Kubo-oka................................................ 307 

Theory of Dynamical Systems 

Homoclinic structure of a reduced nonlinear symplectic map chain 

Shin-itiro Goto and Kazuhiro Nozaki................................. 313 

Collinear three-body problem with non-equal masses by symbol dynamics 

Masaya Masayoshi Saito and Kiyotaka Tanikawa...................... 324 

Low-dimensional subsystems in anharmonic lattices 

Susumu Shinohara................................................. 332 

A classification of subproblems in the Newtonian N-body problem 

Masayoshi Sekiguchi............................................... 340 

-iv― 



A complete list of integrable two-dimensional homogeneous polynomial potentials 

with a polynomial first integral up to quartic in the momenta 

Katsuya Nakagawa and Haruo Yoshida............................... 345 

Is Arnold diffusion relevant to global diffusion? 

Seiichiro Honjo and Kunihiko Kaneko................................ 367 

Non-Birkhoff periodic orbits in a zone of instability 

Kiyotaka Tanikawa and Yoshihiro Yamaguchi......................... 377 

A zone void of monotone points in the standard map 

Yoshihiro Yamaguchi and Kiyotaka Tanikawa......................... 385 

Numerical Techniques 

Efficient orbit integration by scaling for Kepler energy consistency 

Toshio Fukushima................................................. 396 

Explicit symmetric multistep methods for first-order differential equations 

Tadato Yamamoto and Toshio Fukushima............................. 411 

Comment on Cowell's method 

Noriaki Watanabe................................................. 427 

Appendix 

Symbols and Names often used in Celestial Mechanics................... 44 2 

Symposium program................................................. 446 

Author index and participant list....................................... 449 

-v-



oy:n：門疇
鱈阻'IIIIl|）川 1z1,l,lllll11]扉，9

一一
平均運動共鳴

自転・公転共鳴

..0.. 
共鳴に補まえる

永年共鳴

蘊釜・軌道面変動共鳴

...[J... 
一方的な

角運動量輸送

軌道共鳴 ：その場相互作用
~~ ~ . .........“......... .......... 

＠ -／1⇒ 0, 
一

・ガリイレオ衛星 ．、

平均遍動共鳴，． ：海王星とEKBOs; 

一
9 ..... l 
! GL876, HD82糾3自転・公転共鳴 ．．、い・・ヽ．．．．．．．．．い•‘..........、．．、、

ょユー
共鳴に捕まえる

円盤 ・惑星共鳴： Lindblad共鳴
⇔平均運動共鳴
．． ． 

自転 ・軌道共鳴 ：その場相互作用
... .........-•• 

゜
0 •一ー一ー・
一一一 忍・年・公転共鳴

平均運動共鳴

よユ
共鳴に惰まえる

公転層期T

ふ
自転層MT

＂ 
rs
i
 

e
"
 

菰
iu
"
 

J
"
 

•••• 
,·
~
.
、
-
o
t
-

,8
月
水
H

~｀
 

9
.
 •••• 
.. i
i
 

/
 

軌道共鳴 ：平均場相互作用

alJl || l●1 ：，・ ・・・・・・ •...”........ 
天体群の構造形成

ー永年共鳴 ：552窃品--.il歪．軌道面変動共鳴
よユ
一方的な

角運動量輸送
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ABSTRACT 
We have derived analytical formulae of obliquity variations of terrestrial planets in spin-orbit resonant 
regions as well as in non-resonant regions. With our formulae, we have investigated obliquity variations of 
possible terrestrial planets in habitable zones (HZs) perturbed by a giant planet(s) in extrasolar planetary 
systems. All the extrasolar planets so far discovered are inferred to be Jovian-type gas giants, however, 
terrestrial planets could also exist in the extrasolar planetary systems. In order for life, in particular for 
land-based life, to evolve and survive on a possible terrestrial plai1et in a HZ, small obliquity variations 
of the planet is required in addition to its orbital stability, because large obliquity variations may cause 
significant climate change. In general, large obliquity variations are caused by spin-orbit resonances where 
the precession frequency of a planet's spin nearly coincides with one of the precession frequencies of the 
ascending node of the planet's orbit. Considering a system that consists of a host star, a hypothetical giant 
planet(s), and a hypothetical mass-less terrestrial planet, we derived the analytical formulae of obliquity 
variation amplitude of the terrestrial planet. In some cases, we compared the analytical formulae with 
numerical integration of the precession equation and found excellent agreement. Using our analytical 
expressions, we evaluated the obliquity variations of terrestrial planets with prograde spins in HZs. We 
found that the obliquity of a terrestrial planet in a HZ is most largely affected by the giant planet when 
the gi皿 tplanet is so far from the HZ that the orbit of the terrestrial planet is hardly perturbed. The 
obliquity variations of terrestrial planets are rather small when the giant planet is so close to largely affect 
the orbit of the terrestrial planet. We investigated the obliquity variations of possible terrestrial planets 
in the HZs in the known extrasolar planetary systems. We found about half of the known extrasolar 
planetary systems show small obliquity v紅 iations(smaller than 10 degrees) over the entire HZs. However, 
the systems with both small obliquity variations and stable orbits in their HZs are only 1 /5 of the known 
systems. Most of such systems are comprise with short-period giant pl皿 ets.If additional planets are found 
in the known planetary systems, they generally tend to enhance obliquity variations of possible terrestrial 
planets. On the other hand, a large and/or close satellite that si印lificantlyenhances precession rate of 
the spin axis of the terrestrial planet is likely to reduce obliquity variations of the planet on a stable orbit 
near lAU. Moreover, if a terrestrial planet is in retrograde spin state, the spin-orbit resonance does not 
occur. Retrograde spin, or a large and/or close satellite might be essential for l皿 d-basedlife to survive on 
a terrestrial planet in a HZ. 

1. INTRODUCTION 

More than 100 extrasolar planets around nearly 90 
Sun-like stars are now畑own(see e.g., http://cfa— 
www.harvard.edu/pl皿 ets/).The main technique used 
to detect these pl皿 etsis to observe reflex motion of 
host stars due to planetary motion through the Doppler 
shift of stellar spectral lines (e.g., lv:larcy et al. 2000). 
The planets so far found are as massive邸 Jupiter,
so all the known extrasolar planets are considered to 
be J upit,er-like giant planets. However, it is reason-
a.b)e to e.xpect. tha.t. terrestrial planets (rdn.tively small 
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rocky planets) could be present in some of the extraso-
lar planetary systems where a gi皿tplanet(s) has been 
detected. Are there terrestrial planets which could har-
bor life like the Earth does in the extrasolar pla11etary 
systems? 

All org皿 ismswhich we紅 efamiliar with on the 
Earth require liquid water during a.t le邸 tpart of their 
life cycle. In order for life to emerge on a t.err<'.stria) 
planet, it is also necessary that their orbits remain con-
fined in the habitable zone (HZ) of it.s host star over the 
length of time rec1uired for bio]ogir.a) evolution. A st.cl-



lar HZ is the ra11ge of distances from a star allowing the 
existence of liquid water a.t the surface of a terrestrial 
planet (Abe 1993; Kasting et al. 1993). The orbital sta-
bility of hypothetical Earth-like planets inside the HZs 
of extrasolar planetary systems have already been in-
vestigated through numerical simulations by many au-
thors (Gehman et al. 1996; Jones et al. 2001; Jones 
and Sleep 2002; Noble et al. 2002; Menou and Tabach-
nik 2003). Here, orbital stability means that the orbits 
of the hypothetical terrestrial plai1ets remain confined 
in stellar HZs over the time required for the evolution 
of life. In general, if the orbits of giant planets are lo-
cated in the vicinity of the HZs, terrestrial planets can-
not exist on stable orbits long enough inside the HZs 
because of the strong perturbing influence of the gi-
ant planets. :Menou皿 dTabachnik (2003) studied the 
orbital stability of 85 known extrasolar planetary sys-
te1ns. Their results indicate that more than half of the 
85 systems are unlikely to harbor habitable terrestrial 
planets, however, about a quarter of the畑ownextra— 

solar systems could have terrestrial planets on stable 
orbits in the HZs邸 ourown Solar System. 

Not long-term orbital stability of terrestrial planets 
in stellar HZs but also moderate climate on these plan-
ets may be necessary for the evolution of life. Planetary 
climate is greatly influenced by the insolation distribu-
tion and intensity, which depends on the orbital param-
eters and spin motion of a planet, especially eccentric-
ity, obliquity, and the precession motion of the planet 
(Milankovitch 1941; Berger 1984, 1989). Because of 
their equatorial bulge, planets are subject to the torque 
arising from the gravitational force of a host star (and 
possibly of their satellites and of other planets). This 
torque causes precessional motion of the spin axis of 
the planet about its orbit normal. On the other hand, 
gravitational interactions with other planets cause the 
orbit normals to precess and nutate about the normal 
to the invariable plane of the system. So the obliquity 
of a planet generally ch皿 gesperiodically. In particu-
lar, for a land-based life like human beings to evolve 
and survive, small obliquity variations of those planets 
are required to keep moderate climate. Then, we treat 
the change of obliquity of terrestrial planets especially 
in this paper. 

0 bliquity, the angle of a spin axis of a planet relative 
to its orbital plane, ch皿 gesthe latitudinal distribution 
of yearly insolation on the planet. Changes in obliquity, 
inducing insolation distribution change, could be an im-
portant driver of climate variations. The Earth's obliq-
uity vru・ies by士1.3° around its mean value of 23.3° in 
a period about 4 x 104 years (Wru・d 1974, 1992). The 
glacial cycle of the Earth has been triggered by the pe-
riodic change of obliquity to some extent, through the 
variation of insolation at the edge of glacier in northern 
hemisphere. Even such small variation of the obliquity 
bas produced significant variations in the Earth's cli-
mate at least during the Quat.ernary. 

Mars'obliquity is b<~lieved t.o have suffered from " 

-3-

large-scale oscillation with an amplitude as much as 
"'20° around its average of "'25° on a time scale 
"'105-106 years (Ward 1973, 1974; ¥l¥Tard and Rudy 
1991). Such a large variation is a result of a cou-
piing between the precession rate of Mars'spin axis 
and one of the frequencies of its orbital precession. This 
is called the spin-orbit resonru1ce. Laskar and Robutel 
(1993) and Touma and Wisdom (1993) showed that the 
obliquity of terrestrial planets except the Eru'th could 
have experienced large and cl1aotic variations through-
out their histories. As a result of the chaotic variations 
on a long timescale, the range of Mars'obliquity ch皿 ge
can be as large as 0° to 60°. Furthermore, obliquity of 
a moon-less Earth would vary radically in the range 
from 0° to 85° (Laskar and Robutel 1993; Laskar et al. 
1993; Laskar 1996). If the Earth's obliquity had such 
a large variation, its climate would drastically change, 
providing a significant obstacle to the development of 
complex life on the Earth. 

The analysis on the behavior of the planetary obliq-
uity performed so far, however, has been concerned 
mostly with the orbital configuration of the planets in 
our Solar System through numerical calculations. In 
order to investigate the spin-orbit resonance in extra— 

solar pl皿 etarysystems and discuss obliquity variations 
of possible terrestrial planets in HZs in the systems, it 
is useful to derive the generalized analytical formulae 
which express vru・iations of the obliquity. 

The oscillation 皿 plitudeof obliquity in non-
reson皿 tregions was derived by Ward (1974) through a 
linear analysis of the secular precession equation. Ward 
et al. (2002) showed the amplitude for a mass-less body 
in the place of Mars as a function of the rotational pe-
riod and the semimajor axis of the particle with the an-
alytical formulae. However, the non-resonant formulae 
cannot describe the oscillation runplitude of obliqui切
in the regions near spin-orbit resonru1ces where the os-
cillation amplitude is not small. As we show later, the 
regions affected by the spin-orbit resonance are some-
times wide, and the non-resonant formulae significantly 
underestimate the amplitude near the edge of the res-
onant regions while they overestimate the runplitude 
near the center. Therefore, it is important to evaluate 
the amplitude also in spin-orbit resonant regio11S. 

In the present paper, we investigate how the oscil-
lation amplitude of the obliquity of terrestrial planets 
in a. HZ depends on the masses皿 dthe orbits of giant 
planets, in resonant regions as well as in non-resonant 
ones. Through a11alytical arguments and numerical cal— 

culations of secular precession equations, we derive the 
resonance width and amplitude of obliquity near spin-
orbit resonances. We also derive obliquity amplitude in 
non-resonant regions through a different approach form 
¥l¥'ard (1974), which completely agrees with・ the results 
by ~1ard (1974). ¥l¥Tit.h our formulae, we can predict the 
amplit.u<le of obliquity of a t.errestrhtl planet in spin-
orbit resonant regions邸 wellas in an non-re:如 llant.
rcgionR. 



Applying our results to the known extrasolar plan-
etary systems, we investigate how strongly possible 
terrestrial planets a.re affected by the spin-orbit reso-
nances.,¥e find that the possible terrestrial planets in 
only 1/5 of the known extrasolar planet紅ysystems ex-
hibit both small obliquity variations（△f ~ 10°, where 
△f is the variation amplitude of obliquity)皿 dthe pos-
sibility of the orbital stability over the entire HZs. Our 
results show that terrestrial planets often suffer large 
obliquity vai・iations by the spin-orbit resonai1ces even 
if they have stable orbits. 

In the next section, we explain our model and basic 
equations. In Section 3, we derive the analytical for-
mulae, which are confirmed by numerical calculations. 
Using the analJrtical formulae, we discuss what kind of 
giant pl皿 etcauses large obliquity variation of terres-
trial planets in a HZ, in Section 4. In Section 5, we 
show the results of applications of our results to the 
known extrasolar planetary systems. Sections 6 and 7 
are devoted to discussion皿 dconclusion. 

2. MODEL AND BASIC EQUATIONS 

We investigate obliquity variations of a hypothetical 
terrestrial planet in a planetary system with a given 
giant planet(s). Here we consider the terrestrial planet 
with oblate figure and neglect its gravitational effects 
on the host star and the giant planet. 

Spin axis of a terrestrial pl皿 etprecesses around the 
orbit normal because of the gravitational torque raised 
by other objects in the system exerted on the oblate 
figure of the terrestrial planet. The secular precession 
equation of the spin axis s of the planet is given by 
(e.g., Ward 1974) 

ds 

dt 
-＝ a(8.n)(s x n), (1) 

where s is a unit vector in the direction of spin axis 
and n is that of the normal to the orbital plane of the 
terrestrial planet. The precession constant a is 

a = 
3GmcED 
41ra3 

c,e 8.6 X 10―5（品）
a -3D  -1 

x （両 （面両；） ［rad. yr-1], (2) 

where G is the gravitational constant, me is the mass 
of the central star, D and a are the spin rotation period 
and the semi-major axis of the terrestrial planet, and 
Eis its dynamical ellipticity, assuming E ex n-2 (e.g., 
L邸 karand Robutel 1993). Here we only consider the 
torque by a central star. The torque by the giant plaiiet 
can be neglected compared with that by the central star 
unlP.ss t.he orbits of the terrestrial and giant planets a.re 
so close that the terrestrial planet is orbitally unstable. 
The torque by satellitc~s of the tcrrestriaJ plam~t (if th<"y 
exist.) can be c販ctive.Actually, the precession oft))(' 

Earth's spin axis is increased by a fact.or 3 by the torque 
by the l¥10011, although no other satellites in the Solar 
System raise such large torque. The torque by satellites 
can be taken into account by appropriately increasing 
o (Ito et al. 1995). 

Obliquity f of the terrestrial planet, the angle be-
t.ween s and n, is obtained by 

The relationship among the reference plane (which is 
the invariant plane in this paper), orbital plane, and the 
equator of the terrestrial planet is schematically shown 
in Figure 1. Note that s is perpendicular to the equato-
rial plane. Since we assume that the planet's rotation 
period is sufficiently shorter tha.n the period of preces-
sion and obliquity variation, its spin axis coincides with 
its principal axis. 

referen 

＾ ^  S • n = COSE. 

＂̂ 

(3) 

‘’ 

orbital plane 

Fig. 1.-Relationship between the reference plane, orbital 
plane and equator.s is the unit vector in the direction of 
the spin axis, ii is that normal to the orbital plane, E is 
the obliquity,(Jis the angle of the equator relative to the 
reference plane, 1/J is the longitude of the equator, J is the 
orbital inclination, and n is the longitude of the ascending 
node. 

If f,, is constant with time, Eq. (1) shows that e is 
also constant. However, f,, generally varies by the grav-
itational perturbations exerted by other planets, which 
are the giant planets in the systems we consider here. 
Because we are interested in orbitally stable cases, we 
use the secular perturbation theories (e.g., Brouwer 
and Clemence 1961) to describe orbital change of the 
terrestrial planet. Let I and n be the orbital inclination 
and the longitude of the ascending node of the terrcs-
trial planet. Then, n = (sin I sin n, -sin J cos n, cos J) 
in the Cartesian frame with the x-11 plane being the ref-
erence plane. Assuming tha.t. I<<1, secular variations 
of J a.nd n are written邸

N.、

J :-::in !1 = 10 sin(Bt +う＇） ＋こI,silI(f,i + 1’,)、（4)
?:::. 1 
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Nl' 

I cos n = Io cos(Bt + ;) + E Ii cos(fit +'Yi),(5) 
i=l 

where Ii are the eigenfrequrncies of this system and 
Ne is number of eigenfrequencies. Free oscillation fre-
quency B and forced inclinations Ji are given by 

Ng 

B = -2n Lμ;aF;, (6) 
j=l 

Ii = 
2nE似μjaF心
B-fi 

(7) 

where n is the mean motion of the terrestrial planet, 

F 
1 

j＝否a;b晶（巧）， (8) 

a* = max(a, a;), a; = min(a, a;)/max(a, a;), a and a; 
are the semi-major axis of the terrestrial planet皿 dthe 

giant planet j，炉（a;)are Laplace coefficients (e.g., 
Brouwer and Clemence 1961), Ng is number of giant 
planets, and μ; is the mass of giant planet j normalized 
by the host star mass, m;/mc, I;i are eigenvectors 
for /i. Since we here adopt the invariant plane as the 
reference plane, Ii= I;i = 0 when Ng= 1; 111 = /21 = 
0 and 1;2 are orbital inclinations of giant planet j when 
Ng = 2. Free inclination Ii。,andphase par皿 eters'Y
and'Yi are determined by initial conditions. Since we 
only consider the lowest order terms of eccentricity and 
inclination, the evolution of inclination is independent 
of eccentricity. We investigate the oscillation amplitude 
of e, using Eqs. (1), (4) ai1d (5). 

3. FORMULAE OF OBLIQUITY VARIA-
TIONS 

3.1. ANALYTICAL DERIVATION 

We derive analytical formulae of amplitude of obliq-
uity oscillation,△e, in the region near spin-orbit reso-
nances as well as in non-resonant region. Ward (1974) 
derived the expression for△e in the non-resonant re-
gions when I (in radian)<<1, through analytical 
method different from ours. We mainly focus on reso-
nant regions, which have not been studied in detail. 

We assume that J<<1 as Ward (1974). With this 
assumption, substitution of Eqs. (4) and (5) into (1) 
yields (see Appendix) 

dゆ
dt 

~ -OCOSf + OCOSfCOt(J[Jo cos（ルー糾）

Nr. 

＋ LliCOS（心—叫＋ 0(1り，（9)
i=l 

d(cos e) 

dt 
= I。Bsin(Jsin（ゆー％）
N、:

+ LIふsinBsin(,f, -0,) + 0(1り(10)
i=] 

where'f/, is the longitude of the equator of the terre.strial 
planet in t.he reference frrune, and 0 is t.he angle bet.wren 
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the equator of the terrestrial planet and the reference 

pl皿 e.We denote Bt +'Y by n。andfit +'Yi by ni. 
If a precession frequency of spin axis ~ppr?aches one 

~f th~ orbital precession frequencies，ゅ— n。~ 0 or 
ゅ— ni ~ 0, the first or second term of the right hand 
side of Eqs. (9) and (10) does not change a sigi1 (sin(} 
bas a definite sign), so that e: tends to secularly increase 
or decrease to have a large amplitude. This is the spin-
orbit reson皿 ce.On the other hand, in non-resonance 
case, since the terms in the right hand side of Eqs. (9) 
and (10) oscillates around zero with time, E oscillates 
with a small amplitude, -0(1) (see section 3.1.2.). 

Since I<< 1 , the precession frequency（心） isap-
~roximately given by -o: cost:. It should be noted that 
ゅ~ -o cos E is negative for pro印．adespin rotation 
(E < 90°) and positive for retrograde one (E > 90°) 
while fl。andni are always negative. So spin-orbit res-
onance occurs only for the planets with prograde spin. 
We will discuss planetary spin later. 

First we consider the system with a giant planet and 
a terrestrial planet. We address systems with multiple 
gi皿 tplanets later. In the one giant planet system, 
10 is the inclination angle between the orbital planes 
of the giant and the terrestrial planet. Since Ii = 0, 
I= 10 ai1d Jo does not change with t, and n is a linear 
function of t given by Bt +'Y (= !lo) (Eqs. 4 and 5). 

In this case, Equation (9) is reduced to 

d 
ー（ゆー％）
dt 

~ (-B-ocose:) 

+ O:COSECOt()locos（ルー％）

+0(1り．（11)

Spin-orbit resonance occurs when 炒— n。~0. Scaling 
time t by 1/~'where e. is a particular 
obliquity, Equation (11) is 

dx -B -ocose: cose:cot() _＝= ＋ 
dt VaIo|B|sinc* J「――—

岳 cos工＋0(/3/2),

(12) 

where x =心 -!10and l = ~ t. We will 
take a resonant obliquity as e:. to analyze resonant 
regions, while a time averaged one is taken as E* to 
analyze in non-reson皿 tregions. Since we are inter-
ested in the terrestrial planet in a prograde spin state, 
〇三らく90°.

9.1.1. RESONANT REGIONS 

Because we assume that J ≪ 1, the second term in 
the right-hand side of Eq. (12) is much smaller th皿
the first term. To inve.stigate time v紅iationof E near a 
resonance, we adopt resona.11t obliquity Er that satisfies 
cos Er= IBl/o as f*. Then, Eq. (12) is reduced to 

dx 
-= ＝ y, 
dt 

(13) 

where 
Bl+ OCOSf. 

y= -
IBI 

咋•Io|BIsill€r.
(14) 



(a) analytical result 

Since 0 ~ e for I<<1, Eq. (10) is reduced to 
d(cose)/dt = IoBsinesinx, so that time derivative of 
Eq. {13) is 

西 sin€..
dt2 ・

smx ~ smx, 
Slllfr 

(15) 

where we neglect the displacements in f from the exact 
resonant obliquity fr, compared with the change in x. 
Integrating Eq. {15) with Eq. {13}, we obtain 

1 
H = cosx十 2 2y-, (16) 

where H is an integration constant. Equation {12) 
including the second term yields a similar integration 
constant, 
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(b) numerical result 

1 
H=cosエ十一y''

2 
{17) 

where y'= y+~ふ~cos x. The modified resonant 
obliquity €~ is given from y'= 0 by 

cos f~ = cos Er(l + Io cot fr cos x). (18) 

If cosxく 0(> 0), f~ is ~lightly larger (smaller) than 
€r• 
Curves of constant H obtained by Eq. (17) are plot-
ted on the 工—yplane in Figure 2a. We show the curves 
in the case of me = 1.M;。,m1= lMJ (MJ is the mass 
of Jupiter), a1 = 5.2AU, a= l.lAU, D = 24hour and 
I。=1.3°.The results obtained by numerically inte-
grating Eq. {1) are plotted in Fig. 2b. Integrations 
start at x = 1r with different y such that H calculated 
by the x and y correspond to those plotted in Fig. 2a. 
The integrated trajectories are in excellent agreement 
with corresponding analytical contours in Fig. 2a. If 
H > 1, the angle x circulates with oscillation in y on 
the same period; the oscillation amplitude decreases 
with increase in H. If -1 < H < 1 (H cannot take 
values < -1), the angle x librates in the limited range, 
accompanied by oscillation in y with relatively large 
amplitude around y = 0, which corresponds to f = Er• 
H = 1 is the separatrix, whicl1 divides the libration 
region from the circulation region. 

F~!l,Ch trajectory with -1 < H < 1, y = 
士~- The maximum deviation I△YI from 
y = 0 {the reson皿 tcenter) is 

I△Ylmax = 2, (19) 

which occurs when x = 1r and H → 1. When ini-
tial y (Yini) sa.tisfies -I△Ylmax く Yini < I△Yim邸 9
initial x {Xini) such that the initial point (Xini, Yini) 
lie.son the libration trajectory with H → 1 ex函s.
In this case, y on the trajectory varies in the range 
of -I△Ylmax く y< I△Yim訟． 'Necall the region 
of -I△Ylmaxく Y< I△Ylmax as "resonant region". 
i△Yimax is the resonant (ha.if) width t.olowest.-order 
accur欲 y.However, all trajectories with y in this re-
gion do not. ncce.ssariJy belong t.o t.he libra.tiou region. 
It depends on Xini whether a trajectory with Yiui iu 

2 

1 

>。

・1 

-2 ．． ・・・・・・・・ ... 
-3 0 

”/2 冗

X

3冗/2 2” 

Fig. 2.-The curves of constant H are plotted on the x-y 
plane, in the case of me= lM0, m1 = l.MJ (MJ is the mass 
of Jupiter), a1 = 5.2AU, a= l.lAU, D = 24hour and Io = 
1.3°; the curves of H = -1.0, -0.8, -0.5, 0, 0.5, 1.0, 1.5, 2.0 
from the inner one to the outer respectively. (a) The curves 
of constant H analytically calculated according to Eq. (17). 
(b) The trajectories obtained by numerical integration of 
Eq. (1). 

resonant region belong to the libration region or not. 
According to the definition of y (Eq. 14), when o, B 
andI。aregiven, e uniquely corresponds to some par-
ticular value of y. The variation of y corresponds to 
that of e. The maximum change in obliquity is 

I△cos el max = 2~ 

= 2辺~'(20)

where we use IBI = a: cos fr in the last equation. The 
range of e in the resonant region is specified by 

COS fr-I△coselmax ~COS€~ COSfr+I△cos el max• (21) 

We present a schematic illustration of the resonai1t re-
gion as a function of i11itial obliquity fini and the vari-
ation range of f in Figure 3a. In Fig. 3a, we denote 
COS―1(cos €r 干 I△ COS€|皿\X) by €士•When fini is in the 
range off_ S fini Se+, f cru1 evolve following the curve 
ofH .. ticul ・ 言・→i with a particular :q11i a.~ s』10w11iu Fig. 2a, au<l 
I sot、lem訟 imumv紅 iat.ionrange of € is f. _ S f ~ f..+・ 
For a.ll fiui in the r邸onru1t.region, the n)訟 imumvari-
a.tion is the sru11e as the range of t:he r岱 ()11aut.I'（3gi(）11. 
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Then, we can illustrate the resonant region as a square 

area in Fig. 3a. When the variation is small enough, 

l△cos cl max'.c:: sin Erl△clmax・ Then Eq. (20) is reduced 
to 

I△clmax = 2~. (22) 

Since cost:,.土l△cosEI max'.c:: cos(E,-干I△t:lmax),Eq. (21) 
is 

Er -I△t:lmax S E S Er + I△cl max・ (23) 

Note that I△clmax only depends directly on l。andEr-
The other parameters, the semi-major a.xis a, the rota-

tion period D of the terrestrial planet, the semi-major 
a.xis a1, and mass m1 of the giant planet, determine 

€r. |ふ|maxdepends on these parameters only through 
Er-Ward (1982) showed through higher order expan-

sion of Eq. (1) that I△clmax ~✓~ at Eini ・=和
although the derivation was not presented. His result 

is consistent with our formulae at Eini = Er in the limit 
of△c →0 expect for a factor 2. 
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Fig. 3 .— Schematic illustrations of the resonant regions. 
(a) An example of the reson邸 tregion in a single gi皿
pl邸 etsystem. (b) An example of the overlapped reson皿 t
region resulting from two resonant regions in two gi邸 tpl研
ets system. ¥1/e denote cos―1 (cos Er干I△coselmax)by E士・
The maximum v釘iationrange of E in resonant region is the 

same as€- SES E+-

Figures 2 show that there are two fixed points at 
y = 0: the poil1t x = 1r, the center of an ellipse, is 
a stable fixed point while x = 0 and x = 21r, saddle 
points, are unstable fixed points. The scaling factor 

for t-1, VaIo|B| sincr = a辺~, in Eqs. {14) 
and (15) is no other than a frequency of the libration 
around the stable fixed point. 

If other giant planets exist, there are other resonant 
regions associated with orbital v紅 iationswith frequen-

cies k In the same way as Eq. (20), the resonant 
widths of the individual spin-orbit resonances are given 
by 

I△COSElmax,i = 2~, {24) 

where COSEr,i = lf;l/o・ (i = 1,2, · ·•,Ne). Defining 
fo三 B,we hereafter use Eq. (24) for i = 0, 1, 2, ・・・,Ne・
Fi・equencie.sof libration of individual resonances紅 e

a✓h cos cr,;_~- If resonant widths of two rcso-
nant regions overlap, an expanded re.5onant. region ap-
pears as schematically illustrated in Figure 3b. In a 
two giru1t planets system, the orbital prece!ぺsionof the 

terrestrial has two frequencies, f o and Ji. We con-
sider the case with Jo > Ji (the case with Jo < Ji 
is simil紅）． '¥'edenote the resonant region associ-
ated with Jo by Eo-::; f ::; co+, and one with Ji by 
f1_ ::; f 5 fJ+-Suppose that two resonant regions over-
lap: E1-s句＋ （see Fig. 3b). When t:o—5 Eini 5 Eo+, 
€ C叫1vary in the range Eo-5 E ::; Eo+. When f en-
ters the range of f1-5 f (::;年）， t:is in the reso-
nant region associated with J1 as well, E1-5 f 5 fJ+-
As a result, the variation range of f is extended to 

€o—::; f ::; fJ+ as shown in Fig. 3b. When fini is in 
fJ-5 fini ::; fJ+, the variation range is extended in the 
same way. In general, if the individual resonant regions 

（ 年三€く印） overlap, the merged resonant region is 

given by min（年）::;E s; max(EH). In the overlapped 
resonant region, multiple libration frequencies exist, so 

that variations off seems to be chaotic (e.g., Laskar 
and Robutel 1993). When reson皿 cesoverlap, the anal-
ysis assuming an isolated resonance is, in principle, no 

longer valid. However, as shown in section 3.2, the 
simple prescription for merging of resonances into an 
extended resonance region stated here well reproduces 

numerical results. 

3.1.2. NON-RESONANT REGIONS 

In non-resonant regions (trajectories with H > 1), 
the angle x circulates with relatively small oscillation 

in y, which implies oscillation of E with small runpli-
tude. In the cases with f far from 1:.-1 the approx.i-
mation sin f'.::'. sin Er in Eq. (15) is not appropriate; 
instead, sin f'.::'. sin fav is more appropriate, where 
fav is time averaged obliquity. Here, we adopt the 
time averaged obliquity fav as e:. and scale time t by 
1/✓~- Integrating the scaled Eq. (11), the 
integration constant to the lowest order accuracy is 
given by a similar form in resonant regions (Eq. 16) 

as 
1 

H = COSX+ -Y, 2 
2 

(25) 

whereY = -(B+ocost:)/~-Let〈Y〉and
△Y be the time averaged value of Y and△Y三 Y-(Y〉
along a trajectory. Assuming I△YI≪|〈Y)I,Eq. (25) 
reads邸

1 
△y. (Y>'.:::'.-cosx+ H-~(Y)2. (26) 

2 

Since H and (Y〉2/2 are constant along a given trajec-
tory,△Y takes the maximum value when x = 1r, 

I△Y| ～ 
1 匹 Io|BIsincav

max ＝ ―〈Y〉
{27) 

IB + O'COSfavl 

According to the definition of Y, the equivalent oscil-

lation amplitude of f is 

I△E|IIInX = 
✓(l'I。|B|sin €av

I△Yl,1111x・ {28) 
O'Slll Gv 
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Substituting Eq. (27) into (28), oscillation amplitude 
of e in non-resonant regions is given by 

叫 max=I 
BI。
B + acoscav | ・(29)  

This expression is in complete agreement with one de-
rived by Ward (1974). 

In the cases with multiple giant planets, total max-
imum oscillation皿plitudeof € is linear superposition 
of the amplitude due to individual frequencies, 

ど
ビ!Iご

Ne 

I△flmax＝互I"＋笠。scav| • (30) 

3.2. NUMERJCAL RESULTS 

To verify the analytical formulae we derived in Sec— 

tion 3.1, we numerically integrate Eq. {1) with Eqs. (3) 
to (5) with a forth order Runge-Kutta scheme and com-
p紅ethe results with the analytical formulae. We will 
show that our numerical results are in excellent agree-
ment with our analytical results, Eqs. {24) and (30). 
We calculated time evolution in E of a hypothetical ter-
restrial planet with various initial obliquity from 0° to 
90° at every 1° in various systems over 3 x 106 years, 
which is as long as at least a few times the typical 
timescale of spin-orbit resonance. The maximum value 
(E+) and the minimum value (e_) of e during the nu-
merical integration are plotted in Figures 4 as a func-
tion of initial obliquity Eini, in one giant pl皿 etsys-
tem with me = 1..M;。,m1= lMJ, where MJ is the 
mass of Jupiter, a1 = 5.2AU, and 10 = 1.3° (Fig. 4a), 
and in two giant planet system with m1 = lMJ, 
a1 = 5.2AU, m2 = lMs, where.Als is the mass of 
Saturn, a2 = 9.5AU, In = 121 = 0, 112 = 0.36° and 
122 = 0.89° (Figs. 4b and 4c). 112 and 122 coincide with 
the inclination of Jupiter and Saturn measured from 
the invariant plane. In Figs. 4a, 4b, and 4c, (a, D) = 
(1.IAU, 24hour), (0.8AU, 24hour) and (1.4AU, 2.4hour) 
respectively. Corresponding resonant obliquity Er cal— 

culated by coser,i = l/il/o are 51.7° (Fig. 4a}, 81.5°, 
43.1° (Fig. 4b), and 78.4°, 67.0° (Fig. 4c). The ampli-
tude and oscillation range of E depend on initialルーn。
even if the spin axis has the same initial obliquity as 
shown in Section 3.1. For each initial obliquity, we cal-
culate the cases with initialゆーnoat every 10° from 
0° to 360°. 

Figure 4a shows that obliquity has large runplitude 
if initial obliquity Eini is in 36° to 66° around 51. 7°. 
As stated in Section 3.1, the r皿 geof Eini in resonant 
region coincides with the maximum variation range of 
e. Figure 4b shows two resonant regions, one is due to 
the resonru1ce of free orbital precession frequency, ex-
tending from 79° to 84° around 81.5°, and the other is 
due to the re.son皿 ceof an eigenfrequency of the sys-
tem extending from 36° to 49° around 43.1 °. In Figure 
4c, two resonant regions overlap, resulting in one large 
resonru1t. region ext.ending from 59° t.o85°. 

Fig. 4.— Them訟imum and minimum values reached by 
obliquity E during the integration on 3 x 106 years as a 
function of initial obliquity Eini. One giant planet system 
with (a) m1 = lMJ, a1 = 5.2AU, a = 1.lAU, D = 24hours 
and I = 1.3°, and two giant planet system with m1 = 
l.AIJ,a1 = 5.2AU,m2 = lMs,a2 = 9.5AU, (b) a= 0.8AU, 
and D = 24hours and (c) a= 1.4AU, and D = 2.4hours. 

Although Figs. 2 already showed the agreement be-
tween the analytical and numerical results in one giant 
planet system, we show the agreement more explicitly. 
We plot the maximum oscillation amplitude of E as a 
function of initial obliquity €ini in Figures 5a, 5b and 
5c, corresponding to the results in Figs. 4a, 4b and 4c, 
respectively. We plot the amplitude that is numeri-
cally obtained with dots, and analytical results with 
solid lines. The analytical results are calculated by 
Eq. (30) in non-resonant regions and by Eq. (24) in 
resonant regions. The analytical results (Eqs. 24 and 
30) show excellent agreement with the numerical results 
in both resonant and non-resonant regions except for 
slight deviations at the boundaries between resonant 
and non-resonant regions. We also plot the ainplitude 
calculated by Eq. (30) in resonant regions with dashed 
lines. Figures 5 show that the analytical formula for 
the non-resonant region (Eq. 30) underestimates the 
amplitude of E near the edge of resonant region, while 
it overestimates near Eini ~ Er-111 Fig. 5c, we also plot 
the oscillation amplitudes of individual resonances with 
dashed-dot lines. The amplitude of E is well reproduced 
even in the over lapped resonant regions. 

4. OBLIQUITY VARIATION IN A HABIT-
ABLE ZONE IN EXTRASOLAR PLANE-
TARY SYSTEMS 

We have derived analytical expressions for the ampli-
tude of obliquity variation (I△El max), which show excel-
lent agreement with numerical calculations. Hereafter, 
we denote I△elmax by△e. Using our analytical expres-
sions, we study what kind of giant planet ca.uses large 
obliquity variations of terrestrial planets in a habitable 
zone (HZ). As mentioned in Section 1, for land-b邸 ed
life to evolve and survive on a terrestrial plru1et in a HZ, 
small obliquity variat.ioi1 of the planet may be requir叫，
in addition t.othe plrumt.'s orbital stability. Because 
we do not know specific ]ocat.ions of t.crre.strhtl planets, 
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Fig. 5.— The maximum oscillation amplitude of obliquity 
of a terrestrial planet € as a function of initial obliquity 
€ini• Dots show numerical results. Solid lines show the an-
alytical expression given by Eqs. (24) and {30) in Section 
3.1. Dashed lines show the amplitude given by Eq. (30) 
in resonant region. Dashed-dot lines in (c) show the indi-
vidual amplitude of the resonance of free orbital precession 
frequency and of eigenfrequency. 

their spin periods, and critical△E for land-based life in 
extrasolar planetary systems, we calculate the proba,-
bility that a terrestrial pl邸 ethas△E larger than some 

given values, averaged over an entire HZ and likely spin 
periods. 

Locations of the spin-orbit resonance are predicted 
by 

心ーD;'.:::'.-(f; + QCOSE)'.:::'. 0, (31) 

where f; (i = 0, 1, 2, ·• •,Ne) are the frequencies of the 
orbital va.i・iation of a terrestrial planet and a, is the pre-
cession constant. f O represents the free orbital preces-
sion frequency and f; for i = 1, 2, ・・・,Ne represent the 
eigenfrequencies of the system (see Section 3.1). Corre-
sponding obliquity variation amplitude△E is estimated 

by Eqs. (24) and (30). Given the initial orbital elements 
and masses of the host star and the gi狙1tplanet(s) in 
the system, Jo depends only on the semi-major a.xis a 
of a terrestrial planet (Eq. 6) and a: depends on a and 
its spin period D (Eq. 2). Figures 6 show the exam-
pies of obliquity variation amplitudes for a terrestrial 
planet, as a function of a and D: 

• systeml: 
m1 = 1MJ,a1 = 0.lAU,J;。=0.05(Fig. 6a) 

• system2: 
叫 ＝ lMJ,a1= l.OAU,J。=0.05(Fig. 6b) 

• system3: 
m1 = lMJ,a1 = 0.lAU,112 = 0.05 
m.2 = lMJ, a.2 = l.OAU, 122 = 0.05 (Fig. 6c) 

In Figs. 6, we adopt the mass of the host star me = 
lM。andinitial obliquity t;11; = 25°. Figs. 6 show that 
the variation amplitude of E depends on a. a.nd D. 

The regions where obliquity has a large amplitude 
c:an be classified into 3 types: 

J : ThP rC'gious of spin-orbit. rP.<;0111u1cesヽvit.h.fo

70 

60 

50 
D !hour] 40 

30 

10 
0.5 1 1.5 2 2.5 3 

a IAUJ 

~
 e
 

5

0

5

0

5

0

5

o

e

 
r
 
g
 

4
4
3
3
2
2
1
1
5
0
 

＿↑
1

、『吾
n

――――――-．匝

Fig. 6a.— Obliquity variation amplitude（△E) for a ter-
restrial planet as a function of a and D, in the case of 
m、1= lMJ,a1 = O.lAU and I。=0.05(system 1). The 
color bar indicates△E in degree. 
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Fig. 6b.— Obliquity variation amplitude for a terres-
trial planet as a function of a and D, in the case of 
m1 = 1]¥1J,a1 = l.OAU and Io= 0.05 (system 2}. 

II : The regions of spin-orbit resonances with h (i = 
1,2,· ·•,Ne) 

III : The regions of secular resonances (at the loca-
tion satisfying f o =.fi) 

It is noted that the regions II and III do not appear in 
the systems with a single giant planet. 

In the case of a single giant planet system, Jo can 
be expressed in a simple form. We derive a simple 
approximate expression of the resonant region as fol-
lows. The dependence of.f o on a comes from the a-

dependence of the Laplace coefficients b~ 1}伽）， where3/2 
a・1 = min(a,釘）／m訟 (a,ai) (see Eqs. 6 and 8). In 

(J) 
general, b3/2伽） caimotbe expressed with a simple 
function of a and a1. However, when the orbits of 

tenestrial and giant planets are sufficiently separated, 

咄(a・1)::::3(aJ/a) at a> a1 and b塁(a・1)::::3(a/ai) at 
a < a1, according to our numerical calculations. Sub-
stituting these expressions into Eq. (6), Jo can be writ-

ten as 

fo '.:::'. -4.5 X 1い（国）＿1/2（国）
x （品）p(品）9lrnd. yr-1], (32) 
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Fig. 6c.- Obliquity vai'iation amplitude for a terrestrial 
planet as a function of a and D, in the case of m.1 = 
lMJ,a1 = O.lAU,/12 = 0.05,m.2 = lMJ,a1 = l.OAU, and 
h2 = 0.05 (system 3). 

wherep = 2 and q = -7/2 for a> a1 and p = -3 
and q = 3/2 for a< a1. Substituting Eqs. (2) and (32) 
into Eq. (31), we obtain the spin period at spin-orbit 
resonance, Dr, as 

Dr = 
3/2 

0.42 
COS fini ¥ / me 
(cos 25。）に）
x （国）―1（品）P＇（品） q'[hour{;33)

where p'= -2 and q'= 1/2 for a> a1 and p'= 3 and 
q'= -9/2 for a < a1. Although this formula is valid 
only when the orbits of the giant and the terrestrial 
planets are well separated, it provides a good account 
for the characteristics of resonant regions on the a-D 
plane in Figs. 6a and 6b. 

When a system contains multiple giant planets, Jo 
and Dr cannot be expressed analytically. However, 
type I resonai1t regions on the a-D plane in such a 
system is approximately given by the superposition of 
resonant regions in a single giant planet systems with 
a cut-off over a crossing point of the individual type 
I resonant regions, because f o in this systems is given 
by the sum of Jo in the individual single giant planet 
systems. The resonant region at ~ 0.SAU in Fig. 6c 
is the result of such superposition of individual type I 
resonant regions in Figs. 6a and 6b. 

Type II resonant region is found in the region at 
0.5-lAU in Fig. 6c. Since the eigenfrequencies f; (i = 
1, 2, ・・・,Ne) are const皿 ton a, Dr has a dependence on 
a like Dr(Xい (seeEq. 2). When.fo =.{;, obliquity 
has large amplitude whether the spin-orbit resonance 
exists or not because I; given in Eq. (7) is large (type III 
resonant region). Type III region appe紅 sat~2.7AU 
in Fig. 6c. Since Jo a.nd f; (i = 1, 2, ・・・,Ne) do not 
depend on D, t.his region is perpendicular to the x-axis 
on the a-D plane. 

In order to quantify the effects of the spin-orbit res-
onances on t.he t.errestriaJ planets in a HZ, we consider 
the r0.strict.ed area on the a-D plane by appropriate D 
n,nd a in a. HZ and calculat,（ぅt,hefraction of the area 

where△<: is larger than some given values（△fcirL) to 
evaluate the probability for the terrestrial planets to 
have△c ＞ • fcrit• Since we consider the terrestrial 
planets like the Earth, we here take 8-72hours as ihe 
appropriate range of D, and a=0.7-l.3AU as a HZ, for 
simplicity. We also adopt <:;11; = 25°. The different 
choices of the range of D, HZ, and <:;11; do not signifi-

ca.ntly affect the global features of the probability dis-
tributions we show in the below. The choice of I does 
not affect the global features either, but as shown in 
Eqs. (24) and (30), larger I results in the larger varia-
tion of E and enhances area fractions below. Vl1e discuss 
the choice of I in the known extrasolar systems in the 

next section. 

Table I shows area fra.ctions with△(：：：： 10°,：：：： 20° 
a叫 ：：：： 40° in the system 1, 2, and 3 in Figs. 6. The area 
fractions in this table indicate the degree of overlapping 
of reson皿 tregions with HZ. In system 1, type I 
resonant region overlaps with the HZ, while there is no 
overlapping in system 2. In system 3, type III resonant 
region overlaps with the HZ. Figure 7 shows the results 
of similar procedures for single giant planet systems 
with different semi-major axis of the giant planet, a1, 
in the case of m1 = lMJ,J = 0.05 and initial obliquity 
t;11; = 25°. Spin-orbit resonance is most effective at 
a1 ~ O.lAU and 5AU, and it is hardly effective at a1 ~ 
lAU. 

a1r ~ 
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Fig. 7.- The area fraction with△£ 2: 10° (solid line), 2: 
20° (dashed line), and 2: 30° (dot-dashed line) as a function 
of the semi-major axis of a giant planet a1, in the case of 
me= l.M0, m1 = 1.MJ and Io= 0.05. 

0.1 10 

We explain this dependence on a1, using Eq. (33). 
The spin period in the spin-orbit reson皿 cegiven by 
Eq. (33) increases with decreasing a1 for a> a1 or with 
increasing a1 for a< a1. Equation (33) is equivalent to 
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TABLE I 

EXAMPLES OF AREA FRACTIONS. 

system △f 2:: 10°*1 •€ 2:: 200•2 •€ 2:: 400•3 
(%) (%) (%) 

system 1 
system 2 
system 3 

45.86 
0.00 
16.38 

31.39 
0.00 
7.50 

6.15 
0.00 
0.12 

NOTE.―(*)The percentages indicate the frac— 
tion of the area where△e is larger than (1) 10°, 
(2) 20°, and (3) 40° h1 the area with D=8-72hours 
and a=0.7-l.3AU(HZ). 

causes spin-orbit resonance at a. This equation implies 
that the most effective a1 for the obliquity variation 
of the terrestrial planet with a ~ lAU and D ~ 24 
hour are "'0.13AU and "'3.9AU in the cases with 
€ini = 25°,mc = 1.M;。,andm1 = lMJ, which is con-
sistent with Fig. 7. When the terrestrial planet is too 
close to the giant planet, a "'a1, f o is much larger than 
o cos €a· with D =8-72 hours. In this case, very small D 
~ ra~id rotation) is ~ecessary for.the terr~tri~ ~lanet ~ 
be in resonance. However, such a rapid rotation rate 
breaks up the planet (e.g., Lissauer et al. 2000, and 
references therein). On the other hand, when the giant 
planet is too far from the terrestrial planet (a1えlOAU
or a1 ~ 0.05AU), Jo is too small for. the spin-orbit res— 
onance. For spin-orbit resonance to occur in this case, 
spin rate must be smaller by order of magnitude than 
24 hours, which is unrealistic except when tidal force 
exerted by a host star or thick atmosphere damps the 
spin. Thus, Eq. {34) explains the dependence on a1 in 
Fig. 7. Figures 8 show the area fraction as a function of 
the mass of a giant planet m1, in the cases of I = 0.05 
and a1 = O.lAU {Fig. Sa), and a1 = 5.0AU {Fig. Sb). 
In these cases, m1 "'lMJ is the most effective. 

Equation {33) is rewritten as 

m1r ~ ~ 

1.7(COSCini)（ユ）3/2（二）―2
cos 25° / ¥ 1.M;。 0.lAU

x (土-）1/2(—已―1
1AU 24hour) ［MJ for a>a1 

3/2 

2.2（竺）（二）←）3 cos 25° / ¥ 11¥4;。 5AU
a ¥-912 I D ー1

x国） （面函；） ［MJ] for a< a1, 
(35) 

where m1r is the mass of the giant planet at a1 that 
causes spin-orbit resonances at a.. The most effective 
叫 isestimated as ~ 1. 7狛 forat a1 = 0.lAU, and 
as ~ 2.2.l¥lJ for a.1 = 5AU. These a.re consistent with 
Figs. 8. Figure 9 shows the紅eafr邸 tionwith△f ~ 20° 
as a function of a.1 and 1n.1. The giant planets with 

-11-

m1え11¥,fJ affect the obliquity of terrestrial planets in 
HZs when they are located at 0.05-0．lAU or at 3-SAU. 
The obliquity of terrestrial planets at rv lA U is hardly 
affected when the orbit of a giant planet is close enough 
to the HZ when m1えlMJ.On the contrary, the or-
bit of the terrestrial planets become unstable when the 
gi皿tplanet is located in the vicinity of the HZ. The 
giant planets which cause the spin-orbit resonance are 
different from those whicl1 destabilize the orbits of the 
terrestrial planets. 

Above estimation is valid for the systems with a sin-
gle giant planet. When other giant planets are in the 
system and other resonant regions appear, the proba— 

bility for terrestrial planets in a HZ to have large△c 
would generally increase, although modulation of res— 

onant regions sometimes decreases the probability as 
seen in the case of Fig. 6c and Table I. 

5. APPLICATIONS TO KNOWN EXTRA-
SOLAR PLANETARY SYSTEMS 

We apply the results in the previous section to the 
畑ownextrasolar planetary systems to evaluate obliq-
uity variations of possible terrestrial planets in their 
HZs. The samples of extrasolar planetary systems used 
here are listed in Tables II, III, and IV with relevant 
data on the stellar masses, and the planet's masses, 
semi-major axes and eccentricities. These data were 
taken from the the Extrasolar Planets Encyclopedia 
(http://cfa-www.harvard.edu/pl皿 ets/).

In the current radial velocity surveys, only mp sin i 
(mp is the planet's mass, and i is the inclination be-
tween the orbital皿 dsky planes) are measured. Since 
we have little observational constraints on i, we adopt 
pla11etary masses corresponding to i = 45°, which 
me皿 s1.4 times the minimum values assun1~1g i = 90°. 
Because we are interestぷ.dinthe possible terrestrial 
planets on neru・ly circulai・ orbits that have not b釦 11
largely affected by close scattering or orbital rt".so-
nances, we assume tha.t the orbits of the terre.strial 
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20° (dashed line), and 2: 30° (dot-dashed line) as a function 
of mass of a giant planet m1, in the case of me= lM0 and 
Io = 0.05. The semi-major axis of the giant planet a1 are 
(a) O.lAU and (b) 5.0AU. 

planets are nearly on equatorial plane of original pro-
toplanetary disks. The inclinations between the orbital 
plane of the giant planets and the original disks are not 
known. If orbital eccentricities ep of the giant plan-
ets are produced by close scattering with other plan-
ets, the inclinations of the giant planets I would be 
in average ~ ep/2 (Ida et al. 1993; Marzari and Wei-
denschilling 2002). The eccentricities of giant planets 
can be pumped up by disk-planet interactions or dis-
tant resonant perturbations by other planets. Then 

Ip~ ep/2 does not necessarily hold. However, we here 

adopt the simple assumption Ip ~ ep/2. We will dis-

cuss the variety of choice of Ip later. 

In Section 4, we adopted the region between 0.7AU 
and l.3AU as a. HZ. For the known extrasolar systems, 
however, we know their host star's masses, which pre-
dict the luminosity of the host stars. Using the pre-
dicted luminosity, we can estimate the range of HZs for 
individual systems. A variety of criteria. have been used 
t.o define the boundaries of a HZ. According to Kast-

ing ct al. (1993), for the inner boundary of the HZ, we 
use t.he minimum dist.11.nr.e from t.he host. star where 11 

runaway greenhouse effect occurs leading to the cvap-
oration of all surfa.cc water. As for the outer b()¥mdary 
oft.he HZ, t.he ma.ximum dist、tl)1rcat which a (:loud-fr(‘e 

Fig. 9.- The area fraction with •€ 2: 20° as a function 
of a1皿 dm.1. The color bar indicatesしhearea fraction in 
percent. The curves of constant fraction are drawn at 10 % 
and 30 %. 

massive CO2 atmosphere of the terrestrial planet can 
maintain a surface temperature of 2731<. The HZs de-
termined in this way are given as a function of stellar 

mass. In general, the boundaries of HZs move with 
stellar age because stellar luminosity changes with age. 
For simplicity, we use zero-age main sequence HZs here. 
The inner and outer radii of HZs are listed in the 7th 
column of Table II, III, and IV for each system. 

As stated in Section 1, orbital stability of the possi-
ble terrestrial planets have been investigated by sev-
era! groups. Among them, Menou and Tabachnik 
(2003) investigated the orbital dynamics of 85 extraso-
lar plai1etary systems, integrating 100 terrestrial plan-
ets (treated as test particles) in the HZs for 106 years. 
They found that orbital stability is correlated with the 

degree of overlap between a HZ and a gravitational zone 
of influence of a discovered giant planet, defined by 

the region extending from R;n = (1 -eμ)ap―3R凡II
to R。ut= (1 + eμ)aμ + 3R即 1,where aμ and ep are 
the semi-major axis, eccentricity of the giant planet 

and Rmn is the planet's Hill radius defined by Rmn三
％匹／3mc)113.Menou and Tabachnik (2003) classi-
fied orbital stability of the terrestrial planets in a HZ, 
based on the degree of overlap between the gas giant's 

zone of influence (ZI) and the system's habitable zone 

(HZ): Class I (aμ ::; 0.25 AU), Class II (aμ > 0.25 
AU and no overlap between HZ and ZI), Class III 
(aμ > 0.25 AU and partial overlap between HZ and ZI), 
and Class IV (aμ > 0.25 AU皿 dHZ is fully inside ZI). 
Menou and Taba.clmik (2003) showed the probabilities 
for terrestrial planets to remain stable are 73.9士8.3%
for Class I, 29.!J土17.3% for Cl邸 sII, 0.92士2.31% 

for Class III, and O % for Cl邸 sIV. More orbits of ter-
rest.rial planets are unstable in the systems with larger 

overlap. The orbital classification (I-IV) are list<'d in 
the I孔ヽ tcolumn of Tables II, III, and IV iu order to 

see the relation bet.ween orbit.al st.ability nnc.l obliquity 
variation. 
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TABLE II 

EXTRASOLAR PLANETARY SYSTEMS IN GROUP A 

system M. 
M(M,, Jsuin p) i 

a e HZ ふ{＞%)100•1 ふ{~%) 200•2 ふ{＞%)40°•3 class 
(M0) (AU) (AU) 

HD46375 1.00 0.249 0.041 0.000 0.00 o.oo 0.00 I 
HD187123 1.06 0.520 0.042 0.030 0.00 o.oo 0.00 I 
8D209458 1.05 0.690 0.045 0.000 0.00 o.oo 0.00 I 
HD179949 1.24 0.840 0.046 0.050 0.00 o.oo 0.00 I 
HD75289 1.05 0.420 0.046 0.054 o.oo o.oo 0.00 I 
BD-10 3166 1.10 0.480 0.046 0.000 o.oo o.oo 0.00 I 
HD76700 1.00 0.197 0.049 0.000 0.00 o.oo 0.00 I 

5H1DP4e9g 674 
0.95 0.470 0.050 0.000 o.oo o.oo 0.00 I 
1.oo 0.120 0.057 0.000 0.00 0.00 0.00 I 

HD168746 0.92 0.230- 0.065 0.081 0.00 0.00 o.oo I 
Gl86 0.79 4.000 0.110 0.046 0.00 0.00 o.oo I 
HD195019 1.02 3.430 0.140 0.050 0.00 0.00 o.oo I 
rhoCrB 0.95 1.100 0.230 0.028 0.00 o.oo 0.00 I 
HD114762 0.82 11.000 0.300 0.334 0.00 o.oo 0.00 III 
HD121504 1.00 0.890 0.320 0.130 o.oo o.oo 0.00 II 
HD178911 0.87 6.292 0.320 0.124 0.00 0.00 o.oo 11-111 
HD52265 1.13 1.130 0.490 0.290 1.02 0.00 o.oo II 
HD73526 1.02 3.000 0.660 0.340 o.oo o.oo o.oo Ill-IV 
HD134987 1.05 1.580 0.780 0.240 0.00 0.00 o.oo III 
8D40979 1.08 3.160 0.818 0.250 o.oo 0.00 0.00 III 
HD169830 1.40 2.960 0.823 0.340 6.61 0.00 0.00 11-111 
HR810 1.03 2.250 0.925 0.161 o.oo 0.00 0.00 IV 
HD28185 0.99 5.700 1.030 0.070 0.00 0.00 0.00 IV 
HD128311 0.80 2.630 1.060 0.210 0.00 o.oo 0.00 IV 
HD108874 1.00 1.650 1.070 0.200 o.oo o.oo 0.00 IV 
HD27442 1.20 1.430 1.180 0.020 o.oo o.oo 0.00 III 
HD114783 0.92 0.990 1.200 0.100 o.oo o.oo 0.00 Ill-IV 
HD20367 1.05 1.070 1.250 0.230 0.00 0.00 0.00 IV 
HD19994 1.35 2.000 1.300 0.200 0.00 0.00 0.00 III 
8D23079 I.IO 2.540 1.480 0.060 0.00 0.00 0.00 III-IV 
HD4028 0.93 0.810 1.690 0.040 0.25 0.16 0.00 11-111 
HD10697 1.10 6.590 2.000 0.120 0.00 0.00 0.00 III-IV 
HD196050 1.10 3.000 2.500 0.280 1.34 0.00 0.00 Ill-IV 
HD216435 1.25 1.230 2.600 0.140 0.00 0.00 0.00 III-IV 
HD30177 0.95 7.700 2.600 0.220 0.00 0.00 o.oo III-IV 
HD23596 1.10 7.190 2.720 0.314 1.72 0.00 0.00 IV 
HD72659 0.95 2.550 3.240 0.180 7.48 3.37 1.06 II-IV 
GI777A 0.90 1.150 3.660 0.000 0.00 0.00 o.oo 

＂ HD83443 0.79 0.350 0.038 0.080 9.77 2.99 o.oo I 
0.170 0.174 0.420 I 

55Cnc 1.03 0.840 0.115 0.020 0.70/1.30 7.13 3.56 0.69 I 
0.210 0.241 0.340 I 
4.050 5.900 0.160 III 

e NOTareEa ．ーw（itりhTDh=e 8p-e7rc2ehnotuars ges anindd, icate the fraction of the area where△E is larger than (1) 10°, (2) 20°, and (3) 40° in 
th a=0.7-1.3AU(HZ). 
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TABLE Ill 

EXTRASOLAR PLANETARY SYSTEMS IN GROUP B 

system M. 
M(Mp Jsuinp) i 

a e HZ △E （> ％） lOo•l • E （> ％） 20°•2 • E （> ％） 40° •3 class 
(M0) (AU) (AU) 

Bl 

J'Th.upu iteBor o system 1.00 1.00 5.203 0.048 0.70薗/1.30 13.14 11.41 0.00 II 
1.30 3.870 0.046 0.018 1..70 11.74 3.99 0.00 I 

HD130322 0.79 1.080 0.088 0.048 0..00 12.74 10.81 0.00 I 
HD114386 0.75 0.990 1.620 0.280 o..oo 20.14 3.89 1.35 III 

B2 
70Vir 1.10 6.600 0.430 0.400 100.00 0.00 0.00 II-III 
HD223084 1.05 1.210 0.440 0.480 .40 100.00 o.oo o.oo 11-111 
GJ3021 0.90 3.320 0.490 0.505 .20 100.00 0.00 0.00 III 
HD8574 1.10 2.230 0.760 0.400 .60 100.00 0.00 0.00 III 
HD150706 0.98 1.000 0.820 0.380 .30 100.00 0.00 o.oo JV 
HD92788 1.06 3.800 0.940 0.360 .40 100.00 0.00 o.oo IV 
HD142 1.10 1.360 0.980 0.370 .60 100.00 0.00 o.oo III-IV 
HD177830 1.17 1.280 1.000 0.430 .80 100.00 0.00 0.00 III-IV 
HD4203 1.06 1.640 1.090 0.530 .40 100.00 0.00 0.00 IV 
HD210277 0.99 1.240 1.097 0.450 .30 100.00 0.00 o.oo IV 
HD147513 0.92 1.000 1.260 0.520 .25 100.00 0.11 o.oo IV 
HD141937 0.16 9.700 1.520 0.410 .30 100.00 o.oo o.oo IV 
HD213240 1.22 4.500 2.030 0.450 .80 100.00 0.00 0.00 IV 
HD190228 1.30 4.990 2.310 0.430 .70 100.00 0.00 0.00 IV 
HD136118 1.24 11.900 2.335 0.366 .25 100.00 0.00 0.00 IV 
HD50554 1.10 4.900 2.380 0.420 .60 100.00 0.00 0.00 IV 
HD106252 1.05 6.810 2.610 0.540 .40 100.00 0.68 o.oo JV 
HD33636 0.99 7.800 2.700 0.410 .30 100.00 0.12 0.00 IV 
HD39091 1.10 0.370 3.340 0.620 .60 100.00 2.81 0.00 IV 
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TABLE IV 

EXTRASOLAR PLANETARY SYSTEMS IN GROUP C 

system M. 
M(M,, Jsuinp) i 

a e HZ △e(> %) 10°•1 △E (~ %) 20°•2 • c (2 %) 40°•S cl四S
(Mo) (AU) (AU) 

HD68988 1.20 1.900 0.071 0.140 .80 64.45 46.33 13.08 I 
HD217107 0.98 1.280 0.070 0.140 .30 65.18 44.54 12.56 I 
HD108147 1.27 0.410 0.104 0.498 .40 53.52 53.52 53.52 I 
HD6434 1.00 0.480 0.150 0.300 .30 90.;il 51.10 21.68 I 
HD16141 1.00 0.215 0.350 0.280 .30 57.51 12.98 4.27 II 
HD114729 0.93 0.900 2.080 0.330 55.49 5.09 2.25 Ill-IV 
14Her 0.79 3.300 2.500 0.326 60.09 7.94 3.68 III-IV 
HD216437 1.07 2.100 2.700 0.340 .45 63.38 1.24 0.31 III-IV 

HEpDs8il0o6n 06 Eridani 0.80 0.860 3.30 0.608 .00 83.62 82.37 47.07 111-IV 
0.90 3.410 0.439 0.927 .20 100.00 100.00 o.oo 11-111 

HD89744 1.40 7.200 0.880 0.700 .00 100.00 100.00 o.oo III 
HIP75458 1.05 8.640 1.340 0.710 .40 100.00 100.00 o.oo IV 
HD222582 1.00 5.400 1.350 0.710 .30 100.00 100.00 0.00 IV 

H16DC2y0g3B 9 1.01 1.500 1.700 0.670 .30 100.00 23.09 0.02 IV 
0.98 5.100 2.200 0.690 .30 100.00 50.84 o.oo IV 

Gliese 876 0.32 1.890 0.210 0.100 .20 80.00 1.34 0.00 IV 
0.560 0.130 0.270 III-IV 

HD37124 0.91 0.750 0.540 0.100 0.60/1.20 98.69 39.45 1.15 III 
1.200 2.500 0.690 III-IV 

HD38529 1.39 0.780 0.129 0.290 1.40/3.00 100.00 99.98 2.60 I 
12.70 3.680 0.360 IV 

HD74156 1.05 1.560 0.276 0.649 0.75/1.40 100.00 99.98 36.68 II 
7.500 3.470 0.395 IV 

HD168443 1.01 7.700 0.290 0.529 0.70/1.30 100.00 71.83 1.33 

＂ 16.90 2.850 0.228 IV 
HD82943 1.05 0.880 0.730 0.640 0.75/1.40 100.00 100.00 0.00 11.1v 

1.630 1.160 0.410 IV 
HD12661 1.07 2.300 0.830 0.350 0.80/1.45 100.00 100.00 o.oo III-IV 

1.570 2.560 0.200 III-IV 
HD160691 1.08 1.700 1.500 0.310 0.85/1.60 100.00 62.67 26.67 IV 

1.000 2.300 0.800 IV 
47Uma 1.03 2.410 2.100 0.096 0.70/1.30 79.10 38.39 18.50 III-IV 

0.760 3.730 0.100 II 
UpsAnd 1.30 0.690 0.059 0.012 1.25/2.70 100.00 47.28 o.oo I 

1.890 0.829 0.280 

＂ 3.750 2.530 0.270 IV 
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Tables II, III, and IV show the probability with 
△f 2:: 10°, 2:: 20° and 2:: 40° for terrestrial planets 
in HZs in 87 extrasolar planetary systems. Here, we 
consider spin periods of the terrestrial planets as 8-72 
hours and the HZs listed in the 7th column in the Ta— 

bles for eacl1 system. The extr邸 olarplanetary systems 
can be classified into four distinct groups based on△c, 
although the detailed values of the probability changes 
by different choices of the ranges of D and a, I, and 
Sill i. 

About half of the systems show small obliquity vari-
ations（△E ~ 10°) over the entire HZs (Group A). This 
group is mostly comprised of systems containing gi-
ant planets with small eccentricities. Corresponding 
small J make resonant regions narrow, resulting in the 
small probability. About 1 / 4 of the systems show large 
change of obliquity with more than 20° in their HZs 
(Group C). This group is mostly comprised of systems 
containing giant planets with rv 11¥1J and semi-major 
axis rv 0.lAU, or planets with large eccentricities. In 
the systems containing giant planets with mp・ rv lMJ 
and ap rv O.lAU, resonant regions considerably over-
lap HZs, as shown in Fig. 6a. In the systems with 
giant planets on eccentric orbits, resonant regions are 
expanded by large inclinations inferred from the large 
eccentricities. All of the two giant planet systems ex-
cept for HD83443 system, and a triple giant planets sys-
tern, Ups And system, belong to Group C. The residual 
systems we call Groups Bl and B2, which show inter-
mediate features between Group A and Group C. In 
the systems of Group Bl, resonant regions and HZs 
partially overlap. We also list the result for the system 
which only contains Jupiter around a host star with 
1M0 except for massless terrestrial planets (we call it 
"Jupiter system" hereafter). Jupiter system belongs to 
this group. In Group B2, resonant regions do not over-
lap with HZs, but the obliquity variation amplitude 
is not small enough: it is larger than 10° but smaller 
than 20° over the entire HZs. The systems in Group 
B2 contain giant planets with e rv 0.3-0.6, which causes 
large obliquity variations in non-resonant regions. The 
evaluated variation amplitude of obliquity may become 
small if the estimated orbital inclinations are reduced. 

Both Group A and Group C include all the orbital 
stability classes. As expected from discussion in Section 
5, large amplitude of obliquity variation is not neces-
sarily associated with an unstable orbit. In general, if 
a giant planet is closer to the HZ and/or more massive, 
the orbits of terrestrial planets are more likely to be 
unstable. However, obliquity is less affected by spin-
orbit resonances if the giant planet is closer to the HZ 
or more massive. More than 1/3 of the systems whicl1 
have unstable orbits of terre.strial planets in the HZs 
(Class III or IV) show small obliquity vai・iations. On 
the other hand, the terrestrial pla.nets which has the 
stable orbits can have large obliquity variations. Nearly 
1/3 of the systems in which the terrestrial planets have 
st.able orbits in HZs (Cla.,;s I or II) show large. obliquity 
variations. The systems that have both ~table orbits 
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皿 dsmall obliquity variations are only 1/5 of all the 
systems. Note that 2/3 of such systems are systems 
with the gi皿tpl皿 et(s)with ap ~ 0.lAU. 

In most of the multi-planet systems so far found, 
the obliquity of terrestrial planets in HZs would change 
by more than 20°. More 1蕊 ona11tregions exist in 
multi-pla.i1et systems than in single-plai1et systems. In 
HD74156 system, it is the spin-orbit resonance with an 
eigenfrequency that causes the obliquity v紅iationwith 
2:: 40°. In 47Uma system, which contains gia11t planets 
relatively distant from the host star with small eccen-
tricities, a secular re.sona11ce is located within its HZ, 
resulting in the large variation of obliquity. In HD82943 
and HD160691 systems, their HZs are bounded by sec-
ular resonances. Only HD83443 and 55Cnc systems 
show small obliquity variations（△E $ 10°). In these 
systems, the orbit of terrestrial planets in their HZs are 
also stable. It should be noted that multi-planet sys-
terns in Group C contain gi皿 tplanets with large ec-
centricities, which cause the large obliquity variations 
of terrestrial planets in HZ in non-reson皿 tregions, as 
well as the resonant regions. Current surveys of the ex-
trasolar planets are limited to the detection of planets 
located within 3-4 AU from their host stars. Pl皿 ets
on more distant orbits with small eccentricities will be 
detected as planets in new planetary systems or as ad-
ditional planets in known planetary systems. As shown 
in Figure 7, distant giant planets have weaker effect on 
the obliquity of terrestrial planets in HZ than the giant 
planets at 2-4AU. Therefore we may find multiple giant 
planet systems whose HZs include the terrestrial plan-
ets with small obliquity variation, in future surveys. 

6. DISCUSSION 

We have evaluated the probability that terrestrial 
planets in HZs have large obliquity variations in 87 
known extrasolar planetary systems. In future surveys, 
giant planets atえ 5-10AU could be detected as ad-
ditional planets in known planetary systems. As sug.:. 
gested by the results in Fig. 9, however, such distant 
giant planets have less influence on the HZs, the re-
sults shown in Section 5 do not suffer from signific皿t
modification if additional giant planets are detected in 
future. 

However, other terrestrial planets that may probably 
exist near or within a habitable zone affect the obliq-
uity variations of a terrestrial planet in a HZ. As Figure 
9 suggests, close planets with small masses can cause 
spin-orbit resonances. These effects may sometimes be 
more severe th~n those of giant planets. Indeed, Mars' 
obliquity is under the influence of other terrestrial plan-
ets, as well as Jupiter and Saturn (Ward 1974). 

The effect of a satellite(s) cru1not be neglected for 
the obliquity variation, if the satellite is as large as 
the Moon. Earth owes the stability of its spin axis 
to the existence of the Moon (Ward 1974; La.c;kar et 
社 1993;La.15kar l 996). Total t.orque that. a terre:-;trial 
planet me(~ived is sum of t.he torques nusPd by oth（ヽr



objects in the system. In Earth's case, the torque by 
the :Moon is twice as large as that exerted by Sun, which 
increases its precession constant by a factor of 3. This 
is equivalent to reducing the rotation period by a factor 
of 3 in the results in previous sections. As a result of 
this effect, Earth gets out of resonant regions. In the 
past, the Moon was closer to the Earth, so the lunar 
torque was stronger than the current one. Thus, the 
Iv1oon has been stabilizing the Earth's obliquity. 

There is an upper limit on orbital precession frequen-
cies of terrestrial planets in a HZ for other planets to 
maintain the orbital stability of the terrestrial plai~ets. 
Considering a. giant planet far from the boundary of 
the HZ by l'V 5Rmn {RHm is the Hill r叫iusof the giant 
pl皿et),which would marginally maintain the orbital 
stability, the orbital precession frequency of a terres-
trial planet at lAU is 50-100 " yr-1. Hence, 50-100 
II y戸 maybe close to the upper limit. Note that this 
value is almost the same order of the spin precession 
frequency at lAU. If considerable torque by a satellite 
exerts on the terrestrial pl皿etto pump up the spin 
precession frequency over the upper lhnit of the orbital 
precession frequency, spin-orbit resonance will not oc-
cur. So, a very large and/or very close satellite like 
the Moon would generally tend to stabilize obliquity of 
terrestrial planets. 

Our analytical expressions of the obliquity variation 
of terrestrial planets c皿 beapplied to giant planets. 
Not only obliquity of terrestrial planets, but also that 
of giru1t planets is affected by spin-orbit resonance. Sat-
urn's primordial obliquity may have been smaller and 
modified to the present value (l'V 26°) by spin-orbit res-
onance with Neptune (H皿 1iltonand Ward 2002a,b,c). 
We investigated the obliquity variations of giant plan-
ets in known multiple-planet systems assuming rotation 
periods similar to Jupiter or Saturn (rv 10 hour), and 
found that no giant pl皿 etsin multiple-planet systems 
so far found would be in spin orbit resonance. 

As mentioned in Section 3, obliquity of the plan-
ets in a retrograde spin state is not affected by the 
spin-orbit resonance. Planetary spin caused by plan-
etesimal accretion has two components: the systematic 
component produced by accumulation of a large num-
ber of small planetesimals, and the random component 
produced by small number of large impacts (e.g., Lis-
sauer et al. 2000). The systematic component tends to 
result in relatively slow progr叫esph1. On the other 
hand, r叫omcomponent can produce relatively rapid 
spin and does not have any preferred spin direction. For 
the terrestrial planets, it is expected that tbe random 
component is dominant (e.g., Lissauer et al. 2000). 
In the Solar System, however, three terrestrial planets 
have prograde spins. Primordial spin of Venus, which 
is the only terrestrial plru1et having a retrograde spin, 
cou]d have b釦 nprograde until large obliquity variation 
and the dissipation of its t.llic.katmosphere overturned 
the spin (Correia and L邸 k訂 2001).If t.he planets are 
formed in ret.rogr叫espin st.at.e, they maint珀nthe pri-
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mordial obliquity. 

As shown in Section 5, among the known extraso-
lar planetary systems, systems with short-period giai1t 
planets with semi-major axes ~ 0.lAU are favorable 
sites for terrestrial planets to exist with orbital stabil-
ity and small obliquity variations in HZs. However, 
short-period giant planets may have been formed in 
the region outside the HZs and migrated inward to the 
present locations by disk-plai1et inter邸 tions(Lin et al. 
1996). It would not be easy for terrestrial planets in 
the HZs to survive during the passage of the giant plan-
ets. If terrestrial planets forms in a HZ from a residual 
protoplanetary disk after the passage, such terrestrial 
planets would stay in stable orbits with small obliquity 
variations. 

7. CONCLUSION 

We have investigated obliquity variations of possible 
terrestrial planets in habitable zones (HZs) in extra-
solar planetary systems. The amplitude of obliquity 
variations may be one of the most important factors 
for land-based life to survive on the terrestrial planets. 

We derived the analytical expression for the obliq-
uity variations of terrestrial planets in the spin-orbit 
resonance region, as well as the expression in non-
resonant region. The latter completely agrees with the 
formul胆 derivedby Ward {1974). Analytically pre-
dieted amplitude of obliquity variations showed excel-
lent agreement with the results obtained by numerically 
integrating the precession equation. 

Using the analytical expressions, we statistically 
studied general properties of obliquity variations ofter-
restrial planets in a HZ perturbed by a giant planet(s). 
We presented the probability of terrestrial planets with 
prograde spin in the HZ having obliquity variation am-
plitude larger than given critical values. The results 
are as follows: 

1. Largest obliquity variations are produced by gi-
ant planets as far from the habitable zone as the 
orbits of the terrestrial planets are stable. 

2. Stability of the obliquity variations of a terrestrial 
pl皿 etis not associated with its orbital stability. 

3. About half of the known extrasolar planetary sys-
tems show small obliquity variations of terrestrial 
planets（△E $ 10°) over the entire HZs. 

4. The systems that have terrestrial planets with 
both small obliquity v紅 iationsand stable orbits 
in the HZs are only 1 /5 of the known extrasolar 
planetary systems. 

5. In general, more planets (gia11t pla11ets or other 
terre.strial planet.s) re.suit in larger obliquity vari-
ations. Almost all of the known multiplc-plru1et 
systems((:~xcept for HD83443 and 55Cnc systems) 
show large obliquity variations（△f ~ 20°). 



6. If a terrestrial planet on a stable orbit near lAU 
has so large皿 d/orso close satellite that it sig-
nificantly enhances the precession rate of the spin 
axis of the terrestrial planet, obliquity variations 
may be significantly reduced. 

Masses and orbital radii of the most effective gia11t 
planets for enhancing the obliquity variations are plot-
ted in Figure 9. For ex皿 pie,in the system including a. 
gia11t planet with lMJ and with a HZ of 0.7-1.3AU, the 
obliquity of terrestrial planets in the HZ is most radi-
cally changed（△e ~ 20°) if the gia.i1t planet orbits at,..., 
0.05-0．lAU or 3-5AU. If the mass of the gi皿 tplanet 
is larger, the most effective location of the giant planet 
is further from the HZ. On the other band, the orbits 
of the terrestrial planets in the HZ are destabilized if 
the giant pl皿 etis closer to the HZ or is more massive. 
The dependences on the masses and the orbital radii 
of perturbing planets are different between the orbital 
stability and the magnitude of the obliquity amplitude 
of terrestrial planets. 

In the systems where planetary orbital migration has 
not occurred significantly, orbital configuration of plan-
ets may be likely to be in a ma.i・ginally stable state. 
Then, the our results suggest that obliquity of a terres-
trial planet tends to be near the spin-orbit resonances 
and often suffer large obliquity variations, as long as 
the spin of the terrestrial planet is prograde. There-
fore, retrograde spin of the terrestrial pl皿 etor the ex-
istence of a large and/or close satellite that significantly 
pumps up spin precession rate might be essential for 
land-based life to survive on a terrestrial planet in a 
HZ. 

APPENDIX: DERIVATION OF EQS. (9) AND 
(10) 

We expand the precession equation, 

ds 
dt 
- =a(a．れ）（SX ft), 

in terms of I<< 1, in the Cartesian coordinates where 
the invariant plane is on the x-y plane (see Figure 1). 
In these coordinates, the spin vector s and the orbit 
normal n are given by 

＝
 
Ŝ (-~↑cn:：：よ），

{1) 

(36) 

n = (-s~↑:11。{『oso。),（37)
where 0 is the angle between the equator and the ref-
erence plane, 1j, is the longitude of the equator, I is 
the orbital inclination, and n is the longitude of the 
邸 cendingnode. The time derivative of s is given by 

d8 (°.cos(}sinゆ＋如in6cosゆ
百＝ ー釦osOco：に；sinOsil)V})． （38) 
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(41) 

where no = Bt +'Y and ni = fit +'Yi・ 

From the x and the y components of Eq. (1), we 
obtain 

心＝ ocos€[-cosJ 

+ sin J cot 9(cos,p cos n + sinゅsinn)) 
~ OCOS€[-1 

+ I cotO(cosゆcosn+ sinゅsinfl)) 
+0(1判 (42)

With Eqs. (4) and (5), Eq. {42) is 

,ii ~ -a cos€+ ocos€cot0 

x+[。（IC20)S.（ゆー％）＋合1,cos（ゆ— O;)](43) 
Substituting s and,i given by Eqs. (36) and (37) 
into cos€ = i ・ n (Eq. 3), 

cos€= cosOcosJ + sin8sinJ cos（カーn). (44) 

Differentiating Eq. {44) with respect tot yields 

d(cos €) 
dt 
= -8sin0cosl + BcosOsinJ cos（ゆーn)

d 
--（ゆーn)sin 9 sin J sin（ゆーn).(45) 
dt 

Substituting Eqs. {40) and {11) into the above equa.-
tion, and neglecting the higher terms than the second 
order of I, we obtain 

d(cos €) 
dt 

/oBsin(}sin（ゆー糾）

Nr. 

+EIふsin0 sin(1/J -n,) 
i=l 

+ 0(/2). (46) 
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Mean motion resonances in the solar system 
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In the solar system, there are many kinds of resonances, such as mean motion resonances, secular 

resonances, and spin-orbit resonances. In this paper, such resonances are briefly summarized first. 

Then the relationship between the distribution of asteroids and resonances are discussed and some 

examples of the orbital evolution of asteroids in mean motion resonances are shown. The mean motion 

resonances are very important not only for the stabilization of the system but also for the orbital 

evolution of the bodies in the solar system. 

1.はじめに

太陽系には、太陽以外に惑星・衛星・小惑星・彗星・流星物質などが存在しているが、こ

れらの運動には様々な特徴が見られる。その中でもこれらの天体の運動に普遍的に見られる

ものは、平均運動共鳴である。平均運動共鳴は、天体同士の公転周期の関係が整数比になる

ものであるが、平均運動共鳴にあることで系が安定化する場合もあれば、共鳴にあることで

軌道が大きく変化してしまう場合もある。ここでは、太陽系天体の軌道進化を考える場合に

重要な役割を果たすこの平均運動共鳴についてまとめてみることにする。以下では、まず太

陽系内に見られる共鳴現象を概観し (2節）、その後で特に小惑星についてその分布に共鳴

がどのように影薯しているのかをまとめてみる (3節）。そして、共鳴にある小惑星の軌道

進化について、いくつかの解析例を紹介する (4節）。

2.太陽系内の共嗚現象

太陽系内の天体の運動には、様々な共鳴現象が見られるが、ここでは平均運動共鳴以外の

共鳴も含めて、それぞれの天体ごとに見られる共鳴をまとめてみることにする。

(1)水星

水星は、自転周期 (58.65日）と公転周期 (87.99日）の間に、 2:3の共鳴関係がある。

t2003年］0月からは、それまでの宇宙科学研究所(ISAS)、航空宇宙技術研究所(NAL)、宇宙開発事業団(NASDA)
が統合されて、宇宙航空研究開発機構(JAXA)となった。
JAXA : Japan Aerospace Exploration Agency 
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(2)金星

金星は、ゆっくりと逆行自転しているのであるが、金星の自転周期・公転周期と地球の公

転周期との間には、次のような関係があると言われている [1]0

1 1 
＋ 

金星の自転周期 地球の公転周期

1 1 

金星の公転周期 地球の公転周期

ただし、この関係は、近似的なものである。

(3)地球

~ 4 

月が常にほぼ片側だけを地球に向けているが、これは周知のように、月の自転周期(27.3217 

日）が月の地球周りの公転周期 (27.3217日）と一致しているためである。つまり、月の自

転周期と月の公転周期とは1:1の共鳴状態にある。

また、地球の公転周期 (1年）と近い公転周期を持つ小惑星が存在することが知られてお

り、コンパニオン小惑星と呼ばれることもある。例えば、： （3753)Cruithneや 2002AA29が

そうであるが、これらは地球の公転周期に近い公転周期で運動しているが、公転周期が地球

と完全に 1:1になるような共鳴状態にはない。したがって、一時的にこのような軌道にある

天体と考えられる。

(4)火星

火星には2つの小さな衛星であるフォボスとダイモスがあるが、これらも地球の月と同様

に公転周期と自転周期が同期している。このような自転と公転が同期している現象は、木星・

土星・天王星•海王星にある衛星の多くに見られる現象である。

また、火星の公転運動と関係して、火星のトロヤ群（公転周期が 1:1の共鳴状態）と思わ

れる小惑星もいくつか発見されている。例えば、 (5261) Eurekaなどがそうであるが、火星

のトロヤ群（トロヤ群については、以下の木星の項を参照）においては、長期的に安定に存

在するかどうかを確認する必要がある。 (2003年 11月現在、 MinorPlanet Centerのウエッ

プサイトでは、火星のトロヤ群のリストは削除されている。）

(5)木星

木星には、現在、 60個以上の衛星が発見されているが、衛星の公転周期について有名な共

鳴は、イオとエウロバとカニメデの間に見られる共鳴である。これらの衛星の平均運動 (n)

の比は、

n,。： nEuropa:nCaIIiml•dl.~ 4 : 2 : 1 
となっている。より厳密には、

n,1)-3nturopa+2nGaIIiml•dt. = 0 
という関係にある。（平均運動とは、平均の角速度のこと）

また、木星は、多くの小惑星と平均運動共鳴の関係にある。特にその数が多いのが1: 1の

共鳴にあるトロヤ群である。制限3体問題においては、その特殊解としてオイラーの直線解

とラグランジュの正三角形解がある。正三角形解の方は安定であるが、木星の場合、太陽と

木星を一辺とする正三角形の頂点付近に多数の小惑星が存在しており、これをトロヤ群と呼

んでいるのである。これらの公転周期は木星の公転周期と同じであり、したがって1:1の共
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鳴にあることになる。木星の前方（公転方向）にあるラグランジュ点 (L..)付近には、 (588)

Achillesをはじめとして1016個の小惑星が発見されている。また、木星の後方のLs付近には、

(617) Patroclusをはじめとして604個の小惑星が発見されている (2003年11月現在）。なお、

1: 1のトロヤ群以外に、木星といろいろな平均運動共鳴にある小惑星があるが、これは、小

惑星の項で述べることにする。

木星については、土星との公転周期の比が2:5に近いという関係もある。これを平均運動

で示せば nJupitl.,. ： nSaturII~ 5 : 2となるが、これをlagrande inegal i te (the great 

inequality)と呼ぶ。太陽系の最大の惑星と2番目に大きい惑星とがこのような関係にあるた

めに、惑星同士の摂動に大きな影響を及ぼしている。

(6) 土星

土星も多くの衛星を持ち、現在発見されているものは30個を越えている。土星の衛星間に

は多くの共鳴が見られる。それらを挙げると次のようになる。

n~lim11s : nTl•thys = 2 : 1 
n,mladus :n,）ioIIl、=2: 1 

nTitan : nllypl•rion = 4 : 3 
1:1共鳴またはそれに近いもの：

土星ーDione-Helene ： 正三角形

土星ーTethys-Telesto : 正三角形

土星ーTethys-Calypso : 正三角形

Prometheusと Pandora : 同じ軌道上

なお、土星には美しい環が存在するが、環には微細な構造が見られる。例えば、衛星Mimas

との共鳴位置に空隙があることなどが知られている。

(7)天王星

天王星にも多数 (27個）の衛星が発見されているが、内側の衛星間には公転周期が2:1に

近い関係がある。また、 RosalindとCordeliaの衛星の間には、 5:3の共鳴がある。さらには、

CordeliaとE リング、 OpheliaとE リングにはそれぞれ、 24:25と14:13の関係があると言わ

れている。

(8)海王星

海王星には、ラグランジュ点 L4の位置にトロヤ群小惑星が 1つ知られている。 (2001

QR322) 

(9)冥王星

冥王星は、海王星の軌道の内側まで入り込むが、海王星と衝突する可能性はない。その理

由としては、冥王星の軌道が海王星の軌道と立体的に交差しているということが挙げられる

が、さらに、冥王星と海王星とが平均運動共鳴n、l'PlUlll、:nl'lut。=3: 2にあることも重要な
理由である。この共鳴にあることで、海王星が冥王星と会合する場所が、冥王星と海王星の

軌道が最接近する場所ではないところに保たれている。これらに加えて、冥王星の近日点の

位置が黄道面内には来ないということも冥王星の軌道の安定化の要因となっている。

冥王星には、 Charonという衛星があるが、この衛星の公転周期が冥王星の自転周期と一致

している。つまり、 Charonは、地球で言えばちょうど静止衛星のようになっているのである。
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(lo)小惑星

すでに述べたように、小惑星には木星との平均運動共鳴が多数見られる。その様子は、小

惑星の軌道長半径の分布を見ると顕著である。まず、小惑星帯では、木星と平均運動共鳴が

起こるところは小惑星の数が少なくなり、分布のギャップが見られる。これをカークウッド

ギャップというが、小惑星と木星との平均運動の比がカークウッドギャップでは、 4:1、3:1、

5:2、7:3、2:1となっている。一方、小惑星帯の外側の領域では、逆に平均運動共鳴が起こ

るところに小惑星が集中して存在する傾向があり、 3:2の共嗚がヒルダ群、 4:3の共鳴がチュ

ーレ群と呼ばれている。もちろん、 1:1の共鳴はトロヤ群である。

また、最近では海王星軌道近辺に多数（約800個）の小天体が発見されており、エッジワ

ース・カイパーベルト天体と呼ばれている。このエッジワース・カイパーベルト天体の中に

は、海王星と平均運動共鳴にあるものがあることが知られている。

なお、小惑星の中には軌道が不安定なものがあり、惑星とクローズエンカウンターを起こ

すようなものがある。そのような天体の場合、一時的に惑星と平均運動共鳴状態になる場合

がある。この他、小惑星帯では永年共鳴と呼ばれる共鳴もあるが、これについては、木下宙

氏の論文を参照されたい。

(11)彗星・流星物質

彗星は、小惑星のように小さな天体であるが、軌道の性質は小惑星とはかなり異なる。小

惑星では、その大部分が安定であり、惑星に接近して軌道が不安定になるようなものの割合

はかなり小さい。ところが、彗星の場合、軌道が長楕円であることもあって、惑星に接近し

て軌道が不安定に変化する場合が一般的である。その軌道が変化している過程で、一時的に

惑星と平均運動共鳴状態になることがある。

流星物質の場合は、そのほとんどが彗星や小惑星から放出されたものと考えられるので、

軌道運動も彗星や小惑星の場合と似たものになる。ただし、小さいために太陽輻射の影薯を

受けやすい。最近の研究では、たとえばしし座流星群に関連した流星物質の一部が惑星と共

鳴状態にある可能性が高いことなどが指摘されている。

以上のように、太陽系には非常に多くの共鳴が存在している。これらの共鳴の多くは、軌

道を安定化するために機能している。または、共鳴にあるがために、現在の軌道に存在して

いると言ってもよい。また、このように多彩な共鳴があるために、太陽系の力学は興味の尽

きないものとなっているのである。

3.小惑星の分布と平均運動共嗚

2003年 11月現在、 23万個もの小惑星の軌道がカタログ化されており、また、確定番号が

付いている小惑星も 7万個に及ぶ。小惑星の個数は、ここ 5年くらいの間に急増している。

小惑星の分布の様子を図にしたものが Fig.1である。ここでは、 2003年 3月初めの時点

で発見されていた 21万個余りの小惑星の位置を黄道面に投影したものが描かれている。こ

のような図を描くと、小惑星帯は真っ黒になってしまう。もちろん、これは、小惑星を表す

点を大きく描きすぎているためである。もし、大きさの比を実際のスケール比に合わせると

すると、小惑星を表す点は最大でも 40ナノメートルくらいの大きさにする必要がある。印

刷ではこれは無理である。実際の小惑星帯はこの図から想像されるようにぎゅうぎゅう詰め

なのではなくて、逆に「すかすか」なのである。
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Fig. 1には、小惑星帯を「真横」

から見た図も描かれているが、小惑

星帯が大体 2AUほどの厚さをもって

いることがわかる。

このような図は、小惑足の分布の

様子を直感的に見るには便利な図で

あるが、力学的な特徴はあまり表現

されていない。力学的な特徴で顕著

なものは、 Fig.lの上の図で示され

ているよ うに、木星軌道上で木星の

前と後ろに一群の小惑星があること

で、これは前節で述べた トロヤ群小

惑星である。なお、木星の前（公転

方向）にある トロヤ群については、

Fig. lの下の図の左端に分離してプ

ロットされているが、黄道面から離

れた小惑星が比較的多いことが分か

る。

この他の特徴としては、 小惑星帯

の縁について、外側の縁は木星軌道

から l.5天文単位くらい離れたとこ

ろにあるのに対して、内側の縁は火

星軌道のすぐそばにあることが挙げ

られる。

力学的な特徴をよりはっきり 知る．

ためには、軌道要素の分布を見る必

要がある。軌道要素についての詳細

は関連する文献を参照してもらうと

して、こ こでは、名称のみを挙げる

ことにする。代表的な軌道要素とし

ては、軌道長半径 (a)、軌道離心

率（e)、軌道傾斜角 (i)、近日点

引数（w)、昇交点経度 (Q)、近日

点通過時刻 (T。）がある。

小惑星の軌道要素の分布には、い

ろいろな和閲が見られる。ここでは、

Fig. lに示した小惑星について、a-c

平面と a-i平面にプロットした図を

示すことにする。

Fig. 2は、 a-e平面上にプロット

したものであるが、大局的な分布と

しては、軌道長半径が大きくなるに

つれて軌道離心率が小さくなる分布となっていることがわかる。これは、

く接近しないような分布となっているためである。ただし、小惑星帯 (a
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近）の外側（木星側）では、木星との平均運動共鳴であることにより、木星軌道と重なるよ

うな軌道にも小惑星が存在している。また、小惑星帯の中には縦方向に何本かすき間が見ら

れるが、これがカークウッドギャップに対応するものである。

Fig. 3には、 a-i平面にプロットした図が示されている。a-i平面にプロッ トする と、小

惑星の分布にいくつかの構造があることがわかる。特に、軌道長半径が 2AU付近で軌道傾斜

角が 20度を超えるあたりに孤立した分布があるが、この孤立した分布は、永年共嗚と平均

運動共嗚 (4:l)で作られているものである。なお、小惑星帯付近を拡大した図 (Fig.3右）

を見るとカークウッ ドギャップによる縦方向のすき間以外に、分布の談淡が見られるが、こ

れは小惑星の「族 (family)」によるものである。
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さて、 Fig.2や Fig.3でも平均運動共鳴による影響を見て取ることができるが、平均運動

共鳴をよりはっきり見るためには、単に小惑星の軌道長半径の分布を見ればよい。これは、

小惑星の公転周期が軌道長半径によって決まるためである。 Fig.4に軌道長半径の分布を示

す。この図には、木星との平均共鳴の位置も描かれているが、小惑星帯では、平均共鳴の位

置が分布のギャップや小惑星帯の両端に対応していることが分かる。また、小惑星帯の外側

（木星側）では、平均運動共鳴の位置に小惑星が集まっていることがわかる。これらがすで

に述べたカークウッドギャップや群である。
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Fig.4 Distribution of semimajor axis of the numbered asteroids. 

確定番号が付いた小惑星の軌道長半径の分布。下の図は上の図の部分の拡大。

また、図中の比の値は、小惑星と木星の平均運動の比。

なお、群については、群に属している小惑星だけの位置をプロットしてみても面白い。Fig.5

には、 3:2共鳴のヒルダ群と 1:1共鳴のトロヤ群の分布を示す。これらの図は Fig.1の上の

図でこれらの群だけを選ぴ出してプロットしたものである。ただし、ここでは、単純に軌道

長半径の範囲を指定して選ぴ出しただけであるので、厳密な意味での平均運動共嗚とはなっ

ていない天体も含まれてしまっている可能性はある。ここでは、詳細は述べないが、共鳴状

態にあるかどうかは、 2つの天体の軌道によって定義されるある角度の振る舞いによって定

義されるものである。なお、 4:3のチューレ群については、属する小惑星が数個しかないの

で、ここでは省略する。
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3:2平均運動共鳴にあるヒルダ群（左）と 1: 1平均運動共鳴にあるトロヤ群の分布の様子。

さて、 Fig.5にあるヒルダ群の図を見ると、ヒルダ群小惑星が太陽系空間の中で大きな正

三角形をつくるように分布していることが分かる。しかも、その正三角形の 1つの頂点は、

太陽を挟んで木星と正反対の位置にあり、残りの 2つの頂点は、 トロヤ群の位置にある。別

の見方をすれば、ヒルダ群の小惑星の分布は木星本体が存在する場所からはなるべく離れる

ような分布になっていることになる。木星が公転していっても、木星に対するこの正三角形

状分布の相対的な向きは変わらない。もちろん、 1つ1つのヒルダ群小惑星は、この正三角

形状の中を木星に対して動いていく。つまり、ヒルダ群小惑星は、木星軌道にかなり接近す

る場所があるが、木星本体には接近しないことになっているのである。このために、安定し

て存在していると考えられる。

トロヤ群については、すでに述べたように、木星の前後それぞれに一群の小惑星として分

布している。この分布は、木星と太陽を一辺とする正三角形の頂点を中心にしている。これ

は、三体問題のラグランジュの正三角形解に対応したものである。 トロヤ群小惑星は、木星

と 1:1の平均運動共嗚にあるので、単純に言えば、木星の前後にあるそれぞれの群は、木星

が公転していくのに合わせて動いていくことになる。したがって、木星軌道上にあるが木星

本体に接近することはなく、安定に存在できるのである。

4:3共鳴にあるチューレついても、同様なことが言え、木星との接近をうまく回避するこ

とで、安定に存在している。ところが、 4:3にあるドン・キホーテという小惑星はその離心

率が大きいため、安定している軌道とは言えない。もしかすると一時的に 4:3共鳴にあるの

かもしれない。

試みにこれら 3:2、4:3、1:1共鳴にある小惑星を省いて Fig.1に相当する図を作成してみ

たものが Fig.6である（実際は、単純に軌道長半径が 3.85AU以下のものに限ってプロット

したものである）。この図を見ると明らかのように、小惑星の分布は木星軌道から一様な距

離だけ離れたところにきれいに分布していることが分かる。木星と平均運動共鳴のような特

別な関係にないと、木星軌道のそばにまで達するような軌道に小惑星は安定に存在できない

のである。
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ヒルダ群とトロヤ群を省いてプロットした小惑星の分布。

（実際には、単純に a<3.85AUという条件でプロットした。）

4. 平均運動共鳴にある小惑星の軌道進化

小惑星は、惑星の摂動を受けながら太陽の周

りを公転している。惑星の軌道進化を考える場

合には、相互に引きあう効果を考應する必要が

あるが、小惑星の場合には惑星（や太陽）から

の引力を考應するだけで、小惑星が惑星の運動

に及ぼす影態は無視するのが一般的である。ま

た、小惑星に働く力としては、万有引力以外に

太陽光による圧力や輻射の影響がある。最近の

研究では、長期的な軌道進化を考える場合には、

これらの効果が蛍要であるということになって

きている。ただし、ここでは万有引力のみを考

慮することにする。

ほとんどの小惑屋は共嗚状態にはなく、その

軌道は惑星の摂動を受けて変化するものの、そ

の変化の祉は小さいのが一般的である。また、

ある程度長期的に見れば、 a、 e、 iの変化は

周期的であり、平均すればほぼ同じ軌道にある

と言ってよい。

ところが、共嗚状態にあると軌道進化の様相が大きく変わる場合がある。実際には、共嗚

状態にある小惑星の軌道進化は複雑であり、共鳴の種類によっても異なるし、同じ共嗚でも

初期条件によって異なる。 しかし、共嗚にある小惑生について、最も典型的な軌道進化を挙
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Fig.7 Typical orbital evolution of mean 

motion resonant asteroids. 

平均運動共鳴にある小惑星の典型的な軌
道進化。この図では、 2:1の平均運動共
鳴にあった小惑星の軌道が大きく変化す
る様子が示されている。
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げるとすれば、その軌道離心率が大きく変化するということである。その様子を示したもの

が Fig.7である。 Fig.7は、木星と 2:1の平均運動共鳴にあると仮定された小惑星について

実際に軌道計算で求められた軌道の変化を示したものである。この図で「もとの軌道」と書

かれた軌道が初期の軌道で、計算を進めていくと、「変化後の軌道」とかかれた軌道にまで

軌道が変わってしまうのである。この変化のタイムスケールは、数ガ年程度である。このケ

ースでは、軌道が小惑星帯の外側近くにあった小惑星が、地球軌道付近にまで入り込むよう

な軌道に変化している。つまり、これは、小惑星帯の小惑星が地球に衝突する可能性がある

ことを意味している。このように、共鳴にあると、軌道の離心率や傾斜角が大きく変化する

ことがある。ただし、軌道長半径は短周期で変動はするがその平均値は一定に保たれる。

このような共鳴状態にある小惑星の軌道進化を調べるときには、最近ではコンピュータに

よって数値積分を行うことが一般的である。コンピュータを使えば、いろいろな条件の計算

が行えるからである。しかし、数値積分は解の大局的な振る舞いを知るのにはあまり適して

いない。解の大局的な振る舞いを知るためには、解析的な扱いができるのが好ましいのであ

るが、共鳴に関する場合には解析的な取り扱いも難しい場合がある。そこで、本来ならば解

析的に式を展開していくべきところを数値的な平均化に懺き換えて解の振る舞いを検討する

やり方がある。これを半解析的方法と呼ぶこともある。

この半解析的な手法の一例を Fig.8（左端）に示す。これはヒルダ群（木星と 3:2の平均

共鳴）について、その軌道離心率の変化のし方を富一富Jの関数として表したものである。こ

こで富（パイと呼ぶ）は近日点経度であるが、その定義は、 o+Qである。また、富Jは木星

の近日点経度である。つまり、富一富Jは木星の近日点経度から計った小惑星の近日点経度で

ある。この場合の半解析的モデルは、富一wJと離心率の平面内で、これらの値が変化する様
子を曲線として描いたことになる。つまり、変化のタイムスケールは分からないものの変化

の仕方は分かるのである。

Fig.8には、実際の数値積分で求められた軌道の例も示されている。離心率が小さい場合

には、富一訊が 0から 360度まで変化し、その値に応じて離心率が変化する様子が分かるが、

これは半解析的モデルとよく一致している。また、離心率が大きい場合にば;—富J が 180

度の周りを周回することになるが、その様子も数値結果と半解析的モデルで大体一致してい

る（周回する中心がちょっと異なるが）。このように、半解析的モデルは、軌道変化の様子

を理解する手助けになるのである。
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Fig.8 Orbit analysis for 3:2 mean motion resonance: Hilda group. 

3:2の平均運動共鳴にあるヒルダ群についての軌道解析。左端の図が半解析的モデルによる結果で、3:2

共鳴にある小惑星の離心率の変化の様子が分かる。実際に数値積分で求めた例が中央と右端の図で、

半解析的モデルと比較的よく一致している。なお、左端の図には、実際のヒルダ群の軌道要素もプロ

ットされている。（文献[2]より）
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Fig.8の半解析的モデルの図には、実際のヒルダ群

の軌道要素もプロットされている。この図で、実際

に存在するヒルダ群は、中央部分の離心率が大きく

なる領域は避けて分布していることが分かる。 3:2の

平均運動共鳴においては、離心率が大きく変化する

ことになる場合とあまり変化しない場合とがあるが、

実際に存在するヒルダ群は離心率があまり変化しな

い部分に存在しているのである。

同様な解析は、他の共鳴についても行うことがで

きる。もう 1例として、カークウッドギャップに相

当する 5:2平均運動共鳴の場合を示すと、半解析的

モデルが Fig.9、それに対応した数値計算例が Fig.10 

のようになる。数値積分で得られた軌道要素のパタ

ーンは、半解析的モデルで得られている曲線と似通

っていることが分かる。また、この 5:2平均運動共

鳴の例では、小惑星の軌道離心率が 0.2以下と小さ

かったとしても、急激に離心率が大きくなって 0.8

近くにまで増大することもあることを示している。

このような急激な離心率の増加が起こりうること

を最初に示したのは、 Wisdom[3]である。彼が数値計

算で示した例を Fig.11に示す。これは、 3:1の平均

運動共鳴にある小惑星についての計算例で、最初の

うちは軌道離心率が小さくてほぼ円に近い軌道であ

ったが、突然、離心率が 0.35くらいまで増大するこ

とが分かる。この計算結果は、カオスとも関連して

その後、非常に多くの研究がなされるきっかけとな

った。

0.4 
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09 

0.9 

0-,9呵9¥0.6 QB I.0 

9/9“" 

Fig.It Eccentricity jump shown by Wisdom. 
3: 1の平均運動共鳴にある小惑星が示した急な離心
率の増加。 J.Wisdomによる。縦軸は離心率で横軸
は時間を示す。横軸の最大値 1.0は、約 250,000年
に相当する。（文献[3]より）
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ここでは、主に小惑星について述べ

てきた。それは、小惑星の場合にはそ

の数が多いので、いろいろな共鳴の可
a 
3. ll 

能性があることと、共鳴の影響が分布

等にはっきりと見えるためである。ま

た、小惑星の場合には、共鳴状態が長 e 

く続く場合が多く、共嗚の効果が現れ

やすい。これに対して、似たような小

天体である彗星では、一時的に共鳴状

態に入ることはよくあるのだが、それ

が長続きすることは少ない。それは、

彗星の場合には惑星に接近しやすいた

めである。惑星と接近すると、共鳴条

件が崩れてしまうのである。一時的に

共鳴状態になった例をFig.12に示す。

この例では、 1000年間ほど木星と 2:1

の平均運動共鳴にあったことになる。

彗星と似たケースとしては、流星物質がある。流星物質についても、一時的には惑星と平

均運動共嗚に入ることがあるが、惑星への接近や、太陽輻射圧などの影響によって共鳴状態

から抜け出してしまう。

最後に、ここでは具体的には触れることができなかったが、衛星同士の平均運動共鳴や海

王星と冥王星の 3:2の平均運動共鳴がある。これらについては、共鳴状態にあることによっ

て、系が安定に保たれているものと考えられる。実際、たとえば冥王星と海王星については

長期的な数値積分がなされているが、平均．してみるとそれらの軌道は現在のものから大きく

ずれることはない。
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Fig.12 Example of temporal resonance shown by 

comet Pffuttle-Giacobini-Kresak. 

一時的に平均運動共鳴に捕らえられた例。タットル・
ジャコビニ・クレサック彗星が西暦 1000年前後で木
星と 2:1の平均運動に捕らえられている。横軸は西
暦の年。（文献[4]より）

5.まとめ

太陽系には、多種多様な共嗚現象がある。それらが、太陽系の秩序を作ったり、太陽系天

体の軌道進化に深くかかわったりしているのである。ここでは、共鳴についてほんの初歩的

な一端を紹介したに過ぎない。是非、最近の成果[5]などを参考にして、共鳴の奥深さという

ものを知って欲しい。筆者自身も共鳴というものを改めて勉強し直してみようと考えている。
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Visualization of Lindblad and Corotation Resonance 

Takaaki Takeda (takedatk@cc.nao.ac.jp) 

National Astronomical Observatory, Mitaka, Tokyo 181-8588, Japan 

We had made various animations about the orbital resonance phenomena. They are dedicated 
to visualize the perturbation potential and geometrical relationship between two bodies in or-
bital resonance. These animations are available at http: //th. nao. ac. jp/-kokubo/nbody2003/ 
LindbladResonance/LindbladResonance...index_e. html. 

1. Introduction 

The picture is worth a thousand words. Sometimes, images are very useful to compre-

hend physical or mathematical concepts, especially for young students. For dynamical 

phenomena, animations are often much better than motionless images. 

Last year, we had made several animations about celestial mechanics, especially about 

orbital resonances. These animations visualize perturbation potential and geometrical 

relationship between the perturber and the perturbed bodies in resonance. Since the 

main theme of this symposium is the resonance phenomena, we made a presentation 

using these animations with educational purposes. This article is a summary of the 

presentation. All figures used in this article are snapshots of these animations. We 

recommend the readers to refer original animations rather than these motionless figures 

if possible. Full animations are available at http:/ /th. nao. ac. jp/-kokubo/nbody2003/ 

LindbladResonance/LindbladResonance_index_e. html. 

2. Visualization of perturbing potential 

We consider a system of two small objects m and m'which rotate around a central 

body in Keplerian motion. For simplicity we consider a coplanar case. We regards m'as 

a perturber, and assume that the perturber m'has only small eccentricity. 

The perturbation potential is 

Gm'r.  r' 
w(r)=-~-Gm'ア「Ir-r'I 

(1) 

The leading term is the direct term, and the another term is the indirect term. 

We use polar vector r = r(r, 0). We denote longitude of pericenter and mean longitude 

as入andの respectively.If e = e'= 0, location of the bodies are simply r = r(r,入）

and r'= r'(r'，入').Inthis case, the perturbation potential depends on r and 入—入'only.

Expanding ¥JI (r，入） inFourier series, 

00 

W=E匹 (r)cos[m（入— .X')]. (2) 
m=O 

In Fig. 1, we show first two components, 妬 cos（入—入')and 妬 cos[2（入—入')]， for

example. The large white dot at the center is the central body. The potential between 

0.3r'to l.5r'is displayed in the figures. White implies that the potential is negative. 
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Fig. 1.- m = 1 and m = 2 component of perturbing potential. Black circle is the orbit 

of the perturber. 

(red in original animations). The color strength expresses the depth of the potential. 

Where the potential is positive, we paint there black (green in original animations). The 

perturber is at the right side of the central body, and its orbit is drawn by black line 

(blue line in original animations). Note that m-th component has m nodes. 

The superposition of every components from m = 0 to infinity approaches to the 

true potential'11, of course. Fig. 2 demonstrates that. It displayed the superposition of 

components m = 1, m = 2, and m = 3 (left panel), and the summation up tom= 6 (right 

panel). Since m = 0 component is everywhere negative, we excluded it for convenience 

of visualization. 

Fig. 2.— Left panel shows the superposition of components m = 1, m = 2, and m = 3, 
while right panel shows the superposition of components from m = 1 to m = 6. 

When e'= 0, all components of perturbation potential rotate with the perturber, i.e., 

all components have pattern speeds DP= D'. However, if the perturber has eccentricity, 

it moves faster than the mean motion near the pericenter, while it moves slower near the 

apocenter. Thus, perturbation potential is no longer the superposition of the components 

with pattern speed糾＝釘．Thisimplies that the perturbation potential can no longer 

be expressed by 入— X only. The information about the phase of epicycle motion入＇ーの'

is indispensable. Thus, the perturbation potential is expressed as, 
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00 00 

¥Y=L L い (r)cos(m（入— X)+ (m -l) (X —rv')) (3) 
m=Ol=-oo 

See textbooks of celestial mechanics, such as Brouwer and Clemence (1961) or Murray 

and Dermott (1999), for the specific forms of吻，m(r).For example, we show m = 2, 

(m -l)＝士1components in Fig. 3. In calculation for吻，m(r)here, we assumed that 

the orbits of the perturber and the perturbed body do not cross, so that it can not be 

applied in the region r'(l -e') < r < r'(l + e'). 

Fig. 3.— Left panel: m = 2, m-l = -1. Right panel: m = 2, m-l = 1. The lines are 
the orbit of the perturber in a frame which rotates with D' 

In Fig. 3, the perturber is at the pericenter (X =匂＇）． Asthe time proceeds, the phase 

X― 匂 'increases,while 入— X is simply the angle between the two position vector of the 

(guiding center of) two bodies. Thus, the component (m -l) < 0 rotates faster than 
the perturber, while the component (m -l) > 0 rotates slower, or to opposite direction 

(see the animations). The Im -LI = 1 components shift their phases 21r in a time the 

perturber rotates a single epicycle motion. This implies that the lowest term of lm-ll = 1 

components are proportional to e'. 

Near the pericenter, the perturber moves faster than the mean motion, and it moves 

slower near the apocenter. It is interesting that the component (m -l) = -1, which 

rotate faster than the perturber, overwhelms the component (m -l) = +l in the region 

rく兄 whilethe latter overwhelms the former in the region r>が(seethe animations). 
The important thing is that the perturbation potential is the superposition of many 

components which rotate with different pattern speeds. If the orbital or epicyclic fre-

quency of a body coincides with the pattern speed of the perturbation potential, it is in 

the resonance. 

3. Visualization of resonances, and pattern formation 

If orbital frequency of the perturbed body coincides with the pattern speed of the 

perturbation potential (0 =叫 itis in the corotation resonance. In the case that 
e'= 0, the perturbation potential rotates with the perturber, so that the corotation 

resonance exits where O = OP = 0', i.e. semimajor axis a = a'. If the perturber has 
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eccentricity, the perturbation potential is the superposition of components with varied 

pattern speeds. Thus, corotation resonances exist even if aヂa'.

In a frame which rotates with a body, or exactly speaking, with the guiding center of 

the body, the rotation speed of the perturbation potential is nP -n. Thus, the force 
the body feels has the frequency m(Dμ -D). If the epicyclic frequency of the body氏

coincides with the frequency of perturbing force, it is in the Lindblad resonance. The 

condition for the resonance is 

m(% -Q) ＝士/'i,, (4) 

Note that氏＝nin the case of Keplerian motion. If the perturbed body has eccentricity 
e # 0, its position can no longer be expressed as r(r,入）， whichonly represents the 
location of the guiding center. Thus, full disturbing function must be introduced for full 

description of the Lindblad resonance. However, our purpose here is to grasp the basic 

concept of resonance, we continue to use the perturbation potential. 

As shown in eq. (4), there exist two Lindblad resonance for a single component of 

perturbation potential. Fig. 4. shows the example of two resonances, i.e., inner and 

outer Lindblad resonances. The perturbation potentials in the figure紅 eゆ2cos[2（入 — X)].

Fig. 4.— Left panel shows the inner Lindblad resonance, and right panel shows the outer 
Lindblad resonance. 

Left panel shows the example of inner Lindblad resonance. The body and the perturber 

is in 2:1 commensurability. Consider that a body and a perturber are in conjunction 

at some time. In a time step of one orbital period of the body, the perturber moves to 

the opposite side of the body. However, since the perturbation potential is 2-fold, the 

body feels the same potential in the next cycle of epicyclic motion. In a frame rotating 

with the body, the perturbation potential rotates 180 deg in one epicyclic period (see 

the animation). Right panel shows an example of outer Lindblad resonance. The body 

and the perturber are in 2:3 commensurability. In a time step of one orbital period of 

the body, the perturber circulates the orbit 1.5 times. Thus, the perturber moves to 

the opposite side, and the body feels the same potential in the next cycle of epicyclic 

motion. In a frame rotating with the body, the perturbation potential rotates in opposite 

direction (see the animation). 

Lindblad resonance is closely-related to the pattern formation in disk or ring system. 

The fact that the period of epicyclic motion coincides with the period of the perturbation 

potential leads to that in a frame rotating with the perturbation potential, the orbit of 
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the perturbed object closes. Fig. 5 is an example of such closed orbit in a frame rotating 

with Dp. Left panel shows the closed orbits of the bodies in inner and outer Lindblad 

resonances for m = 2, (m -l) = 0 component, and right panel shows the closed orbits for 

m = 4, (m -l) = 0 component. 

Fig. 5.- Examples of orbits which close in a frame rotates with pattern speed. Left 

panel shows m=2 orbits, and right panel shows m=4 orbits. 

If many particles exist in a closed orbit, they form m-fold stream line. In Fig. 6, we 

show a ring of which all particles are on a m = 2 stream line. Of course, individual 

particles simply move on their own elliptic Kepler orbits in an inertial frame. However, 

the pattern rotates with the pattern speed Op as a whole (see the animation). The right 

panel shows an example of pattern formation in numerical N-body simulation. The disk 

edge is truncated by a large satellite at 2:1 resonance. The form of the disk edge is 

elongated to an ellipse of m = 2 mode. This figure is formed using data of N-body 

simulation about the Moon accretion process from an impact generated debris disk (e.g. 

Ida et. al. 1997), based on the giant impact hypothesis (Cameron and vVard 1976, 

Hartmann and Davis 1975). 

Fig. 6.— Left panel: stream line of m = 2 mode. Right panel: an example of pattern 
formation in numerical N-body simulation. 

Orbital resonance phenomenon is also related to the spiral density wave. In a Keplerian 

disk, the width of region at which the condition m(％一切～士氏 issatisfied is relatively 
narrow. However, rotation curve of a galaxy is not a Keplerian one. In a disk galaxy, 
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n -K-/2 is relatively constant across much of the galaxy. Consider the case that m(Dp -
切～一氏 issatisfied in relatively wide range of r, and m = 2 pattern is formed there. 
Setting up an aligned set of these stream lines, spiral patterns can be formed. (Fig. 7, left 

panel). In the right panel, we distribute particles randomly along the streamlines. We 

can see density pattern of m = 2 mode. Density waves of this type are called kinematic 
density waves. 

『 9
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Fig. 7.- The formation of m = 2 spiral density pattern. 

4. Summary 

We made several animations about orbital resonance phenomena with an educational 

purpose. They are mainly dedicated to geometrical configures of resonances. As for 

the detailed dynamics of particles in resonances, see the textbooks such as Binney and 

守emaine(1987) or Murray and Dermott (1999). Here, we have visualised following phe-

nomena. 1) The perturbation potentials is the superposition of potentials with different 

pattern speeds. 2) If the orbital or epicyclic frequencies of the perturbed body coincide 

the pattern speed, the body is in resonance. 3) These resonance phenomena is closely 

related to the pattern formation mechanism. The animations for this presentation are 

available at a www site shown above. 
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A Note on Secular Resonances 
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The secular resonance (1: 1 secular resonance), in which one eigen frequency of the 
dynam.ical system is equal to the other eigen frequency, does not take pl邸 ein the mutually 
perturbed system such邸 aplanetary system with finite m邸s.Secular resonance.s, in which 
angular variables with more than three are involved, might occur. 
The 1: 1 secular resonance takes pl邸 eonly in a restricted problem, in which the massless 
body is perturbed by the bodies whose motions are given of time. 
The alignment of the pericenters of the planets, which is found in an extr邸 olarplanetary 
system, is not a secular resonance. The alignment comes from the £邸tthat the amplitude 
of one eigen frequency is larger than the sum of the am.plitudes of other eigen frequencie.s. 

1 introduction 

A resonance arises when the mean motion of the linear combination of angle variables of 
the system 0 = E恥納 becomeszero: 

d0 "． 
＝区J
d0i 

dt 
・一 (1)"dt. 

i=l 

From d'Alembert characteristic the summation of the coefficients of (1) is zero: 

n 

区公＝0, (2) 
i 

When the angle 0 includes the mean longitud邸， theresonance is called as a motion 
resonance. When the angle 0 does not includes the mean longitudes and consists of the 
longitudes of the pericenters and the nod蕊， theresonance is called as a secular resonance. 
Since the mean motion resonances are discussed by Yoshikawa somewhere in this pr~ 
ceeding, we only discuss the secular r邸onanceand treat separately a mutually perturbed 
problem and a restricted problem. 
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2 Mutually Perturbed Pro・blem 

Here we discuss a system of planets with finite mass, which disturb each other. 

2.1 Linear case 

After eliminating the mean longitudes (short periodic terms) and assuming that the eccen-
trici ties and the inclinations of the planets are small, we develop the disturbing function 
to the second degree in the eccentricities and the inclinations. In stead of (e，口） and(J,n), 
we introduce the following variables: 

h = esin匂， k= ecosw 
p = sin / sin n, q = sin I cos n. (3) 

With use of these v紅iablesthe equations of motion become linear for (h, k) and(p，q) and 
the motion in the orbital plane and the motion of the orbital plane are decoupled. In other 
words the motion of (e，の） doesnot disturb the motion of (I, n) and vice versa. 
The solution of the secular perturbation for a planetary system takes the following form 
(Brouwer and Clemence, 1961: Chapter 16): 

n 

ei sin ro戸区Mijsin釘， (4) 
j=l 

” 
ei cos ro i =区Miicos 83, 

j=l 

(5) 

whereも＝ g3t+ f3J-In the above expressions g3 are the eigen frequencies, which are 
obtained from the following secular determinant: 

IA-gUI = 0, (6) 

where A is a matrix of n x n, of whose element Aij is a function of only the semi-major 
axes and mass蕊 ofn planets, the matrix A is symmetric, and U is a unit matrix. 
The coefficients Mij is a function of the initial valu蕊 ofe and ro and eigenvectors for (6). 
Here we implicitly assume that the secular determinant (6) does not have equal roots. The 
nonexistence of multiple roots has not been ascertained except for n = 2 and n = 3. The 
nonexistence for multiple roots for n = 2 is easily proved from non-zero of the determinant 
of the second-order equation derived from (6). Seeliger {1879) proved the nonexistence for 
equal roots for the case of n = 3. Darboux {1888) showed that there may be equal roots 
for the case of n = 4. Even though from the limited numerical experiment, I believe that 
the matrix A does not have equal roots. 
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When the secular determinant (6) has r-multiple roots (r ~ 2), in general the solution 
(4) and (5) has the mixed secular term, tr-I. However, according to the theory of linear 
differential equations with constant coefficients (for example: Coddington and Levinson, 
1955), when the matrix A in the secular determinant (6) is symmetric, the solution (4) and 
(5) does not have the mixed secular terms. 
When a planetary system is composed of planets with large mass and planets with small 
mass and two eigen frequencies are close, the amplitude of the small planets corresponding 
to these eigen frequencies becomes large. For a planetary system which is composed of 
planets with same order mass, the enhancement of the amplitudes due to the closeness of 
two eigen frequencies is not large (Kinoshita 2001). 

2.2 Alignment of Pericenters 

The pericenters of outer two planets of v Andromedae planetary system is corotating, 
which makes v Andromedae planetary system stable. If this alignment is destroyed, the 
planetary system becomes unstable. This alignment of the pericenters are frequently called 
a secular resonance in the literature. Assuming that the eccentricities are small, we apply 
the linear secular perturbation theory to this system. As mentioned in Section 2.1 the 
secular determinant does not have equal roots for n = 2. We find for v Andromedae 
planetary system 

IM11I = 0.1928 > IM叫＝0.0955,IM21 I = 0.4404 > IM叫＝0.0078 (7) 

(Kinoshita and Nakai, 2000). The first inequality in the above shows the amplitude for 
the eigen frequency 91 is larger than that for 92, which means that the longitude of the 
pericenter of the inner planet circulates with the mean motion g1: 

匂1= 91t +(periodic). (8) 

The second inequality (7) indicates also 

匹＝91t+(periodic). (9) 

The pericenters of two planets, therefore, corotates: 

匂1-匹 =(periodic) (10) 

From this analysis, it is not appropriate to call this alignment of the pericenters a secular 
resonance. 
The above discussions is easily extended to the alignment of r planets of a planetary 
system composed of n planets (r ~ n). If one of the amplitudes corresponding to eigen 
frequency g1 is dominant such邸

” |M』>E|M引(i= 1, 2,…，r), 
i=2 

(11) 
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the pericenters of r planets are in alignment. 

The corotation or the alignment of the pericenters are found in other extrasolar planetary 
systems: such as GJ876 (Kinoshita and Nakai 2001,2002), HD82943 (Ji et al. 2003a, 
2003b). Since the eccentricities of the planetary systems are large, the linear treatment 
up to the second de邸eein the eccentricities is not enough for the quantitative discussions. 
The numerical averaging method for the non-linear case, however, is very useful to know 
the global behavior, whose method is mentioned in Section 3.1. 

2.3 Nonlinear case 

As mentioned in Section 1.1, 1:1 secular resonance due to the fact that one eigen frequency 
of the system is equal to the other eigen frequency does not take place for the mutually 
perturbed system. Secular resonances other than 1: 1 secular resonance might occur by 
taking into account higher degree in the eccentricities and the inclinations and in this 
case angular variables, whose number is more than three, are involved. Here we show 
one example from the motion of Pluto (Kinoshita and Nakai 1995,1996) The argument 
0 ＝江p-江7N+ 3(0p-0刈 libratesaround 180° with a period of about 5.7 x 108yr. 
From the d'Alembert characteristics, the degree of this argument is 8 with respect to the 
eccentricities and the inclinations and the amplitude of this secular resonance is very small 
and this term does not give any important role of the stability of the motion of Pluto. 
Ito and Tanikawa (2002) carried out士5x 1010yr integration of outer planetary orbits 
and showed that the above critical argument 0 alternates libration and circulation over a 
1010yr timescale. This means that the motion of the critical argument is very close to the 
separatrix region. 

3
 
Restricted Problem 

Here we discuss an orbital motion of a massless particle such邸 asteroidsdisturbed by 
planets and a rotational motion disturbed by the orbital motion. 

3.1 Orbital Motion 

The mathematical treatment of this case is similar to the case of n planets discussed in 
Section 2.l(Brouwer and Clemence, 1961: Chapter 16). The motion is considered to be 
the forced oscillation. The solution for (e，ro) is given by 

n 
ツ・

h = e sin w = v sin (gt + (3)＋こ 3 —sin(gjt 十防）
j=1g -9j 

(12) 
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n 

k 
v • 

= ecosw = vcos(gt + (3) + L ~ cos(g抄＋約），
i=1g -gi 

{13) 

where g is an eigen frequency for the small body, which depends on the masses of the 
disturbing planets and the semi-major axis of the small body and planets. When the 
higher degree terms with respect toe and i are included, g ands (the eigen frequency for 
(p，q)) do depend on a, e and i. Williams {1969) searched the locations in the邸teroidal
belt of the three secular resonances g = 95,g = g6, ands= s6. Knezevic {1991) found the 
locations of secular resonances in the region of a = 2 to 50 AU. Morbidelli and Henrard 
{1991) discussed the locations of secular resonances in the asteroidal belt with use of the 
Hamiltonian perturbation method. The eigen frequency g is sometimes called as a proper 
frequency. 
When the proper frequency g is equal to one of eigen frequencies, a secular resonance 
occurs and a mixed secular term appears: 

h = vsin(gt +/3） ＋を ~sin(gjt+ 約)-V紗 cos(g屁＋船 {14)
i=1,j#kg-gi 

k = v cos(gt + {3)＋t ~cos(g抄＋防）＋叫sin(g炒＋ /3k). (15) 
j=1,i#k g -gi 

The last term of (14) and (15) is a mixed secular term, of which amplitude increases with 
time. We call the appearance of a mixed secular term a secular resonance. 
When the higher degree terms with respect toe, I are taken into account, the amplitude 
does not become infinity and is suppressed at finite size. The analytical treatment becomes 
difficult since the coupling effect between the eccentricity and the inclination terms should 
be taken into account. As far as the linear treatment with respect the disturbing mass, 
we can treat the non-linear treatment with respect to the eccentricity and the inclination 
with use of the numerical averaging method. Reducing the number of degrees of freedom 
of the system by averaging numerically the Hamiltonian to one, we can draw the contour 
map of the Hamiltonian in (e, w) plane or (/, n) plane. From this contour map we can 
know the global feature of the motion. One example for this application is given in the 
paper by Nakai and Kinoshita (1985), where the large change of the inclination of the Lost 
City meteorite is discussed. If the square of the disturbing mass is necessary, the problem 
becomes much more difficult mathematically. 
The secular resonance in the restricted problem is reviewed by Scholl et al. (1989). The 
secular resonances in the region.where the mean motion resonances take place are discussed 
by Morbidelli and Moons (1993) and Moons and Morbidelli (1995) 
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3.2 Rotational Motion Disturbed by Orbital Motion 

A spin of a satellite or a planet can be treated as a restricted problem except Earth-Moon 
system. Here we assume that the rotational motion does not disturb the orbital motion 
and is disturbed by the orbital motion. 
Using the canonical perturbation method, we get the first order solution of the rotational 
motion (see Appendix C): 

△h 
1 7 N3•S]•(a-s3・ cos IS*） 
sinI* 区s j=1 (sj -acosI;）2 

sin(s抄＋らーが），

7 

△ls=-〉
N•S. 
3 3 

S ・ - acos I* 
cos(s抄＋らーが），

j=l v3 s 

where a cos 1; is the precessional rate of the figure axis. 

(16) 

(17) 

From this equation the secular resonance occurs when the precession of the figure訟 isis 
equal to one of the eigen frequencies of the disturbing planets. More detailed discussion is 
given by Atobe somewhere in this proceedings. 
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Appendix 

A: The Hamiltonian Referred to a Rotating Frame of Reference 

This section is quoted from kinoshita(1993)． 
Goldreich (1965) obtained the Hamiltonian referred to a moving reference frame from 
the Lagrangian. Here we give another derivation with use of a generating function of a 
canonical transformation. 
Let r = (x, y, z) designate the position vector referred to the inertial frame and r'= 
(x', y', z') the position vector referred to the rotating frame. The transformation between 
r and r'is expressed with use of an orthogonal matrix A: 

r'= Ar, (A -1) 

where the matrix depends explicitly on time. We introduce a canonical generating function 

F2: 
凡＝（p',Ar), (A-2) 

where p'is the momentum vector conjugate to r'and the bracket means the inner product 
of two vectors. The generating function F2 is also written as 

F2 = (r,A*pり， (A-3) 

where A• is the transpose of A. The canonical transformations derived from F2 are obtained 
from (A-2) and (A-3), 

I 8F2 
r・ = 
8p' 
= Ar, 

p＝笠
8r 
= A*p'. 

Since the inverse of A* is A itself, we have from (A-4) 

p'= Ap, 

、̀
'’-、,'’’

1

4

 

―

―

 

A

A

 

、.,`
‘̀,＇̀
`

(A-5) 

which shows that the momentum vector is also obtained from the same transformation 
matrix A as the position vector. Since the generating function depends on time explicitly, 
the new Hamiltonian K referred to the rotating frame is obtained from 

K=F+ 
8F2 

祝'
(A-6) 

where F is the Hamiltonian referred to the inertial frame. Now we have to express the 
second term of (A-6) only in terms of r'and p': 

8F2 dA —= (p, —r) = (p',AAー1r'). (A -7) 
8tdt  
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The matrix AA-1 is an anti-symmetric matrix and its independent three components are 
expressed with use of the rotational vector R of the rotating frame: 

AA-1 = (-t唸＇
Ry, -Rx1 ，

 

、
\
,
．
~

心
心
。

(A-8) 

where凡-r:1is the component of the rotational vector around the x'axis. The derivation of 
(A-8) is found in textbooks on classical mechanics (for example Arnold 1974). Using (A-8), 
we get 

AA-1r'=-Rx r'. 

Using the relation of the scalar triple product, we have 

8F2 
8t 
ー＝一(p',Rx r') = -(R, r'x p'), 

(A-9) 

(A-10) 

where r'x p'is the momentum vector G'referred to the rotating frame. Finally we have 
the Hamiltonian referred to the rotating frame邸

K = F -(R, G') = F + E. (A-11) 

Although we consider here a particle system, we can apply the same idea to a system of 
particles, and have the same form Hamiltonian for a rigid body. The text book on classical 
dynamics by Landau and Lifshitz (1960) gives the Hamiltonian for a particle in a uniform 
rotating frame of reference in one of its exercises. Kozai and _Kinoshita (1973) discussed 
an artificial satellite motion disturbed by nutation and precession of the Earth, in which 
equations of motion of the satellite referred to the equator were obtained from the equa-
tions of motion referred to the inertial reference frame. 

B) An Explicit Hamiltonian for a rotational motion with respect to the moving 
orbital plane 

We introduce Eulerian angles（ゆ，0,</>) (see Figure 1) and then the rotational matrix R is 

心＝{Jcos <I>＋炒sin</>sin 0 

均＝一iJsin¢＋炒cos¢sin0 

Rz, = <P＋ゅcos0. 
The angular momentum vector G'of the spin of the planet is expressed in terms of 
Andoyer variables (Kinoshita 1972,1977) as follows: 

(B-1) 

Gx1 = Gsinl8 sin h 
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Gy, = -G sin ls cos h 

Gz1 = H = Gcosls・

Here G is the angular momentum, H is the z'component of the angular momentum vector, 
and h is a canonical conjugate variable of H (see Figure 1). The additional term E = 
-(R, G') is explicitly expressed in the following form: 

E = G sin /8(-0sin(h + </J)＋炒sin0 cos(h + </J)) -H（ゆ＋炒cos0). (B -3) 

(B-2) 

,x4 ＾
 
一

¥_Moving Reference P.厄ne

Figure 1 :Reference Fram蕊
P.A.=Plane perpendicular to the angular momentum vector. 

C)Application to the spin motion disturbed by the orbital motion 

Now we choose the Eulerian angles such asゆ＝ n,0 = I,</> = -n, where n is the 
longitude of node and J is the inclination of the planet's orbit(see Figure 2). Then E is 
transformed into 

E = H(l -cos 1)0 + G sin ls(sin I cos(h -0)0 -j sin(h -f!)). (C-1} 
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Now we define variables p, q instead of n, I 

p = sinJsinO,q = sin/cosn 

With use of p, q the E is transformed into 

E=Eけ E2,

dq.., dp 
E1 = Gsin/5(-sinh— +cosh~) 

dt dt' 

局＝ G(l-cos I)（釦OSI -j sin I sin(h -n)). 

(C-2) 

(C-3) 

The second term局 canbe neglected in the following first-order discussions, since the 
orbital inclination of the planet is small and E2 is second degree with respect to the orbital 
inclination. 

h—Q- — 

喜'
Orbital Plane 

Figure 2:Reference Frames 
P.A.=Plane perpendicular to the angular momentum vector. 

The motion of the planet is expressed from the secular perturbation theory (Brouwer 
and Clemence 1961), 

p = L N3sin(s抄＋ら），
j=l 
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7 

q = LNicos(s丑＋ら）．
j=l 

Substituting (C-4) into (C-3) we obtain the additional term E 

7 

E = Gsinls EM:朽 cos(sit+ら-h).
j=l 

(C-4) 

(C-5) 

The additional term E does not include short periodic terms whose arguments contains 
g and l, of which periods are a spin period and an Eulerian period, respectively. After the 
elimination of the short periodic terms the secular pert of the Hamiltonian K* is 

1 3 C-A 
K* = F* = -;(1 -~sin2 J)-が(1-e2)-3f2(3 cos2バー1), (C -6) 

4 2 C 

which comes from the equatorial bulge of the planet and the number of degrees of freedom 
is reduced from three to one. The quantities A and Care the principal moments of inertia 
and n is the mean orbital motion of the planet. In (C-6) the constant term which does not 
include H is omitted and J is the angle between the figure axis and the angular momentum 
vector. When the dissipative mechanism exists, J approaches to zero. So we can neglet 
the term of sin2 J and the figure axis coincides with the angular momentum axis. 
The precession of the planet is 

皿 dthen 

and 

dh* 8F* 

dt 8H* 
＊ = acosl s, 

が＝ acos 1;t + h~, 

(C-7) 

(C -8), 

3C-An2 
a = -- -1 -e 2¥-3/2 
2 C w 
(）,  (C-9) 

where w is the spin rate of the planet. 
Here we use a canonical perturbation method (Hori 1966) instead of solving directly the 
equations of motion for h, H, which紅ederived from the Hamiltonian K and紅eequivalent 
to the equations (25) and (26) obtained by W.紅d(1974).The determining function S which 
eliminates periodic terms from the Hamiltonian K is 

7 

S = j Edt = GsinI; t. N•S. 
3 3 

I 
Sln s •t6 •一

S ・-acos * (3 + 3 が）．j=1 3 S 

(C -10) 

Now we obtain the periodic perturbations of△Hand△h 

△H=＿竺＝GsinI心ふsj
8h* 

cos(s;t+らーが）
i=1 3 
S・ - acosI* s 

(C -11) 
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and 

△h= 
8Sl  7 的Sj(O!- Sj COS J;) 
区

珈 sinI;i=1 (sj -acosI;）2 3 
sin(sjt＋らーが）． （C-12) 

The periodic perturbation of the inclination ls is obtained from△H since G is constant: 

1 
△ls=—△H= —区

N・S. 3 ] 
cos(s孔＋らーが）． （C-13) 

GsinI* S ・ - acosI* j=1 3 

The equations { C-12) and (C-13) are equivalent to the equations {36) and {32) derived 
by Ward{1974). 
Next we obtain the inclination of the angular momentum axis l! referred to the inertial 
plane or the invariable plane. We put 18 =ls+ 61s and get 61s up to the first order: 

7 

61s = I cos(h -!1) = q cos h + p sin h =区Nicos(sit+らーが），
j=l 

and the periodic variation of I~ is 

aN・cosI* 
~ cos(sjt +ら一

＊ 

7 

△I;＝△ls+Dls = -E 
j=1 3 S,; -a cos I s 
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古在機構（共鳴）

Kozai Mechanisin (''Resonance'') 

小久保英一郎（国立天文台）

Eiichiro Kokubo (National Astronomical Observatory) 

Abstract 

I briefly summarize the concept of the Kozai mechanism in which an asteroid with 
high eccentricity and inclination shows the libration of argument of pericenter around 
1r/2 or 31r/2 under the perturbation of Jupiter. The deri四 tionof the disturbing 
function and the Hamiltonian map are presented. I also show the examples of the 
numerical integration. 

1 はじめに

太陽（中心天体）ー木星（摂動天体）ー小惑星（テスト粒子）系のような制限3体問題を考える。

このとき軌道離心率と軌道傾斜角の大きな小惑星の近点引数は、ある条件下で1r/2もくは

31r/2のまわりを秤動（振動）することが知られている {Kozai1962)。この秤動はしばしば

古在共鳴と呼ばれる。しかし、後で示すようにこれは物理的な意味での共鳴ではない。な

のでここでは古在機構と呼ぶことにする。

古在機構の応用範囲は広い。太陽系では上記の小惑星の場合だけでなく、太陽ー惑星ー惑

星、太陽ー惑星ー彗星、惑星ー太陽ー衛星などの系に応用されている。また、近年発見されてい

る太陽系以外の惑星系でも、中心星ー惑星ー惑星、主星ー伴星ー惑星（連星系）などの系に応用

されている。

ここでは簡単に永年摂動論の考え方と古在機構の概念について解説し、数値計算例を示

す。より詳しくは、原論文(Kozai1962)や文献 {Kinoshita& Nakai 1991, 1999)などを参

照して欲しい。

2 モデル

a 

e 

1, 

゜w 
匂

sem1maJor axis 

eccentri.ci. ty 

inclination 

longitude of ascending node 

argument of pericenter 

longitude of pericenter 

表 1:List of symbols. 
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n I mean motion 

l I mean anomaly 
f I true anomaly 



z
 y

 

X 

図 1:Schematic illustration of the model. 

ここでは摂動天体が被摂動天体の外側にある場合を考える。例として太陽（中心天体）ー惑

星（摂動天体）ー小惑星（テスト粒子）の制限3体問題を考える（図 1)。他の系の場合はそれぞ

れ対応する天体に読みかえればよい。

太陽（質量m)のまわりに小惑星（質量0、位置r)がある。惑星（質量m'、位置が）は小惑

星から十分に遠いとする。表 1に軌道要素の記号をまとめる。以下でプライム(')なしは

小惑星、プライムつきは惑星の軌道要素を表すとする。

3 小惑星の運動方程式

惑星の軌道面をx-y平面とし{i'=0)、座標原点を太陽にとる。小惑星の運動方程式は

d2r..., r 8R 
- ＝ -K%-＋ -dt2 ・-・・-r3. 8r 

となる。ここで炉は重力定数である。惑星の摂動を表す摂動関数Rは

R ＝炉m'(¾-~)
である。△は惑星と小惑星間の距離で

ぷ＝（x-x')2 + (y -y')2 + z2 = r2 + r'2 -2rr'cosS 

{1) 

(2) 

(3) 

である。ここでSは太陽から見た惑星と小惑星のなす角度である（図1)。式(2)の右辺第1
項が摂動の直接項、第2項は間接項（惑星が太陽をゆらす効果）である。 cosSを球面三角公

式の余弦定理を使って書き変えると

cos S = cos(w + f) cos(w'+ J') + sin(w + f) sin(w'+ J') cosi (4) 
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となる。

小惑星の単位質量当たりのハミルトニアンは2体問題のハミルトニアンFKと摂動関数を

使って
炉m

F=FK-R(r,t)=-―-R(r, t) 
2a 

と書ける。これは保存量ではないことに注意。

4 摂動関数の展開

惑星の軌道半径が小惑星の軌道半径より十分大きい (r'~ r)として

T1 r / T ¥ 2 _ T J -l/2 
囚＝［1+(ァ)-2戸coss]

をルジャンドル多項式を使って展開する。展開して(r/r叩の項までを取ると

r'I  r ¥ _. _, I r ¥ 2 
云~1＋し）烈cosS)+（戸）烈cosS)

となる。これを使うと摂動関数は

R~ 字［（判P2(cosS)］＝字［じ）2 国（＿i叶 cos靱）］

(5) 

(6) 

(7) 

(8) 

となる。ここで摂動関数の中で小惑星の運動に寄与しない炉m'/r'を無視した。また、間接
項(r• r'/r'3)はP1(cosS) = cosSの項と相殺してしまうので、摂動には効かない。

5 摂動関数の軌道平均

軌道の長期的な変化を見るため、摂動関数を軌道平均して短周期項を落す。これは惑星

を軌道の形のリングに近似することに対応する。周期Tの軌道での軌道平均を以下のよう

に表す。

1 JT1「
T Jo 
- dt= — dl =〈〉l

21r Jo 
{9) 

小惑星と惑星の軌道運動で平均すると摂動関数は

叫，〉I ~字[-½〈〈じ）2 （叫，〉旦〈〈じ） 2 （芦） 3cos2 S),,〉］
m'n'叩 13 15 2 
= m+m’T3 [½ (1＋ザ）（3cos2 i -1)＋藷e2cos2w sin2 i] (10) 

となる。ここで、炉(m+ m') = n'2a'3を使った。また、 n=』＝で玩ある。摂動関数を見
てわかるようにここまでの展開では摂動関数に被摂動天体の9や摂動天体のの＇が現れない、

つまり軸対称な摂動関数（リングポテンシャル）になっている。
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軸対称な摂動関数の下では角運動量の z成分が保存する。この場合、角運動量Lzは

Lz =炉ma{l —砂） cosi

である。

{11) 

6
 
ラグランジュの惑星方程式

ラグランジュの惑星方程式から軌道平均後の小惑星の運動方程式は

da-dtde-dtdi-dtdw-dtdn-dt 

゜，，， 8(R〉
na2e aw 
cot i 8(R〉
na2rJ aw 

，，， 8〈R〉 cotia〈R〉
na2e ae na2,,, 8i 

l 8〈R〉
na2TJ sin i 8i 

{12) 

{13) 

(14) 

(15) 

{16) 

となる。これ以降簡単のため〈（〉心を単に〈〉と表す。

a=O(〈R〉に元期近点離角6が現れない）から小惑星の軌道長半径に永年変化がないこと

がわかる。

長期的に見てw=O、つまり、近点引数に永年変化がない場合が古在機構である。このと

きわ＝血十n= nになっている。このために共鳴と呼ばれることがある。しかし、これは
外力の振動数と系の固有振動数が一致するという意味での共鳴の条件とは違う。

普通は運動方程式{13)-(16)を数値的に積分して軌道進化を計算するが、木下、中井はヤ

コビ楕円関数を用いて解析解を与えている (Kinoshita& Nakai 1999)。

7
 
ハミルトニアンマップ

小惑星のハミルトニアンを軌道平均すると

(F〉
炉m
=---
2〈a〉
〈R〉 {17) 

となる。これは時間に陽に依存しないので保存量となる。今の場合aは一定なので(R〉が

保存することになる。〈R〉をさらに簡単にした R＊を

R* = {2 +3eり{3cos2 i -1) + 15e2 cos 2w sin2 i (18) 

と定義する。
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角運動量の z成分の保存を使うことによってR＊から iを消去することができる。角運動

量の z成分保存から

T/ cos i = const.三士Ji
となる。これを使うと R＊は

3h 
R• = (2 + 3eり( h 

亨― 1)+ 15e2 (1-デ)cos2w三 c

(19) 

(20) 

となり、 eとwだけの関数になる。角運動量 (h)を与え、 w-e面でエネルギー (c)の等値

線（等ハミルトニアン線）を描いたものをハミルトニアンマップと呼ぶ。等ハミルトニアン

線から、小惑星の運動を解かなくても eとwの大局的なふるまいを知ることができる。す

なわち、軌道平均後のハミルトニアンは保存するので、 eとwは等ハミルトニアン線にそっ

て変化する。

式(20)をwについて解くと
1 

w = -arccosa 
2 

(21) 

c(1 -e2) -(2 + 3eり(3h-1 + eり
a=  

15沙(1-e2 -h) 
(22) 

となる。 eの取り得る範囲は 1a|< 1で決まる。また、式 (19)より 0< i < 1r/2なら emax
のとき iminとなり1r/2< i＜点なら emaxのとき imaxとなる。

8 数値計算例

近点引数が秤動する場合と回転する場合について、ハミルトニアンマップと軌道積分の

例を示す。太陽のパラメータはm=l.0、惑星のパラメータはm'=0.001、a'=5、e'=0 

である。また、小惑星の初期軌道要素はa。=2.5、eo= 0.3、i0= 1.0、%＝ 0で、 h= 2.7 
となる。軌道積分は小惑星の周期で約4X 104周期行なっている。

秤動 {libration)

初期のwo= 1.0のとき、 C= -0.68となる。この場合、 wは1r/2近傍で秤動が可能である

（図2)。この秤動が古在機構である。このとき a、e、iには永年変化はない（図2左）。これ

は長周期ではエネルギーが保存し、かつ角運動量の z成分が保存しているためである。

軌道積分による小惑星のw-e面での進化がほぼ等ハミルトニアン線にそっていること

がわかる（図2右）。ずれは摂動関数の導出で無視した高次の項の影響である。

ハミルトニアンマップを見てわかるように、秤動領域の中心部には軌道がほとんど変化

しない、つまり軌道の安定領域が存在する。

秤動する場合について可能な最大離心率 emaxを求める。 wo= 1r/2でeが最小値 eoをと

り、このときの軌道傾斜角をio(<1r/2)とする。 w=1r/2、つまり eが最小と最大のときの
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図 2:Orbital evolution for the libration case (h = 2. 7 and c = -0.68). Time evolution of 
the orbital elements (left) and the Hamiltonian map (right). The dots on the Hamiltonian 

map show the results of the numerical integration. 

式(19)と式 (20)を連立させてeについて解くと emaxが得られ

emax =い-;cos2 i。 (23) 

となる。これから秤動する領域が存在するための初期の切の条件は

i。2::arccos乳＝0.68472(39.2315°) 
5 

(24) 

となる。

回転 (circulation)

初期のWo= 0.0のとき、 C= 0.67となる。この場合、 wは秤動せず回転する（図 3)。この
場合も秤動と同じように a、e、iに永年変化はない（図 3左）。やはり等ハミルトニアン線

と軌道進化がほぽ合っていることがわかる（図 3右）。

秤動と回転の境界領域では eが大きく変化する領域がある。

に近くても、 1に近いところまで大きくなることが可能である。

ばれる場合もあるので注意されたい。

この領域では初期に eが0

この現象が古在共鳴と呼
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図 3:The same as Fig.2 but for the circulation case (h = 2.7 and c = 0.67). 

まとめ

古在機構は、制限3体問題で大きな軌道離心率と軌道傾斜角をもつテスト粒子の近点引

数が7r/2もしくは31r/2まわりで秤動する、というものである。永年摂動論を用いるとこれ

を理論的に説明することができる。制限3体問題における永年摂動論で、 r/r'は2次、eと

iは4次までの摂動関数の特徴は次のようになる。

•軸対称である 。 すなわち角運動量の z成分が保存する。

•保存量である。 すなわちエネルギーが保存する。

この摂動関数のもとでテス ト粒子の軌道要素の永年変化を計算し、 近点引数が秤動する場

合が古在機構である。ちなみに、先に述べたように古在機構は物理的な意味での共鳴では

ないし、もちろん永年共鳴でもない。

近年、古在機構は、摂動天体が被摂動天体の内側にある場合、平均運動共鳴と同時に起

きる場合、摂動天体と被摂動天体の軌道が交差している場合、さらに制限問題ではない場

合などにまで拡張されている。ここでは取り上げないが、興味があれば最近の論文を読ん

でみて欲しい。
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With particular attention to the recently postulated introduction of a non-extensive gener-

alization of Boltzmann-Gibbs statistics, we study the long-term stellar dynamical evolution of 

self-gravitating systems on timescales much longer than the two-body relaxation time. In a self-
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I. INTRODUCTION 

The long-term evolution of self-gravitating many-body system is an old problem with 

a rich history in astrophysics. The problem, in nature, involves the long-range nature of 

attractive gravity and is fundamentally connected with statistical mechanics and thermody-

namics. Historically, the important consequence from the thermodynamical arguments has 

arisen in 1960s, known as the gravothermal catastrophe, i.e., thermodynamic instability due 

to the negative specific heat[l ]. Originally, the gravothermal catastrophe has been inves-

tigated in a very idealized situation, i.e., a stellar system confined in a spherical cavity[2]. 

Owing to the maximum entropy principle, the existence of an unstable thermal state has 

been found from the standard analysis of statistical mechanics with a particular attention 

to the Boltzmann-Gibbs(BG) entropy: 

SBG=-J心 cfvJ(:c, v) In J(:c, v), (1) 

where f（の，v)denotes the one-particle distribution function defined in phase-space (x, v). 

Since 1960s, the standard approach using the BG entropy has dramatically improved our 

view of the late-time phase of the globular cluster as a real astronomical system[3], however, 

from a thermodynamic point of view, peculiarities of the thermal property in self-gravitating 

systems such as negative specific heat, as well as the non-equilibrium properties away from 

the BG state have not yet been understood completely. 

In this Letter, aiming at a better understanding of the (non-equilibrium) thermodynamic 

properties of stellar self-gravitating systems, we present a set of long-term N-body simula-

tions, the timescale of which is much longer than the relaxation time. With a particular 

emphasis to the recent application of the non-extensive generalization of BG statistics, we 

focus on the stellar dynamical evolution in an isolated star cluster before self-similar core-

collapse[4]. We show that the quasi-equilibrium sequence arising from the Tsallis entropy[5] 

plays an important role in characterizing the non-equilibrium evolution of a self-gravitating 

system. 

II. N-BODY SIMULATIONS 

The N-body experiment considered here is the same situation as investigated in classic 

papers ([2], see also Ref.[6]). That is, we confine the N particles interacted via Newton 
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TABLE I: Initial distributions and their evolutionary states 

run# initial distribution parameters # of particles transient state final state 

A stellar polytrope(n = 3) D = 10,000 2,048 stellar polytrope collapse 

Bl stellar polytrope(n = 6) D = 110 2,048 stellar polytrope collapse 

B2 stellar polytrope(n = 6) D = 10,000 2,048 stellar polytrope collapse 

Cl Hernquist model a/re= 0.5 8,192 stellar polytrope collapse 

C2 Hernquist model a/re= 1.0 8,192 none isothermal 

gravity in a spherical adiabatic wall, which reverses the radial components of the velocity if 

the particle reaches the wall. Without loss of generality, we set the units as G = M =和＝ 1,

where G is gravitational constant, Mand re is the total mass of the system and the radius 

of the adiabatic wall, respectively. Note that the typical timescales appearing in this system 

are the free-fall time, Ttr = (Gp)一1/2,and the global relaxation time driven by the two-body 

encounter, Trelax = (0.1 N / ln N)Ttr (1], which are basically scaled as Ttr "" 1 and Trelax "" 

O.IN / ln N in our units. To perform an expensive N-body calculation, we used a special-

purpose hardware, G RAPE-6, which is especially designed to accelerate the gravitational 

force calculations for collisional N-body systems[7]. With this implementation, the 4th-

order Hermite integrator with individual time step(8] can work efficiently, which is suited 

for probing the relaxation process in denser core regions with an appropriate accuracy. vVe 

adopt the Plummer softened potential, </J = 1／ふ定口2with a softening length e of 1/512 

and 1/2048. 

In the present numerical simulation, the choice of the initial condition is an important 

step. Here, we set the initial distribution to the stationary state of Poisson-Vlassov equa— 

tion, i.e., dynamical equilibrium for a spherical system with isotropic velocity distribution. 

According to the Jeans theorem[l ], the one-particle distribution function f（の,v) can be 

expressed as a function of specific energy, c =炉／2+<I>(r)with rand <I> being the radius and 

the gravitational potential. Then keeping the energy and the mass constant, the thermal 

equilibrium of ordinary extensive statistics derived from the maximum entropy principle of 

the BG entropy (1) reduces to the exponential distribution, so-called isothermal distribution 

given by J (c) ex e―圧 whicheffectively satisfies the equation of state, P(r) ex p(r), where 

P(r) is pressure and p(r) is mass density[l, 2]. 
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On the other hand, as another possibility, one considers the extremum state of Tsallis' 

non-extensive entropy [5]: 

Sq=-I心 d3v[{J（z,vW  -f(z, v)]/(1 -q), (2) 

which might be of particular importance in describing the quasi-equilibrium state away 

from the BG state[9]. In this case, the maximum entropy principle leads to the power-

law distribution, J(c)(X （ <I>。— c)1/(q-l) (10-13], referred ~o as the stellar polytrope[l]. It 

satisfies the polytropic equation of state, P(r) ex p(r)1+1/n, and the polytrope index n is 

related to the q-parameter as n = 1/(q -1) + 3/2(14]. Provided the polytrope index n, 

the equilibrium structure can be determined by solving the Lane-Emden equation (15] and 

using this solution, the relationship between the dimensionless energy入三一reE/(GMり

and the density contrast D 三 Pc/Pe, the core density divided by the edge density, can be 

drawn (see Fig.l, [16]). Note that the limit・n→oo (or q→1) corresponds to the isothermal 
distribution derived from the BG entropy (1). 

Table I summarizes the list of the five simulation runs. A more systematic study of the 

systems with several initial conditions is now in progress and the details of the results will 
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FIG. 1: Equilibrium sequences of stellar polytrope and isothermal distribution (n = oo} in the 

energy-density contrast relation，入三一reE/(GMりv.s.D = Pc/ Pe• The thick arrows denote the 

evolutionary tracks in each simulation run. 
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be reported elsewhere. In Table I, in addition to the stellar polytropic initial state, we 

also consider the Hernquist model[l 7], which was originally introduced to account for the 

empirical law of observed elliptical galaxies[l]. 

III. RESULTS 

It has been recently discussed in [11-13] that the thermodynamic structure of the stellar 

polytropic distribution can be consistently characterized by the non-extensive framework of 

the thermostatistics. According to their results, the stellar polytrope confined in an adiabatic 

wall is shown to be thermodynamically stable when the polytrope index n < 5. In other 

words, if n > 5, a stable equilibrium state ceases to exist for a sufficiently large density 

contrast D > Dent, where the critical value Dcrit given by a function of n is determined 

from the second variation of entropy around the extremun1 state of Tsallis entropy, o図＝

0[11, 13]. The dotted line in Fig. l represents the critical value Dcrit for each polytrope index, 

which indicates that the stellar polytrope at low density contrast D < Dcrit is expected to 

remain stable. Apart from the_ BG state, one might expect that the stellar polytrope acts 

as a thermal equilibrium. 

Of course, this naive expectation is not correct at all. Indeed, the numerical simulations 

reveal that the stellar polytropic distribution gradually changes with time, on the timescale 

of two-body relaxation. Further, it seems that the gravothermal instability appears at rela-

tively smaller values of D than the predicted one, Dcrit, which might be partially ascribed to 

the non-stationarity of the background stellar polytrope. Physically, the core-collapse phe— 

nomenon due to the gravothermal catastrophe follows from the decoupling of the relaxation 

timescales between the central and the outer parts, whose behavior sensitively depends on 

the physical property of heat transport[18]. In a rigorous sense, the thermodynamic predic-

tion might lose the physical relevance, however, focusing on the evolutionary sequence, we 

found that the transient state starting from the initial stellar polytrope can be remarkably 

characterized by a sequence of stellar polytropes (run A, Bl and B2). This is even true in 

the case starting from the Hernquist model (run Cl). 

Let us show the representative results taken from run A (Fig.2). Fig.2(a) plots the 

snapshots of the density profile p(r), while Fig.2{b) represents the distribution function J(c) 

as a function of the specific energy c. Note that just for illustrative purpose, each output 
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FIG. 3: Evolution of one-particle distribution function in other models. (a) Run Bl. (b) Run Cl. 

(c) Run A removing the adiabatic wall. 

result is artificially shifting to the two-digits below. Only the final output with T = 400 
represents the correct scales. In each figure, solid lines mean the initial stellar polytrope with 

n = 3 and the other lines indicate the fitting results to the stellar polytrope by varying the 

polytrope index n[19]. Note that the number of fitting parameters just reduces to one, i.e., 

the polytrope index, since the total energy is well-conserved in the present situation. Fig.2 

shows that while the system gradually deviates from the initial polytropic state, the transient 

state still follows a sequence of stellar polytropes. The fitting results are remarkably good 

until the・ time exceeds T ~ 400, corresponding to 15Treiax・ Afterwards, the system enters 

the gravothermally unstable regime and finally undergoes the core-collapse. 

Now, focus on the evolutionary track in each simulation run summarized in the energy-
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density contrast plane (Fig. l), where the filled circle represents the initial stellar polytrope. 

Interestingly, the density contrast of the transient state in run A initially decreases, but it 

eventually turns to increase. The turning-point roughly corresponds to the stellar polytrope 

with index n rv 5 -6. Note, however, that the time evolution of polytrope index itself 

is a monotonically increasing function of time as shown in Fig.2(c), apart from the tiny 

fluctuations. This is indeed true for the other cases, indicating the Boltzmann H-theorem 

that any of the self-gravitating systems tends to approach the BG state. A typical example 

is the run C2, which finally reaches the stable BG state. However, as already shown in run 

A, all the systems cannot reach the BG state. Fig.I indicates that no BG state is possible 

for a fixed value入＞ 0.335(2],which can be derived from the peak value of the trajectory. 

Further, stable stellar polytropes cease to exist at high density contrast D > Dcrit• In fact, 

our simulations starting from the stellar polytropes finally underwent core-collapse (runs A, 

Bl and B2). Though it might not be rigorously correct, the predicted value Dent provides 

a crude approximation to the boundary between the stability and the instability. 

Fig.3 plots the snapshots of the distribution function taken from the other runs. The 

initial density contrast in run Bl (Fig.3(a)) is relatively low (D = 110) and thereby the 

system slowly evolves following a sequence of stellar polytropes. After T = 2000 rv 74Trelax, 

the system begins to deviate from the stable equilibrium sequence, leading to the core-

collapse. Another noticeable case is the run Cl (Fig.3(b)). The Hernquist model as initial 

distribution of run Chas cuspy density profile, p(r) ex: l/r/(r+a)尺whichbehaves as p ex: rー1

at the inner part [17]. The resultant distribution function /(c) shows a singular behavior at 

the negative energy region, which cannot be described by the power-law distribution. Soon 

after a while, however, the gravothermal expansion[6] takes place and the flatter core is 

eventually formed. Then the system settles into a sequence of stellar polytropes and can be 

approximately described by the stellar polytrope with index n = 20 for a long time. Thus, 
as long as the stellar system confined in an adiabatic wall is concerned, the stellar polytrope 

can be regarded as a quasi-attractor and a quasi~equilibrium state. 

Of course, these remarkable features could be an outcome in a very idealized situation 

and one suspects that quasi-equilibrium state of stellar polytrope cannot hold if we remove 

the boundary of the adiabatic wall. As a demonstration, Fig.3(c) plots the results removing 

the boundary, in which the initial state is the same distribution as in run A. As is expected, 

the high-energy particles freely escape outwards from the central region and the resultant 
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distribution function J (c) sharply falls off at the energy region c "" 0, indicating that the 

density contrast D becomes effectively large. Thus, compared to the system confined in 

the wall, the removal of the boundary makes the stellar system unstable and the core-

collapse takes place earlier. Nevertheless, focusing on the inner part of the denser region, 

the evolution of the core is not significantly affected by the escape particles at the outer part 

and can be fitted by a sequence of stellar polytropes (see also the dashed line in Fig.2(c)). 

The successful fit to the density profile p(r) almost remains the same. Hence, the stellar 

polytrope characterized by the Tsallis entropy can be even realized in a realistic situation 

removing the boundary of the adiabatic wall. 

IV. SUMMARY 

We have performed a set of numerical sin1ulation of long-term stellar dynamical evolution 

away from the BG state and found that the transient state of the system confined in an 

adiabatic wall can be remarkably fitted by a sequence of stellar polytropes. This is even 

true in the case removing the outer boundary. Therefore, the stellar polytropic distribution 

can be a quasj-attractor and a quasi-equilibrium state of a self-gravitating system. 

Alternative characterization of the transients away from the BG state might be possible 

besides the q-exponential distribution of stellar polytropes. For an empirical characterization 

of observeq structure, the one-parameter family of truncated exponential distributions, so-

called King model has been used in the literature[l, 3, 20]. Also, the sequence of King 

model has been found to characterize the evolutionary sequence of density profile for isolated 

stellar systems without boundary[4]. We have also tried to fit the simulation data to the 

l(ing model. Similarly to the stellar polytrope, the King model accurately describes the 

simulated density profile p(r) confined in an adiabatic wall, however, it fails to match the 

simulated distribution function f (c), especially at the cutoff energy scales. Therefore, from 

the quantitative description of the entire phase-space structure, the power-law distribution 

of the stellar polytropes can be a better characterization of the quasi-equilibrium state and 

this could yield an interesting explanation of the origin of the empirical King model. 
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Abstract 

We critically examine recent claims that globular clusters Ml5 and Gl of M31 
contains massive central black holes. For both clusters, we performed detailed N— 

body simulations with realistic effects like the stellar mass loss due to stellar evolution 
are taken into account. In the case of Ml5, we found neutron stars and massive 
white dwarfs concentrate to the center through mass segregation, resulting in a sharp 
increase in M/L toward the center. While consistent with the presence of a central 
black hole, the Hubble data can also be explained by this central concentration of 
neutron stars and massive white dwarfs. In the case of G 1, the effect of the mass 
segregation is not significant, because the relaxation time of G 1 is longer than the 
Hubble time. Even so, we found that our simulation model can perfectly reproduce 
the observed properties of G 1 such as the luminosity profile, velocity dispersion profile, 
rotation profile and ellipticity profile. Though it's unclear why the existence of the 
black hole was concluded in the case of Gl, simulation models clearly show that black 
holes are not necessary to explain observations. 

1 初めに

Gerssen et al. (2002)は球状星団 M15に3,000太陽質量程度のプラックホールを発見した

と報告した。また、 Gebhardtet al. {2002)は、 M31内に球状星団 Glに、 2 X 104太陽質

量のプラックホールを発見したと報告した。これらはいずれもハッブル宇宙望遠鏡によって

星団中心部の星の速度分布を求めて、それを説明するにはブラックホールが必要であると結

論している。

もしもこれらの主張が本当であるなら、球状星団の中に、恒星質量よりもはるかに大き

なブラックホールを発見した最初の例となる。これは球状星団の形成、進化という観点から

も、また、銀河中心の巨大ブラックホールの形成過程の理解という観点からも極めて重要で

ある {Ebisuzakiet al., 2001)。

しかし、これらの報告は、にわかには信じ難いものでもある。 M15の中心密度は確かに

高いが、これは従来典型的な post-collapse球状星団として理解されてきていた。 GIは有

限サイズのコアを持つ、キングモデルで十分フィットできる星団であり (Meylanet al., 2001; 

Djorgovski et al., 1997)、その中心に巨大ブラックホールがあるというのは非常にありそう

なことではない。

そこで、我々は、現実的な N体計算の結果と観測で得られた密度、速度プロファイル等

を比較することで、観測の説明にブラックホールが必要かどうかを検証することを試みた。
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方法、結果の詳細は既に雑誌論文(Baumgardtet al., 2003a,b)で報告したので、ここでは

仮定と結論を簡単に紹介する。詳しくは元論文を参照して欲しい。以下、 2節で M15の場

合、 3節で Glの場合の検証について説明し、最後に4節で我々の結果の意味するところに

ついて議論する。

2 M15 

2.1 観測「事実」と解釈

まず、観測からどのような論理でブラックホールの存在が結論されるかをまとめておく。

球状星団なので、分布は球対称であるとして、速度分布は等方的であると仮定する。表面

測光（実際には、 M15の場合には巨星の starcount)から、半径方向の投影された輝度分布

が求められるので、球対称を仮定して空間的な輝度分布、すなわち星の数密度分布が求めら

れる。

次に、速度分散プロファイルを求める。 M15の場合には、個々の星がハッブルでは分解

できるので、分光蜆測からそれぞれの視線速度を求め、星団全体の平均の視線速度からのず

れの分散を計算して速度分散プロファイルを求めることができる。

さて、恒星系力学の初歩を学んだ人ならだれでも知っているように1、ジーンズの定理を

使うと、ある恒星のグループについて数密度分布と速度分散の分布が分かれば、星団全体の

質量分布を決めることができる。 M15の場合、速度分散が決められるのも、数密度が決め

られるのも巨星段階の明るい星だけだが、それから「全体の質量分布」がどうなっているか

分かるのである。 従って、原理的には質量分布を直接求めて、中心にブラックホールがあ

るかないかが決められる。

「原理的には」と書いたのはもちろん実際にはそんなにうまくいかないからである。輝度

分布はともかく、速度分散はノイズが極めて大きい。特に中心付近では、巨星の数自体が少

なくなってくるのでどんなに精密な親測をしても small-Nゆらぎのために精度が上がらな

い。このため、ブラックホールがあるかないかという議論は、実際には以下のような手順で

なされることになる。

1.適当な M/L（質量輝度比）プロファイルを仮定して、輝度分布から質量分布を求め、

求まった質量分布から速度分散の分布を求める。

2.この時に、中心に適当な質量のプラックホールを仮定する。

3. M/L全体に掛ける係数とブラックホールの質量をふってみて、 x2値がもっとも良い
モデルが「観測結果」であると信じる。

つまり、観測事実とブラックホールの間には、以下のような仮定やモデルがはいっている

のである。

1知らない人は牧野の講義ノート

http://grape.astron.s.u-tokyo.ac.jp/pub/people/makino/kougi/stellar_dynamics/kougi.html 

でも見て下さい
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1.空間分布は球対称である

2.速度分散は等方的である

3.モデルとして使った M/Lのプロファイルは正しい（誤差をもたない）

実際にはこれらの仮定が本当かどうかはわからないわけだが、それによる不確定性はx2
値、つまりは結果のエラーバーには全くはいってこないことに注意して欲しい。こんなこと

は実際に観測をしている人にはいうまでもないことかもしれないが、理論家には観測からな

される主張の何が仮定で何が事実であるかを見極めるのは必ずしも容易なことではない。

さて、理論家の側から見ると、上の 3つの仮定のうち最初の 2つは、熱力学的な緩和時

間が短い球状星団の中心部に対しては極めて妥当なものである。これに対し、 M/Lのプロ

ファイルには注意が必要である。

M15の場合、星団全体の緩和時間が宇宙年齢よりもかなり短い。もちろんこのために中

心部が重力熱力学的崩壊(corecollapse)しているわけである。緩和時間が短いので、重い星

はmasssegregationにより中心部に沈む。年齢がほぼ宇宙年齢である球状星団では、もっ

とも重い星は初期に出来た中性子星や重い白色矮星である。現在巨星である星は生まれた時

の質量が0.8太陽質量程度であり、光っている星の中ではもっとも重いが 1,4太陽質量の中

性子星や、それに近いところまで分布する白色矮星に比べると軽い。

このことは、もちろん Gerssen他にも理解されていて、彼らは M/Lについて2通りの

仮定を置いている。一つはもっとも単純だが現実的とはいいがたいM/Lが一定という仮定

である。もうひとつは、 Indiana大学の HaldanCohnのグループが軌道平均 Fokker-Plank

方程式を数値的に解いて、 M15の 1997年当時の観測データを再現したモデルで求まった

M/Lプロファイルである {Dullet al., 1997)。これは適当な初期質量関数から、星団全体で

中性子星、白色矮星の割合を仮定し、見える星は 0.8太陽質最から下であると仮定して、つ

まり、球状星団ができた時から「現在の」質最関数であったとして進化計算させたモデルで

あり、中心にプラックホールは存在しない。

Gerssen他はこの両方のモデルで、ブラックホールの質量の推定値についてほぼ同じ結果

を得た。非常に違う仮定で同じ結果を得たので、彼らはブラックホールがあるのは確実であ

ると判断したのであろう。

しかし、良く考えてみると、 M/Lについて非常に違う仮定をしたにもかかわらずブラッ

クホールの質量が同じになるというのは奇妙なことである。実際、 Dull他は 1997年当時

の輝度分布と速度分散分布を両方再現するようにモデルを構成したのだから、 1997年に求

まっていた速度分散分布とハッブルを使って改善したものの違い程度しかブラックホールは

でてこないはずである。

では、速度分散の違いはどの程度かというと、確かにハッブルによって今までよりも中心

近くの星が観測できて、速度分散のグラフが中心まで延びたが、実は比べてみるとその延び

方は Dull他の Fokker-Planck計算の結果とほとんどずれないものだった20 

さて、なにが問題だったのだろう？

2なお、こう書いてしまうともう Gerssen他の計算は何か間違っているに決まっていて、 N体計算で何かす
る必要などなかったのではないかと思うかもしれない。後から考えるとそういう面もなくはないが、我々がこ
の辺の事情を完全に理解したのは論文を投稿してからであった。
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2.2 シミュレーションモデル

人の観測結果（とその解釈）と、それとは別の人の理論計算を比べていても今一つ要領を得な

いので、理論計算のほうは自前で準備してみることにした。 M15は典型的な PCC(Post-

core-collapse)球状星団なので、我々が、というかRoigerBaumgardtが計算した現実的な

球状星団の進化のサーベイ計算(Baumgardtand Makino, 2003)の中から、銀河中心からの

距離が類似でやはり PCCの状態、正確には現在まさに collapseした瞬間であるものを持っ

てきた。初期質量関数等は業界標準なものであり、特に M15に合わせたパラメータチュー

ニング等は行っていない。

星団の質量や速度分散などは完全に同じではない（粒子数がそもそも少ないため）ので、

我々が目的としたのは精密な定量的比較というよりは、シミュレーションで作った星団を、

Gerssen他と可能な限り「同じように」蜆測したらどう見えるかということである。なお、

とりあえず中心にブラックホールができない進化モデルを考えた。これは、人工的にブラッ

クホールができなくしたという意味ではなく、現在ちょうど最初の collapseにあるような

進化シナリオではプラックホールはできないことがわかっている。最初から非常に中心密度

が高く、数百万年で collapseするようなシナリオではブラックホールができる可能性があ

る(Ebisuzakiet al., 2001)が、今回はとりあえず通常のシナリオを採用した。

2.3 モデルと観測の比較

シミュレーションで出来た星団の「観測」結果を図1に示す。

エラーバ一つきの点は、巨星の速度分散の蜆測結果である。 1パーセクから内側で、中

心にむかってゆっくりと上がっていることがわかる。 Gerssen他の蜆測結果と定性的な特

徴は非常に良く合っている。破線は、 M/L一定として輝度分布から速度分散を求めた結果

である。・下から順に、中心ブラックホールとしてo,40, 80および 120太陽質量を仮定し
た。これでは 80太陽質量程度がもっとも良くあっていることがわかる。我々のモデル星団

の質量はM15の1/40程度なので、 M15に換算すると 3,000太陽質量となり Gerssen他

の結果と妙に良くあっている。

いうまでもないが、我々のシミュレーションモデルでは中心にプラックホールはない。 80

太陽質量のブラックホールがでてきたのは、純粋に M/L一定の仮定のためである。実線で

示したのが、 M/L一定の仮定をおかず、実際の質量分布から求めたジーンズ方程式を使っ

て求めた速度分散である。当然の結果であるが、これは速度分散の「観測」結果と極めて良

く一致しており、ブラックホールは必要ではない。

2.4 解釈

シミュレーションからはっきり確認できたことは、標準的なシナリオに従って進化した、

collapseした球状星団を持ってきて、 M/L一定として解析するとブラックホールの存在が

結論されるということである。もうひとつ、ある意味もっと重要なことは、シミュレーショ

ン結果は M15の定性的な特徴を極めて良く再現した、特に速度分散や輝度密度のべき等を

ほぼ完璧に再現したということで、これは標準的な球状星団のシナリオに対する強力なサ

ポートになっている。
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Figure 1: Line-of-sight velocity dispersion of the V < 19 stars in the N-body simulations 
(filled circles), and inferred from the stellar number density and cluster potential (solid 
and dashed curves). The solid curve shows the inferred velocity dispersion of stars with 
V < 22, using the potential calculated from all stars. Dashed curves are calculated using 
the potential determined from stars with Vく 22,assuming a constant M/ L, together 
with central point masses of (bottom to top) O, 40, 80 and 120 M。.Thevalue of M / L is 
chosen to fit the measured velocity dispersion between 1 and 10 pc from the cluster center. 
For constant assumed M / L, the best fit has MsH r-..1 80M0. 
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ともかく、 M/L一定の解析ではそこにはないプラックホールがあることになってしまう

ので、これは駄目である。既に述べたように Gerssen他はM/Lにモデル計算の結果をい

れた解析もやっているわけだが、これはどう考えても正しく計算できていればM/L一定の

時よりもプラックホールの質量が小さくならないといけないので、あまり変わらないという

結果になったのは、おそらく彼らの計算が間違っているからと考えるべきであろう。

我々は上のように考えて論文を投稿し (Baumgardtet al., 2003a)、Gerssenと共著者に

はプレプリントを送った。すると、数時間のうちに「M/Lモデルをいれた計算には間違い

があって、現在再計算中だ」と返事があり、さらにその数時間後にはその再計算の結果が投

稿され、プレプリントサーバーにも登録されていた(Gerssenet al., 2003)。

間違いは一体どういうものであったかというと、 Dull他の論文の M/Lのグラフの横軸

の目盛りが約 3倍間違っていて、そのグラフを信用したので M/Lが大きい領域の半径を

それだけ小さく見積もっていた、つまりは中心部でM/Lが大きくなるのがほとんど計算に

入っていなかったというものである。なるほど、 M/Lが一定の計算と同じ結果になったは

ずである。

Gerssen他の修正版の論文には、ブラックホールの質量は小さいけど存在はしてると主

張されているが、 luエラーバーのほうが質量よりも大きく、これはブラックホールの質量

に上限値をつけただけの結果と解釈するのが普通である。いいかえれば、現在の観測結果を

もっとも普通に解釈すると、 M15の中心に巨大プラックホールは存在しない。

3 G1 

では Glについてはどうであろうか？細かいことは省略するが、 Glについても我々のシ

ミュレーションではブラックホールなしで密度、速度分散を再現できた。なお、 Glは非常

に緩和時間が長く、回転しておりかなり偏平である。回転速度、偏平度についても、初期に

適当に角運動量を与える、具体的には同じ質量のキングモデルを off-centerな放物軌道から

合体させた初期条件から初めることで非常に良く再現できた。

Gebhardtの主張(privatecommunication)は、速度分散の4次のモーメントがブラック

ホールがないと説明できないというものである。もちろん、 4次のモーメントが信頼できる

精度で決まっていれば、それはかなり有力な根拠になる。しかし、彼らのデータ（末発表）を

見た限りでは、 4次のモーメントがブラックホールの影響がないはずのかなり外側でも有意

に正の値を持っており、ベースラインの設定等の親測データの処理の段階で問題があったこ

とを示唆する結果になっている。

4 考察

結局、 M15、Glのどちらでも、ブラックホールがないシミュレーションモデルで親測結果

を非常に良く説明できる。このことからプラックホールがないと結論できるわけではもちろ

んないが、少なくとも現在の観測データからブラックホールがあると結論できないというこ

とは間違いないであろう。
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M15のほうは間違いの原因もはっきりしていて他に影響するようなものではないので問

題はないが、 Glのほうは原因がはっきりしないだけに影響範囲がはっきりしない。 Glで

プラックホール質量の推定に使われたのは、いわゆるNuke面が使ってきた彼らにとっては

標準的なツールボックスである。そして、 Glについての彼らの結果は 2aレベルであり、

多くの楕円銀河についての彼らの結果に比べて特に悪い結果ではない。ということは、逆に

いえば例えばMagorrianet al. {1998)の結果の相当数は Glと同様なものである可能性が

ある。これについては、理論、蜆測の両面から検証を行っていく必要があるだろう。
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Abstract 
We study the statistical properties of particles in stationary state after the cold col-
lapse in 3-dimentional self-gravitating system. We investigate two models, spherical 
collapse(SC) and collision of two clusters(CC) as simple examples. In both cases, the 
non-gaussian velocity distribution are observed in case of small virial ratio. Using 
mass ratio defined by mass m enclosed in a sphere of radius r, we find that the quan-
tities such as the density profile or the velocity dispersion against mass ratio seems 
to be stationary in both cases. We examine the properties by dividing the systems 
into several shells with equal mass. The velocity distribution in each shell is gaussian 
and the velocity dispersion decreases linearly up to 0. 7 mass ratio. 

1 Introduction 

Gravitational collapse is intrinsic in a gravitational system and plays an important role in forming 
the astronomical objects such as galaxies or large scale structures. So it seems important to get the 
knowledge of the statistical properties during and after such a collapse. 
It _is well known that universal density profile appears during the collapse of dark matter halo in 
cosmological N-body simulation [1]. The orgin of the universal profiles have been examined from the 
viewpoint of self-similarity but have not yet been clearly understood (2). It is also known that luminosity 
profile for elliptical galaxies can be well represented by the r114 law [3] (9). Albada showed that this 
universal profile is well attained after the cold collapse of the matters in N-body simulation[4). 
So far density profile or velocity dispersion have been mainly examined in these N-body simulations(lO] 
[11] (12]. Howerver, the gravitational system are expected to have more intrinsic statististical charac-
ters, because of its specific properties such as long range interaction and negative specific heat[13] or 
gravotharmal c;atastrophe[7] [8]. 
For example, 1-dimensional sheet model, where each sheet interacts with others with long range 
interaciton, shows the fractal structure after the collapse with initial small virial ratio (5]. In this model, 
however, the specific heat is positive and all of the sheets are gravitationally bounded because of its 
interaction form contrary to real 3-dimentional gravitational system. In the system with negative specific 
heat, on the other hand, the particles are separated into central core and outer halo parts. In halo parts, 
the particles are too loosely bounded to be in tharmal equillibrium and expected to show the exotic 
character such as non-Gaussian veloicty distribution (6]. So the system may show the characteristic 
properties during and after the gravitational collapse not only in the density profile, but also in the 
velocity distribution. 
Here from this motivation, we examine the cold collapse simulation mainly from the viewpoint of 
velocity distribution. We treat the case with small virial ratio to reexamine the Albada's typical case and 
the case of cold collapse with zero initial virial ratio and the collision of the two clusters. 

2 model and initial conditions 

2.1 model 

In this paper, we examine two models, spherical collapse (SC) and collision of two clusters (CC), in 3 
dimentional self-gravitating system. 

1kanaeda◎degway. phys.ocha.ac.jp 
2osamu◎phys.ocha.ac.jp 
3sota◎cosmos. phys.ocha.ac.jp 
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RUN vr N € 

SCl 0.0 5000 10-4 

SC2 0.1 5000 10-2 

CCl 1.4 1000 10-4 

CC2 1.4 10000 10-4 

Table 1: Initial conditions in our simulations. vr, N, and € denotes the virial ratio, the total number of 
particles, and the softening parameter of the gravitational interraction respectively. 

In case of SC, initially we distribute the particles with gaussian velocity distribution uniformly in 
sphere with radius Rか
In case of CC, initially two clusters is at rest and the distance between two clusters is 6R8. Each 
cluster is a sphere with radius Rs and contains half of the total number of particles in the system. In 
each cluster, the particles with gaussian velocity distribution are distributed uniformly. 
The equation of motion for the i-th particles in these systems is 

d2xi 
N 

~ =-Gm2L 
m -Zj 

m =-
洋j侶—研＋€祖'

(1) 

where叫 arethe position of i-th particle, G is the gravitational constant, mis the mass of each particle, 
and € is a softening parameter. 
In our simulation, we employed the units, G = 1, M :=Nm= 1, Rs= 1. Then the dynamical time 
of the system tdyn is, 

知：＝屠， (2) 

2.2 Initial Conditions 

All parameters of our simulations are summarized in Table 1. SCl and SC2 are the case of SC and CCl 
and CC2 are the case of CC. 

3 results 

In this section, we show the results of the simulation calcurated by use of Nbody2h, Aarseth Code 
developed by Sverre Aarseth[14). The error of the total energy of the system for our simulation is less 
than 0.1 percent. 

3.1 The time evolution of the system 

We show the time evolution of the system. The typical exsamples of the time evolution are shown in 
Fig.I and Fig.2. 
In the case of SC, the particles are initially distributed in sphere uniformly (Fig.1-a) and collapse at 
t,...., ltdyn• After collapse (Fig.1-b), some of the particles were bounded gravitationally and some of them 
escaped toward outside. 
In the case of CC, two clusters is initially at rest (Fig.2-a) and are approaching each other and collide 
at t,...., 20tdyn・ After the collision (Fig.2-b), the system seems to be stationary during our simulation 
t = 300tdyn• 
In Fig.3, we show the time evolution of the virial ratio (a) and the velocity dispersion (b, c, d) for 
run SCl. After the collapse or collision (t > tdyn), the system seem to be statinary in terms of the virial 
ratio and the velocity dispersion. 
The time evolution of the density profile for run SCl and run CC2 is shown in Fig.4(a) and (b) 
respectively. From Fig.4{a), in the case of the zero viral ratio (vr = 0), the high density region move 
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Figure 1: Snapshot in the (x, y, z) space for run SCl. Each dot in these boxies denotes the position of 

particles. (a) and (b) shows the snapshot at t = Otdyn and t = 2tdyn respectively. 
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Figure 2: Snapshot in the (x, y, z) space for run CC2. Each point in these boxies denotes the position of 
particles. (a) and (b) shows the snapshot at t = Otdyn and t = lOOtdyn respectively. 
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Figure 4: Linear-log plot of the time evolution of the density profile p(r) for run SCl (a) and run CC2 
(b). 

toward outside of the system and the system expands. On the other hand, for run SC2, CCl, and CC2, 
the density profile seems to be stationary. 

3.2 Non-gaussian velocity distribution 

Here, we discuss the velocity distribution after a collapse or a collision. After collapse, the velocity 
distribution becomes non-gaussian and seem to be universal in both cases(in our simulations, we use the 
chi-square test to fit the function to the velocity distribution). 
In order to show non-gu邸 sianity,we fit the data with the gaussian funtion. Both numerical data 
and fitted gaussian funtion are shown in Fig.5. Figs.5-a and 5-b are the c邸 eof run SCl and run CC2 
respectively. In both cases, the velocity distribution deviates from gaussian distribution on the whole 
part of f(v). We suppose that the non-gaussian velocity ditribution is a characteristic property of the 
self-grabitating system after the cold collapse. 
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3.3 the properties in the shell 

We divide the system into several shells and examine some properties in these shells. Each shell contains 
10 percent of the total mass of the system. Using the mass ratio m(r) enclosed in a sphere of radius r 
replacing the radius r, we examine the properties in each shell. 
The density profile against mass ratiom(r) for run SCl are shown in Fig.6. From Fig4, the density 
profile is not stationary after the collapse. However, the density profile against the mass ratio seems to 
be stationary. It suggests that the system evolves self-similarlly after the collapse in the case of zero virial 
ratio. 
We investigate the velocity distribution in each shell. The velocity distribution in each shell for SCl(a) 
and CC2{b) are shown in Fig.8. The velocity distribution in inner shells up to 0. 7 mass ratio seems to be 
gaussian in both cases. On the other hand, the velocity distribution in outer shells from 0.8 mass ratio, 
seems to deviate from gaussian. 
In Fig.9, we show the gradient of the velocity dispersion against mass ratio. The figure(a) shows run 
SCl and the figure(b) shows run CC2. In case of CC2, the velocity dispersion decreases linear on the 
whole part of mass ratio. In case of SCl, the velocity dispersion seems to be linear where the社
nears 0. So, we introduce the function whose velocity dispersion decreases lineary and the local ve-
locity distribution is gaussian. We expressed it as follows, 

f(v,) = a［゚exp(-v?/2T)dT = a［閂e-品ー 1叫[1-Er/（具）］］7r ~,~~n- -・.,, J2To 
where suffix i is x, y or z ・ and T means the velosity dispersion, a and To are fitting parameters. 
Then, we fit the non-gaussian velocity distribution with this function. In Figure 10, we show the 
non-gaussian velocity distribtuion fitted with this function and gaussian. The figure (a) shows for run 
SCl and (b) figure shows for run CC2. This function seems to fit better than gaussian. The chi-square 
value of this function is less than that of gaussian in all cases during calculation time. 

(3) 

4
 
Summary and discussion 

In this paper, we investigate the statistical properties especially for the velocity distribution after cold 
collapse in 3-dimensional self-gravitating system. We examin two models, spherical collapse (SC) and 
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collision of two clusters (CC). 
After the collapse or the collision, the velocity distribution become non-gaussian and seems to be 
statinory during our simulation. 
As for time evolution of the system, the velocity dispersion or virial ratio seems to be constant after 
collapse or collision. However, the time evolution of density profile are not always stationary. In the case 
of SC with the zero virial ratio vr = 0, the high density region moves toward outside. 
We divide the systems into several shells and examine the properties in each shell. Using the mass 
ratio replacing with the radius, the density profile against the mass ratio seems to be stationary for SC 
with vr = 0. It means that the time evolution of the density profile has self-similary. Then, we examine 
the other properties in shells. The velocity distribution in shells are gaussian up to 0. 7 mass ratio. In 
addition, the velocity dispersion decreas linearly in terms of mass ratio. So, we make the fitting function 
supposing that the velocity dispersion of the system decreases lineary and local velocity distribution is 
gaussian. We fit the non-gaussian velocity distribution with this function and gaussian. We find that 
this function fits better than gaussian judging by the chi-square test. 
From the investigation in term of mass ratio, the quantities against mass ratio show a good behavior. 
Thus, as for the properties of the system after the cold collapse, the analysis by use of mass ratio might 
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have an advantage. The stationarity of the quantities against mass ratio also implies that the state after 
the cold collapse has self similarity. We interest in the relation between the linearity of the gradient of 
velocity dispersion and the self-similarity appeared in viewpoint of mass ratio. 
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一次元シー．卜系におけるフラクタル構造と膨脹則

Fractal Structure in one-dimensional・ sheet model and expansion law 

立川崇之，前田恵一
Takayuki Tatekawa and Kei-ichi Maeda 

Department of Physics, Waseda University, 9-4-1 0畑bo,Shinju畑—加， To切o 169-8555, JAPAN 
(May 7, 2003) 

一次元シートモデルは重力の性質を解析するための簡単なモデルとして，昔から扱われてきた．宇宙膨張を考慮した
一次元シート系について，我々は過去にフラクタル的な密度ゆらぎから成長した構造のフラクタル性，特にフラクタル
次元の時間変化について解析し，初期密度ゆらぎのパターンのフラクタル次元によらず，形成される構造のフラクタル
次元が収束する事を示した．その後，特徴的なスケールを持たない構造が，宇宙膨張のない一次元シート系でも形成さ
れる事が報告された．今回は宇宙膨張の規則を変えた場合の，一次元シート系の解析を行う．

One-dimensional sheet model w邸 handled邸 ane邸ymodel to analyze the nature of the gravity from the old days. 
For one-dimensional sheet model with cosmic expansion, we analyzed evolution of fractal dimension of structure 
formed from primordial fractal density fluctuation. We found that the fractal dimension of nonlinear structure is 
independent of fractal dimension of initial pattern. Recently, the scale-free structure formed in one-dimensional sheet 
model without cosmic expansion. In this paper, we analyze one-dimensional sheet model with other expansion rate. 

I. INTRODUCTION 

一次元シートモデルは重力の性質を解析するための簡単なモデルとして，昔から扱われてきた．特にここで扱う宇宙
膨張入りのシートモデルは，宇宙の大規模構造形成を考察する際の簡単なモデルとして解析がなされているまず構造
形成の摂動論である Zel'dovich近似 (9]が，一次元シート系の厳密解を与える事が知られており，半解析的手法により
厳密に時間発展を追う事が可能である．初期の研究として，初期密度揺らぎがスケールフリーのスペクトルで与えられ
た時，時間発展によりシートの交差が起きた後は，初期条件に依存せずに一定のベキをもつスペクトルが現れる事が示
された [2]．また，スペクトルにカットオフを含む場合にも，初期条件に依存しない新たなスペクトルが現れる事が示さ
れている [8).
我々はかつて，初期密度揺らぎをフラクタル的にした場合の振る舞いを解析した [7]．一様・等方で平坦な膨張宇宙に
おいて，初期の密度ゆらぎによる重力不安定から構造が形成されたと考え，解析的な方法による時間発展を行った．初
期条件として与えるフラクタルパターンは，フラクタル次元の異なるいくつかのモデルを考慮したが，十分に時間が経
過した後の非線形構造のフラクタル次元はほぼ同じ値で落ち着くという傾向が見られた．
一方，宇宙膨張を含まないシート系についても，様々な解析がなされている．例えば系の長時間発展においては，局
所的な緩和と大局的な緩和という二つの緩和が存在する事，大局的な緩和のタイムスケールに至っても，その後も系が
カオス的遍歴を辿るという事等である．さらに最近では，このシート系においても一時的ではあるが，シートの空間二
点相関関数がベキ的になるという，スケールフリーな構造の形成が報告されている．
ここで新たな疑問が生じる．フラクタル構造を形成する際，宇宙膨張の効果は重要なのであろうか．宇宙膨張を含ま
ないシート系で，ベキ的な相関を持つ構造が現れる事が最近報告されている．この報告によると，ベキ的な相関が見ら
れる構造が形成されるものの，相関関数のベキは時間変化し，最後には構造が消えてしまう．宇宙膨張の有無によって
構造は劇的に変わるのだろうか．
本研究では，背景時空の膨張則を変えて構造がどのように形成されるかに迫る．従来の研究では，シートの運動を記
述する運動方程式と，宇宙膨張を記述する Friedmann方程式を連立させて解いていた．ここでは Friedmann方程式を
連立させる代わりに，背景時空の膨張を設定し，この膨張則を運動方程式に代入してシートの運動を考える．今回は，膨
張が時間のベキの形で書かれる場合を考えた．
時間発展により，質量密度の高い領域が現れる．一定の密度以上の領域のみを取り出し，モノフラクタル次元を求め
た時間発展は，シートが最初に交差する時刻の数百倍のタイムスケールまで行った．結果として，このタイムスケー
ルでは膨張則の違いによる構造のフラクタル次元の違いが大きく現れなかった．長時間の発展を行い，膨張則の違いが
どのように構造に影轡するかを考えていく事が必要と考えられる．
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II.時間発展の方程式

ここでは背景時空の膨張則を変えた場合の方程式とその解を示す．従来の研究では，シートの運動を記述する運動方
程式と，背景時空の膨張則を与える Friedmann方程式を両立させて解いていた．背景時空の膨張に乗った系での基礎方
程式は，以下のようになる (5).

86 1 
—+—• •{v(l + 6)} = 0 
8t ・ a 
8v l a1  1 
—+-(V• • )v+~v= ——•¢-— ~Pb• 6 8t ・ a'・ ・'・ ・ a ・ a ・ r ap 

▽2</> = 41rGpba26 

6 = !!..:::.P! 
Pb 
2 

¢= R --7rGa知 Pb
3 

(1) 

{2) 

(3) 

Pbは平均密度， aは背景時空の膨張を記述するスケールファクターである．これらの方程式系に対し，次のように摂動
を与える．

X = q + S(t,q) 
x:共動座標(Eular座標）

q:粒子の Lagrange座標，（▽ X8 = 0) 

(4) 

つまり粒子の一様分布からの微小変位を摂動として与え，運動方程式を解く．この摂動による近似法をLagrange近似と
いい，特に一次の摂動だけを取り出す近似法を Zel'dovich近似という (9]．特に一次元シート系の場合には， Zel'dovich
近似は厳密解を与える．
以後は一次元シート系の場合に話を限って進める．摂動に関する方程式は以下のようになる．

恥）＋2(~) S(t,q)-H~)'S = 0 (5) 

従来の研究では，このaの振る舞いを Friedmann方程式を解く事により与えていた．平坦な宇宙モデルでの Friedmann
方程式は

叶＋ピ）2＝0 
で与えられ，圧力が物質の質量密度に比べて十分小さい物質優勢の平坦な宇宙モデルでは，

a ex t213 

(6) 

(7) 

となる．
本研究では， Friedmann方程式を用いず膨張則を別に与える事にした．具体的には，膨張則が時間のべきに従う以下
の式で与える．

a(t) = (~) n 

(8)を運動方程式 (5)に代入すると，その解は以下のようになる．

S(q, t) = D+(t)ふ(q)+ D_(t)ふ(q)

叫t) 三(~)(1-2n十三ヰ）／2
to 

D_ （t) ＝（L)(1-2nー~)/2
to 

(8) 

‘
,
'
‘
,
'
・
‘
,
'
▼
 

9

0

1
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1

1

＇

ー

し

＇

ー

し

例として n=2/3の場合を考えてみると， この解は
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叫 t)三(i)2/3

D-（t) 三(~)―1
となり，以前の研究で扱った解に一致するまた，膨張を止めた n=Oの場合には

(12) 

(13) 

叫t) 三 (~r . (14) 

D_(t)三（土）゚＝const. (15) 

となる．普通の一次元シート系と解の形が異なるのは，本モデルでは質最分布そのものではなく，質祉分布のゆらぎが
重力不安定を引き起こすようになっているからである．
シー トが交差するまでは解は解析的に記述できる二枚のシートが交差する際は，解の再構成を行い速度を入れ替え
る．つまり， q= q1とq= q2に対応する二枚のシートが t＝らに入れ替わる時は

x(q1, t.,)→ x(q2, tェ），v(q1,tェ） → x(q2,tェ）

x(q2,t.,)→ x(qi, t.,), v(q2, t.,)→ v(q1, t.,) 

なる入れ替えの操作を行い，解を再構成する．
この操作を繰り返していく事により，シート系の時間発展は解析的に解く事が出来る．

III.フラクタル次元

フラクタルとは，特徴的な長さを持たない図形や構造，現象などを総称したもので，自己相似性が重要な特徴として
挙げられる．沼目している棉造について，ある一部分がそれよりも大きい部分，または全体と相似関係にあるというこ
とである．自然現象においてフラクタル性を確かめるにはフラクタル次元を計算する必要がある．
フラクタル次元は数学的に厳密な定義があるが，自然現象を解析する際には非常に扱いにくい．そこで次元の定義を実
用的なものに改良する必要がある．改良された次元の定義はいくつかあるが，ここでは本研究で用いた Box-countingの
方法を紹介する [l],[6]．この方法はフラクタル性が存在する範囲が有限である，自然界での現象への応用に優れている．
Box-countingの方法は以下の通りである． d次元Euclid空間に存在する図形を一辺の長さがrのd次元立方体で分
割し，考えている図形の一部を含むような立方体の数N(r)を数え上げていく方法である．rをいろいろと変えた場合に

N(r) ex r-D (16) 

なる関係が満たされた場合，この図形のフラクタル次元はD次元であるという．この方法を Box-countingの方法とい
う．この方法は曲線や立体などに適用されるだけではなく，例えば川のように分岐をたくさん含むような図形の解析に
も適用できる．本研究でもこの Box-countingの方法を用いてフラクタル次元の計算を行う．図 1ではフラクタル図形
である Sierpinskigasketを分割したものを例として示す．

(a) (b) 

FIG. 1. (a) The structure is divided into 8 cubes. (b) The structure is divided into 64 cubes. 
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(16)で定義される次元 Dをモノフラクタル次元と呼ぶ． Box-countingの方法による次元の定義の拡張として，マル
チフラクタル次元が存在する．モノフラクタル次元は，構造を立方体に分割した際，立方体が構造を含むかどうかだけ
で次元を計箕していた．マルチフラクタル次元ではさらに，存在する構造の密度などの濃淡までを考慮する．
本研究ではモノ フラクタル次元での解析のみ行う．マルチフラクタル次元の計箕は今後の研究で行う予定である．

IV.構造のフラクタル次元の時間変化

本研究では簡単な場合として空間一次元モデルを考えた．つまり，
るモデルである．初期にフラクタル的な密度ゆらぎを与えた場合に，
ついて，質品分布のモノフラクタル次元を求めた．
フラクタル的な初期条件として Cantor集合を応用したものを用いたただし，数学的に定義されたCantor集合では
無限小までフラクタル性が存在するが，現実の宇宙ではそのような事はあり得ないと考え下限を与えた．モデル全体の
スケールをLとした時に，下限となるスケールが10-3L程度になるようなモデルを考えた．つまり Cantor集合を形成
する操作を行う際に，線分を取り除く回数を有限でとどめる．以後，このスケールLは宇宙の膨張に乗った共動座標で
取り扱う事にする．そうすれば，時間発展の結果によりスケールが変化しても座標変数の値を大きく変える事がなくな
る．本研究では 1/10ずつ線分を取り除く操作を7回繰り返した集合を用いた．この Cantor集合のフラクタル次元は

シート状の物質がシートと垂直方向にのみ運動す
時間発展でどのような構造が形成されていくかに

D = log2~ 
log 20/9 

0.868 (17) 

である．
線分を取り除いた領域を密度ゆらぎが負 (o_)，線分が残った領域を密度ゆらぎが正（む）としたモデルを与えた（図
2).ふ，6_は一定値としているここで作ったモデルの外側は，今考えたモデルが Cantor集合の規則にしたがって分
布していると考える．モデル間の密度揺らぎは0とする時間発展の初期にはそれぞれのモデルが独立に構造を形成し
ていくが，十分に時間が経過すると複数のモデルが合体する事がある．
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まず，構造のフラクタル次元を計算する．フラクタル次元の計算方法としては，密度ゆらぎが621である領域を
Bo?{-countingの方法で拾い集める方法を用いた． 6こ1である領域は構造形成の理論でいう非線形領域であるため，線
形理論で扱えないような領域に着目すれば，槻測で確認されるような構造が存在するところを取り上げる事ができるだ
ろうと考えたからである．
Box-countingの方法を用いる際， shellcrossingまでは構造の最小のスケール，すなわちモデルとして与えたCantor集
合の最小の線分の長さを下限として計算した．この線分の長さは自己重力による収縮により時間変化する． shellcrossing 
後は構造が複雑に入り組むようになるので，最小のスケールとしては2ー16Lを下限として計第した．上限はBoxの数が
少なくなるために生じる誤差を避けるため， 10ー1L程度とした．すなわちモデル全体を 10個程度に区切るスケールで
ある．
今回は膨張則を変えた6通りのモデルを考えた．すなわち

1 1 1 2 5 a心 (n=5’5’5’5’5’1) {18) 

という膨張則の場合である． a=2/3が平坦な宇宙である Einstein-deSitter宇宙モデルに対応する．
結果を図3に示す．これらの図は，最初にシートが交差する時刻を 7= 1で規格化し， 7= 100までのモノフラクタ
ル次元の変化をプロットしたものである．膨張則の違いによるフラクタル次元の変化，安定性はまだはっきりしていな
ぃ．今後構造がどのようになっていくかは長時間の発展が必要である．
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FIG. 3. The evolution of mono-fractal dimension of nonlinear (o ~ 1) structure. These figures show time evolution until 
T = 100. We set T = 1 as first shell-crossing time. (a) n = 1/6 case. (b) n = 1/3 case. (c) n = 1/2 case. (d) n = 2/3 case. 
(e) n = 5/6 case. (f) n = 1/6 case. 
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V. CONCLUSION 

本研究では線分を 1/10ずつ取り除<Cantor集合を用いて初期密度ゆらぎを与えた．最初に密度が発散する時間の
100倍まで発展させ比較したところ，膨張則による構造の違いははっきりと現れなかった．だが，膨張の入っていない
一次元シート系では， freefall timeの数百万倍にも及ぶ長時間の発展で，大局的な緩和が発見されている．膨張を含む
モデルでこのような長時間の発展を行った場合，構造はどのようになっていくのか，膨張則の違いがどのように現れる
のかという疑問がある．今後は長時間の発展を行って構造を解析する必要がある．
解析手法に関して，本研究では密度が高い領域の分布に対してモノフラクタル解析を行った．宇宙膨張を考慮した一
次元シート系において，マルチフラクタル解析による構造の次元を求めた研究がなされている (4]．彼等はマルチフラク
タル次元が収束する事を主張し，特にモノフラクタル次元は0.6程度になるとしているが，この研究では長時間の発展
を行っていない．長時間の緩和によりマルチフラクタル次元が収束していくのか，初期条件の依存性が現れるのかどう
かを今後調査していく予定である．
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Formation and Evolution of a Globular Cluster System 

Tsuyoshi Sakamoto 1 and M邸ぉhiChiba 2 

Abstract 

We present the dynamical evolution of a globular cluster system in disk galaxies, for the 

purpose of setting important limits on its initial state, i.e., the initial mass function of 

globular clusters, their spatial distribution, and velocity anisotropy, thereby allowing us to 

elucidate the initial state of a host galaxy where a cluster system resides. A globular cluster 

system is also a good mass tracer of its host galaxy, whereby the effects of its dynamical 

evolution must be properly taken into account for the correct, unbiased mass estimate. 

Based on this motivation, we develop semi-analytical models for the dynamical evolu-

tion of a globular cluster system embedded in various galactic potentials. In sharp contrast 

to simple spherical models examined previously, our models fully take into account the 

non-spherical nature of a galactic potential, i.e., the presence of a galactic disk compo-

nent which strongly affects the dynamical evolution of globular clusters in the course of 

their orbital motions. In an axisymmetric potential which allows an explicit evaluation 

of the so-called third integral of motions, we consider the several mass-loss processes of 

globular clusters, including the effects of stellar evolution in cluster stars, their two-body 

gravitational relaxation, and gravitational shocks acting on a cluster. 

1 Introduction 

A globular cluster is a spherical, compact stellar system consisting of 103 to 106 stars 

and constitutes one of the fundamental building blocks of the Universe. Such clusters are 

not distributed uniformly across the Universe but are mostly found around brighter, more 

massive galaxies with various morphological types, such as elliptical galaxies, lenticular 

galaxies, disk galaxies, irregular galaxies, and dwarf galaxies. Thus, each galaxy is sur-

rounded by a group of several to ten thousand globular clusters, which is called a globular 

cluster system (hereafter referred to as a GCS for simplicity). 

Globular clusters in a GCS are usually as old as Hubble time, and hence a GCS plays 

important roles in studying when, where, and how globular clusters formed. Studies of a 

1 Department of Astronomical Science, The Graduate University for Advanced Studies, Mitaka, Tokyo 
181-8588, Japan 
2 Kational Astronomical Observatory, Mitaka, Tokyo 181-8588, Japan 
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GCS are also closely associated with the most important issue in galactic astronomy, i.e., 

when and how a galaxy formed, where a GCS is found. In particular, various properties 

of globular clusters in each GCS, such as their total number, mass function, spatial and 

kinematic structures, age distribution, and metallicity (color) distribution, provide us with 

useful information on the formation of a GCS in each host galaxy as well as the early 

evolution of a host galaxy itself. 

Furthermore, since a globular cluster is so compact and intrinsically bright, it is rela-

tively easy to identify itself and to obtain its spectroscopic data in both our Galaxy and 

other external galaxies. In particular, based on a plenty of intrinsically bright horizontal-

branch stars found in a cluster and the (rather tight) linear relation between the absolute 

magnitude of such a stellar population and its metallicity, it is possible to obtain the ac-

curate distance to each globular cluster. Thus, combined with spatial and kinematical 

information of clusters, such as their positions and radial velocities inside its host galaxy, 

studying a GCS is important in clarifying another fundamental issue in galactic astronomy, 

i.e., the determination of the global mass distribution of a galaxy, especially the distribution 

of dark matter. 

1.1 Observed properties of globular clusters in various galaxies 

Advent of high-resolution observation by the HST and 8-lOm class ground-based telescopes 

has made it possible to resolve extragalactic globular clusters in more distant galaxies, 

i.e., those outside the Local Group. In particular, surveys of globular clusters in several 

clusters of galaxies were made, where various morphological types. of galaxies are available, 

thereby enabling us to compare the properties of globular clusters among galaxy types. 

However, the observations of extragalactic globular clusters are yet incomplete, especially 

in spiral galaxies: the detection of globular clusters in such galaxies is generally difficult 

because of uneven luminosity distribution of galactic disks mainly due to extinction by 

interstellar dust. On the other hand, the lack of dust extinction in elliptical galaxies makes 

their luminosity distribution smooth and thus makes it easy to identify globular clusters 

distributed over such smooth luminosity systems. Thus, more cluster samples have been 

available for elliptical galaxies than for spiral galaxies and this observational bias should 

be remarked for any statistical analyses of globular clusters. 

Nonetheless, several characteristic properties of clusters, such as their color distribution 

and luminosity function, have been accumulated for various types of host galaxies. For 

instance, the color distribution of clusters in most of giant galaxies, i.e., disk and elliptical 
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galaxies, is characterized by a bimodal function, as found in the MW  and M31 (Goudfrooij 

et al. 2003). Also, the luminosity function of clusters in most of such (isolated) galaxies 

has a Gaussian-like form with a peak located at the same absolute magnitude as that of 

the MW  globular cluster system. It is worth noting here that in merging galaxies like the 

Antennae galaxy, there is no apparent peak in luminosity functions of globular clusters; 

they appear to follow a simple, power law-like function with abundant faint clusters (Zhang 

& Fall 1999). Even for non-merging galaxies showing similarly a Gaussian-like function 

of clusters, their total number appears to depend rather strongly on a type of galaxies: 

in giant galaxies, the total number of clusters in early-type galaxies (r",J a few x 1000) is 

about ten times邸 large邸 thatin late-type galaxies (r",J a few x 100), whereas only several 

clusters are found in dwarf galaxies (Goudfrooij et al. 2003). 

Now that several key properties of extragalactic globular clusters are available, such邸

their total number, luminosity function, and metallicity (color) distribution，邸 described

above, it is intriguing to address the question, what causes the resemblance or difference 

in the properties of globular cluster systems among various galaxies? Clarifying this issue 

is of great importance邸 itis closely related to the origin of globular cluster systems in 

various galaxies. 

1.2 Dynamical evolution of a globular cluster system 

During their life time, globular clusters are subject to various mass-loss processes, as will be 

described in more details in the next section. In order to utilize such clusters as probes of 

galactic past and/or dynamics, it is important to understand how the various properties of 

a GCS undergo time evolution, depending on its initial condition and galactic environment. 

:tviost of the previous theoretical works on a GCS have mainly focused on the change 

of the mass function of its member clusters as a result of several mass-loss processes, 

based on several methods, such as semi-analytic method, Fokker-Planck code, and N-body 

simulation (e.g., Fall & Zhang 2001, hereafter FZOl). For instance, based on their semi-

analytic model, FZOl investigated the evolution of the mass function for a GCS over the 

period of 12 Gyr, on the assumption that its initial mass function takes either of four 

different functional forms: a simple power law, truncated power law, lognormal function, 

or Schechter function. They showed that all of the models starting from different initial 

mass functions appear to develop a single peak in the mass function, and that the position 

of this peak is remarkably close to that as observed in the MW  globular cluster system. 

FZOl also considered two different kinematic structures for the initial set up of a GCS, 
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isotropic velocity distribution of clusters over all radii (Model A) and radially anisotropic 

velocity distribution, where its degree of anisotropy is made larger with increasing distance 

from the galactic center (Model B). Although both models result in the mass function 

which is approximately in agreement with that in the MW, Model B appears to yield a 

mass function which resembles that in the MW  more closely than Model A, when the radial 

distribution of the mass function is also considered. 

While the evolution of the mass function of a GCS has been studied well, our under-

standing of the evolution of its spatial and kinematic structures inside a host galaxy is yet 

highly limited; only a few studies have focused on the issues, based on a simple assumption 

for galactic environment (e.g., Baumgardt 1998). For instance, in the work of Baumgardt 

(1998), the evolution of a GCS was followed in a simple, spherical dark halo, where the 

spatial and velocity distributions of clusters were modeled as a power-law density distri-

bution with various indices and various degree of velocity anisotropy, respectively. It was 

shown that clusters are destroyed more effectively in inner parts of a galaxy than its outer 

parts by galactic tides, so that their density distribution is made flat in all of the models he 

considered. He also found that as clusters on radial orbits come close to the galactic center 

and thus are preferentially destroyed, their velocity distribution is made more tangentially 

anisotropic in inner parts of a host galaxy, while its outer parts remain unchanged. 

It is worth noting here that several mass-loss processes of clusters depend on the change 

of external gravitational force acting on them during the course of their orbital motion, 

i.e., the detailed form of gravitational potential in a host galaxy. Hence, an assumption of 

a spherical potential adopted above is too simple to apply to actual galaxies holding bulge 

and disk components: such non-spherical parts of a gravitational potential strongly affect 

the evolution of a GCS. However, comprehensive studies of these effects on the evolution 

of spatial and kinematic structures of a GCS are yet lacking, so that it remains unclear 

how such a general consideration of galactic environment affects the evolution of a GCS, 

or conversely the initial state of a GCS by tracing back its evolution. Therefore, it is yet 

unsettled as to how many clusters were existing before they disappeared by their dynamical 

evolution, or in other words, how many clusters formed in each host galaxy. This indicates 

that more detailed studies for the evolution of a GCS are required for the purpose of setting 

useful limits on the formation process of globular clusters in a galaxy. 
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1.3 Motivation for this study 

As described in previous subsections, the data of extragalactic globular clusters have been 

accumulated and their statistical properties have been understood gradually. However, our 

understanding of their evolutionary process is yet limited to some specific aspects,'such邸

the evolution of a mass function for clusters, while the effects of their spatial and velocity 

distributions are neglected for the sake of simplicity. For this reason, our knowledge on 

the initial state of a GCS, including its mass function and total number of clusters as well 

as their spatial and kinematic structures in each host galaxy, is yet highly limited. Also, 

the evolution of a GCS affects its dynamical state inside a host galaxy, so that the mass 

determination based on a GCS as a dynamical tracer of a galaxy ought to be modified; it 

is yet unknown how much evolutionary correction is required for the mass estimate when 

using a GCS. 

!viotivated by this backgound, we construct general dynamical models for a GCS, so as 

to follow the evolution of its mass function, spatial distribution, and kinematic structure, 

depending on initial settings of a GCS and its surrounding environment in a host galaxy. 

In this paper, we consider only a disk galaxy as a host of a GCS for the following 

three reasons. (1) Com pared to elliptical galaxies, dynamical structure of a disk galaxy 

is accurately determined from the analysis of its rotation curve. (2) Detailed dynamical 

properties of globular clusters are available in the nearest disk galaxies, i.e., in the MW  

and M31, as opposed to clusters in more distant, early-type galaxies, where no dynamical 

data are available. (3) If one follows the hypothesis that an elliptical galaxy formed from 

the major merger between two disk galaxies, then the evolutionary properties of a GCS in 

a disk galaxy are keys to understanding those of a GCS in an elliptical galaxy. 

2 Galactic potential 

We adopt an axisymmetric gravitational potential for the orbit calculation of a globular 

cluster in a host galaxy. We then set a distribution function of clusters, which follows 

isolating integrals of cluster motion in a consistent manner. 

It is well known that for an axisymmetric gravitational potential, two classical integrals 

exist, i.e., the orbital energy, E, and the angular-momentum component parallel to the 

symmmetry axis, Lz, whereas no general expression exists for the third integral, 13, which 

is thus estimated numerically in most cases. If a distribution function of clusters depends 

only on E and Lz, their velocity dispersions < vi > and < ~2 > in cylindrical coordinates 
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（口，z)ought to be identical and thus lack generality for the application to actual cluster 

systems. However, it is also known that an exact third integral is available if a gravitational 

potential is of Stackel form, for which the Hamilton-Jacobi equation separates in ellipsoidal 

coordinates. Every orbit in this type of potential possesses three exact isolating integrals 

of motion, E, 12, and /3, which are known explicitly. Therefore, we adopt Stackel potential 

as the galactic potential in our following calculations. 

We define prolate spheroidal coordinates as the triple（入，</>,v), where ¢ is the azimuthal 

angle in cy lndrical coordinates (r:v, </>, z) and入andv are the two roots for T of 

匂
2 z 2 

―+―=1, 
r+a T十^ f

(2.1) 

with-,~ v ~-a~ 入． The parameters a and, are constants and give foci（口＝ 0,z = 

土△） ofthe spheroids of constant入andthe hyperboloids of constant v in the plane of 

¢ = constant for△ =（, -a)112. The relations between（入，v)and（口，z)are given by 

2 （入＋a)(v+ a) （入＋7）（U+'Y）
匂＝

2 ， z-= 
a--y 1-a 

(2.2) 

An axisymmetric gravitational potential of Stackel type, V, is written in the coordinates 

as 

V（い）＝一
（入＋亦）G（入）一(v＋亦）G(v)

入—ッ
三一心， (2.3) 

where G(-r) is an arbitrary function andゅisthe relative potential. We take 

G(T) = Gd(T) ＋G出）， (2.4) 

where Gん） andGh(T) are the contribution from the disk and the dark halo, respectively. 

Following Vedel and Sommer-Larsen (1990), we adopt the perfect oblate spheroid for Gd(T), 

知）＝竺］勾rctanf戸， (2.5) 

where G is the gravitational constant and 1v.fd is the total mass of the disk, whereas for 

Gh(T), the s=2 model of de Zeeuw, Peletier, and Franx (1986) is adopted, 

G出）＝ 誓 Po'Yh卜（詈）ー~ In （ 土）＋ 2二言
x(好~arctanf三—占土言arctanf¥)], (2.6) 

where p。isthe mass density of the halo at the galactic center. The parameters rh and 
ah are arbitrary and play the same role as ; and a, respectively, in defining the current 
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prolate spheroidal coordinates. In order to make this combined potential of Sta.eke} form, 

we choose the coordinates so that the focus of the disk is identical to that of the halo, 

rh =, -b, ah = a -b, (2.7) 

where bis an arbitrary parameter. From Eqs. (2.6) and (2.7), Gh(T) is written as 

Gh(T) = ー位GPo(-y-b) [1nぶー7-b 
--y + b 

T +-y＋△2, T + b ぶ＋-y-b 
ln + 

2 (T + -y) ・---y + b' ✓＝戸巧

x(苫ピ可arctanJ$-¾ a;ctan ~)]. (2.8) 

This potential is characterized by△,Md, Po, the axial ratio of the disk, qd(= J,/a), and 

the axial ratio of the halo near the galactic center, qh（三ご~ disk, qd(= ~ 
As a standard model for this type of galactic potential, we adopt the following param-

eters after some experiments:△ ＝4 kpc, Md = 6 x 1010 U。,Po=5.89 X 1がM。kpc―3,
(-,)112 = 0.125 kpc, (b-,)112 = 3.75 kpc, resulting in qd = 0.031, qh = 0.68. Based on this 

standard model, we plot, in Fig. 2.1, the rotation curve and vertical density distribution 

at the solar radius（口＝ 8kpc). It follows that the rotation curve is approximately flat 

outside r;:;：：：：：：：： △and its value at the solar radius is given as況：：：：：：：： 219km s―1. Also, the 

local density at the solar radius, Ptocal, (including both disk and dark halo contributions) 

is given as Ptocal = 0.13 M0pc―3. For other galactic potentials, we will change the values 

of△,Md and p0 to see the effects of various galactic environments on the final results. 

In this Stackel-type potential, the equations of motion of a globular cluster are given 

as 

p; ＝ 2(T:a) ［G(T)- 占-占-€]， T= 入,11 (2.9) 

p: = L; = 212, (2.10) 

where E, 12, and /3 are three isolating integrals allowed by the potential, i.e., 

€ = -H (2.11) 

H =且＋投＋立＿ゆ（入 v)
2P2 2口 2R2'

(2.12) 

p2 = 入— ll R2= v —入
(2.13) 

4（入＋a）（入＋'Y)' 4(v + a)(v + -y) 
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1 
12 = -L;， 
2 

[3 =；は国）＋△2［担ーZ2G（入：：竺l,
(2.14) 

(2.15) 

where L = (Lェ，Ly,Lz) is the angular momentum in rectangular coordinates. The velocities 

of a globular cluster on an orbit characterized by the integrals (t:, /2, /3) can be expressed 

as 

V>. =士＼／―‘-、o -9/ 士喜§， 士『” •3 J (2.16) ％ ＝ ぬ＝ 入'
- 11 

where 

入＋7
(2.17) I託，I2，入） ＝ （入 +ry)[G（入）一€］一 T―I2

+a 
ll十T

(2.18) 13(€, 12, v) = (v + -y)[G(v）一€]-一12.
U+a 

Having obtained the form of a galactic potential, we assume that the orbital structure 

of the initial globular cluster system follows a phase space distribution function which 

depends only on isolating integrals, f, 12, and ]3: 

f(c, I,, Ia)= { 
(eE/O'c _ efO/O'~)e― [2(12+/3)]/2a呂，€こ €o

0, €<€o 
(2.19) 

where ac is a characteristic velocity, r A is the core radius, and t:0 is minus the cutoff en-

ergy (Vedel and Sommer-Larsen 1990). In a spherical potential, this distribution function 

yields velocity dispersions a r = a c and町＝叫1+ (r/r A)2]―1/2 in the radial and trans-

verse directions, respectively, where r A marks the transition from a nearly isotropic to a 

predominantly radial velcity dispersion. The number density distribution corresponding to 

the distribution function is written as 

p（w,z) = 
這炉） I託，入，v)d/2 

下 L外寓
X J,ば(C,I心） f (€, I2, I3)dI3 
I訊 I・2,u)WI;-I3)（I3 -Ii)． 

In a spherical logarithmic potential,ゆ＝況logr,p(r) is simply given as 

p(r) ex [1 + (r/r A)門―lr―"Yg

with'Yg = (½/ Uc)2. 

(2.20) 

(2.21) 

As a standard model for the initial distribution of a globular cluster system, we adopt 

the following parameters: fo ='l/J('CiJ = 250 kpc, z = 0 kpc), re = 5 kpc, and Uc=145 

-102-



250 

200 ---------
＇ 一一＇ 
， 
/ dark halo 
，，， 

i
 

｝
 •

一

[
 ．
 

i
 ｀
 
[
K
 

-
s
 
．
 

ヽ

.

.
d
 

｀
 
｀
 
｀
 

ヽ．
 

‘̀ ｀
 
｀
 

/

、

＜̀
 
ヽ

•I 
｀-ヽ、°
-

I

 

ヽ

，
 

ー

，
 
，
 ,

‘

 

|
／
 

―

―

 

0

0

 

5

0

 

1

1

 

[
S
/
E
エ]
0
>

50 

0.15 

1

5

 

o

n

~

 ゜

[
o
d
/
 Rlf¥J]d 

e, 

゜0 5 1 0 15 20 25 30 rn[kpc] 

0=8[kpc] 

total 

dark halo 
。 r---7 ―—
0 200 400 600 800 1000 

Z[pc] 

Figure 2.1: Rotation curve for a standard potential of a galaxy (left panel) and its vertical 
density distribution at r;;:; = 8 kpc (right panel). 

km s-1, resulting in "Yg：：：：：：： 2.3. For other initial distributions of cluster systems, we will 

change only the value of r A, i.e., the location of transition between a nearly isotropic and 

predominantly radial velcity dispersions. 

3 Mass-loss process of a globular cluster 

In the course of its orbital motion, a globular cluster is subject to various disruptive 

processes on various timescales. Stellar evolutionary processes, i.e., a combination of su-

pernovae, stellar winds, and other ejecta, remove mass from a globular cluster on a short 

timescale (t ;S few x 108 yr). On long timescales (tぇfewx 108 yr), there exit three different 

dynamical processes which also remove mass from a globular cluster. As the first process, 

internal relaxation by two-body scattering, i.e. two-body ralaxation, causes some stars, 

especially low-mass stars, to gain enough energy to escape from the cluster. As the second 

process, when a cluster orbits around a host galaxy, it experiences a time-dependent tidal 

field, which may vary rapidly when it passes rapidly near the bulge or through the disk 

that stars in the outer parts of the cluster cannot respond adiabatically. The corresponding 

change in the energy of stars (heating and relaxation) causes some of them to escape from 

the cluster. These effects are known respectively as bulge and disk shocks and more gener-

ically as gravitational shocks. As the third process, the deceleration of a cluster induced by 
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the wakes of stars and dark matter particles in a host galaxy behind it, dynamical friction, 

causes the cluster to spiral toward the galactic center, where it may be destroye? by the 

strong tidal field. We note that the effects of dynamical friction on a cluster depend on its 

mass and the position in the host galaxy, and it is especially important only if clusters are 

located near the galactic center; most of them orbiting in the outer parts of the Galaxy are 

not spiraled toward the galactic center by dynamical friction. More specifically, following 

the simple analysis of Fall and Zhang (2001, hereafter FZOl), which evaluated the disrup— 

tion time tdf by dynamical friction for the globular clusters in the Milky Way, the vast 

majority of them have畑＞ 20Gyr. Thus, we neglect dynamical friction in calculating 

mass loss of a globular cluster. 

In our model for the evolution of a globular cluster, we consider three processes that re-

duce the mass of a cluster: (1) evaporation driven by two-body relaxation, (2) evaporation 

driven by gravitational shocks, and (3) mass loss driven by stellar evolution (supernovae, 

stellar winds, and other ejecta). These processes may be correlated and mutually rein-

forcing in a realistic globular cluster, but we assume that they operate independently each 

other in order to simplify our calculation of mass loss of a cluster. Thus, following many 

previous studies (see Spitzer 1987, FZOl), we write 

M = -[llev(t) + llsh(t) + llse(t)]M,. (3.1) 

where Vev(t), Vsh(t), and Vse(t) are fractional rates of two-body relaxation, gravitational 

shocks, and stellar evolution, respectively. 

The fractional rate of mass loss by stellar evolution, ~se(t), depends on the age of a 

cluster and the stellar initial mass function. We compute Vse(t) from the Leitherer et al. 

(1999) model with the Salpeter initial stellar mass function. We find that, following the 

model of stellar evolution, the mass of a cluster drops approximately exponentially with 

time over the period oft ;S 3 x 108 yr, reaching about 60 % of its initial value, and then 

remains unchanged in the later stages. 

The effects of the two stellar dynamical processes, two-body relaxation (vev) and grav-

itational shocks (vsh), respectively, can be analytically written as 

~e 7.25~emG112 In A 
ツゅ ＝ ー＝
trh 

llsh = 
_A s
h

 

hK-ts 

€ 

Ml/2炉／2r:12'

6.67€応sAgik3rf
＝ 
GMP因

(3.2) 

(3.3) 

(Spitzer 1987; FZOl). In Eq. (3.2), ~e is the fraction of stars that escape from a cluster 

per half-mass relaxation time trh by two-body scattering, Tt is the tidal radius of a cluster, 
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Table 1: the parameters of mass-loss calculation of a globular cluster 

＆ 0.045 
k 0.145 

m 0.7 M。
Ks 1 
In A 12 

€h 7/3 

k relates its tidal radius with the half-mass radius, i.e., rh = krt, m is mean stellar mass, 
and In A is the Coulomb logarithm. We adopt ~e = 0.045 and k = 0.145 (Henon 1961), 
as obtained from the self-similar evolution of a tidally limited cluster (with a single stellar 

mass) by two-body relaxation alone. In Eq.(3.3), tsh is the gravitational shock heating 

time for first-order energy changes in the impulse approximation (Ostriker, Spitzer, & 

Chevalier 1972), A is a correction for partial adiabatic (i.e. nonimpulse) response averaged 

over all stars in a cluster. The parameter f.h accounts approximately for the addition of 

second-order ene.rgy changes, also known as shock-induced relaxation (Spitzer & Chevalier 

1973; Kundic & Ostriker 1995). The other parameter "18 relates the fractional change in 

energy caused by gravitational shocks to the corresponding fractional change in mass, i.e. 

M/M＝点／E,where E and E are the total energy change and the total energy of a 
cluster, respectively. Also, in Eq.(3.3), ½ is the vertical component of the velocity of a 
cluster rel紅iveto the disk, Ptt, is the azimuthal period of its orbit around the host galaxy, 

and 9m is the maximum vertical acceleration caused by the disk. The adopte~ values of 

parameters in Eqs.(3.2) and (3.3) are summarized in Table 1. 

4 Numerical modeling of dynamical mass-loss pro-

cesses 

In order to simplify the calculation of these two dynamical processes, we adopt several 

numerical approximation as follows. 

(i) Method for calculating a tidal radius 

First, we assume that each cl1:1ster has an outer, limiting radius Tt determined by the 

tidal field of a host galaxy at the pericenter of its orbit and that each cluster evolves 
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at constant mean density, as derived from p = M / (4吋／3).In the case of a spherical 
galactic potential, the pericentric distance from the galactic center remains unchanged at 

each passage, so that a cluster on such an orbit may hold a constant mean density, p, as 

determined from rt estimated as 

r, =（研ーGd:/dr2)1/39 (4.1) 

where w is its angular velocity, and <P is the galactic potential (King 1962). For non-

spherical cases as assumed here, where the pericenter differs at each orbital passage, we 

assume that a cluster is supposed to have a constant mean density as well, as determined 

from the smallest tidal radius rぃi.e.,when cluster's orbit holds the smallest pericenter, 

and that Eq.(4.1) for a spherical limit yet provides us with an approximate estimator of Tt 

in non-spherical cases. 

Taylor & Babul (2001, hereafter TBOl) also adopted Eq.(4.1) for their axisymmetric 

model, where the asphericity of the potential was averaged to estimate d2<P / dr2, i.e., 

d2<P _ d2<Psph _ d r GM(< r) 
ご戸＝叶 r2 ], (4.2) 

where <I>sph is the spherical potential with the same total mas~ M(< r) interior tor as the 

axisymmetric density distribution. However, the calculation of this M(< r) is tedious邸

the potential we adopt is complex, while this method of estimating rt is not necessarily 

accurate. We instead obtain a differential equation for d2<I> / dr2 at the position of a cluster 

center and solve it in ・a self-consistent manner: we first obtain the gravitational force f 

/=（訊＝（篇）zが（翌）Rぞ (4.3) 

at four points (R土6R,Z), (R, Z土8Z)near the center of the cluster (R, Z), where 6R 

and 6Z are infinitesimal, and then calculate d2<I>/d召 atthe center of the cluster (R, Z), 

翌(R,Z)=（墨）O,q>l(R,Z)=（羅）J(R,Z)が（羅）J(R,Z)~. (4.4) 

For the comparison between the above two different methods to estimate d2<I> / dr2, we 

use a perfect oblate spheroid as a gravitational potential, where the surfaces of constant 

density are all similar concentric ellipsoids, and calculate d2<I> / d衿 atspecific points in 

the perfect oblate spheroids with various axial ratio q of the mass density. Fig.4.1 shows 
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the ratio between d2<J) / dr2 obtained from TBOl's and our methods for the perfect oblate 

spheroids with various axial ratios q of mass density. The thick solid, thin solid, and dashed 

lines denote (R [kpc], Z [kpc]) = (10, 5), (8,0), and (3,3) in cylindrical coordinates in the 
potential, respectively. At (R [kpc], Z [kpc]) = (10, 5), d2<J)/dr2 obtained from our method 
agrees with that obtained from TBOl's method in all axial ratios q of mass density. At the 

closer point ((R [kpc], Z [kpc]) = (3, 3)) to the galactic center and at the point ((R [kpc], 
Z [kpc]) = (8, 0)) near the disk, the ratio decreases with decreasing axial ratio q. However, 
since the minimum of this ratio is rv0.75 at q rv O and (R [kpc], Z [kpc]) = (8,0), the tidal 
radius obtained from our method almost agrees with that obtained from TBOl's method, 

independent of the position in the host galaxy and the axial ratio of mass density of it. 

¥1/ith the constant density assumption for it as discussed above, Eq.(3.1)-(3.3) take the 

form 

Jvl = -μev -VshM, (4.5) 

µゅ＝ 269~e(Gp)112mln A, (4.6) 

llsh = 
4.84 X 10-3€応sAg~

(4.7) 
GpPq,巧

where μev and Vsh are constants. The coefficients A and 9m. in Eq. (4. 7) of gravitational 

shocks depend on the galactic potential and the orbit of a cluster. Since the inclination of 

a cluster's orbit on _the disk varies with time in an axisymmetric potential, we determine 

A and 9m at each passage through the disk as described below. 

(ii) Method for calculating the effect of gravitational shock 

To evaluate Eq.(4.7), we adopt the following approximation. The quantity 9m denotes 

the maximum vertical acceleration caused by the disk, 

80 
gm =-az 

(Ri,Si) 

(4.8) 

where凡 isR at ith passage through the disk, and Si is Z at which a cluster starts to 

feel ith gravitational (disk) shock. In order to determine Si on an orbit of a cluster in our 

adopted gravitational potential, we identify the beginning of shocks under the condition of 

rapid shocks, i.e., 

tsh < tcross (4.9) 
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where tcross denotes a typical crossing time of stars at half-mass radius rh of a cluster and 

tsh a shock crossing time estimated at ith passage through the disk 

tcross = （；「冒）―1/2
t泣＝
Vz,i' 

so that 

si =Vz,i位）3／2(Gp)―1/2,
Tt 

(4.10) 

(4.11) 

(4.12) 

where Vz,i is Vz at ith passage through the disk. It is worth noting that this height Si 

depends on both the average density of a cluster and its vertical velocity to the disk Vz: a 

more massive cluster with higher velocity through the disk has larger height Si. 

Using the height Si, the average adiabatic correction factor A is written as 

A = J;t r2(Ai[x(r)] + A2[x(r)])p(r)r2dr 
J;t r2p(r)性dr (4.13) 

ふ(x) = A2(x) = (1＋丑）ー3/2, (4.14) 

w(r)Si 
(4.15) X = w(r)tsh = Vz 

， 2 ． 

(r)―3/2 
w(T) ＝ -Tt (4.16) 

where A心） andA2(x) are the local adiabatic correction factors for the first-and second-

order ener~ changes by gravitational shocks, respectively, and p(r) is the density distribu-

tion of stars in a cluster. We approximate that all clusters at a given time have the density 

distribution 

p(r) oc ~（三）（字） 1/2, (4.17) 

(FZOl). Its density distribution is the same as that of the King (1966) model, p(r) ex 

(~ -,!:-)512 for r --+ rt, in the outer region of a cluster, wh --- for r →rt, in the outer region of a cluster, whereas in the inner region, it has a 
T Tt 

singular behavior appropriate for core collapse models, p(r) oc r-2 for r→ 0 (Spitzer 1987, 

FZOl). The half-mass radius of our adopted density distibution of a cluster is rh = O.IBrt, 

reasonably close to that of the Henon model (rh = 0.145叫

Thus, in this sirnplified model for the mass-loss of a cluster, Eq.(4.5) has the exact 

solution at Td,i :5 t :5 Yeが＋1,

M(t) = { M(O) -μ4-Mse, i= 0 
M(Td,i) 一 ~{exp[vsh,i(t-Td,i)] -1} exp[-vsh,i(t -Td,i)], ・ i # 0 

v.h,i 

(4.18) 
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where Td,i denotes the epoch of the ith passage through the disk, M(Td,i) is the mass of 

a cluster at t = Td,i, Vsh,i is fractional rate of gravitational shock at Td,i ~ t ~ Td,i+l, and 
Mse is total mass-loss by stellar evolution fort;$ 3 x 108 yr. 

In contrast to our method for dealing with gravitational shock as described above, 

TBOl made a different approach to the issue, based on the method which reproduces mass 

loss of a satellite galaxy calculated by N-body simulation. Their method is summarized as 

follows. Firstly, they identify rapid shocks on the condition that shock timescale is shorter 

than the satellite's internal orbital period. Secondly, they divide the gravitational shock 

into a series of n discrete time steps of length△t1 and in going from tn to tn+i, the energy 

. change△W(tn→tn+i) of the satellite galaxy in a single time step is 

1 
△W(tn→ tn+1)＝5（△t)2知（tn)・［逗知(ti)＋知（t,.)l, (4.19) 

where Atid(ti) is the tidal acceleration at ti. The acceleration Atid at the center of the 

satellite galaxy is written as 

Atid(t) = x(t) ・［▽gl(X=0) ＝ ga，凸（t)ea, (4.20) 

where g is the galactic gravitational field, gゅ＝ 8ga/8xbevalua~ed at x = 0, ea is the unit 
vector in Xa-direction, repe~ted indices a, b indicate summation over the three Cartesian 

coordinates. Thus, taking the dot product in Eq. (4.19) and averaging over a sphere of 

radius r gives 

1 
叫 (tn→い） ＝6＃（△が［知(tn)芦釦，心）十ga,bし）g.,b(t.)l, (4.21) 

with 18 terms from two summations over a and b. In an axisymmetric potential, a and bare 

R and Z in cylindrical coordinates, thus 9a,b obtained from TBOl's method includes 9RR, 

9RZ and 9zz, whereas 9a,b obtained from our method only includes gzz. From Eq.(4:21), 

the energy change△E by gravitational shock is written as 

△E = fhAl,TB（咋）△Wtid(tn→tn+1)， 

A1,TB臼） = (1 + xi)―"Y' 

咋＝ w（叫tsh,

(4.22) 

(4.23) 

(4.24) 

where Ai,TB(xh) is the first local adiabatic correction factor at the half-mass radius of the 

satellite galaxy. Thirdly, they calculate the change△Pr,sat in mean density of the satellite 
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galaxy inside radius r, in the absence of shell crossing, 

△fir,sat CX△［堕戸］ ex: -翌 ex: —竺2(r)'
r 

which is independent of radius r. Finally, they apply the tidal stripping, 

Pr,sat(< Tt) ＝叫al(<r) 

，，，三 Pr,sat(＜rt) ＝已 Msat = T3(w-竺
Pgal(＜ r)rf M(＜r) GM(＜ r) dr2), 

to the new, he~ted density profile to determine how much mass is lost. 

(4.25) 

(4.26) 

(4.27) 

In order to highlight the difference between TBOl's and our methods, we calculate 

them邸 s-lossrate of a cluster by gravitational shock alone as obtained from TBOl's and 

our methods. In this calculation, we calculate only A心） inour method and adopt 3/2 

as'Y in TBOl's method. Fig.4.2a shows a typical orbit of a cluster obtained with the 

integrals f = 1., 12 = 0.5, and /3 = 0.7. Given the shape of an orbit, _Fig.4.2b shows how 

the cluster evolves by gravitational shock alone, based on our method (thick solid line), 

TBOl's method with all gゅ (thinsolid line), and TBOl's method with 9zz alone (dashed 

line). In this figure, the normalized factor Mi。correspondsto the initial mass of a cluster, 
which is 105.i¼。,and M(t) is the m邸 sof a cluster at time t. It follows from the figure 

that the ratio M/Mi。decre邸 esapproximately linearly with time and it reaches about 0.95 
at t =13 Gyr. This ratio obtained from our method almost agrees with that calculated 

by TBOl's method with gzz alone and also almost agrees with that calculated by TBOl's 

method with all 9a,b• Thus, even for other types of orbits, the effect of gravitational shock 

in our method is expected to agree with that in TBOl's method with 9a,b• 

(iii) Mass loss of a cluster in the current model 

To summarize, we develop the method to calculate the mass loss of a globular clus-

ter by three different processes, (1) stellar evolution, (2) two-body relaxation, and (3) 

gravitational shocks, in an axisymmetric potential consisting of the disk and dark halo 

components. B邸 edon various approximation as described so far, we present the time evo-

lution for the mass of a cluster. Fig.4.3 shows how a globular cluster having the orbit given 

in Fig.4.2a and the initial mass of Mi。=105M。evolveswith time by the three processes 
in our model. In this figure, thick solid line shows the combined effect of stellar evolu-

tion, two-body relaxation, and gravitational shocks, whereas thin solid and dahed lines, 

respectively, considers only the two-body relaxation and gravitational shocks. Firstly, from 

the comparison between thin solid line and dashed line, it is found that the mass loss by 
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lines, respectively, considers only the two-body relaxation and gravitational shocks. 

gravitational shocks is much smaller than that by two-body relaxation and is relatively less 

important at later stages. Secondly, as found from thick solid line, the mass of a cluster 

shows a rapid decline as a result of stellar evolution until it reaches about 60% of its initial 

mass and then shows an approximately exponential decline with time mainly by two-body 

relaxation. 
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Kinematics of Tidal Debris from Omega Centauri's Progenitor 

Galaxy 

Arihiro Mizutani¥ Masashi Chiba2, and Tsuyoshi Sakamoto1 

ABSTRACT 

We present the kinematic properties of a tidally disrupted dwarf galaxy in 

the Milky Way, based on the hypothesis that its central part once contained the 

most massive Galactic globular cluster, w Cen. Dynamical evolution of a self-

gravitating progenitor galaxy that follows the present-day and likely past orbits 

of w Cen is calculated numerically and the kinematic nature of their tidal debris 

is analyzed, combined with randomly generated stars comprising spheroidal halo 

and flat disk components. We show that the retrograde rotation of the debris 

stars at rv -100 km s―1 accords with a recently discovered, large radial velocity 

stream at rv 300 km s―1 towards the Galactic longitude of rv 270°. These stars 

also contribute, only in part, to a reported retrograde motion of the outer halo 

at the North Galactic Pole. The prospects for future debris searches and the 

implications for the early evolution of the Galaxy are briefly presented. 

Subject headings: Galaxy: formation - globular clusters: individual (w Cen-

tauri) - stars: kinematics 

1. INTRODUCTION 

Omega Centauri, the most massive globular cluster in the Milky Way, is unique in terms 

of its metallicity content, internal kinematics, and structure. Unlike other Galactic globular 

clusters, w Cen shows a wide spread in metallicity (e.g. Norris, Freeman, & Mighell 1996), 

with a main metal-poor component at [Fe/H]~ -1.6, a second smaller peak at [Fe/H]~ -1.2, 
and a long tail extending up to [Fe/H]~ -0.5. The metal-rich population holds a low 
velocity dispersion and no sign of rotation, in contrast to the rotating metal-poor population. 

Furthermore, the metal-rich stars in w Cen are largely enhanced ins-process elements relative 

1 Department of Astronomical Science, The Graduate University for Advanced Studies, Mitaka, Tokyo 
181-8588, Japan; mizutnar@cc.nao.ac.jp 

2National Astronomical Observatory, Mitaka, Tokyo 181-8588, Japan 
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to those in globular clusters and field stars with similar metallicities (e.g. Norris & Da Costa 

1995), thereby suggesting that the ejecta from low-mass, asymptotic giant branch (AGB) 

stars had to be retained and incorporated into the next-generation stars. 

In spite of its large mass (5 x 106 :tv10), it has been demonstrated by Gnedin et al. (2002) 

that w Cen is not unique in its ability to retain the AG B ejecta as found for other clusters. 

An isolated formation of w Cen is thus unlikely, because the enriched gas would easily be 

lost by encountering the Galactic disk. The most viable explanation for the uniqueness of w 

Cen is that it was once the dense nucleus of a dwarf galaxy (Freeman 1993). A gravitational 

potential provided by progenitor's stellar system and dark matter (as suggested from dwarf 

spheroidal galaxies in the Local Group, Mateo 1998) would help retaining the enriched gas 

and let the cluster being self-enriched at least over a few Gigayears. 

If this hypothesis is the c邸efor the origin of w Cen, the question arises: where and 

in what form does the stellar system of its progenitor galaxy remain? Dinescu (2002) first 

investigated this issue, by examining the possible signature of the progenitor's tidal debris 

among nearby metal-poor stars in the catalog of Beers et al. (2000, BOO). She identified a 

group of stars with -2.0 <[Fe/H]~ -1.5, which departs from the characteristics of the inner 
Galactic halo but has retrograde orbits similar tow Cen. Her simplified disruption model of 

the progenitor galaxy demonstrated that trailing tidal debris, having orbital characteristics 

similar to the cluster, can be found in the solar neighborhood, although the concrete spatial 

distribution and kinematics of the debris stars remain yet uncle旺

This work motivates us to conduct an N-body simulation for the tidal disruption of w 

Cen's progenitor ga恥y,to obtain the characteristic structure and kinematics of its debris 
stars and compare with various observations showing signatures of recent merging events in 

the Milky Way (Gilmore, Wyse, & Norris 2002, GWN; Kinman et al. 2002, K02; Chiba 

& Beers 2000, CB). In particular, we show that a recently identified stream of stars at 

heliocentric radial velocity of rv 300 km sー1(GWN) is a natural outcome of the current 

disruption model, without affecting local halo kinematics n:ear the Sun and microlensing 

optical depth towards the Large Magellanic Cloud (L:tv1C). 

2. SIMPLE DYNAMICAL MODEL OF A PROGENITOR GALAXY 

We calculate the dynamical evolution of an orbiting dwarf galaxy in a fixed external 

gravitational potential representing the Milky Way. The potential consists of three parts: a 

spherical Hernquist bulge <I>6(r), a Miyamoto-Nagai disk如(R,z), and a logarithmic dark' 

halo <I>h(r), where r is the Galactocentric distance and (R, z) denote cylindrical coordinates. 
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Each is gi~en as, _<I>b(r~ = -GM6/(r + a)，如(~,z) = -GMd/✓即＋ （b+、戸巧2,and 
<I>h(r) = vi/2 ln(r2 + d2), where M6 = 3.4 x 1010 M。,a=0.7 kpc, Md = 1011 M。,b= 6.5 
kpc, c = 0.26 kpc, vh = 186 km s―1, and d = 12 kpc. This choice yields a circular velocity 

of 228 km s―1 at the solar circle of R0 = 8 kpc and a flat rotation curve outside R。・
We set self-gravitating particles in the dwarf galaxy following a King model, where the 

central density, central velocity dispersion, and core radius are given as 0.3 M。pc-3,18.1 
km s-1, and 0.56 kpc, respectively. In addition, a particle with the mass of 5 x 106 M。
representing w Cen is placed at the center of the galaxy to trace its orbit. This setting yields 

the total mass of_ the galaxy as Nftot = 5. 79 x 108 l¥tI。.Apart of the mass is provided by stars, 
which is roughly estimated from the mean metallicity of stars in w Cen(〈［Fe/H)〉~-1.6), 
combined with the metallicity-luminosity relation for the Local Group dwarfs (Cote et al. 

2000) and the mass-to-light ratio (assuming M / L r,J 4 obtained for w Cen, Meylan et al. 

1995), yielding }.,,f stars r,J 1びM。.Thus,our model galaxy is largely dominated by a dark 
component, in agreement with the observed large M/ Lin dwarfs (Mateo 1998). The galaxy 

is represented by a collection of 104 particles and the self-gravity is calculated in terms of a 

multiple expansion of the internal potential to fourth order (Zaritsky & White 1988). 

In the course of its orbital motion, a dwarf galaxy is disrupted by Galactic tides, whereas 

its dense core is expected to survive and follow w Cen's orbit. While our calculation in a 

fixed Galactic potential neglects dynamical friction against progenitor's orbit, the effect 

is only modest for the system of ;S 108 M。(Zhao2002), especially during a few orbital 
periods required for tidal disruption. We thus examine two representative orbits for the 

progenitor, model 1 and 2: model 1 follows the current orbit of w Cen, whereas for model 2, 

we calculate an orbit back to the past over r,J 2 Gyr from its current position and velocity 

by fully taki'ng into account dynamical friction and then set a progenitor galaxy on its non-

decaying orbit. These two models provide us with satisfactory information on the generic 

properties of a tidally disrupted progenitor and we postulate that the realistic nature of 

their debris is midway between these model predictions. We calculate w Cen's orbit, based 

on the distance3 from the Sun D = 5.3士0.5kpc, position (l,b) = (309°, 15°), proper 

motion (μ0 cos 8, μ6) = (-5.08士0.35,-3.57士0.34)mas yr-1, and heliocentric radial velocity 

Vtos = 232.5士0.7km s―1 (Dinescu, Girard, & van Altena 1999). This orbit for model 1 

is characterized by frequent disk crossings with a period of Torb = 0.8 x 108 yr, retrograde 

motion, and apo and pericentric distances (rapo, Tperi) = (6.4, 1.1) kpc. For model 2, we 

obtain Torb = 1.5 x 108 yr and (rapo,rperi) = (11.3,3.0) kpc. In both experiments, we adopt 

3We estimate this distance, based on the Harris (1996) data and the relation between absolute magnitude 
of cluster horizontal branch and metallicity derived by Carretta, Gratton, & Clemintini {2000). 
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the same progenitor mass Mtot and place it at apocenter to maximize its survival chances4. 

Figure 1 shows the spatial distribution of the tidally disrupted debris. Upper {middle) 

panel shows model 1 (model 2) after the 1.37 {1.86) Gyr orbital excursion of the progenitor 

galaxy. Lower panel shows the orbit of the galaxy center. In the course of the orbital motion 

of the galaxy, its structure is made elongated along the orbit induced by Galactic tides, in 

particular at its pericenter passages, and then the particles are spread out to form the tidal 

streams along the orbit. A rosette-like feature of the debris becomes steady after about eight 

orbital periods. Model 1 results in more compact distribution than model 2, which reflects 

the difference in orbital radii. 

Figure 2 shows the velocity distributions of the debris particles in cylindrical coordinates 

(VR, Vrp'む）． Asis evident, model 1 and 2 provide essentially the same debris kinematics: most 
remarkable is a sharply peaked vq, distribution at "'-100 km s―1, arising from a retrograde 

orbit of a progenitor. These kinematics suggest that the difference in model 1 and 2 resides 

only in the spatial extent of the debris. 

3. ・ EFFECTS OF DEBRIS ON GALACTIC KINEMATICS 

3.1. Method for kinematic analysis 

In order to assess the reality of the debris stars in light of observed stellar kinematics in 

the Milky Way, we analyze the kinematics of both the simulated debris and other Galactic 

stars generated randomly by a Monte Carlo method. The metal-poor halo is modeled as a 

flattened spheroid p cx (R舛z勺＃）ー3・5/2,where q is an axis ratio ranging 0.55-0. 7, anisotropic 
velocity ellipsoid (a凡咋ぶ） ＝（154, 121, 96) km s―1, and small mean rotation〈V¢〉=24
km s―1, as found for halo stars with [Fe/H]< -2 near the Sun (CB). Thin and thick disks 
are modeled asp ex exp(-R/ Rd) sec2(z/ zd), where Rd = 3.5 kpc and zd = 0.3 (1) kpc for thin 

(thick) disk. Both disks rotate at 200 km s―1, having velocity ellipsoids of (34, 25, 20) km s―1 

and (46, 50, 35) km s-1 (or thin and thick disks, respectively (CB). The relative fraction of 

each component is fixed using observed local densities near the Sun, in such a manner ・that 

the halo and thick-disk densities at D < 1 kpc are 0.2 % and 2 % of the thin-disk density, 
respectively (e.g. Yamagata & Yoshii 1992). 

In our model of w Cen's progenitor galaxy, the self-gravitating particles represent both 

4For model 1, this initial mass may be too large as an as-yet-undisrupted galaxy {Zhao 2002), so the 
debris density in model 1 can be overly represented. 
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stars and dark matter. We note that a correct estimate for the fraction of stars is uncertain, 

because their M / L ratio as well as the amount of dark matter in the progenitor is unavailable. 

As a useful method to incorporate this ambiguity for the current kinematic analysis, we set 

a parameter J as the fraction of the debris particles relative to halo stars near the Sun, when 
all of the particles are regarded as stellar ones. By this, the normalization of the halo density 

is obtained for the given debris particles. 

A typical value off for the conversion of the simulated particles to the stars is estimated 

in the following manner. Model 1 (model 2) yields 21 (74) particles at D く 2kpc, giving 

the mass density of p9 = 0.4(1.3) x 10-4 M。pc-3near the Sun, whereas the total mass 
density and metal-poor halo density have been derived as 8 x 10-3 M0 pc―3 (Gates, Gyuk, 

& Turner 1995) and 6.4 x 10-5 M。pc-3(Gould, Flynn, & Bahcall 1998), respectively. 
Then, if the debris stars (with Mstars "'107 M。)aredistributed in the same manner as the 
simulated particles (with Mtot = 5.74 x 108 M。)，whichwould be a reasonable approximation 
in view of the dissipationless nature of stars, the mass density of the debris stars in the solar 

neighborhood can be estimated as (Mstars/Mtot)P9 = O(lo-6) M0 pc―3, which is about 1 % 
of the halo density. Thus, f, defined here as debris fraction at Dく 2kpc, is expected to be 

of order of a few percents. 

3.2. GWN's radial velocity survey 

Recently, GWN reported a spectroscopic survey of rv 2000 F /G stars down to V = 19.5 
mag, in the direction against Galactic rotation (l,b) = {270°,-45°) and {270°,+33°), where 
radial velocities, v,0s, in combination with distances largely reflect orbital angular momen-

tum. The Vfos distribution of the stars a few kpc from the Sun shows two stellar streams at 

Vlos ~100 km S―1 and rv 300 km s-1, which are not explained by known Galactic compo-

nents. While the stream at Vfos rv 100 km s―1 was reproduced by their model of a merging 

satellite in prograde rotation, the stream at Vfos rv 300 km s―1 remains yet unexplained. 

Figure 3a shows the v,0s distribution for the debris stars of model 2 and halo stars of 

q = 0.7 (i.e. without disks) at 1 < D < 5 kpc, 260° < l < 280°, and two fields for b. 
Figure 3b shows when disk stars are incorporated. As is evident, the debris stars from w 

Cen's progenitor form a local peak at Vfos rv 300 km s―1, which is provided by many stars 

having Vtt, rv -100 km s―1. This is in good agreement with the v,0s rv 300 km s―1 stream 

discovered by G¥VN. A more flattened halo than the case q = 0. 7 yields a higher peak, since 
the density contrast of the debris relative to halo is made higher in this survey region. It is 

worth noting that model 1 yields essentially the same vlos distribution as model 2, reflecting 

the same velocity distribution, although to attain the same peak height at rv 300 km s―1, f 
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be a few factor larger and the selected range of l be a few degree higher than the respective 

values in model. 2, because of less number of debris stars near the Sun. This rule applies to 

other considerations below as well. 

3.3. Kinematics at the Nort.hGalactic Pole 

Majewski (1992) suggested that the outer halo at the North Galactic Pole (NGP) shows 

a retrograde rotation〈V¢〉：：ー55km s-1 at z > 4 kpc. Also, K02 reported that their sample 
of horizontal branch stars at 2 < z < 12 kpc shows a retrograde rotation at〈V¢〉：：ー65
km s-1. On the other hand, halo stars near the Sun show no retrograde rotation (CB). 

To investigate the role of the debris stars in this issue, we select those of model 2 and 

randomly generated stars at b > 70° and 2 < D < 5 kpc (resembling K02's selection). Since 
the observational determination of full space velocities involves rather inaccurate information 

of proper motions compared to radial velocities, we convolve the velocity distribution of stars 

with a Gaussian distribution for velocity errors, having 1 a of a typical 30 km s―1 error. The 

resulting velocity distribution shows a non-Gaussian feature owing to the presence of the 

debris stars: the v</J distribution holds an extra peak at rv -100 km s―1 in addition to the 

v</J rv 20 km s―1 peak, where the former amplitude becomes comparable to the latter one 

at f of a few percents, whereas for vn and Vz, the velocity distr:ibutions are made slightly 
asymmetric. However, the change of〈V¢〉bythe inclusion of the debris stars with f = 5 % 
amounts to only-19 (-14) km s-1 for q = 0.55 (0.7), which are still insufficient for explaining 

the reported (v<JJ〉=-．35rv -65 km s―1. Also, if we extend the selection of the stars at higher 
z or instead consider model 1, the changes of〈v¢〉becomesmaller than the above mentioned 
values, because there are no debris stars in our current model. Thus, it is safe to conclude 

that the debris stars contribute only in part to a reported retrograde motion at the NGP. 

3.4. Local halo kinematics and microlensing towards LMC 

We select the nearby debris and halo stars at 6.5 < R < 9.5 kpc, z <. 4 kpc, and D < 4 
kpc（邸 wasdrawn by CB), convolve the velocities with a Gaussian error distribution of 
1 a= 30 km s―1, and compare with the corresponding stars with [Fe/H]~ -2 in BOO. It 
follows that the non-Gaussian feature in velocities is much weaker than that at the NGP: 

the change of (v"'〉forf = 5 % is only -9 (-10) km s―1 in model 1 (model 2). This is due 
to the smaller debris fraction near z = 0 than at high I z 1-

The effects of the debris stars on the microlensing optical depth towards LMC, r, are 
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modest as well. Following the Gould (1999) prescription for T and investigating the debris 

within 10° x 10° centered at LtvIC, we arrive at T ;S 10―1 f, thereby indicating that T provided 
by the debris stars is much smaller than the observed T of 0(10-7). 

4. DISCUSSION 

We have demonstrated that our fiducial models of an orbiting dwarf galaxy that once 

contained w Cen predict a sequence of tidal streams in retrograde rotation and their existence 

is imprinted in kinematics of nearby stars, especially in the direction against Galactic rotation 

(GWN) and at the NGP (K02), while local halo kinematics and microlensing towards LlVIC 

remain unchanged. The streams are mostly distributed inside the solar circle, as suggested 

from the current orbit of w Cen (Dinescu 2002). In contrast to the Sgr dwarf galaxy having 

polar orbit, the orbit of w Cen's progenitor galaxy is largely affected by a non-spherical 

disk potential, where the orbital plane exhibits precession with respect to the Galactic Pole, 

causing self-crossing of tidal streams in the disk. The projection of the orbit perpendicular 

to the disk shows an'X'-like feature, thereby leaving denser streams at high lzl than at low 
lzl for a given radius. This explains the significance of the debris at the NGP compared to 
the solar neighborhood. 

Existing kinematic studies of Galactic stars to search for a signature of w Cen's progen-

itor galaxy are yet confined to nearby stars, where the significance of the debris streams is 

modest, as shown here. Searches of stars inside the solar circle are more encouraging (Fig. 

1), in particular in the directions of l rv 320° and l rv 50°, where we expect the presence of 

high-velocity streams at V1os = 200 rv 300 km s-1 and -400 rv -300 km s―1, respectively. 
Future radial velocity surveys of these fields including the sample of the Sloan Digital Sky 

Survey or planned RAdial Velocity Experiment are worth exploring in this context. Also, 

detailed abundance studies of candidate stream stars will be intriguing, because such stars 

may exhibit different abundance patterns from field halo stars, as found in dwarf galaxies 

(Shetrone, Cote, & Sargent 2001). 

A yet unsettled issue is the origin of a progenitor satellite orbiting inside the solar 

circle, because dynamical friction alone from the present-day smooth Galactic components 

is insufficient for shrinking the orbit if it was born at a large distance (say, rv 50 kpc) from 

Galactic center (Zhao 2002). One of the possibilities to preclude it may be that the merging 

of a satellite occurred while the :Milky Way was still in the process of halo formation via 

hierarchical merging of several subgalactic clumps; successive gravitational interaction among 

clumps may help reducing the orbital angular momentum of a progenitor efficiently. Also, a 

progenitor may have formed in the vicinity of the proto-Galaxy, where the environment of a 
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strong tidal field promotes the formation of a compact ?¥/132-like galaxy (Burkert 1994) and 

its high density affords the survival chances until the epoch of the Galactic disk formation. 

Then, if a progenitor retained gas, growing Galactic tides induce the infall of gas into the 

progenitor center and trigger the formation of a globular cluster there (Bekki & Chiba 2002) 

similar to w Cen. The story is yet speculative but worth pursuing based on sophisticated 

numerical codes for Galaxy formation. 

We are grateful to the anonymous referee for helpful comments. M.C. thanks Kenji 

Bekki and Tim Beers for useful discussions. 
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stars as well for 30° < lbl < 50° with f = 3 % (solid histogram). Dotted histogram denotes the 
case for the metal-poor halo alone. 
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ABSTRACT 

We have performed N-body simulations on final accretion stage of terrestrial 

planets, including the eccentricity and inclination damp~ng effect due to tidal 
interaction with a gas disk and the effect of secular perturbations by Jupiter and 

Saturn. In the final stage, terrestrial planets are formed through coagulation of 

protoplanets of about the size of Mars. They would collide and grow in a decaying 

gas disk. Kominami & Ida {2002, Icarus 157, 43-56) showed that it is plausible 

that Earth-sized, low-eccentricity planets are formed in a mostly depleted gas 

disk. However, four or five small protoplanets remain. In the final stage of 

terrestrial planetary formation, it is likely that Jupiter and Saturn are already 

formed. When Jupiter and Saturn are included, their secular perturbations pump 

up eccentricities of protoplanets and tend to reduce the number of final planets in 

the terrestrial planet regions. We did 10 simulations with time-independent gas 

surface density and 4 sim曲lationswith exponentially decaying gas surface density 
with Jupiter and Saturn. Most of the simulations of time-independent gas model 

resulted in the formation of Earth-sized, low-eccentricity planet. However, 4 or 5 

small protoplanets still tend to remain; the final planets'number is not reduced 

significantly by including the effect of Jupiter and Saturn. Simulations with 

decaying gas model resulted in formation of 2 -3 large mass planets with high 

eccentricities. The result is similar to the gas free cases. 
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1. Introduction 

Numerical simulations predict accre~ion of about twenty Mars-sized protoplanets (f",J 
0.lMm) with almost circular orbits from a planetesimal swarm in terrestrial planet regions 

(Weidenschilling et al. 1997, Kokubo & Ida 1998, 2000). Mutual gravitational interaction 

between the protoplanets {Chamber~ et al. 1996) and/or the effect of the giant planets 
increase the eccentricities of the protoplanets on a time scale of 105 -107 years (Nagasawa et 

al. 2000, Ito & Tanikawa 1999) to cause orbit crossing of the protoplanets. The protoplanets 

start to collide and grow to the size of the Earth and Venus. 

If only the mutual gravitational interaction between the prototplanets are considered, 
the resulting planets have relatively high eccentricities compared to those of Earth and Venus 

(Chambers and Wetherill 1998, Agnor et al. 1999). These high eccentricities are the remnant 

of orbital crossing. Collisional damping is not strong enough to reproduce relatively small 

eccentricities { ~ 0.03) which are comparable to time-averaged eccentricities of Venus and 

Earth. However, it is reasonable to assume that leftover planetesimals and remnant disk gas 

still exist during this stage. Gravitational interactions with the planetesimals and/or the 

disk gas damp the eccentricities (and inclinations). 

Kominami & Ida {2002 ; hereafter refer to as KI02) carried out N-body simulations 

starting from Mars-sized protoplanets including the eccentricity damping due to disk gas 

and showed that if orbit crossing occurs when a gas disk with f",J 10-3 -10-4 times the 

minimum mass model (Hayashi 1981) is left, planets with m f",J Me and e ~ 0.03 are formed. 

Such small amount of gas is enough to damp the eccentricities of the formed Earth-sized 

planets {KI02, Agnor & Ward 2002). 

Although KI02 showed that one or two Earth-sized planets with low eccentricities can 

be reproduced, in most of the simulations, four to five Mars-sized planets remained. The 

averaged number of final planets was l'J 7, which is greater than that of the present terrestrial 

planets in our Solar system, which is 4. Meanwhile, asteroid belt was assumed to be depleted 

in all calculations by gas giant planets in KI02. They gravitationally perturb the asteroidal 

bodies, increase the eccentricities of the bodies and make them eject from the asteroid belt 

region {Chambers & Wetherill 2001, Petit et.al. 2001, Chambers & Cassen 2002). Moreover, 

they consider the stage when disk gas is mostly depleted in KI02. Hence, it is more consistent 

with the reality to assume that Jupiter and Saturn have already been present during the 

final stage of terrestrial planet form~tion. The effect was not included in KI02. 

In this paper, we present the simulations with Jupiter and Saturn. The perturbations 

from the giant planets pump up eccentricities of the protoplanets, which may enhance the 

collisions between the protoplanets, and may result in less number of final planets. We did 

-129-



10 simulations using time-independent gas surface density model and compared the results 

without Jupiter and Saturn (KI02). Four simulations are done using exponentially decaying 

gas surface density model as well. 

In section 2, we explain the calculation method and initial conditions. The simulations 

results are discussed in section 3. Section 4 is summary and discussion. 

2. Calculation Method and Model 

2.1. Orbital Integration 

We integrate orbits with 4th order Hermite scheme (Makino & Aarseth 1992) and hier-

archical individual time step (Makino 1991) as in KI02. The equation we used is 

些＝ GM。こ GM•GMK
dt -—巧一

J 

|巧| |巧ーm|3(ri -m +fGD―〉--lrkl 3 m. 
沖 k k 

(1) 

The first term is the gravity from the sun. The second term is the mutual gravity between 

the protoplanets, the third term expresses the damping of eccentricities and inclinations due 

to the disk, which we will explain in section 2.2, and the last one is an indirect term. La.st 

term was omitted in KI02, since they only dealt with Mars-sizes protoplanets; they did not 

include Jupiter and Saturn. However, since we include Jupiter and Saturn in the present 

paper, the indirect term cannot be neglected. 

When protoplanets collide, perfect accretion is assumed. The physical radius of a pro-

toplanet is determined by its mass Mand internal density PP as 

rp =（上竺)1/3.
41r PP 

(2) 

We adopt 3 gcm-3 as for PP・ 

2.2. Gravitational Gas Drag 

We consider the damping of orbital eccentricities and inclinations due to disk-planet 

interaction, which we call "gravitational drag", as in KI02. Gravitational drag is more 

effective than aerodynamic gas drag for protoplanets larger, than Moon (Ward 1993). We 

assume that Jupiter and Saturn do not interact with the disk because they would form a 

gap in the disk around their orbits wide enough to make the drag force ineffective. 
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Th e gravitational drag force f GD is expressed as 

fGD= -
v―”gas 
Tdamp 

(3) 

(KI02), where v and Vgas are velocities of a protoplanet and the gas respectively. We here 

assume the gas motion is non-inclined circular Keplerian motion. Damping time scale of 

gravitational drag is 

Tdamp{（魯）（と）（こ）情品， (4) 

where E is the surface density of the gas disk,ら issound velocity of disk gas and nkep is 

Keplerian frequency (Ward 1989, 1993, Artymowitz 1993). Supposing the minimum m邸 s

disk model with gas surface density given by Emin = 1700 (r/lAU)-312 gcm-2 (Hayashi 1981), 

M ー1 r ¥ 2 I E 
Tciamp ~ 0.5 X 103 （叫国）（~)-1years. (5) 

In the cases with a decaying gas disk, we assume exponential decay of the gas surface density 

as 

E(t)＝恥exp（土）， (6) 

where Tgas is a constant depletion time scale. As a consequence, damping time scale lengthens 

as 

Tdamp(E(t)） ＝ Td血坪o)exp（土）．

2.3. Initial Conditions 

(i) Distribution of protoplanets 

(7) 

As in KI02, 15 protoplanets are placed in nearly circular and coplanar orbits with orbital 

separation（△a0) that is given by arH, where a a is constant in each simulation, which ranges 
from 6 to 12. rH is mutual Hill radius which is defined as 

2m 1/3 m 1/3 

rH ＝に） r~ 0.007（声） r， (8) 

where m is the mass of the each肛otopla.net. We use equal m邸 sfor each protoplanet, 

m = 0.2Me. The total m邸 sof 15 protoplanets is 3Me. 
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Table I 

Maximum and Minimum Semi-major Axis of the Initial Condition 

△ao(r叫 amin (AU) amax (AU) 
6 0.73 1.37 

7 0.70 1.43 

8 0.66 1.51 ， 0.63 1.59 

10 0.60 1.67 

Table I shows the initial semimajor axes of innermost and outermost protoplanets. The 

ranges of initial radial distributions of the protoplanets are comparable to or slightly smaller 

than the present terrestrial planet region. The initial angular distribution is set to be random. 

In calculations using time-independent gas model, initial e and i are rv 0.01 to skip 

orbitally stable stage, as KI02 did. 

In simulations using decaying disk gas, initial eccentricities and inclinations are about 

10-4. When the disk gas is still abundant, gravitational drag is so strong that eccentricities 

and inclinations are kept in this level. As the disk gas decays, di&tant perturbations between 

the protoplanets and the perturbations from Jupiter and Satutn pump up the eccentricities 

to allow orbit crossing. 

(ii) Distribution of Jupiter and Saturn 

Masses of Jupiter and Saturn are 317.8MEB and 95.2Mm respectively. Their eccentricities, 

inclinations, longitude of perihelion, longitude of ascending node, and longitude are taken 

from planetary orbital elements at the epoch of J2000 (JD 2451545.0) with respect to the 

mean ecliptic and equinox of J2000. Their eccentricities are rv 0.05 and their inclinations 

are rv 0.03. 

3. Results 

3.1. Constant Disk Gas 

We did 10 simulations using time-independent gas surface density model. In order to 

compare the results with KI02, the amount of gas is fixed to Egas = 2.5 x 10-4Emin(Tdarnp = 
10勺ears).As explained in section 2, drag force is neglected for Jupiter and Saturn. The 
initial eccentricities and the inclinations of the protoplanets are ~ 0.01. 

The results are shown in Table II. 
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Table II 

Simulation Results with Jupiter and Saturn with Constant Gas 

with Jupiter and Saturn without Jupiter and Saturn 

Run △ao(rH) nfina1 Mmax(Me) emax nnfingp al Mぶ翌(M叫
G6 6 5 1.2 0.034 4 1.2 

G6* 6 5 1.0 0.016 6 1.2 

G7 7 5 1.0 0.017 4 1.8 

G7* 7 6 1.4 0.027 8 1.2 

G8 8 7 1.0 0.015 7 0.8 

G8* 8 6 1.4 0.017 7 1.4 

G9 ， 7 1.2 0.025 ， 1.0 
G9寧 ， 6 0.8 0.051 6 1.4 

GlO 10 7 0.6 0.021 7 1.4 

G10* 10 6 1.0 0.041 7 1.0 

First column indicates the name of the simulations. The letter G, in the simulation name, indicates 

that these are the runs with giant planets. The number after the letter shows the initial separa-

tion△ao, scaled by Tff. Angular distribution is given randomly and * is for a different angular 
distribution type.咋 isthe number of final planets. Mmax is the largest final planet in each 

run. emax is its time averaged eccentricity, taken after the isolation takes pl~ce. If there are more 
than one largest planets, the average is taken within the same mass. For comparison, the results 

of simulations without Jupiter and Saturn（吋己，Mぷ思） arealso listed. 

The initial conditions of the protoplanets are the same as those of the corresponding runs 

by KI02. Nine out of ten runs resulted in formation of largest planets with Mmax ~ 0.8Me. 

Since there is forced eccentricity due to Jupiter and Saturn, Earth's eccentricity librates 

between r-J 0.01 and r-J 0.06. Thus it is possible for the time averaged eccentricities of the 

planets to be r-J 0.03 -0.04. Most simulations resulted in emax ~ 0.04. Hence, formation of 

Earth-sized, low-eccentricity planets are highly possible. However, too many small planets 

still tend to remain. The average and the variance of final number of planets are 

和final=6.0士0.8. (9) 

Ones without the giant planets are 

吋:i= 6.5士1.6. (10) 

Although the perturbations of Jupiter and Saturn slightly reduce the number of final planets, 

the reduction is not enough for袖finalto be consistent with the present terrestrial planets. 
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Fig. 1.- Orbital evolution of run G6.. Semi emimajor axis, pericenters and apocenters are 

plotted. 
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Typical orbital evolution with Jupiter and Saturn is. shown in Fig.I. This is the result 

of run G6*. Although secular perturbations of Jupiter and Saturn generally prolong orbit 

crossing periods by a factor 2 -3, they do not enhance collisions between distant protoplanets. 

The reasons is as follows. 

Figure 2 shows the forced eccentricity of a test particle in a system with Jupiter and 

Saturn. The forced eccentricity is rv 0.02 -0.04 except at secular resonances, which reduces 

orbitally stable period (Tcross) (Yoshinaga et.al., 1999). However, it is smaller than the 

eccentricities pumped up by close encounters between protoplanets themselves during orbit 

crossing, which are rv 0.1 -0.2. If protoplanets are included, the forced eccentricity is 

modulated. The forced eccentricity at t = I x 106 years of run G6* is shown in Fig.3. The 
solid line represents the forced eccentricity of a test particle. Filled dots are the eccentricities 

of the protoplanets at t = I x 106 yr. Although number of secul numoer 01 secu1ar resonances increases 

the resonant widths are small. Moreover, the time scale for orbital changing is shorter than 

excitation time scales of the resonances. Hence, the secular resonances do not work effectively 

to pump up eccentricities during the orbit crossing periods. Other than the regions of the 

resonances, the forced eccentricity is rv 0.02 -0.04. Hence, in the orbit crossing stages, the 

perturbations due to Jupiter and Saturn do not significantly pump up eccentricities compared 

with close encounters between the protoplanets. Since radial excursions of the protoplanets 

are not enlarged by the inclusion of the giant planets, the number of final planets does not 

decrease. 

3.2. Decaying Disk Gas 

We have also done 4 simulations with Jupiter and Saturn using the decaying gas model. 

The initial conditions, the gas depletion time scale and the results are listed in Table Ill. 

Table III 

Simulation Results with Jupiter and Saturn with Decaying Gas 

Run △ao(rH) Tgas(years) nfina1 Mmax(MEB) emax 

GD8 8 2 X 106 2 1.6 0.11 

GD8* 8 3 X 106 2 1.4 0.21 

GD9 ， 3 X 106 3 1.6 0.21 
GDll 11 1 X 106 2 1.8 0.21 

The results of the simulations using the decaying gas model (indicated by D), with Jupiter and 

Saturn (indicated by G). Notations used are the same as in Table II. 
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Fig. 2.—Forced eccentricity of a test particle in a system of Jupiter and Saturn only. Forced 
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A couple of large planets with large eccentricities (え 0.1)are formed as in gas free cases 
(Chambers & Wetherill 1998). Typical orbital evolution is shown in Fig.4, which is the result 

of run GDll. In all cases, we found repeated orbit crossing periods. Such trend was not 

found in the results without giant planets as in KI02. When the isolation takes place, the 

amount of gas left is very Ii t tle. In this case, E (t :S 5 x 10 7 years):s 10-23玩． Therefore,
there is almost no eccentricity damping force left. Final planets of GDll are shown in Fig.5. 

The masses and eccentricities are too large compared to the terrestrial planets in our solar 

system. 

Inclusion of Jupiter and Saturn shortens the orbitally stable period, Tcross (Ito & Tanikawa, 

1999). We confirmed that Tcross "'-J a few x 105 years. Because Tcross is relatively short even 

after accretion expands orbital separation, orbit crossing periods repeat. In this case, disk 

gas is almost completely depleted before the final orbit crossing period. Hence, the final 

results are similar to the results in gas free cases: A few large planets with too large eccen-

tricities are formed. If eccentricities of Jupiter and Saturn are reduced, Tcross is not shortened 

so much and the results are similar to those without Jupiter and Saturn. 

4. Conclusion and Discussion 

Gravitational drag from disk g邸 lowersthe eccentricities of the planets after they are 

formed (KI02, Agnor & Ward 2002). KI02 confirmed through N-body simulations that 

Earth-sized planets with low eccentricities, which are consistent with Earth and Venus in 

the present Solar system, are formed if a mostly depleted gas disk is considered. KI02 

adopted time-independent gas density in most of their simulations. It is likely that Jupiter 

and Saturn have already formed in・ the orbit crossing stage in such a mostly depleted gas 

disk, although KI02 did not include the giant planets. 

In this paper, we investigate the effect of disk gas and perturbations from Jupiter and 

Saturn on the final accretion stage of terrestrial planets from Mars-sized protoplanets. We 

carried out 10 simulations using the time-independent gas model and 4 simulations using 

the exponentially decaying gas model. Although the perturbations from Jupiter and Saturn 

enhance collisions of the protoplanets, a reduction in the number of final planets is not 

significant. Total number of final planets is "" 6.0 in the c邸 eswith Jupiter and Saturn, 

where邸 itis "" 7.0 if Jupiter and Saturn are not included. Orbital separation of final 

planets (equivalently, number of the final planets) are determined by eccentricities during 

orbit crossing. Magnitude of the eccentricities during orbit crossing is rv 0.1 -0.2. Such 
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high eccentricities are caused by close encounters between the protoplanets. Meanwhile, 

forced eccentricity caused by Jupiter and Saturn is r,J 0.02 -0.04, except for the resonance 

regions. Since the time scale of the orbits to change is short and protoplanets do not remain 

in the resonance region long enough in the orbit crossing stage, the resonances do not work 

effectively. Thus, perturbations from Jupiter and Saturn do not have a large effect during 

the accretion of the protoplanets. 

Simulations of the decaying gas model with Jupiter and Saturn result in formation of 

large mass and large eccentricity planets. This is because of the shortened orbitally stable 

stage by the perturbations. Orbitally stable period is followed by orbital crossing stage. 

Orbital crossing repeats until the planets become isolated even with high eccentricities. By 

the time they are isolated, the amount of gas left is so small that it can not damp the 

eccentricities of the planets. 

The orbit crossing with perturbations from Jupiter and Saturn in a decaying gas disk 

may be realistic. However, our simulation results show that the planets'eccentricities remain 

high in such a case. In order for the eccentricities to be damped, other damping source should 

be present. For example, dynamical friction from the left over planetesimals may be effective. 

Another possibility is that Jupiter and Saturn did not effect the protoplanets'orbital 

evolution. If the eccentricities of Jupiter and Saturn were lower than present ones during the 

orbit crossing, the effect of their secular perturbations is weak and T cross is not shortened. 

On the other hand, if the gas decayed more rapidly in terrestrial planet region than in giant 

planet region, terrestrial planets can be formed before the gas giant planets fully grow. In 

such cases, Earth-sized, low-eccentricity planets are reproduced. However, there remains a 

difficulty that numerous small bodies may be left. 

Orbital evolution of asteroid belt bodies may also have to be considered. Bodies in 

asteroid belt are likely to be strongly perturbed by Jupiter and Saturn (Chambers & Wetherill 

2001, Chambers & Cassen 2002, Petit et.al. 2001). Such bodies can effect the planets in the 

terrestrial planet region. 
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Migration mechanism of proto-Neptune 

Keisuke Takahashi* and Sei-ichiro Watanabe* 

* Department of Earth and Planetary Sciences, Nagoya University 

Abstract: The outer giant planet, Neptune pose a challenge to theories of Solar-System formation. Because 

of the long dynamical timescales and a low primordial density of material, it takes so long time (longer than 

age of the sun) to form such large body. On the other hand, a large number of trans-Neptune objects are 

found to have orbits that are commensurate with the 3:2 mean motion resonance of Neptune's orbit. These fact 

indicates that Neptune migrated outward at its formation stage and KBOs are captured and dragged at that time. 

Neptune need to gain angular momentum to migrate outward, and there are tow possibility of the source, disk 

gas and planetesimals. We assume that the source of angular momentum are planetesimals based on research 

of Ida et al.(2000). Their N-body simulations indicated that Neptune will migrate toward the direction where 

surface density of planetesimals are denser. But they could not determine the direction of migration because 

they neglect the effect of other giant planet. So we investigate the motion of the planetesimals around Proto-

Neptune under Jupiter's gravitational effect using a-hermite integrator, because it determine the exchange of 

angular momentum. As a result, we find that Jupiter's scattering is effective for planetesimals whose angular 

momentum are reduced by interaction with Neptune because their perihelion are close to Jupiter's orbit. They 

are scattered by Jupiter to the region where they will not be able to regain angular momentum from proto-

Neptune, so proto-Neptune migrate toward outward. 

1 Introduction 

In a recent research, more than 170 trans-Neptunian objects have been found. Among them, the semi-major 

axis (a), eccentricity (e), and inclinations (z) of nearly 120 Trans-Neptunian objects have been determined. And 

Nearly 50 objects have a similar orbit that are commensurate with the 3:2 mean-motion resonance of Neptune's 

orbit, but rarely with the 2: 1. On the other hand, Neptune cannot accumulate at present orbit (30.1 AU) in the 

present theory of formation of Solar System. 

There is the model to solve both problems, that is Neptune's outward migration model. This model is like 

that Planetesimals were captured into Neptune's resonant configuration when it migrated outward from its cradle. 

In this model, formation time will be shortened by to form Neptune at inner of the solar system. But, in spite 

of some research try to solve this problems(Femandez & Ip 1984), It is still rested problems how migrated the 

Neptune. 

Ida et al. (2000) suggest the scenario that Neptune migrate by exchange the angular momentum with plan-

etesimals. Their results are that Neptune's migrate by that scenario is possible and direction is determined by 

surface density of planetesimals, migrate toward greater surface density. But they didn't consider the effect of 
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other giant planets and can't determine which direction Neptune migrate toward. So, our purpose is to find the 

mechanism that can determine the direction of the migration using restricted 4-body calculations. 

2 The Model 

Our scenario of the Neptune's migration is based on gravitational interaction with the planetesimals. But a 

p Janet can't yean asymmetry of motion of the planetesimals around planet. So we investigate the situation that two 

planets exist around the central star in keplarian motion. To fit this model to our problems, inner planet is Jupiter, 

outer planet is Neptune, respectively (hereafter we call that). We neglect the effect of gas drag, effect of interaction 

between planetesimals, and effect of other planet's gravity to see Jupiter's effect purely. In our scenario, mass of 

Neptune and orbital elements of Neptune・ (semi-major axis and eccentricity) should be parameters, but we almost 

fix them in this research. We assume that Jupiter has present orbital elements and present mass, and Neptune's 

orbital elements are a= 12AU, e = 0.0, and has present mass. 

2.1 Fundamental equation 

Equation of the motion in the restricted 4-body simulations are given like that. m is the mass, r is the distance 

to planetesimal, 1 is about central star, 2 is about inner planet, 3 is about outer planet, respectively. 

み Gm• 

布＝一こず”
j=l • j 

(1) 

We research the motion of the planetesimals by calculate this equation using alpha hermite integrator (Kokubo 

et al. 1998). 

2.2 Parameters 

Planetesimals in keplarian motion in one plane have a four orbital elements that semi-major axis (a), eccen-

tricity (e), degree of pericenter (w), initial phase. We put 360 planetesimals par 1 degree for initial phase to each 

a,e. To determine the dividing number of initial phase, we need a statistic reference because of restricted 4-body 

simulations behave chaotic for little difference of initial condition. Our reference in this research is the number 

of unstable planetesimals. The ratio of unstable planetesimals never changed for more dividing number. And 

we unificate the initial degree of the perihelion for each planets because of the synodic period of each planets in 

this time is 16.6 year and that is too shorter than the time scale of migration (106-7), effect of initial degree of 

perihelion are smoothing. 

We also fix degree of pericenter of plan~tesimals because it rotate very fast (~ 102year) by the effect of 

planets, there are no affect to several statistic quantities in assumed time scale of migration (106 ~ 10勺ear).

3 Results 

From some calculations, we can understand the aspects of the planetesimal's motion. There is stable region 

between Jupiter and Neptune. Focus to the effects of the Jupiter, there are tow leading effects, supply and remove 
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planetesimals to or from Neptune's encounter zone. In next subsections, we objectify the supplement and removal 

effect by the Jupiter's gravity and show the pattern diagram. 

⇒ :effect of 
Jupiter —:~ffect of 
Neptune 

e
 

． 
region 

stable ． 
region 

゜ a
 Figure 1: Aspects of the Motion of the planetesimals under the gravity of two giant planets in a-e plane 

3.0.1 Supplement effect 

Supplement has a major pattern in our model. Planetesimals are scattered by Jupiter from the inner side of 

the stable region. Angular momentum exchange ratio in such high eccentricity region is less than low eccentricity 

region, but it's difficult to stay low region because of the strong affection of the Neptune. And low eccentricity 

region can't gain the planetesimals by the effect of Jupiter, so higher eccentricity region is important for the 

exchange of the angular momentum. But, suplyed planetesimals also remove same region after experience some 

interaction with Neputne. Remove at same point indicates that total exchange of angular momentum with Neptune 

is almost 0. So, supplement effect by Jupiter can be neglected. 

Additionally, supplement and removal effects in the outer close encounter zone is only by the exchange with 

the inner region. 

3.0.2 removal effect 

By experience some strong interaction with Neputune, planetesimals around moves along Jacobi potensial's 

contour. This line close to Jupiter while eccentricity get higher and higher, consequently Jupiter's effects get 

higher and higher, finally they scattered from encounter zone of Neptune. 

There are two principal patterns, First, delete by Jupiter after excited the eccentricity by Neptune. Second, 

delete by Jupiter after supplied by Jupiter. In first pattern, planetesimals have lost their angular momentum by 
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Figure 2: Typical motion of the planetesimals. Left figure shows supplement by Jupiter, and right one shows 

removed by Jupiter. 

giving to Neptune. And, some of them gain angular momentum from Jupiter and removed from this system. 

Accordingly, angular momentum have moved from Jupiter to Neptune. 

deplete Neptune's angular momentum because removal effect act only for inner branch of the encounter zone. It 

indicate that Neptune migrate outward certainly. 

By the neglecting effect, gravitational interactions between planetesimals(Iike N-body simulations), gas drag, 

And in anyway, planetesimals can't 

planetesimals may supply from the lower region. It may make variation of the velocity of migration,. 

3.1 Velocity of migration 

Inner branch of the encounter zone (especially at high eccentricity region) is affected by both Neptune and 

Jupiter. Removal effect is strong there, and it determine the migration velocity of the Neptune. We calculate the 

removal ratio of planetesimals around Neptune. 
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Figure 3: Contour of removal ratio around Neptune in a-e plane. 

This contour shows that over 15% of planetesimals were sent to high eccentricity region (belting Jupiter~s 

effect) in 104years and removed from encounter zone of Neptune by Jupiter's scattering. These planetesimals are 
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sent to high eccentricity region by Neptune, therefor Neptune exchanges angular momentum with planetesimals. 

To calculate the migration velocity of Neptune, we make tow following assumption. First, all Juipter's scattering 

are occur ate = 0.18, a = 10.5AU. Second, there are rested planetesimals that 20% of Hayashi model (Hayashi 

et al. 1981). By multiplying the ratio of Jupiter's scattering, we ~stimate that Neptune's migration velocity is 

0.02AU/10切ear.But it's a very rough estimation, so we should estimate more strictly in future work. 

4 Summary 

We have investigated the migration mechanism of Neputne using restricted 4-body simulation. If Jupiter ex-

isted inner of the Neptune, pl血etesimalsaround Neptune were avoided return path to encounter zone of Neptune 

by scattering of Jupiter. And by the asymmetry of Jupiter's effect, only inner planetesimals scattered when its 

angular momentum are minimum in that region. This fact indicate that all planetesimals scattered by Jupiter gives 

angular momentum to Neptune, and Neptune will migrate toward outward. But there are many neglecting effect. 

To build up the migration theory of Neptune, we need more calculations. 
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The Evidence of an Early Stellar Encounter and Orbital Evolution 

due to Gas Drag in Edgeworth Kuiper Belt Objects. 

Hiroshi Kobayashi 

1. INTRODUCTION 

Jvlore than 800 objects are -observed in Edgeworth-Kuiper belt (EKB). EKB objects 

(EKBOs) are divided into three dynamical classes: resonant EKBOs, classical EKBOs (CEK-

BOs), and scattered EKBOs (Jewitt & Luu 2000). Figure 1 shows the distribution of ec-

centricities e and inclinations i of EKBOs. Inclinations are scaled in units of radians with 

respect to the ecliptic plane in this paper. The filled circles show the multiple observed 

objects and the dot lines and the dashed lines show the locus of orbits with perihelia q at 

30AU and 35AU, respectively. The resonant EKBOs are in mean motion resonance with 

Neptune. Jvlost of them are in the 3:2 mean motion resonance (~ 39.5AU) with Neptune. 
They are also ca:lled Plutinos, since Pluto are also in the 3:2 resonance. The scattered EK-

BOs have perihelia q of 30-35AU because Neptune located about 30AU greatly scattered 

them (Duncan et al. 1995). The CEKBOs have semimajor axes beyond 42AU and perihelia 

beyond 35A U. 

Although objects with small eccentricity e and semimajor axes a between 36 and 39AU 

are dynamically stable (Duncan et al. 1995), there are few objects observed in this region. 

This may be because of an outward orbital migration of Neptune. The outward orbital 

migration of Neptune. results in the 3:2 resonance passing in the region between 36 and 

39AU and then the objects in the region are thought to be captured by the 3:2 resonance 

(e.g., i¥1alhotra 1993; 1995; Ida et al. 2000). The outward migration of 7AU can pump up e 

up to 0.3, which explains large eccentricities of Plutinos. 

The CEKBOs are dynamically excited, but they cannot be pumped up by present 

planetary perturbations and resonances (e.g., i¥1alhotra et al. 2000; Kuchner et al. 2002). 

Their i are distributed up to 0.6 while their e are srnaller than 0.2 because of the constraint 

on q. In the CEKBOs, there are two inclination-population, i.e., i "" e and i>>e (Brown 

2001). Levison & Stern (2001) suggest that larger objects tend to have large i. The CEKBOs 

are discovered to have a within 50AU. There are some previous studies on the excitation 

of CEKBOs. (a) Petit et al. (1999) proposed that Earth-size protoplanets scattered by 

Neptune would pump up e and i of CEKBOs. (b) According to Thommes et al. (2002), 

a proto-Neptune forms near Jupiter and it is scattered by Jupiter during gas accretion of 

Jupiter. Then, the scattered proto-Neptune pumps up e and i of CEKBOs (Thommes et al. 
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2002). (c) An early stellar encounter is also proposed a..'> a possible mechanism pumping up e 

and i of CEKBOs (Ida et al. 2000 here after ILBOO). (d) The sweeping secular resonances in 

EKB during the depletion of the solar nebula would excite CEKBOs, too (Nagasawa & Ida 
2000). Though they adopt the midplane of nebula disk is set at the ecliptic plane, Nagasawa 

et al. (2002) also show the sweeping secular resonance can purnp up i if the midplane is set 

at the invalid plane of solar system. (e) Gomes (2003) suggests that the outward orbital 

migration of Neptune can form the objects with large i, eえ0.2,and aえ42AU.Neptune 
scatters the objects during its outward migration and orbits of the scattered objects evolve 

due to mean motion, Kozai, secular resonances. They have large i and the objects that is 

originally in EKE have small i. 

All of mecharlisms can pump up e and i. In the rnechanisrns (a), (b), and (c), i are 

pumped up邸 largeas e. They cannot explain the objects with i>>e. In the mechanism 

(d), i can be pumped up much larger than e. In this case, there are few objects with small 

i. In mechanism (e), there are objects with i>>e. However, the objects with large i and 

a 2:: 42AU have e larger than 0.2. It is difficult for each of mechanisms to explain the two 
inclination-population. The depletion of CEKBOs beyond 50A U could be caused by an 

early stellar encounter. A stellar encounter can pump up e and i in outer region. :tvlost of 

observations are near the ecliptic plane. Then, the objects with large i are rarely observed 

ILBOO. In the other mechanisms, the objects beyond 50AU have small e and i. Thus, the 

other mechanisms cannot explain the depletion of EKBOs beyond 50A U. 

In general, stars are born邸 membersof an open cluster. Stellar clusters would evap-

orate on timescales more than 108 years (Kroupa 1995; 1998). This evaporation would be 

caused by gravitational interactions between stars, so that many stars experience gravita-

tional perturbations of the other stars during the evaporation. More than half of T Tauri 

stars have protoplanetary disks (e.g., Beckwith and Sargent 1996), which would eventually 

form planetary systems on timescales 106-109 years (e.g., Safronov 1969; Wetherill 1980; 

Hay邸 hiet al. 1985). Planetary systems would be affected by stellar encounters more or less 

during their formation stage. 

A stellar encounter pumps up e and i of objects in outer region ILBOO. In inner region, 

the gravitational potential of the central star is deep and then the objects are not significantly 

perturbed. A stellar encounter results in a steep incre邸eof e and i with semimajor axes in 

aえ0.3D,where D is a pericenter distance of a p邸singstar. In outer region, the relative 
velocity between objects are large after a stellar encounter. The collision between the objects 

are destructive. As a result, collisions between objects lead to growth in inner region. In outer 

region, collisions arc destructive and planet formation is inhibited. Then, the collisions lead 

to dust production (formation of dust-debris disk) and the remaining large objects become 
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CKBOs. 

The depletion CEKBO beyond 50AU can be explained only by an early stellar encounter, 

because a stellar encounter lead to a steep increase in e and i with semimajor axes. Though 

a stellar encounter can pump up e and i larger than 0.1, it is not clarified whether it can 

explain the two inclination-populations or not. After strong excitation by a stellar encounter, 

most of the excited objects have i as large as e. Such objects are dynamically unstable, 

because their perihelia are close to Neptune's orbit (e.g., Duncan et al. 1995). After an 

early stellar encounter, however, the orbits of CKBOs can evolve due to some effects, such 

as hydrodynamical gas drag and ・collision. In the previous studies on the CEKBOs, the gas 

drag effects were examined. At the first step, we investigate the orbital evolution of EKBOs 

due to hydrodynarnical gas drag. We also examine the possibility that the gas drag changes 

the objects with i rv e into the objects with i>>e. 

Adachi et al. (1976 hereafter AHN) examined the damping rate of e, i, and a due to gas 

drag in the case of small e and i. Though the results by AHN is not valid for dynamically 

excited CEKBOs, we roughly estiinate the gas drag effect on the EKBOs by the use of-their 

results. When we consider the minimurn-rnass solar nebula model, according to AHN, the 

damping time of e and i is roughly given by 

士＝立．3x108信）―1(面丘サ（詞）7/4（鸞C0位）ー1yr. (1) 

where d and u(40AU) are the radius of a object and surface density of nebula disk at 40AU, 

respectively. It is longer than the nebula life time that is rv 107 years. The surface density 

at 40AU can be higher and then gas drag is effective. In the case of the minimum-mass 

solar nebula model, u is in proportion to r-1.s. The 1nodel of accretion disks is recently that 

u ex r-1 and this power-law exponent is consistent with observation rather than that of the 

minimum-mass solar nebula. Adapting the surface density at lAU of the minimum-mass 

solar nebula model, the damping time in EKB is 107 yr in the case of u ex r-1. It follows 

that the gas drag significantly damps e and i in the disk model. The estimation by AHN 

is not valid if e and i are large. The orbital evolution of objects with large e and i need be 

investigate in detail. 

In this paper, we investigate the orbital evolution of a object after a stellar encounter. 

due to gas drag while AHN examined the case of small e and i. Especially as for i, they 

assumed that i << H / a<<1, where His the scale height of nebula disk (see Eq. 8). Inaba et 
al. (2000) modified the formulae by AHN in the case of small e and i. We analytically derive 

the changes in a, e, and i due to gas drag in two cases of large eccentricities and inclinations. 

We will see that the gas drag effect is stronger than the estimation by AHN in the case 

of large e. If vertical altitudes in orbits, ia, are larger the disk scale height, the damping 
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due to gas drag would be weak. We will show that the gas drag effect is stronger than the 

estimation by AHN, in the case of large e and i. We also construct a simple interpolation 

forrnulae, using the analytical results in these three limited cases. Using these interpolation 

formulae, we investigate the orbital evolution of objects with large e and i in outer region. 

We discuss gas drag can form two inclination-population. 

In §2, we invsetigate the effect of a stellar enounter on a planetesimal disk. In §3, we 

derive analytical expressions of changes in a, e, and i due to gas drag in lirniting cases. We 

construct the interpolation formulae. Using the interpolation formulae, we investigate the 

orbital evolution of objects beyond 42AU in §4. We also investigate the orbital evolution, 

starting from the distribution of objects after a stellar encounter in §5. Finally, we conclude 

and discuss our findings in §6. 

2. DYNAMICS OF A STELLAR ENCOUNTER 

2.1. CALCULATION MODEL AND BASIC EQUATION 

We rnodel a planetesimal disk as non-self-gravitating, collisionless particles that initially 

have coplanar circular orbits around a primary (host) star, because two-body relaxation time 

and mean collision tin1e between planetesimals are much longer than an effective encounter 

time scale that is comparable to Kepler time scale at pericenter distance (D) of the encounter 

(for exarnple, it is rv 103 years for D rv IOOAU). We also neglect hydrodynarnical gas drag, 

because the damping time due to the drag[~ 10た108(d/100km)yr at 40AU) is longer than 
the effective encounter time rv 103 years for sized> 10cm at 40AU; we are considering plan-

etesimals with the sizes of EKBOs (100km). The particulate disk encounters a hypothetical 

passing star. Note that the gravitational relaxation, collision and the drag can be important 

when we consider planet formation on a longer time scale after the stellar passing. We will 

investigate the effect of gas drag after a stellar encounter in long time 5. The equation of 

rr1otion of a planetesirr1al in the heliocentric frame (the frame with the prirr1ary star at center) 

is 
d2rj GMl GM2 GM2 
戸＝―冗雨rj+|R-rj |3(R-rj) -mR,  (2) 

where lv/1 and M2 are masses of the primary and the passing stars, ri and Rare position 

vectors of the planetesimal j and the passing star. The first term in the r. h. s. is force to 

produce Kepler motion around the primary star, and the second and third terms are direct 

and indirect perturbing forces of the passing star. 

We scale length by pericenter distance D of the stellar encounter, rnass by the prirnary 

-152-



． 
0.8 

~ 0.6' 
→一』

.-_-
―
 _
 _
 
-
一
―_-一・L'
 

こ

AA.
”

9

 

-．
9

●
 

9
,

．,". 
-o
●
,
.
 

”,9 .；, 
•• 

ノ

、ヽ

●
●

• ●
‘
、
9．
 

一

゜
一

．
 

．．
 ．
 

•
『
·
'
，—

⇔

”

●

’

 ょ
'＇ ．
 

”
-
』
-

•• 
．
 

じ
｀
 

”ぞ’• 

―

―

―

”
―

ー

4

2

0

 

0

0
 

」

l
u
a
3
3
a

＃ 

゜

． 
0.6 
．
 
．
 
．
 4

2

 

0

0

 

U
O
!
l
B
U
!
l
:
J
U
 

ー． 
． ．
 

．
 
．
 `

 

．
 

ヽ

＂ヽ

．
 

•0 

．．．．．． 

．
 

．．
 
．． 
．．．． 
ャ

4ゞ
．．． 

••S 
．
 
．
 

•
9

●
ヽ

．
 

．
 
鴫．．
 

゜． 

．
 

40 

゜0.8 ． ． 
．． 
0.4ト
． ． ． ．． ． ． ． ．．． ．`．． 
一`

． ． 
4 "・・
． 

50gザ・` 100

sem1ma1or axis 

． 

．．
 

．． ． 

．．
 ． 

150 

Fig. 1.— In left side panels, e (top) and i (bottom) of the classical objects and the resonant 
objects as a function of a. In right side panels, e (top) and i (bottom) of scattered objects 

as a function of a. The locus of orbits with q at 30AU (dot lines) and 35AU (dushed lines) 

are also plotted in top panels. 
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star mass M1, and time by叫心 wherenkep is Keplerian frequency at a = 
~- Equation (2) is then transformed to 

布 j ら 払（も一 R) M直
dt2 = -iち|3 1 む— h|3 | R |3 

D given by 

(3) 

where M* = M2/Ai/1，も＝ ri / D, R = R/ D, and t = nkept. Thus the parameters of 
encounters are inclination（し） relativeto the initial planetesimal disk, eccentricity (e*), and 
argu1nent of perihelion (w*) of orbit of the passing star, and the scaled passing star mass 

(Ai/*). The encounter geometry is illustrated in Fig. 3. We calculate changes in e and i of 

the planetesimals according to Eq. (2) or (3) with various encounter parameters, through 

orbital integration and analytical estimation. 

2.2. NUMERICAL SIMULATION OF A STELLAR ENCOUNTER 

Regarding the method of numerical integration of a stellar encounter, we follow ILBOO. 

We integrated orbits of 10,000-100,000 particles with surface number density ns ex: a-312. 

The particles are distributed in the region a/ D = 0.05-0.8. Since we neglect mutual gravity 
and collisions of planetesimals, the particular choice of a-dependence of n8 and outer and 

inner edges of the disk does not affect the results. The orbits of planetesimals are initially 

circle and not inclined. We integrated Eq. (3), using a fourth order predictor-corrector 

scheme. 1vluch more variations of encounter geometry, encounter velocity, and passing star 

mass were examined than ILBOO did. 

Figures 4 show time evolution of e (left panels) and i (middle panels) and corresponding 

face—on snapshots (right panels) in the case withら＝ 1(parabolic orbit)，ら＝ 30°，叫＝oo'
and M. = 1. The (a) top, (b) middle and (c) bottom panels show snapshots at l = -1.33, 0 
and 1.33. The resultant e and i of planetesimals are mostly acquired when the passing star 

is near the pericenter. 

The pumped-up e and i are shown in Fig. 2.2, as a function of the scaled initial semimajor 

axis a/ D, in the case withに＝ 5° and叫＝90°.(M.,ら） ＝ （1,1), (0.2,1) and (1,5) in Figs. 

2.2a, 2.2b and 2.2c, respectively. In all cases, we find three characteristic regions of pumped-

up e and i. In the inner region at a/ D乏0.1-0.3,e and i are in proportion to (a/ D)512 and 
(a/ D)312, respectively. In the outer region at a/ Dえ0.1-0.3,e and i have steeper a-gradient 
and divergence due to initial mean anomaly of planetesimals. In the outermost region, e 

of rnany planetesimals, is greater than 1, that is, the particles are ejected from the system. 

ILBOO also found these features. We find that e ex: (a/ D)512 and i ex: (a/ D)312 always hold. 

Kobayashi & Ida (2001) analytically derive pumped-up e and i. Especiallyら＝ 1,the 
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formulae is given as 

e ~ 15TM* （竺§
32ふ后瓦 D)

x [cos二 (1-~ sin2 i.) 2 + sin2叫 cos2i.(1―芍sin2i.) 2] ½, (4) 

31r M* I a¥ J 
t ~ □ェ（万） lsin2に1. (5) 

Note that the dashed lines with triangles are the analytical formulae in inner region. Figures 

2.2 show larger M* and/or smaller e* produce larger e and i. The agreement between 

the numerical and analytical results imply that e and i are scaled by M* /.JM:"訂． The
dependence one* is a more corr1plicated form (Kobayashi & Ida 2001, in Appendix) 

Figures 6 show the dependence ofら， inthe case with叫＝1r/2,e* = 1 and M* = 1. We 

set i* as 1r/6 (Fig. 6a), 1r/4 (Fig. 6b), 1r/3 (Fig. 6c), 1r/2 (Fig. 6d) and 51r/6 (Fig. 6e). An 

encounter with O sら＜ 1r/2 is a prograde encounter relative to rotation of the planetesimal 

disk and one with 1r /2 s i*s 1r is retrograde. A prograde encounter lead to a steep increase 

in e and i with a/Din outer region (a/ Dえ0.3).The pumped-up i is larger than 0.6 (largest 
inclination of EKBOs). In the outer regions, pumped-up e and i depend not only on initial 

radial position but also on azimuthal position of planetesimals. Inclinations are distributed 

widely with same a. Iviost of objects with・ larger i have e larger than 0.2. Thus, they are 

dynamically unstable for q < 35A U and they cannot be CEKBOs. The prograde encounter 
with D = 100-150AU can pump up i as large as 0.6. Retrograde encounters and a encounter 

with広＝1r/2 lead to ~ess steep a/ D-gradient than that in prograde encounters in the outer 
region (a/ Dえ0.2-0.3).In this case, encounters pump up i lower. Thus, the close encounters 
with D ;S 60AU need to pump up i as large as 0.6 in EKB and there are few planetesimals 
with low i. 

Figure 7 shows e and i of planetesimals in the region of classical EKB (a =42-48A U, 

q > 35AU). In the case of small D, the excitation of a stellar encounter is large in the region, 
because the region between 42-48AU coincide with the outer region where e and i steeply 

increa.c;;e with semimajor axes. The pumped-up i are up to 0.6 with D = 100-120AU (see 

Figs. 7a and 7b). The close encounter with 100-120AU can pump up i as large as largest 

i of CEKBOs, but there are few objects with small i and small e. On the other hand, the 

encounters with large D pump up i as large as 0.1 (see Figs. 7c and 7d). The distribution 

of e and i is narrow in the region of EKB with large D, since pumped-up e and i are almost 

dependent on radial position only in inner region. 

In the outer and outermost regions, pumped-up e and i depend not only on initial radial 
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Fig. 5.— '(a)Orbital eccentricity e and inclination i of particles pumped-up by a p邸 singstar, 
邸 afunction of initial scaled scmimajor axis a/ D, in the case with i* = 5°，叫＝goo，ら＝ 1 
and M* = 1. (b)The results with e* = 1 and J¥;f. = 0.2（し and凸 arethe same). (c)The 

result with e* = 5 and M* = 1. Dashed lines with triangles express a叫 yticalexpression 

given by Eqs. (4) and (5). The d邸 hedlines (in particular, for i) are almost indistinguishable 

from the numerical results in the inner region. 
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Fig. 6.— Orbital eccentricities e and inclinations i of particles pumped-up by a passing star, 
邸 afunction of scaled semimajor axis a/ D, in the case with凸＝ 90°,e* = 1 and M* = 1. 
Orbital inclination of the p邸 singstar is (a) 1r/6, (b) 1r/4, (c) 1r/3, (d) 1r/2 and (e) 51r/6. 
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position but also on azimuthal position of planetesimals. In the case of a prograde encounter, 

particles in the near side of the disk at pericenter passage are affected by resonances while 

ones in the far side are hardly affected. In these region, Keplerian angular velocity of plan-

etesimals is not large enough compared with the angular velocity of the passing star, so that 

such asymmetry remains. In the case of a retrograde encounter, only far-side planetesimals 

are affected. Note that particles with very small e and i exist at resonant points depending 

on the azimuthal position, which might be able start runaway accretion. 

A stellar encounter can cause disk truncation. Many particle are unbound (e ~ 1) at 

a/ D ~ 0.3 after the prograde encounter, in the case with M. = 1,ら＝ 1(Fig. 4c). Some 

particles are captured by the passing star during a prograde encounter. Their eccentricities 

are usually close to unity in the frame in which the passing star is at center. (If the passing 

star also has a planetesimal disk, some planetesimals are captured by the primary star.) 

Note that exact amount of the disk truncation and the capture depends on the radius of 

outer edge of the disk relative to D. Such strong encounters would have the depletion of 

CEKBOs beyond 50AU. A stellar encounter results in dividing into three region: the planet 

formation region, the region of EKB, and the truncation region, that is, in the inner region 

(small e and i), outer region (e and iえ0.1),and outermost region (e rv 1). It is not clear 
whether the planetesimals excited by a stellar encounter can become CEKBOs or not. We 

need to investigate the orbit evolution of planetesirnals in long time after a stellar encounter. 

In next section, we investigate the orbital evolution of objects (planetesimals) with large e 

and i due to gas drag. 

3. CHANGES IN ORBITAL ELEMENTS DUE TO GAS DRAG 

3.1. NEBULA DISK MODEL AND GAS DRAG LAW 

First, we describe the nebula disk model we adopt. We consider a passive nebula disk 

rotating around a central star with rnass M. We assume that the nebula disk is axisymmetric. 
and in a steady state. To describe the disk, we use a cylindrical coordinate system (r, 0, z). 

The central star is located at the origin of the coordinate system, the z axis is chosen to 

coincide with the rotation axis of the disk. In this coordinate system, the gas velocity v g四 9

has only the 0-cornponent. That is, Vg邸＝ （O,rng邸，0),where ngas is the angular velocity of 

the gas. The angular velocity ngas and the gaseous density of the nebular disk p, is described 

by Euler's equation 
l_ _ I GM 叫•▽)vgas= ―↑▽p ―▽(-りす「ヲ）， (6) 
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where G and P are the gravitational constant and the gas pressure, respectively. We further 

assume that the disk is geometrically thin and vertically isothermal. Thus we adopt the 

isothermal equation of state, p = c2p, where c is the isotherrnal sound speed. Under these 

assumptions, we obtain the gas density p from the z-component of Eq. (6) (Hayashi et al. 

1985), as 

p＝向exp（羞）， (7) 

where a(r)(= J~00 pdz) is the surface density of the nebula disk; the disk scale height His 
given by 

H = v'2c/OK; (8) 

and nK = (GM/r3)112 is Keplerian angular velocity. For the simplicity, the r-dependences 

of a and care邸 sumed邸 0(Xr-0,c(X T―見 respectively.In the minimum-m邸ssolar nebula 
model, for example, the surface density and the isothermal sound velocity is given by 

U = 1.7 X面（痴）―3/2[g cm―3l, (9) 

r ¥ -1/4 
C = 9.9 X 104(― 1AU) [cms―1l. (10) 

At 40A U, a is 6. 7 g cm-3. In the case of a = 1, a is 43 g cm-3. The angular velocity n炉

is obtained from the r-component of Eq. (6) as (e.g., Tanaka et al. 2002) 

Ogas = OK [ 1 -~ (a +/3 ＋｝)誓—昇］， (11) 

In the derivation of Eq. (11), the terms of O(zツ礼） andthe higher are neglected. This 
neglection is valid even for investigation of the gas drag effect on highly inclined orbits since 

it is not necessary to consider the gas drag (and the nebula gas) at a high altitude such as 

z ≫ H because of a low gas density. We consider the objects of which size is larger than 10 
km-size. The gas drag force per unit mass can be written as (AHN) 

~=Apl u I uゎ (12) 

with A=  C研 cP/2m, where d and mare the radius and the mass of the object. The relative 
velocity between a object and gas, u, is given by u = v -v gas, where v is the velocity 

of the body. In general, the non-dimensional drag coefficient, C0, is dependent on :tvlach 

number Ma= u/c and Reynolds number Re= 2pud/μ, whereμ is viscosity (AHN). In the 

case with dえ10kmand a of 40AU, Co is from 1 to 2. Co is 2 in the limit of Ma>>1. 
In the case with d ;S 10km and a of 40AU, Co is dependent on u (Stokes law). In this 
paper, we consider the orbital evolution of CEKBOs whose sizes are generally 100km and 
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Co is independent of u. Since the relative velocity ui roughly given by (e + i)収， wecan 

estimate Mach number as Ma r-.J (e + i)vK/c. ¥Vhen e or i is greater than 0.1 at 40AU, 

Ma is larger than 1. Then, according to AHN, the value of Co is C0 ~ 2. In §4, we 

took Co as 2. Using Eqs. (7), (11), and (12), we can evaluate the drag force on the object 

by the nebula disk. The ratio of this gas drag force and gravity force of central star is 

2 x 10-6C0(a/40AU)(p/10ー14gcm -3)(d/10km)一1[(e+ i)/0.1]2. The gas drag force is much 

smaller than the gravity force, and the time scale of change in orbital elements caused by 

gas drag force is much longer than Kepler time. 

3.2. GENERAL EXPRESSIONS FOR THE CHANGE IN a, e AND i 

We examine the time variations of a, e, i, and the argument of perihelion w of a object 

due to the gas drag force. These time variations are described by using Gauss's equations 

(e.g., Brouwer and Clemence 1961): 

da 2 (FR ae i / F,t,む 1-e2)- =— sn + 
dt na yl -e2 R'  

(13) 

de vl-e2 [Fn e+cosf ] (14) ＝ sin f + F <I> (cos f + 11 f .r), 
dt na + ecos 

di 1 R 
dt ＝ nayl -e2 F<~ -.: a cos(f + w), (15) 

竺＝戸[-恥osf + Fq, sin/~ + eF,~ sin(!+ w)], (16) 
dt ena 1 + ecosf 1 + ecosf l 

where f and n are the true anomaly and the mean motion, and (R, </>, () is the cylindrical 
coordinate system of which the R-</> plane is the orbital plane of the object. The gas velocity 
in this coordinate, 

Vgas,R 

Vgas,cp 

- 0, 

cosi 
- rOgas(r, z)—, 

X 

Vgas,{ = -rOgas(r, z) 
cos(f + w) sin i 

X '  

where x = (1-sin2(/ + w) sin2i]112 = r/R. 
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Using Eq. (12) and the velocities of gas and a object, we can rewrite Eqs. (13)-(16) &13 

da 2a 3/ 
dt 
= -Apu~ [1 + 2ecosf + e2 -(1 + ecosf) 2Kcosi], (20) 

1-e 

de 
-A四 [2cos/+ 2e -

2 cos / + e + e cos勺
1,,cosi], (21) 

dt (1 + e COS /)1/2 

di cos2(/ + w) 
(22) dt = -Apu （り(f)1/2K,Sl．ll i ． ' 1-e 1 + ecos 

dw 1 esin2(f +w)-2sinf(2 + ecosf) ． 
瓦 =-Apui[2sinf + ~戸孟了 11: cos i], (23) 

where p, K, and u are given by 

p = Po(a)(~) —a+f3-iexp (-＆（l-e叩sirl2(W+f) sirl2 i 
1 + ecosf 2炉(1+ ecosw)2), 

氏＝
Qgas 

飯 x3/2,

u = lul 
収 (a) 2 

戸
[1 + 2ecosf + e 

-2(1 + e cos !)312"'cos i + (1 + e cos f)"-2x2]112. 

(24) 

(25) 

(26) 

When e is large, the change in the perihelion distance q due to gas drag can be large. 

We can obtain the change in q in form of Eq. (20) and (21), 

dq 1-cosJ 1 + 2cosf + ecos2 J.  
亙 =-Apuq[21+eー氏 cosi]. (27) 

We consider the changes in a, e, i, w, and q averaged over one orbital period. The 

averaged changes are defined as 

に〉二J牧竺dt=上J口 (1-e2)3/2
dt/ TK。dt 21r。dt(1 + ecos/)2 df. (28) 

We also take time-averaging in e, i and w in same method. Since the gas drag, force being 

much smaller than gravity force of the central star for the object with dえ10km,we can 
assume that a, e, i and w is almost constant in one orbital period. Then, in the RHSs of 

Eqs. (20)-(23) and (27), only the true anomaly f is dependent on tat the averaging. 
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Using Eqs. (20)-(22), AHN derived the averaged changes in a, e and i, in the case with 

e <<1 and i<<H / a. They considered that ngas = nK (1 -77) and neglected the dependence 
of z so that 77 depends a only. Inaba et al. (2000) modified their results in the form 

aT。〈盃da〉＝ー2{ [(0.97e)2 + (0.64i)2 + 1]町11211+ [0.16(a -/3) + 0.59]砂｝，
？〈皇〉＝ー[(0.77e)2+ (0.64が＋（l.5TJ)2]1/2, 
？〈塁〉＝―；｛[0.77e(l-0.16cos2w)]2 + (0.85i)2 +が｝1/2,

where To and rJ are defined as 

To -
1 

ApvK 

T/ = ~ (a+/3十り（名）2

(29) 

{30) 

(31) 

(32) 

(33) 

In the case with small e and i, the damping timescale due to gas drag is expressed as 

加 k/u~d/na～も／e"'i/i. The term of e3 in Eq. (29) is neglected in this estimate. In 
the case with large e, da/dt is much larger than the estimate (see §4). We can estimate the 

damping timescale due to gas drag, using r0. In the minimum mass solar nebula model, for 

example, r0 is given by: 

To立 X107位）ー1(100dkm)（辛）13/4(;ご-3)に:4goc図）―1yr. (34) 
In this case, the damping timescale for e r..., i r..., 0.1, that is u r..., O.lvK, is r..., 108 years and 

much longer than nebula life time (r..., 107 years). We also consider the nebula of which a is 

1 and surface density at lAU is same as the minimum-mass solar nebula. In this case, 7i。
is given by 4 x 106 years for object with 100km at 40AU. In this c.ase, the damping time is 

comparable to the nebula life time for the object with e, i r..., 0.1. 

Equations (29)-(31) are valid for small e and i. If i of a object is large enough, the 

object goes at a high altitude where the gas density is extrernely low. AHN do not consider 

this effect. In present study, we derive analytical expressions of the changes in the cases 

that e is large and that i is large. We will further rnake the interpolation formulae from the 

analytical results. 
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3.3. CASE OF LARGE ECCENTRICITY AND SMALL INCLINATION 

Here we consider the case that e is alrnost equal to unity and i is much smaller than 

unity. Expanding Eqs. {20)-(23) with respect to (1 -e2), and keeping only the lowest order 

terms of {l -e2), we can rewrite Eqs. (20)-(23) as 

-dda t ＝ --Ta o （1 -＃）-a+/3-3¥Jl(f), 

d';,-de t = _.:_T1 o (1 -e2)-a+/J-2¥Jf(f), 

ddi t = --Ti o (1 -e2)-a+9-2[i》1(/) + 4>2(/) cos 2w + 4>a(/) sin 2w], 

dw 1 

dt 
= --(l _ e2)-a+f3-2向(/)sin 2w十釦(f,w)], 
To 

where 

叩）＝ 2(1+ cos /)a-/3+3(2 -yl + cos f)ふ— 2yl+cos/, 

剣(/) = ~ 1 (1 + COS /)a-/3+3/2ふ— 2../l+cos/,

妬(J) = ~1 {1 + cos J)"'-/3+3/2ふ— 2./1 +cosfcos2J, 

妬(f) = ~1 (l+cosf)"-/J+3/2{a-2J1+cosfsin2f, 

却）＝~1 (1 + cos na-/3+2 V3 -2v'1 + cos/ cos 2/, 
e2(f,W) ＝ （1 +cosf)a-9+5/2仇ー2Jl+ cos/ 

x [2sin/ + sin 2/ cos2w -2sin/(2 + cos/)]. 
2✓1 + cos/ 

{35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

In Eqs. (35)-(38), we neglected the terms of 0（i2) and the higher. The changes in a, e, and i 
caused by the large e are much larger than the difference between the nebula gas velocity and 

Keplarian velocity, we can consider that Ygas is equal to VK, To take the orbital average on 

Eqs. (35)-(38), we only have to integrate functions dependent on f over the orbital period. 

That is, 

信〉＝一~(l _ e2)-a+/i-3/21J1, (45) 

-166-



信〉 ＝ 一上To(1-e2)―o+/3-1/2並

にdt〉＝一~To(l _ ee2)) -<>+/J-1/2（O―! ＋如―sin知），

信〉＝一LTo(1 —&）―Q十/3-1/2的in2w,

where 

屯 ＝ —1 [゚加" w(/)(1 + cosf)-2df, 
21r 

る1=-1J,゚2.-剣(/)(l+cos/)―2d/,
27r 

<I>2 = -/;2-,r「。％（/)(l+cos/)―2d/, 

e~ l =云1j,゚2,r eI(I)（1 +cosf)-2df・ 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 

As 4>3 and 82 are odd function on f, their integrations disappear. These並気，如 and61 
can be expressed as functions of a -/3，by the use of the Gamma and Hypermetric functions. 
However, since these expressions are very complex, we only show them as a function of a -/3 

in Fig. 8. In the minimum-mass solar nebular model, a -/3is 5 / 4 and, then, ¥JI = 4.94, 
気＝ 2.24，如＝ー0.49,and 8 = -0.40. 

==-
9
6令

e・一
卜ヽ

―---------------

9.S 2 2S S as 
a• fJ 

Fig. 8.— \JI (solid line)，4>1 (dashed line line),如（shortdashed line), 81 (dot and dashed 
line), and 3 (dot line) as functions of a -/3． 
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In order to evaluate the change in q, using Eqs. (45) and (46) are not valid. We remain 

the higher order of (1 -e2) than Eqs. (45) and (46), and obtain 

信〉＝土(1_ e2)-o+/3-l/2己， (53) 

where 

已＝l"(1 + cosf)0-fl[1 -cosf -(1 + cos!)312J✓3 -2(1 + cosf)df. 
゜

(54) 

The function己arealso shown in Fig. 8. In the rninirnum-mass solar nebular model,己is
-2.6 and q increases due to gas drag in the case with large e. 

Figures 9 show the changes in a, e, and i, as functions of e/(1 -e2), in the case of 

i = 0.01. The filled circles, the short dashed lines, and the dashed line show the result of the 
numerical orbital integration, Eqs. (29)-(31), and Eqs. (45)-(47), respectively. In the case 

of small e, Eqs. (29)-(31) are agrees with the numerical integral. In the case that e is very 

close to unity, that is, 1 -e2<<1, Eqs. (45)-(47) are consistent with the numerical result, 

and we can derive the excellent equations for changes in a, e, and i, in the case with large e 

and small i. 

3.4. CASE OF LARGE INCLINATION 

Next, we consider highly inclined orbits where a sin i is much larger than H. Object 

with such a large inclination penetrates the nebula disk twice per an orbital period, i.e., at 

the ascending and the descending nodes. We only have to examine the gas drag effect at 

the penetrations. We first examine the penetration at the ascending node (/ ~ w) in this 

case, Since, on highly inclined orbits, the duration of a penetration is much shorter than the 

orbital period, the only density pis dependent on time during a penetration in the RHSs of 

Eqs. (20)-(23). Expanding p with / + w and putting/ = -w in other factors in R.HSs of 
Eqs. (20)-(23)~ we have 

da 2af―/3+5/2 (a2(1 ~ e叩(f+ w)2 sin2 i) 
(55) 

dt 
I(w) e xp,  

To(l —沙）3/2 印(1+ e cosw)2 

de 戸＋5/2 (a2(1 -e叩(J+ w)2 sin2 i) 
(56) ＝ 布yl-e2J(w)exp - 印 (1+ e cosw)2' dt 

di 戸＋5/2sin i (a2(1 -e叩(f+ w)2 sin2 i) 
(57) ＝ ro(l -e2)3/2 K(w)exp 印 (1+ e cos w) 2'  dt 
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dw-dt 

戸＋~L(w)exp(-~叩(I+ w)%in勺
To(1 -e2)1/2 印 (1+ ecosw)2), 

(58) 

where 

I(w) = f―0+1u[l + 2ecosw + e2 -(1 + ecosw)312 cosi], (59) 

「→[2(e+ cosw) -(cosw + tosw + e) vl + ecosw cosi], J(w) (60) 
+ ecosw 

= r --a+2il-yl + e cosw, K(w) (61) 

[c cosw+e ] L(w) = r―a:+lu oswsinw + vl + ecosw(vl + ecosw -cosi)' (62) 
1 + ecosw 

and 

～ r -
1-e2 

1 + ecosw' 
(63) 

il = ✓2 + 3ecosw + e2 -2(1 + ecosw)312cosi. (64) 

In the above, we also assumed that v gas = VK, since the difference, v gas一VK,is negligible 
compared with the large relative velocity u in this case. In order to obtain the averaged 

changing rate of the orbital elements from Eqs. (55)-(58), we only have to integrate the 

exponential functions with respect to f. The integration at the penetration at the ascending 
node yields: 

f―U+7r/2exp (-＆（1 -e叩(f+ w)2sin勺＿u-7r／2 印~)df (65) 

~ J-OOOOexp(-a町~)d(f+w) (66) 

H(l + ecosw)沼
＝ 
a (1 -e2) sin i ・ 

(67) 
-e Slnt 

On the other hand, as for the changes at penetration at the descending node, we can obtain 

them, by replacing w by w + 1r in (55)-(58). Summing up the changes at two penetrations, 
we finally obtain the averaged change as 

信〉―

信〉ー

a H。
To ✓西（1-e叩 sini 

(J(w) + I(w + 1r)], 

1 H。
ro ~a(l-eりsini 

[J(w) + J(w + 1r)], 

(68) 

(69) 
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where 

〈塁〉ー

信〉―

信〉―

1 H。
元⑰a(1-e叩

[K(w) + K(w + 1r)], 

1 H。
To...foa(l -eりsini 

[L(w) + L(w + 1r)], 

q H。
布 y'ia{l-e2)sin i 

[N(w) + N(w + 1r)], 

l(w) 
N(w) = ~ -J(w) 
l+e 

(70) 

(71) 

(72) 

(73) 

andH=R。(a/a0)13-3!2.In minimum-mass solar nebula model, if we take a0 as 1AU, ~。 is
0.047. We derive dq/dt from (1 -e)da/dt -ade/dt. 

In Fig. 10, we show the changes in a, e, and i of a object due to gas drag, as functions 

with i, in the case of e = 0.1 and 0.9. The disk scale height His in proportion tor―1.25 and 

we take Has 0.1 at initial a of a objects. The filled circles and the dashed line with two dots 

are the numerical integrations and Eqs. (68)-(71), respectively. When i>>H, Eqs. (68)-(71) 

are valid for any e. When e is small, Eqs. (68)-(71) are rewritten 

2¥1'2恥(1-cos i)312 

J面•osini
(74) 信〉―

信〉―

〈塁〉―

竺覧。＿asc心？~ [(2 -cosi) + 2 (a -D (1 -cosi) cos2w] e, (75) 

信〉―

¢恥(1-COS i)1f2 
¢Toa 

Ho(l -cos i)1/2 sin 2w 

亭 roasini 

(76) 

(77) 

〈dq/dt〉isequal to〈da/dt〉inthis case. Eqs. (74)-(77) show that the changes in a, i, and w 
are independent of e and that the change in e is proportional toe, when e is small and i is 

much larger than H / a. 

3.5. GENERAL FORMULAE OF THE ORBITAL CHANGES 

We derived the forrnulae for the changes in orbital elements in three limited cases that 

e <<1 and i<<H/a; 1 -e<<1 and i<<H/a; i>>H / a. Interpolating the three cases, 
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we construct general formulae which is valid for any e and i. The way of interpolation is 

not unique. We choose a accurate and simple formulae, comparing with results of numerical 

orbital integrations. 

At first, we consider the case of i << H / a. As interpolation formulae between Eqs. 
(29)-(31) and (45)-(4 7), we adopt the following expressions: 
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(78) 

(79) 

i 
-~ [(0.77e)2 + (0.85i)2 +が］112{1.37 -0.21 cos 2w)(l -e2)-a+{3-1/2'(80) 
2To 

(1-e)〈皇〉―a〈皇〉. (81) 

As readily seen, the above expressions are reduced to Eqs. (29)-(31) in the limit of e<<1. In 

Figs. 11, we show the changes in a, e, and i of a object, as functions withe, in the case with 

i = 0.01, /3 = 0.25, and o = 1.5 and 1. The changes given by Eqs. (78)-(80) completely agree 
with those of the numerical integrations in the whole range of e. Though these formulae do 

not have accuracy in large e, this rnethod is experientially correct at o -{3 = 0.5-3 in 30%, 
in the case with eく 0.9.However, the change in q derived from da/dt and de/dt does not 

agree with numerical integrals with this accuracy in the case with large e (see Fig. 12). 

Next, we construct a general formula connecting Eqs. (78)-(80) to Eqs. (68)-(70). As 

for the change in a, 
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(i ~門）
We also take interpolation in e and i in the same way. Figure 12 shows the changes in a, e, 

i, and q of a object, as functions of initial i, in the case with initial e of 0.1, 0.3, and 0.7, 
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and H (a)/ a = 0.1 at initial a of the objects, a = 1.5, and/3＝0.25. We derive〈dq/dt〉from
the changes in a and e. As for the changes in a, e, and i of a objects, the general formulae 

(interpolation formulae) agree with the numerical integrations within the accuracy of 30%. 

In the case with large e, the change in q does not agree well, because Eqs. (78)-(80) have 

srnall disagreement for large e and i and this disagreement becon1es large to calculate the 

change in q. 

4. ORBITAL EVOLUTION OF OBJECTS DUE TO GAS DRAG 

CEKBOs are dynamically stable, and they have a between 42A U and 48A U and their q 

are larger than 35AU. In this section, we discuss that the change in the orbital distribution 

of CEKBOs due to gas drag. By using the obtained general formulae in §3.5, we investigate 

the orbital evolution of a object due to gas drag. We treat was a constant value, because w 

does not change so much. When the objects have large e and i, gas drag can valuably damp 

e and i of the objects, even if objects are in the region of EKB. At first, we fix the radii of 

objects are 100km that is typical values of EKBOs. The strength of gas drag force is related 

to e, i, and To which depends on the nebula density and the radius of a objects (see Eq. 32). 

Thus the orbital change due to gas drag is almost governed by e, i, and the ratio of To to 

time for which the orbit has been influenced by gas drag. The results with d 100km after 

1 x 107 years are similar to the results with d 10km after 1 x 106 years. 

In Fig. 13, we show the variation of a, e, and i of the object which initially have e 

and i of 0.3, and a of 48AU in the case with a = 1 and 1.5. Filled circles and open circles 
show the orbits in each 1 x 107 years in the case of a = 1.5 and a = 1, respectively. We 
assume the surface density at lAU is 1.7 x 103g cm-3 in both of cases (Hayashi et al. 1985). 

The variations of a, e, and i are small in the case with a = 1.5. On the other hand, a is 
damped about 5AU in 3 x 107 years in the case with a=  1. Eccentricities and inclinations 

are also damped half of the initial value. The orbit crosses the line with q at 35AU, because 

q increase about 3AU in 3 x 107 years. Its orbit become dynamical stable. The damping in e 

and i accompanies strongly damping in a. If the g邸 dragdamping is effective for CEKBOs, 

they would come from the outer region. ・ 

Figure 14 shows the orbital evolution of objects in e-i plane. Each of objects initially has 

q of 35AU and filled circles show the orbits in each 1 x 107 years in the case of a=  1. These 

paths in e-i plane is almost same for any initial a, because the ratio between the damping 

in e and i due to gas drag are mainly dependent one and i and the dependences of a,(3，w, 
and H/a is small. If objects have i as large as e, damping in e is邸 fast邸 thandamping in 

i. Thus, gas drag does not make objects with i > 2e from objects with i "'e. If we consider 

-174-



紐｝。ー1

10 
-2 

与〈登〉。．3

0.2 

0.1 

ー昇吟゚ 6i ¥dt 
0.05 

0.04 

0.03 

其ば〉q ¥ dt 
-0.05 ゚

-0.1 

e = 0.1 

.' 

．
 

●’
 ＇ヽ

.' • ●’ 
“、

．
 

’
 

... 9.... .. , -.. ,. ,........ ．． 9... ， ， ． ,. ヽ
’ 
． ,. 

9’• 、'.•

- ‘̂• 
、.. 

10-2 10―1 100 

inclination 

0.2 

0.12 

0.1 

0.08 

0.06 

0.05 

-゚0.05 

10-2 

e =0.3 

ー・＇，
 
、，
 

9
9
9
9
1
●

I
 

ヽ．
 

f
 
・ヽ
ヽ
●

ヽ
●・ヽ
‘、.ヽ
・、.．
 

｀`
 ．
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the orbital evolution due to gas drag only, CEKBOs having i>>e also had i>>2e in past. 

In Fig. 14, the damping time of objects with i>>e is shorter than the damping time of the 

others. It does not mean that the damping in i is fast for the CEKBOs with large i. The 
perihelia of objects with i ≫ e decrease due to gas drag (see Fig. 12). Then, they migrate 
to the region inside 35AU. In the case of i ≫ e, the objects with q ;S 35AU can be CKBOs 
due to gas drag. The objects with initially qえ35AUcan be in EKB due to gas drag. 

Levison & Stern (2001) suggest that large objects tend to have large inclination. Incli-
nation is mainly smaller than 0.1 for small objects with d ;S 200km. The dumping time in i 
is so long for objects with i ;S 0. i that gas drag cannot form the objects with i ;S 0.1 from 
the objects with iえ0.2.This result shows that the objects with small i originally have 
small i. This follows that gas drag cannot form such a correlation between inclination and 

size. 

Figures 15 (left panels) shows that orbital changes in a, e, and i of CEKBOs (a > 42, 
q > 35) are integrated over inverse time in 3 x 10勺rin the case with o = 1.5, using the general 
formulae in §3.5. We adopt the radii of CEKBOs calculated from their absolute magnitudes 

under assumption that the albedos of CEKBOs are 0.04. The gas drag with o = 1.5 does 
not greatly change the orbital distribution of CEKBOs in 3 x 107 years. We also investigate 

the orbital evolution of CEKBOs in the case with a= 1 (see Fig. 15 center panels). In this 

case, CEKBOs withe~ 0.1 radially migrate by more than SAU and were beyond 50AU in 
3 x 107 years ago. They are significantly damped e. Then, they had correlation between e 

and a and the large e tend to be far from Sun. The objects which migrate beyond 50AU 

had i ~ 0.3 and i ~ 0.2. Inclinations are damped larger than e, in the case of i>>e. On 

the other hand, e are damped larger than i, in the case of i ≪ e. The gas drag dose not 
significantly change the ratio of e to i. The objects beyond 50AU and perihelia at 30-35AU 

have small i. On the other hand, the objects beyond 50AU and large i have qえ35.In the 
case of i>>e, q decrease due to gas drag (see Fig. 12). The objects scattered by Neptune 

have q at 30-35AU and large i. If they radially migrate to EKB due to gas drag, they cannot 

be CEKBOs for qえ35AU. We investigate the case that surf ace density is enlarged 3 times 
(see Fig. 15 right panels). Some objects migrate from the region beyond lOOOAU and they 

had eえ0.9.Our assumption that gas nebula dose not cut off lead to the objects with a 
beyond lOOOAU. Even if gas nebula has higher density, gas drag cannot significantly change 

the ratio of e to i. Finally, it is difficult for gas drag to from two inclination-population 

(i r-v e and i>>e) from the distribution with e,-...J i, such as the distribution after a stellar 

encounter. On the other hand, gas drag can form the correlation between a and e and an 

early stellar encounter can pump up larger e in outer region (Kobayashi & Ida 2001 and see 

Fig. 6). A stellar encounter which can pump up i larger than e may be able to form the 

orbital distribution of CEKBOs due to gas drag. 
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5. THE EFFECT OF GAS DRAG 

AFTER AN EARLY STELLAR ENCOUNTER 

In this section, we also investigate the orbital evolution due to gas drag, starting from the 

resultant distribution of objects after the stellar encounter. We assume the time dependence 

of nebula density depletion given by 

p(t) = expげ）， (83) 

where td is the depletion timescale of nebula (the nebula life time). We mainly adopt td as 

3 x 107 years. We also adopt the radii of the excited objects as 100km and the nebula model 

similar to in §4. vVe investigate the cases with a = 1.5 and 1, too. 

The result after the orbital evolution due to gas drag are shown in Fig. 16 in the case of 

a = 1.5, starting from the resultant distribution of objects after the stellar encounter with 

D = 140AU, (a) i* = 1r /6, (b)に＝ 7r/ 4, (C)ら＝ 1r/3, (d)に＝ 1r/2, and (e) i* = 51r /6. 
We use the objects with ai between 40-80AU, where ai is samimajor axis of objects before 

a stellar encounter. The objects with e highly pumped-up by a stellar encounter migrate 

to inner region, since they pass in nebula with high density at their q. The objects with 

large e are provided to the inner region. This fallows the growth rates of planets could 

become faster. On the other hand, in the ca.'>e of aえ40AUand e ~ 0.4, their orbits do not 
change significantly. The orbital distribution in the region of classical EKB is not change 

significantly (see Fig. 17). Thus, the forrnation of two inclination-population is difficult in 

the case of a= 1. 

In Fig. 18, we also show the result after orbital evolution due to gas drag with a= 1. 

The objects, even if e ~ 0.2 and aえ40,can migrate significantly, in the case of the prograde 
encounter. In the cases of i* = 1r / 6 and 1r / 4, there are few objects with iえ0.2.In this case, 
the stellar encounter highly pumps up not only i but also e. Ga.'> drag force is strong for the 

objects with large e, and then i are dumped greatly due to the strong gas drag. On the other 

hand, in the case of i* = 1r /3, the stellar encounter pumps up i highly and e moderately for 

some objects. Thus, gas drag is not so strong for the objects. The objects rnigrate frorn the 

region beyond 50AU to the region of EKB. This can be the objects with large i and small e. 

In the cases of i* = 1r /2 andし＝51r/6, the orbits do not significantly change due to gas drag 

because e pumped-up by the stellar encounter are small. If the stellar encounter is closer, 

the orbits are affected by gas drag. 

In Fig. 19, we show e and i in the region of classical EKB (a= 42-48AU, q > 35AU) after 
the orbital distribution due to gas drag with a = 1, starting from the result of the stellar 

encounter with i* = 1r /3,叫＝ 1r/2,(a) D = lOOAU, (b) D = 120AU, (c) D = 140AU, 
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Fig. 18.— Same one as Fig. 16, except for a=  1. 
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and (d) D = 160AU. In close encounter, there are objects with larger i. In the case of 
D = I 00-120A U, i is as large as i of hot population in CEKBOs. Though there are some 
objects with i ;S 0.2, there are few objects with e and i ~ 0.1. In the case of D = 140AU, 
there are objects with small e and i and objects with large i and small e, but the largest i 

is srnaller than largest i of EKBOs. In close encounter, the number of objects with s1nall i 

and small e increase due to gas drag. On the other hand, the number of objects with large i 

increase due to gas drag in the case of D = 140-160AU (compare Fig. 7 and 19). The objects 
with large e and i or with large e and small i migrate valuably (see §4). Then, the objects 

with low i or high i increase in inner region (see §4). This effect can form the two-inclination 

population. 

6. DISCUSSION 

Our simulations show that an early stellar encounter combined with the orbital evolution 

due to gas drag can explain the two inclination population of classical Edgeworth-Kuiper 

belt objects (CEKBOs). A stellar encounter pumps up e and i with steep a-gradient. The 

objects with small i and large e or with large i and moderate e, can migrate to the region 

of EKB from the region beyond 50A U due to gas drag. There are some problems to explain 

the orbital distribution of CEKBOs. The stellar encounter with D ~ lOOAU can pump up i 
up to 0.6 in the region of EKB and gas drag can form objects with i 0.6. In this case, there 

are few objects withe, i ~ 0.1. On the other hand, if the stellar encounter have D ~ 140AU, 

some objects objects have i > 2e and other objects have i "" e, in the region. In this ca.c:;e, 
largest i is smaller than 0.6. Thus, we rnay need to consider other effect on the orbital 

evolution of EKBOs. 

Collisions between objects can change the orbits of objects. The collisional timescale 

is given by 4.3 x 109 years, assuming that objects with radii 100km is consist of all solid 

matter in the minimum-mass solar nebula rnodel. This follows the objects have collided in 

age of solar system. If we assume o = 1 and adopt the surface density at lA U in minimum-
mass solar nebula model, the collisional timescale is 5 x 108 years. The number of objects 

decreases for the truncation of stellar encounter and.the migration of gas drag. Though 

the collisional timescale become longer, the objects can be affected by the collisions. After 

an early stellar encounter, collisions are destructive in the region of EKB (Kobaya..<;hi & 

Ida 2001). We have a scenario that the objects initially have same sizes as largest current 

EKBOs. An early stellar encounter purnps up e and i and gas drag form the objects with 

large i and srnall i. Though a stellar encounter with D ~ lOOAU cannot form the objects 

with i乏0.1,~he collisions between the objects dump i and produce the objects with i乏0.1.
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The objects which avoid the collisions are larger and have high i. The collisions produce 

small objects. The small objects collide more frequently. The large objects re1nain and small 

objects become smaller. After all, the objects become smaller and migrate to inner region 

due to gas drag or Poynting-Robertson light drag. The amount of EKBOs is much less than 

the minimum-mass solar nebula. The amount of EKBOs may be able to decrease for these 

effect. 

Our results show the objects with large e in outer region can 1nigrate to inner region. 

Inner planets can feed the migrating objects and then the growth of planets can be faster. A 

further important point is that gas drag is stronger for small objects. A stellar encounter can 

pump up e and i of objects in outer region and collisions between the objects are destructive 

there (Kobayashi & Ida 2001). The destructive collisions can produce small objects and 
then the small objects are migrate faster to inner region due to strong gas drag. Collisional 

growth between the small objects and a protoplanet that has an atmosphere are enhanced 

(Inaba and Ikoma 2003). These effects may speed up the accretion of outer planet, such as 

Uranus and Neptune. 
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Recent observations1, 2, 3 have revealed an unexpectedly high 
binary fraction among the Trans-Neptunian Objects (TNOs) 
that populate the Kuiper Belt. The TNO binaries are strikingly 
different from asteroid binaries in four respects2: their frequency 
is an order of magnitude larger, the mass ratio of their com po-
nents is closer to unity, and their orbits are wider and highly 
eccentric. Two explanations have been proposed for their for-
mation, one assuming large numbers of massive bodies4, and one 
assuming large numbers of light bodies5. We argue that both as— 
sumptions are unwarranted, and we show how TNO binaries can 
be produced from a modest number of intermediate-mass bodies 
of the type predicted by the gravitational instability theory for 
the formation of planetesimals6. We start with a TNO binary 
population similar to the asteroid binary population, but sub-
sequently modified by three-body exchange reactions, a process 
that is far more e田cientin the Kuiper belt, because of the much 
smaller tidal perturbations by the Sun. Our mechanism can nat-
urally account for all four characteristics that distinguish TNO 
binaries from main-belt asteroid binaries. 

The TNO binary 1998WW31 has2 a mass ratio m2/m1 rv 0. 7, eccentricity e l"V 0.8, 
semimajor axis a l"V 2 x 104 km, and inferred radii r1 l"V l.lr2 l"V 102 km, hence 
a/r1 > 102, in stark contrast to main belt asteroid binaries互wherem2/m1 ≪ 1, 
e l"V 0, and a/r1 ;5 10. 
Asteroid binaries are probably formed by collisions8, as in the leading scenario for 
the formation of the Moon9, 10. The observed characteristics, m2/m1 ≪ 1, e rv 0, and 
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a/r1 ~ 10, are all natural consequences of this scenarioll. For a different scenario 
for 1998WW31, we can look at dynamical binary formation in star clusters, where 
there are three channels: 1) tidal capture12; 2) three-body binary formationt3; and 3) 
exchange reactionst3. 

Channel 1 is analogous to the standard scenario for asteroid binary formation. It 
will indeed occur: each TNO has grown through accretion, and much of this accretion 
has happened through collisions with an object comparable in mass to the growing 
TNO itself14, ts. 

Channel 2 would require a near-simultaneous encounter of three massive objects 
with low enough velocities to allow an appreciable chance to leave two of the objects 
bound. For this to work, the random velocities of the most massive objects should 
be significantly lower than their Hill velocities. Under such conditions, this channel 
could play a role, as pointed out by Goldreich et al.5, who assumed that there are 
rv 105 100 km-sized object embedded in a sea of small (< 1km) objects. This盛
sumption, however, is at odds with Goldreich and Ward's theory for the fo_rmation 
of planetesimals6 through gravitational instability, and it is hard to see how objects 
in the Kuiper Belt could form from non-gravitational coagulation, because the time 
scales are far too long16. In contrast, the gravitational instability theory predicts the 
size of the initial bodies to be 10 -100km. Starting with these larger bodies would 
make channel 2 ineffective, because the velocity dispersion would be higher than the 
Hill velocityt4, 11. 

Recently, Weidenschillinぎproposeda variation on the idea of using interactions 
between three unbound bodies in order to create a binary. He studied how a third 
massive body could capture the merger remnant from a collision of two massive 
bodies if the third body were near enough during the time of the collision. This 
mechanism seems unlikely to work, however, since it requires a number density of 
massive objects about two orders of magnitude higher than the value consistent with 
present observationss. 
Goldreich et al. 5 have proposed another mechanism, based on the dynamical fric-
tion from a sea of smaller bodies that can turn a hyperbolic encounter between two 
massive bodies into a bound orbit under favorable conditions. Effectively, this mech-
anism makes use of a superposition of three-body encounters, since each light body 
interacts independently with the two heavier ones, and in that sense it is another 
variant on channel 2. As we mentioned above, the gravitational instability theory for 
the formation of planetesimals6 would exclude the existence of such a sea of small 
objects, and since the alternative theory of nongravitational agglomeration does not 
seem to work, we will explore the consequences of dropping channel 2. 
Channel 3 can operate on the binaries formed through channel 1, so we should 
check whether channel 1 and 3 together produce the right binaries in the right num-
bers. 
Starting with the first task, consider a relatively massive TNO primary in a binary 
orbit with a much less massive secondary. If the binary encounters a particle with a 
mass m that is comparable to them邸sof the primary component (m1 rv m ≫匹），
the most likely result is an exchange reaction, in which the incoming object replaces 
the original secondary18. Figure 1 shows an example of such a reaction. 
The binding energy of the binary will not _ change much during the exchange, 
hence m1m2/a。~ m1 m/ a where a is the new semimajor axis after the exchange. 
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Figure 1: An example of a binary-single-body exchange interaction, in the'(massive, 
light) meets massive'category discussed in this paper. Bodies 1 and 2 have masses 
m1 = 1 and m2 = 0.1, respectively, forming a binary with an initially circular orbit. 
Body 3, with mass m3 = 1, encounters the binary on an initially parabolic orbit. In 
panel (a), the whole scattering process is shown. Panel (b) shows the complex central 
interaction in more detail, while panels (c) and {d).show the orbits of the initial and 
final binary, respectively. Note that the final binary orbit is highly eccentric and 
much wider than the initial circular binary orbit. 
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channel: (a) (b) (c) (d) ・ (eJ ― (f) 

process: (1,3),2 (2,3),1 (1+2,3) (1+3,2) {2+3,1) no binary 
o・v2: 12.1 1.3 0.9 1.3 0.9 1.2 

Table 1: Cross sections a for various configuration-changing channels in binary-single-
body scattering. The gravitational focusing factor v2 is scaled out in order to obtain 
finite values in the parabolic limit, where v is the initial relative velocity between 
binary and single body at infinity. We use units in which G =加＝四＝ a=1, 
where G is the gravitational constant, m1 and m3 are the m邸sesof the heaviest body 
in the binary and the single body, respectively, and a is the initial semi-major axis of 
the binary. The mass of the lighter body in the binary is m2 = 0.05. The radii are 
r1 = r3 = 0.05 and乃＝r1(m2/加）t/3~ 0.01842. The scattering processes are coded 
as follows: (x, y) indicates a binary iii the final state with components x and y, while 
a p + q indicates the product of a merger between bodies p and q. A single body 
z in the final state is indicated by (,), z. The physical meaning of the six channels 
is as follows: (a) an exchange reaction resulting in a massive-massive binary; (b) 
an exchange reaction resulting in a massive-light binary; (c) a merger resulting in a 
massive-massive binary; (d) a merger resulting in a twice-as-massive-light binary; (e) 
a merger resulting in a massive-massive binary; (f) no binary is left, after three-body 
merging or two-body merging followed by escape. 

This implies a/ao ~ m/m2 ·~ 1. Under the impulse approximation, the interaction 
happens in a space small compared to the distance a。tothe primary. Conservation 
of specific angular momentum of the system gives m四o(l-eo) ~ ma(l -e) which 
gives 1-e ~匹／m≪: 1. 
We have run a series of scattering experiments to obtain the relevant cross sections, 
for an initial binary with mass ratio of 20: 1 and semimajor axis a。=20r1,where r1 
is the radius of the primary. These values are typical for main-belt binary asteroids, 
with m2/m1 < 0.1, and separations 5-40 times the radius of the primary. We choose 
parabolic relative orbits for the single body approaching the binary, with periastron 
distances uniformly distributed between O and 20a。.Weonly followed the system as 
long as all three bodies stayed within their Hill radius, 1000a。•
Table 1 gives cross sections for processes in which initial binary membership is 
altered. Channels (a), (c) and (e) result in binaries with two massive components, 
and together comprise about 80% of the total cross section. We checked these results 
through a comparison with the starlab three-body scattering package19. 
In figure 2 the distribution for the semi-major axis is strongly peaked at a= 20, in 
good agreement with the simple argument presented above. Similarly, the eccentricity 
peaks at 0.95, as expected. We assumed r1 = 75km, the estimated radius of the 
primary of 1998WW31. In figure 3, the orbital elements of 1998WW31 are consistent 
with the binary having formed through the processes modeled here. 
We now confront our second task: to check whether the exchange channel is 
efficient enough to produce the observed binaries. Starting with TNOs of inter-
mediate mass, as predicted by Goldreich and Ward's theory for the formation of 
planetesimals見theheaviest TNOs will accrete mass primarily through collisions with 
TNOs of comparable mass14, 15. Many of these collisions are of the'giant impact'type 
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Figure 2: Normalized differential cross sections for the formation of a'massive-
massive'binary, under the conditions specified in the text (channels a, c and e in 
table 1), with respect to the semi-major axis a (top panel), and eccentricity e (bottom 
panel) of the final binary. The initially circular binary has a= l in the dimensionless 
units used for du/ da, while the physical units are given for reference at the top of the 
figure. The filled points are the total values for the differential cross sections, while 
the open circles are the contributions from the merger channels (c and e in table 1). 
Note the double-peaked structure in the top panel: the sharp peak toward a "" 20 
arises from non-resonant exchanges, where the final binary has an energy comparable 
to that of the initial binary; the broad peak around a "" 10 arises from resonant 
exchanges, where the memory of the initial binary is wiped out, leading on average 
to more strongly hyperbolic escape in which a harder binary is formed. 
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Figure 3: Orbital properties of'massive-massive'binaries formed in our scattering 
experiments: a and e have the same meaning and units as in fig. 2. Contributions 
from exchange reactions, channel (a) in table 1, are limited by energy conservation to 
a ~ 20, and give rise to the horizontal rim in the middle of the figure. Contributions 
involving mergers, channe!s (c) and (e) in table 1, can lead to a values all the way 
to the Hill radius a ~ 103, but are limited by angular momentum conservation to 
increasingly high e for increasing a. The star symbol shows the observed orbit for 
1998WW31. Boxes around the star indicate the observational 1-and 2-(Jerror bars. 

that form a tight circular strongly unequal-mass binary (channel 1). Let us estimate 
what fraction of encounters between comparable-mass TNOs will give rise to'giant 
impact'type binaries, and how long such binaries survive on average before they are 
destroyed again. 
We assume that one in three collisions between comparable TNOs gives rise to a 
binary. When no binary is produced, we have to wait for a typical time T until another 
major collision occurs. When a binary is formed, gravitational focusing implies a 
cross section for three body interactions of order a。.Therefore,our newly-formed 
binary will undergo an exchange reaction on a time scale (r / a0)T ≪ T, leading to a 
significant increase in a. Strong three-body interactions will subsequently occur on 
a much shorter time scale (r/a)T ≪ T. As a result, the semimajor axis will shrink 
systematically, while the'thermal'distribution J(e) = 2e favors high eccentricity13. 
When the orbit becomes small enough, r / a ~ 0.03, the chance for collisions in 
resonant encounters becomes significant20. Let us assume that an exchange reaction 
turns a'giant impact'binary into a binary with a semi-major axis of a~ 300r. Each 
subsequent strong encounter will on average decrease a by a factor21 ~ 1.2. After a 
dozen encounters, a ~ 30r and collision is likely to occur. The time scale for each 
encounter to occur is ~ (r/a)T. The waiting time for the last encounter in this 
series to occur is (1/30)T, while each previous waiting time was less by a factor 1.2. 
Summing this series, we get a total waiting time of (T /30) / (1-(1/1.2)) = 0.2T before 
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a collision between two or three m邸siveTNOs. If all three collide, we are back where 
we started, and the resulting system may be a single body (with an assumed chance 
of 2/3) or a strongly unequal-mass binary (chance 1/3). If two of the bodies collide, 
the third one may remain in orbit, or it may escape. In the latter case, we again are 
back where we started. In the former case, we still have an equal-mass and likely 
highly eccentric wide binary. 
Under these assumptions, in 1/3 of the c邸es,we wind up with an equal-m邸 S
TNO binary with the observed properties for a period rv 0.2T, compared to a 2/3 
chance to wind up with a single TNO for a period rv T. This allows us to derive the 
rate equation for the formation and destruction of the binaries. If we denote by N s 
and NB the number of single bodies and the number of binaries, respectively, we have 

警
警

1 1 2 

3 
Ns 
0.2 3 
NB 

dNB 

dt 

if we measure time in unit of T. So for the stationary state we have dN B / dt = 
dN8/dt = 0, and N8 = 0.2N8/2 = O.lNs. Therefore, the binary fraction is rv 10%. 
When accretion in the Kuiper belt region diminished, the number of single and binary 
objects was frozen, with a ratio similar to this steady-state value. 
While our arguments are only approximate, it is clear that after cessation of the 
accretion stage at least several percent or more of the TN Os were accidentally left in 
such a binary phase. The fact that more than 1 % of the known TN Os are found to 
be in wide roughly equal-mass binaries is thus a natural consequence of any accretion 
model independent of the assumed.parameters for the density and velocity dispersion 
of the protoplanetary disk or the duration of the accretion ph邸e.As a corollary, 
we predict that future discoveries of TNO binaries will similarly show roughly equal 
masses, large separations, and high eccentricities. 
We conclude that we have found a robust and in fact unavoidable way to produce 
the type of TNO binaries that have been found,邸 long邸 westart from the plausible 
邸sumptionthat TNOs were formed through gravitational instabilities6. 
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Gravitational interaction between a planet and an optically 
thin protoplanetary disk 

M. Ito and H. Tanaka 
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伊東真史

東京工業大学大学院理工学研究科地球惑星科学専攻

Abstract 

We investigate gravitational interaction between a planet and an 

optically thin protoplanetary disk, taking account of radiative transfer. A 

planet excites two density waves on both sides of the planet orbit due to 

Lindblad resonances. The ou~er density wave exerts a negative torque on 

the planet while the inner densit~ wave exerts a positive torque. The sum of 

the two torque gives the net torque on the planet. As a first step, we 

examine one of the torques (one-side torque) in the present study. In most 

previous studies of density waves, the isothermal equation of state has been 

assumed.In this study, solving the energy equation in the linear calculation, 

we examine the effect of energy transfer on the wave excitation. In 

protoplanetary disks, the energy is transfered is by radiation and the 

~adiative transfer is governed by dust opacity. At the stage of planet 

formation, the dust opacity is expected to be sufficiently low because of dust 

growth and planetesimal formation. Thus we ・ assume an optically thin 

gaseous disk. The efficiency of radiative transfer increases with the 

amountof dust in optically thin disks. We consider the amount of dust as a 

parameter and calculate the one-side torque on a planet. Due to radiative 

transfer, the values of the one・side torque is deviated only by about 10% 

from the isothermal case. However, it is also found that the gas in the Hill 

sphere of the planet has a large contribution on the one-side torque. This 

large contribution in the Hill sphere may change the net torque sufficiently. 
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0.1 はじめに

原始惑星系円盤と惑星の重力相互作用は、惑星形成理論において非常に重要な物理

現象の一つである。ガス円盤の中で、太陽の周りを公転する惑星があるとすると、惑

星の内側と外側を流れるそれぞれのガスは、惑星によって引き寄せられ惑星の内側と

外側それぞれに密度波を形成する。 Goldreich& Tremaine(1979,1980)では片側の密度

波が惑星に与えるトルクを線形計算により明らかにした。惑星の外側に励起される密

度波は惑星に負のトルクを与え、回転運動を妨げる。また、惑星の内側に励起される

密度波は惑星に正のトルクを与える。それぞれの密度波が惑星に与えるトルクは互い

に打ち消しあい、その絶対値の差が、惑星が受ける正味のトルクとなる。 Ward{1986)

は惑星にかかる”差のトルク＂を算出し、その結果、惑星が太陽方向に落下する時間を

106年 (lMea.rth,5AU)と見積もった。一方で木星の固体コアの集積時間は1が年と見

積もられていることから、コアは集積する前に太陽に落下してしまうことになる。こ

の問題は惑星落下問題と呼ばれている。 Tanakaet al{2002)は三次元のガス円盤におけ

る線形計算を行った。従来の研究でなされていた二次元のガス円盤に対する結果に比

べ、惑星落下時間は長くなるものの、コアの集積時間に比べては依然として短いまま

である。

． 従来のガス円盤と惑星の重力相互作用における研究においては、等温の状態方程式

を用いていた。しかし、ガス円盤内にダストが浮遊しているような場合、ダストの輻

射効果を考えエネルギー輸送の効果を考える必要があると考えられる。本稿ではダス

卜輻射の効果が、原始惑星系円盤と惑星の重力相互作用に与える影響を調べる。ダス

卜輻射によるエネルギ一方程式を解き、最初の段階として、片側の密度波が惑星に与

えるトルクを線形計算する。

0.2 モデルと基礎方程式

惑星の集積が進んだ、惑星形成の後期の段階では、ガス円盤の光学的厚さは十分薄

いものと考えられる。光学的に薄い場合、ガス円盤内のダストは輻射により円盤の外

にエネルギーを放射する。ダストは同時に太陽放射によるエネルギーを吸収している。

ガス単位質量当たりに含まれるダストが、単位時間に輻射により放射するエネルギー

jは、放射する光の振動数vに依存する。プランクのミーンオパシティーKpを用いると、

j = Loo j,,, = 4K匹SBれ
゜

(1) 

と書ける。 O'SBはステファンーポルツマン定数である。

p、p、Tをそれぞれ、ガス円盤の密度、圧力、温度とし、 c.pを重カポテンシャルとす

る。さらにT。を擾乱（惑星）がない場合の温度とすると、ガス円盤の満たす方程式系

は以下のようになる。

8p 
＇ 

8t 
十▽・(pv)= 0, (2) 
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=——• p —• r.p' 
p 

p 4立 SB
=―石▽・v-＿ご―(T4-TJ), 

k 
P = ___::__pT. 
mM  

K、mMはそれぞれポルツマン定数、平均分子量、 Cvは単位質董当たりの定積比熱で

ある。

擾乱を与えることで生じる各物理量Xの摂動量をふとする。 (2)～（5)を線形化し、
摂動量X1を、円筒座標系のo方向z方向に対して次のように展開する。

匹

吋

け

伍

＋

＋

 

枷―
fJtfJT-fJt

(3) 

(4) 

(5) 

X = X。+X1
00 00 

= X。＋Z:Z: Re[X 1,m,n凡(Z)eim(O-Op}t].
m=l n=l 

,1J

、1
J

6

7

 

f_,＼

f
1
、

Z = z/h(hはガス円盤のスケールハイト）とし、 Hn(Z)はエルミート多項式、 Slpは惑
星の角速度である。 (7)を用いて展開することにより、シェアリングシートモデル内で、

各モードm、nの満たす方程式系（本稿ではn=Oの場合を扱う）が得られる。 rpを惑

星の軌道半径とし、 x= (r -rp)/h、ke= mrp/hと定義すると、 (2)-(5)は、

；L，ェ(iiir,m,n=O)+ 2iis,m,n=。＝羞(Pm,n=O+如，n=O), (8) 

53 切-西，m,n=O+ i1 (i弘，n=O) = k（加，n=O＋和，n=o), (9) 

3 fJ.． . 
抄呼m,n=O+百佃，m,n=O) ＝砧，m,n=O, (10) 

-3 2 K-。ェT-m,n=。＝ （1 -l)-3 2 k,:,;Pm,n=O -(i'I'm,n=O, (11) 

加，n=O=妬，n=O+ T 一m,n=O, (12) 

となる。 p、p、Tはそれぞれの摂動量を非摂動最で規格化し、 vの摂動量は音速で規格
化した。 7はガスの比熱比である。さらに無次元量（は、

＜ 
16(J'sBTJ 
= T 
cぶonp.' (13) 

と定義される。恥はガスの面密度の非摂動量、 Tは光学的厚さである。（は惑星の公

転周期と輻射による熱の冷却時間の比のオーダーになっている。いが大きい極限でガス

は等温的、（が小さい極限でガスは断熱的になる。（をパラメータとして {8)--(12)を

解く。

0.3 結果
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figl、fig2は惑星近傍における面密度の摂動蓋の分布であるoy軸は惑星回転方向の

距離をスケールハイト hで規格化したものである。 figlは等温の場合、 fig2は,=lの場

合である。 fig:｝は惑星近傍における、温度の摂動量の分布をあらわす ('=1の場合）。

'=1の場合を等温の場合と比較すると、密度波を通過した後のガスが低温度、高密度

の領域を作っていることがわかる。密度波を通過するガスは、密度波通過の際に密度

が上がるため、圧縮されて温度が上がる。温度があがると輻射によりエネルギーが放

出される。密度波通過後のガスは、密度波を通過する前に比べてエネルギーを放出し

た分、低温になり fig:3に見られるような領域を作る。等温的な場合はエネルギーの放

出が非常に早いため、温度は変化せずこのような領域はできない。また断熱的な場合

は温度が上がってもエネルギーを放出しないため、密度波を通過したガスは通過前と

同じ温度に戻り低温領域は形成されない。この領域は輻射効果を考えることで初めて

得られる結果である。

fig4は惑星にかかるトルク rの動径方向依存性dr/dェをあらわしている。 drJdェ及

ぴrは次のように定義される。

df/dェ＝ rPJ~ dy「dzp年-~ -OO8y' 
r = -J~虹心．

o dェ

、
し
ー
、
‘
_
,
＇
J

4

5

 

l

l

 

.，‘,``

rI,'‘ 

<ppは惑星のポテンシャルである。惑星は等温の場合、惑星からスケールハイト程離れ
たところ (x= 1)から強くトルクを受けている事がわかる。輻射が効果的に働く場合、
惑星は等温の場合に比べ、非常に惑星に近い位置からもトルクを受けている。これは

fig2、figaでみられる低i韮、高密度領域が惑星に付加的なトルクを与えるためである。
片側の密度波から惑星が受けるトルクは、:が1付近でピークをもつ (fig5)。これは

輻射による熱の冷却時間が惑星の公転周期と同程度であるため、輻射が効果的に働き、

低温度、高密度領域が形成され惑星に付加的なトルクを与えるためである。

0.4 まとめと今後の課題

本稿ではダスト輻射効果が原始惑星系円盤と惑星の重力相互作用に与える影響を調

べた。［をパラメータとして、断熱的なガス円盤から等温的なガス円盤に励起される

片側の密度波から惑星が受けるトルクを線形計算した。その結果、輻射による熟の冷

却時間が惑星の公転周期と同程度のところで、ピークをもつことが分かった。片側か

ら受けるトルクの量としては、等温の時に比べ1. 1倍であるが、トルクの受ける位

置は等温の場合と比べると非常に近い位置にあることがわかった。

ガス円盤は、動径方向に対して密度勾配や温度勾配などをもつ。惑星にかかる’'差の

トルク’'は、惑星の両側にあるガス円盤の密度や温度が違うことから生じる。片側の密

度波から惑星が受けるトルクの位置が、輻射の効果によって大きく変わるという結果

は、惑星の両側における輻射効果の違いを考慮することで、’'差のトルク＂が大きく変

わる可能性があることを示している。
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惑星と光学的に薄い円盤との重力相互作用

酒井圭、田中秀和

東京工業大学大学院理工学研究科地球惑星科学専攻

Abstract 

原始惑星と光学的に薄い原始惑星系円盤との重力相互作用について、シアリングシート
モデルを用いた局所3次元流体シミュレーションにより調べた。本研究では、光学的に薄
い原始惑星系円盤中の放射によるエネルギー輸送を考慮に入れた。原始惑星形成以前の段
階で、ダストのオバシティーは原始惑星系円盤中におけるダスト成長や微惑星形成によリ
十分小さくなっていると考えられる。それゆえに、原始惑星形成時には、原始惑屋系円盤
が光学的に十分薄いという仮定は理にかなっている。光学的に薄い円盤から惑星が受ける
片側トルクについて、様々な光学的厚さの場合に対して計算した。光学的に薄い円盤では、
密度波における放射冷却の影響により密度波の後面で前面よりも温度が低くなることが明
らかになった。衝撃波による加熱は放射冷却よりも効果は低かった。惑星周辺の密度分布は
放射冷却により対照的ではなくなり、結果として、惑星は等温の場合に比べて余分なトルク
を受けることがわかった。 トルクの増加は冷却時間がケプラー周期と同じくらいの時に最
大となる。また、惑星質基の減少と共にトルクは増加する。 3倍の地球質基をもつ惑星の場
合には、片側トルクの増加は最大で等温の場合の40％にもなる。放射冷却は差のトルクや
惑星の落下時間にも大きな影響を及ぽしうるであろう。

1 Introduction 

原始惑星と原始惑星系円盤との重力相互作用は惑星系形成理論における重要な物理過程のひと

つである。惑星と円盤との相互作用は主に線形解析によって調べられてきた。それによると、

惑星は原始惑星系円盤中に密度波を励起し、密度波と重力的に相互作用を行なう。その結果、

重力的なトルクが励起された密度波による反作用として惑星に働く。正のトルクは惑星軌道よ

リ内側の円盤から働き、外側の円盤からは負のトルクが働く。これらのトルクがお互いに打ち

消し合えば、惑星が受ける正味のトルクはゼロとなり我々は落下問題に悩まされることもない。

円盤の動径方向の変化を考慮に入れ円盤から受ける正味のトルクを見積もると、惑星軌道の減

衰時間は、木星型惑星のコア質墓 (10倍の地球質盤）の原始惑星が5AUにある場合で 105年
と見積もられる。この軌道減衰時間は原始惑星の形成時問に比べ十分に短い。それゆえに、惑

星と円盤との相互作用は惑星形成理論における深刻な問題のひとつである。

2 Disc mod~l 

原始惑星系円盤中でダストは互いに衝突合体を繰返し、様々なサイズをもつようになる。 104年
の集積後にはほとんどのダスト半径は5.2AUで1cmに達している。光学的な厚さについて荒

い見積もりを行なうために、ダストサイズは一様でバラメータとして与える。ここでは、ダス

トの微惑星形成や動径方向への移動は無視する。これらの仮定のもとで、円盤のオバシティー

は5.2AUで0.1μm、100μ1n、1cn1の半径をもっダストの場合にそれぞれ8.2、0.90、0.0075
cm2 gー1と見積もられる。円盤の光学的厚さは 1Clllサイズのダストの場合に 5.2AUで1.1と

なる。
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-206-



この光学的厚さの見積もりは、微惑星形成や動径方向の移動を無視しているため、原始惑星
系円盤における上限値である。惑星形成以前に、これらの効果によリダストの面密度は桁で小

さくなっており、光学的厚さも同様に小さくなることを示唆している。ダストの面密度が1/10
倍においては、 1Cl11サイズの円盤の光学的厚さは3AUより外側では1よりも十分に小さくな
る。従って、光学的に薄い円盤における惑星と円盤との相互作用を考えることは重要である。

3 Summary 

惑星と光学的に薄い円盤との円盤との相互作用について、 3次元流体シミュレーションによっ

て調べた。エネルギ一方程式に放射輸送の効果を考慮に入れ、放射が密度波の励起に及ぼす効
果について調べた。主な結果をまとめると以下の通りである。

1.光学的に薄い円盤における密度波は放射冷却を引き起こす。放射冷却のために、密度波の
後面における温度は前面よりも低くなる (Figure1)。結果、密度分布は傾斜し余分なト

ルクが惑星に加えられる。惑星の極近傍では流れは惑星にバウンドされガスはほぼ等温
になる。この領域は惑屋にトルクを及ぽさない。

2.放射輸送の効率は放射による冷却時間とケプラー周期との比で定義され、惑星が受ける
トルクは輸送効率によっては等温の場合よりも大きくなる。輸送効率が高い極限では等

温場合のトルクに収束し、低い極限では断熱に収束する。

3.惑星質量が軽い場合は、放射冷却やトルクは非常に大きくなる。これは小さなボンディ半
径によリ密度分布の傾斜が惑星の非常に近傍で起きることによる。
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Kepler要素に対するPoisson括弧の直接計算法
Direct Calculation Method of the Poisson Parentheses 
for the Keplerian Ele鼠ents

井上

T. Inoue 
Kyoto Sangyo 

猛 （京都産業大学）

University 

Abstract. The equations for the variation of arbitrary constants are expressed 
with the aid of the Poisson parentheses. Various methods widely used to obtain 
these equations inevitably contain the tedious calculations of the superfluous 
Lagrange brackets. 
Here, we present a method which enables us to obtain the equations of the 
variation for the Keplerian elements without any aid of the Lagrange brackets, 
that is to say, one is directly capable to calculate the Poisson parentheses, 
also in the case of arbitrary intermediary orbits. 

胃eintroduced the rectangular unit vectors p•, Q* and花withwhich the 
→ radius vector 7 and the velocity vector V are expressed as follows : 

(43) r= r.p• and (44) v=[ ｛計•{ e
 

sin f. p• ＋ ~ ・Q・｝
The desired partial derivatives of the Keplerian elements with respect to 
the radius vector and the velocity vector are straightforwardly obtained as : 

(48) むい且p拿
→ a r n 

and (49) むー＝ 2esin fP・av n 11 +*Q・ nn 

(63) iQ-＝上□や＋上琵立．o•
a了 Pe

＋翌請T(cosゆ＋e
 

cos 

＋ 

w)花

(66) 悶＝ _ n 2(E+l) sin f 
nae~ 〇•n 2(e 2_g-2e ?LP・

n a e g 

These are four examples among twelve partial derivatives. 
The Poisson parentheses should be calculated through the scalar product of 
these derivatives. The Poisson parenthesis(a, e) will be given as an example. 

戸・丘）ー戸・日ar av/ ¥av ar 
(67) (a, e) 

＝鰭配｛~-~+n2-n2}

゜It is profoundly desirable to construct the equations of the variation of 
the arbitrary constants through the present maneuver. 
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1. 「要素変化の式」の導出に際して、通常の方法では、 Lagrange括弧の計算は不可欠で
ある。最終的な表式は、総てが Poisson括弧で表わされるのであるから、仲介役としての
Lagrange括弧の計算を必要としない方法が在るならば、それは「優れたもの」と言うべき
である。此の事を念頭に置きつつ工夫を凝らした結果、 Poisson括弧を直接的に計算する
方法を確立する事が出来たのである。二体問題の系を「人工系」に選んだ際の“新変数”

即ち、 Kepler要素に対して、具体的な導出の方法を提示する。此の様な事が可能となった
のも、 「定数変化の方法」に関して、充分に理解を深める事が出来て居たからである。

女 井上猛：『定数変化法と云うもの』 第27回天体力学研究会集録 p. 155, 1995 

先ずは、我々が用いる「Kepler要素の表記」を示す目的で、二体問題の解表式を以下に
挙げて置く。

n
i
”
i
n
ぃ
9
0
n
”
m

(
‘
.
｀
`
、
・
`
‘
、
,
｀
(
（
‘
,
｀
｀
(

u e sin u =M=n(t-r) =~虹 t+xt. 

n = {{μ,/ a 3} 

μ, = G (m1:m + m叫
tan (f /2) = [ {I + e) / (1 -e) } tan (u /2) 

ゅ三

r= 

¢=  

w + 

＋ 

f
 a (1 -e cos u) 

Q
 
tan-1 (cos t tanゆ）

此処に、 Kepler要素：

0 = sin―1 (sin t sin力）

a、e、t; Q、W、ては、それぞれが次の意味を有するとした：

a
c
3
 

：軌道長半径

：昇交点黄経

e :離心率

0 ：近日点引数

t ：軌道傾斜角

て：近日点通過の時刻

以下に於ては、直交座標系に準拠した「位置」と「速度」の利用が、計算に取って甚だ

好都合なので、次の形の表式を掲げて置く事にする。

(9) a (cos u -e)平＋ a TJ sin u召

(IO) 

7= (>=
V=（翌）＝ー王inu・P+ilif1-11-cos u""""! Q 

(11) 
n
 

= {{ 1-e叶

量 Pおよび Q は、花と共に、軌道のヴェクトル定数と呼ばれて居る互いに直交する
単位ヴェクトルを表わす。

(12) 0

3

 

O
S
O
S
 

c
c
 

C

3

Q

 

O
S
.
I
n
 

C

S

 

J

‘

 
＝
 
p
 

¥

,

'

 

t
.
t
t
 

o
s
o
s
.
I
n
 

c
c
s
 

3

3

3

 

•In.In.In 

s
s
s
 

Q

Q

 

•Inos 

s
c
 

-
＋
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＋
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――
 

゜
(14) 

茫＝ （［］― 
¥

I

 

.
t
.
t
.
t
 

•In.Inos 

s
s
c
 

Q

Q

 

•Inos 

s
c
 
一

J

ヽ

2.通常の方法に於ては、直ちに上記の式群を計算して行くのであるが、我々の方法では

これらを要素に付いて解いた次の形のものを用意してから、計算に取り掛かるのである。

05) a= （そ—〗2) ― 1

(16) e sin u =危喜
(I 7) e cos u r - 1- --

a 

08) M = u - e sin u 

(19) 

(20) 

(21) 

cost= -~炉

sin a sin t 

cos Cl sin t 

—+ yVrz{μ-a}-Znvy 

ーー州μ是

(22) sin w sin t＝+ cos u -r｛引 Vz sin u 
(23) 

(24) 

(25) 

cos w sin t = -t-~ + r｛引 Vz血門｝― e
r =｛｛ア・布 ＝ a (1 -e cos u) 

v=｛{V•V} ＝ L止＿上
r a 

実は、ヴェクトル F及びdの中の角度0の所を、これに真近点離角 fを加えた量力に
置き換えたもので考える方が好都合なのである。量力は、 (5)式で定義して置いた。

(26) p・＝ （＋ cos Q cosカー sinQ sinゅcost 
+ sinQ cosゆ＋ cosQ :：nn: :;; :) 

(27) Q• =(― cos Q sinカー sinQ COS ゆ cost 
-sinQ sin W + cos Q :：： ： :;; :） 

ヴェクトル花は、 (14)式で与えられるものを、その儘の形で用いる。

-210-



3.要素変化の式そのものは、既に良く知られて居るものである。此処で問題にしようと

して居るのは 「Poisson括弧のみに依拠」した形で、その導出が可能なものなのか否かを
知る事である。そこで、問題とする要素変化の式を、先ずは書いて置く事にする。

(28) 

． 6 

a1:R 'h = ->( t h,t k) ---a'k 
k=l 

(h = 1, 2,・・・，6)

此処では、要素に次の対比を課して、表記の簡便化を図った。

(29) ーt
a
 

2
 r
e
 

3
 .t 

r
A
 

4
 

r
A
C
3
 

5
 

と
ご
3

6
 
r]
て

量 ERは、摂動函数を表わす。

(30) ER=ER(tぃt幻と 3; t 4,t 5,t 6 ;t) 

量 ('h,'k)は、

(31) (t b, t k) 

Poisson括弧を表わす。具体的な内容は、次式で与えられる。

とと一乙と＋ユとー~~+ax avl[ avl[ ax ・ ay avy avy ay 

+~~~--と一品心az avz avz az (h, k = 1, 2,・・・，6)

此処で、 Zhと表記したものは、要素いを、位置ヴェクトル了、速度ヴェクトルV及び
時間tに付いて解いた時の函数を表わす。

(32) (h = 忽~(x, y, z; Vェ，Vy,Vz; t) (h = I, 2,・・・，6)

処で、此の函数忽hは、どの様にして定められたのであろう？ 実は、話の順序が逆に

なって居たのである。二体問題の解表式(l)～(14)を、表式中に含まれて居る積分定数に
付いて解いた式群(15)～(23)が、外ならぬ当該函数 Zhを定めるのである。従って、積分

定数たるKepler要素：a,e,i;O, w, rに対して、次の関係式が先ず初めに書かれるべき
であったのである。

(33) Ch=  忽~(x, y, z ; V x, Vy, V z; t) (h = I, 2,・・・，6)

此処で、いと表記したものは、未だ定数で有る事を強調した処のKepler要素を表わす。
対比は、以下の如くである。

(34) l
a
 

c
 

C2 
e 

3•9“ 

c
 

4
Q
 

c
 

C 5 
a) 
C 6 
t 

本来なら、 (33)式に於ける位置ヴェクトルおよび速度ヴェクトルの文字表記は、 (32)式の

それとは、異なるもので書き表わされなければならないのであるが、煩瑣を避ける目的で

同一文字で済ませた。何はともあれ、函数 Zhは、 (33)式に依って与えられるのである。

従って、此の函数が、次の関係式を満たすのは明らかな事である。

(35) ふ＝仔え＋げy＋仔2＋梵い梵立＋
＋ i a t = 0,  (h = 1, 2, • • ・, 6) 

”位＋

摂動が存在して居る場合には、只今の積分定数 Chを、新変数 thに置き換えると共に
位置ヴェクトルおよび速度ヴェクトルが満たす、運動方程式を考慮するのであった。
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4．与えられた運動方程式が、次の形のものであるとする。

(36) 

(37) 

． 
x=Vェーas R • a Vx ． 
Vェ＝一止 む退＿．
r 3X+ ax 

y=Vy-~· avy i=Vz-a e R* avz ． 
Vy= —i3y+ a ER・ a Y,  

． 
Vz= —伶 z+ 9 ER• 

a z 
此処で、量ER拿は、位置ヴェクトルおよび速度ヴェクトルを引数とした時の摂動函数を

表わして居る。

(38) E R • = E R • (x, y, z ; V x, Vy, V z; t) 

二体問題の系を「人工系」としたのであるから、 (32)式で与えられる要素し、に対する

時間的な変化は以下の様になる。

(39) 'h ＝仔え＋仔y＋仔と＋＂位＋梵い訊立＋仔＝
= ｛汗V叶討Vけ仔V叶

骨そ日侶x)＋がそ日扇） ＋梵日i3z)＋仔｝ ＋ 
ーと8ER•＿と乙 a e R・＿と旦＆・十
ax avx ay avy az avz 

＋ユ虹釣払虹此辺註応
avxax ・avyay ・avzaz 

上で、中括弧｛・・・｝の中の量は、函数 Zhの定め方から (35)式の適用を受け、零となる。

摂動函数ER・ とERの偏微分係数の間には、次の関係が存在して居る。

(40) 

(41) 

6 

Q ER・心゚ ER口
avx -'-'at k aVx' 
k=l 
6 

虹R-.＝〗 a eR口
ax -'-'atk ax' 
k=l 

6 

旦応＝ a ERi  
a vy 〗。 tk avy' 

kー1
6 

a ER・い」ii 
a y心ac k ay, 

K... 1 

6 

a ER•=>oeR口．
avz -/.J a,k avz' 

k:-1 

6 

a ER¥: a eR口az -1.J a,k az 
K... 1 

只今の関係を、 (39)式に考慮すれば、以下の結果を得る。

(42) 

6 ． 
'h=-〗（ロロしa X aVx 
k=l 
6 

心 （ロロaVx a X 
k=l 
6 

＋ 

＋ 

＝一〗 (t h, t k) a ER at k 
k=l 

~~+ a y avy 

ig-
avy a y ＋ 

汗＄約りctRK

梵・仔平悲

(h = I, 2, • • ・, 6) 

＋ 

斯くして、 (28)式に与えて置いた要素変化の式を何の曖昧さも無く導き出す事が出来た。

此の表式自体は、既に良く知られたものであって、何ら新しいものでは無い。肝心なのは

此処に登場して来る偏微分係数を、直接的に計算する方法を提示する事である。
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5.先に、 (26)式および(27)式で、軌道のヴェクトル定数に準ずる、軌道面内に位置する

単位ヴェクトル P•および 0•を定義して置いた。これを用いる時は、位置ヴェクトルや
速度ヴェクトルが、次の形に書き表わされる事になる。

(43) 

(44) 

(45) 

(46) 

r= r.p• 

v=[ ｛計•{ e sin f ・ P・＋
p三 a{ 1 -e 2) 

E= 且-=r 1 + e cos f 

どむ｝

以上の準備が整いさえすれば、後は、平易かつ機械的な計算を進めて行くのみである。

我々の様に直角座標を用いた場合は、一つの成分に対する偏微分係数を計算すれば、残る

成分に対しても、同型の結果が得られる様になって居る事が多いのである。

一例として、長半径aの偏微分係数の計算要領を、エネルギー積分に着目して示す。

(47) 

(48) 

(49) 

-」L＝上 v2__JJ_
2a - 2 v r 

士むい
2a 2 ax 生ぷ—r r 

a a = 
a了
』p•
n 

峠＝ 2ぷ｝＝料p:

占 i むL
2a 2 avェ=Vx 託＝ザ｛田 {e•sin f ・Px + ~ •Q!} 

む＝ 2e sin fp拿十
av n n 廷Q•

n 1J 

次には esin uおよび ecos uを、でおよびVに付いて偏微分して行く。此処には
Uの偏微分係数のみを書いて置く事にする。

(50) eむl-＝-Eesinf P・＋叫ニIL~ Q• 
a7 pen - ・ pen 

(51) eむ＝叫＋n 2-2)p• -＿（E+ n 2) e sin f Q• av -naee J. naee 

残る要素の計算に必要となる、補助量に対する偏微分係数の結果を列挙して置こう。

(52) 

(53) 

(54) 

紐ー＝ar 2P・＋ 2eP

リ＝一Eesi!f 
a7 pe 

P・＋

旦＝
av ”ア・—

虹＝—年亡o•av ne 
{（2-； : 2E -n2}0• 

疇 Seinfo・ 
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6.本小論では、要素いの代りに平均近点離角Mを用いる事にした。此の事は、本質的な

困難を惹起したりをしないばかりか、寧ろ、見通しの良い結果を与えて呉れるのである。

何はともあれ、計算結果を一括列挙してみるならば、以下の様になる。

(55) 

(56) 

(57) 

(58) 

(59) 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

aa 
a r → = 
印 p・
n 

む＝ 2e sin f ア・＋立~Q·av nn -.  nn 

むL=-E(Eーか）＿P・＋ sinto・ 
a7 pe -.  a 

む＝ nsin fP・＋ n （E 2_ n 2)0• av- na j. I nae~ 

aし 1
→ - ＝ - （sinゅp ＋ e sin w)頁
a r 

“-＝g粒並．．．av naと花

紐-=＿ 1a=r-= -iis1nT (cos 1" 

怜＝—古唱い羽

＋ e cos w)花

衿＝号炉や＋ー彗翌旦・＋
＋ェ叫
p sinT (cosゆ ＋ e cos(I)）買

む＝ー1]_仁 L+l p• +-.11...（E+1) s皿Lav nae 丑 naee 

ーユ皐 isinゅ罠

na~ sin t 

Q・+ 

a e n や＋吐旱且Q•直＝一 (E+ e2) sin f 
87 

饂＝ュ立2_E2-2e2)p• 
av na eE 

_ n 2(E+1) sinf 0• 
nae~ 

これが総てである。量 P・‘Q・、花が、互いに直交する単位ヴェクトルである事の故に
Poisson括弧の計算は、極めて容易なものとなるのである。

此の様な「優れたもの」が、

言うべきであろう。

これ迄に提案されなかったと云うのは、甚だ不可解な事と
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7.最早、説明の必要は無い処であるが、一例として括弧 (a,e)を計算して置く。

(67) (a, e) =（旦．門—（ぃ．門＝
a7 av/ ¥av a7 

(= （叩• P̀・＋叫い） ＋ 
-(_z噂 fP・＋丑Q•. 芳戸P＊十 si戸•)=
＝出エ紅□＿鉛こsinft(Eーが） ＿廷＿血上＝
n-- na nn pe nn a 

= 2 E sin f 
nan マ｛と一 ~+n2-n2} = O 

以下、同様の単純計算を行ないさえすれば、次の良く知られた結果に到達する。

(68) (a, M) = 2 
na 

(69) (e, w) = n n a 2 e 

(70) (e, M)＝一 n 2 
n a 2e 

(71) (t, 0) = 1 
n a 2 1JS五

(72) (t, w) = cost n a 211 sin t 

要素変化の式を書いて、終る事にする。

(73) 

(74) 

(75) 

(76) 

(77) 

(78) 

a ． = 2 a ER 
na ax 

ら＝千8ER _ -—庄一 8 ER 
na2e ax na2e aw 

並= gos i tいぶ＿＿ 1 a eR 
dt n a n sin a o n a2 TJ Sin t a Q 

Q = 1 a ER naりTJSinT汀

ら＝戸号分戌— naf叫ロー＂
え＝一』がり良ー一晶—肘翌）

唐突に、近日点通過の時刻ての代りに、量Xが現われて居るが、既に、 (1)式で定義して

置いたので混乱は無いであろう。一連の偏微分係数を求める際に、特に平均近点離角Mを

用いたので、斯う云う事も容易に行なえたと云う次第である。

此処に述べた Poisson括弧を直接的に計算する方式が、教育の場などで広く行なわれる
事を切望する。任意の中間軌道に対しても、本法の適用は勿論可能である。 (03506ma) 
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ABSTRACT 

We have investigated the evolution of a satellite-ring system in order to under-

stand the mechanism of the formation and maintenance of the Uranian eccentric 

rings, by performing N-body simulations of the system in which ring particles 

are confined by two shepherding satellites inside and outside of the ring. Our 

simulations demonstrated that under certain conditions the initially circular ring 

and satellites become eccentric, and remain to be eccentric. To our surprise, the 

self-gravity of ring particles, which is essential in the self-gravity model originally 

proposed by Goldreich & Tremaine (1979a,b) has a little effect on our simulated 

eccentric ring. We also performed numerical simulations of a simple system in 

which satellites move on fixed orbits and only inelastic collision of particles is 

taken into account. Even in such a system, we found that the initially circular 

ring becomes eccentric, and that properties of the ring is explained by the effect 

of the forced oscillation by a perturbing satellite. This result implies that the 

effect of secular perturbation with satellites and ring and inelastic collisions of 

ring particles are keys for the formation of eccentric ring in our simulation. These 

effects might play an important role on the formation and maintenance of the 

U ranian eccentric rings. 

Subject headings: planetary rings, Uranus, N-body simulation 

1. Introduction 

One of the most striking features of the Uranian ring system is that some of rings, at 

least 6, 5, 4, a, (3, €-rings, are eccentric (e.g., French et al. 1991). The existence of the 
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eccentric rings is truly surprising, because it requires the pericenter of ring particles with 

different orbital periods to behave in exactly the same way under dispersive effects such 

as quadrapole moment of Uranus, which precesses the longitude of the pericenter of a ring 

particle, ro, dependin~ on its semimajor axis, a. If the eccentricity, e, and inclination, i, are 
small enough (e, iくく 1),the precession rate is expressed as 

dro 3 -~ -J国 (GM)1f2a―7/29
dt -2 

(1) 

where G is the gravitational constant, and, M, R, and J2 are the mass, radius, and non-

dimensional harmonic coefficient of the potential of Uranus. For the E-ring, the difference 

between the angles of the pericenter of the innermost particle and that of the outermost 

particle undergoes one full rotation in about 200 years. Thus, it seems unlikely that the 

eccentric ring survives for a long time without an additional contribution. 

In order to explain these eccentric rings, various theorical models have been proposed. 

One is a theory based on the self-gravity of the ring, originally proposed by Goldreich & 

Tremaine (1979a,b) (also, see Borderies, Tremaine, & Goldreich (1983)). In this model, the 

self-gravity of ring particles locks their apsides against the differential precession. This model 

is widely accepted, since the model can give some observable prediction which is consistent 

with observations. However, it also has consequences which contradict with observations 

(e.g., French et al. (1991); Craps et al. {1995)). Recently, in order to solve such problems, 

• this model was extended to take into account the effect of particle collision, and predicted 
much larger mass for the a-ring (Chiang & Goldreich 2000; Mosqueira & Estrada 2002). 

Kozai (1992, 1993) proposed another model, in which eccentric rings are maintained by the 

forced oscillation of ring particles caused by undiscovered shepherding satellites in eccentric 

orbits. In this model, it is assumed that apsidal motions of the ring particles and the satellites 

completely synchronize with each other. It has been unclear whether or not any of these 

theories correctly accounts for the formation and survival of the eccentric rings. 

We studied the evolution of a ring-satellite system in which a narrow ring is confined 

by two shepherding satellites orbiting around an oblate central planet, by performing direct 

N-body simulations. This is a setting similar to Kozai's model, but we have not made 

any assumption on the eccentricity of shepherding satellites. In our model, the orbits of 

satellites evolve through interaction with the ring and the other satellite. In our simulations, 

gravitational interaction and physical {inelastic) collision between ring particles are taken 

into account. For calculation of the gravitational interactions, we used GRAPE-6 (Makino, 

Fukushige, & Namura 2002), which allow us to do simulations for a long time with a large 

number of particles. 

In the next section, we describe the simulation method and the ring-satellite model. In 
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section 3, we describe our numerical results. The main finding is that an initially circular 

ring becomes eccentric, even though initially both the ring and orbits of both satellites 

are circular. In section 4, we show the effect of secular perturbations from satellites on 

our eccentric ring by simulations in which satellites move in fixed orbits. Section 5 is for 

di lSCUSSIOilS. 

2. Model 

2.1. Simulation method 

We consider motion of particles under a potential of a oblate central body, taking 

into account mutual interactions of particles through the gravitational force and the direct 

collision. The orbit of particles is calculated by integrating the equation of motion with the 

forth-order P(EC)2 Hermite scheme (Kokubo, Yoshinaga, & Makino 1998). For calculation 
of the gravitational force・ between ring particles, GRAPE-6, a special purpose computer 
for calculating gravitational force (Makino, Fukushige, & Namura 2002), is used. In our 

simulation, collision is detected as overlapping of particles. By assuming a free-slip, hard-

sphere collision model, we calculate post-collisional velocity with restitution coefficient in 

normal direction, e. For simplicity, we use velocity-independent restitution coefficient and 

e = 0.01, which is needed to keep ring particles within a narrow region. For details, see 
Daisaka & Makino (2002). 

2.2. Ring-Satellite model 

The ring consists of N equal-mass, equal-size particles. For our standard simulations, 

N = 104 and mp = 10ー10M, where N is the number of ring particles and mp is the mass of a 
ring particle, so that the mass of the ring is mr = 10-6 M. To determine the size of the ring 
particles, we assume that their density is given by pf (NI a訂）＝1.54, where a。isthe central 
value of the semi-major axis of ring particles. This roughly corresponds to the typical value 

for icy particles at the location of the €-ring of Uranus. Initially, ring particles have the 

semi-major axis uniformly distributed in [a0 -W /2, a。+W/2], where we take W = 0.02a。
for our standard runs. Initial eccentricities and inclinations of ring particles are 0.1hr, where 

hr = (2mp/3M)1l3 is the reduce Hill radius of ring particles. Other orbital elements are 
chosen randomly. 

Two satellites have the same mass, rns = 10-6 M. Thus, the total mass of the ring and 
the mass of one satellite is the same. We placed two satellites in circular orbits inside and 

-218-



outside the ring, with radial distance△a = 5hsao, where hs = (ms/3M)1!3 is the reduced 
Hill radius of the satellite. The synodic time of these satellites is about 20TK. For the J2 

term of the potential of Uranus, we use J2(R/a。戸＝ 8.95x 10-3. This value is similar to 
the value at the €-ring of Uranus. The precession period is roJ 750TK・

3. Result 

3.1. Formation of Eccentric Rings 

Figure 1 shows the result of the standard simulation. Initially the ring is circular, and 

the ring particles form a straight line in cylindrical coordinates at t = 0. At t = 600TK, the 

ring is still circular. At t = 3000TK, however, the sinusoidal distortion of the distribution 
is clearly be seen. In this case, the distribution of the eccentricity vector is offset from the 

origin, indicating that the pericenters of ring particles are aligned and the ring becomes 

eccentric. After the formation, the eccentric ring is maintained for a long time but the 

eccentricity and the longitude of pericenter change with time (t = 6000, 19735, and 40000TK 
in Fig. 1). 

Figure 2 shows the time evolution of global ring characteristics. The eccentricity of 

the ring in Fig. 2(a) is defined as an average of the scalar product of the eccentricity vec-

tor of a ring particle and an unit vector with the direction of the pericenter of the ring, 

(cos tv'ring, sin tv'ring) (see below). In Fig. 2(a), we can see that the eccentricity of the ring 

grows rapidly for t = 1000 to 4000TK, which corresponds to the growth of the eccentric 
ring seen in Fig. 1. After the initial growth of the eccentricity, it exhibits a complex quasi-

oscillatory behavior. The timescale of the oscillation is clearly related to that of the relative 

rotation of apsides of the ring and the inner and outer shepherding satellites. Comparison 

of Fig. 2(a) with Fig. 2(c), and (d) suggests that the eccentricity takes maximal values at 

times when the angle of apsides between the outer satellite and the ring is minimum (,...._, 0) 

and the angle between the inner and the ring is maximum {rv 1r). In Fig. 2(b), the longitude 
of the pericenter of the ring is defined simply as o:フring= tan-1(< sin ro > / < cos ro >), 
where "<>" means the average over ring particles. It is tricky to take an average of tv 

because it is an angle variable with indeterminacy of 21rn, where n is an integer. We also 

plot the deviation of the pericenter from average in Fig. 2(b). This quantity is useful to see 

whether the ring is eccentric or not. It should be,...._, 1.8 when the ring is circular. As the 

system evolves(t > lOOOTK), the deviation becomes much smaller than 1.8, indicating that 

the apsides of ring particles aligned with each other. 

In Fig. 2(a), the eccentricity of the ring shows quasi-periodic oscillations, but with the 
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magnitude of average eccentricity slowly decreasing in time. This decrease is probably the 

result of the increase of the separation between the satellites and the ring shown in Fig. 2(e). 

The center of the ring and its width plotted in Fig. 2(e) are defined as the average of the 

semimajor axes of ring particles (< a >) and its dispersion (~ジ）． As the 
system evolves, satellites slowly go away from the ring. 

Figure 2(b) indicates that the eccentric ring is precessing at an almost constant rate. 

The precessing period obtained from this figure is 6.8 x l02TK. Those for for satellites inside 

and outside are 5. 7 x 102TK and 8.2 x l02TK, respectively. The period calculated purely 

from the J2 contribution of the potential of the plants are 7.45 x l02TK, 6.47 x l02TK, and 

8.53 x 102TK, for the ring and the satellites, respectively. Thus, our numerical values are 

in good agreement with the simple theoretical estimate. The complete synchronization of 

the apsidal motion, which was assumed in Kozai's model (Kozai 1992, 1993), does not take 

place in our eccentric ring. 

3.2. Effect of the self-gravity of ring particles 

In the self-gravity model (Goldreich & Tremaine 1979a,b; Borderies, Tremaine, & Gol-

dreich 1983; Chiang & Goldreich 2000; Mosqueira & Estrada 2002), the self-gravity of ring 

particles is essential to maintain a common apsidal motion of the ring particles, providing 

counteraction against the differential precession due to J2. As a consequence, rigid precession 

of the ring is realized. In order to see how the self-gravity work in our simulated eccentric 

ring, we perform a simulation in which the self-gravity of ring particles is neglected. 

Figure 3 is the result of the simulation with the same parameters used in the standard 

run but neglecting the self-gravity of ring particles. This figure provides the evidence that 

even in ring particles without the self-gravity the formation and maintenance of the eccentric 

ring, and the common apsidal motion of ring particles are realized. The timescale of the 

growth of the eccentric ring is also similar to that in the standard run. These results suggest 

that in our simulated eccentric ring, the self-gravity of the ring has little effect on the growth 

of the eccentricity and on apse alignment of ring particles. 

4. Secular perturbations from satellites 

The behavior of the eccentricities of the ring and satellites seen in our simulations, 

for example, a maximum in the ring's eccentricity seems to coincide with a minimum in 

the eccentricities of the satellites, reminds us of importance of secular perturbations from 
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ring and satellites. However, only the secular perturbations can not explain our simulated 

eccentric ring, because another effect is also important on the dynamical evolution of the 

system.. In fact, the distant encounters between the ring and satellites should give rise to 

the evolution of the semimajor axes of the satellites (Daisaka & Makino 2002). 

In order to separate the effect of secular perturbations from satellites on our eccentric 

ring, we performed numerical simulations of a simple ring-satellite model in which satellites 

move in fixed orbits and only inelastic collision of ring particles is taken into account. 

We considered the simplest case in which a one satellite moves in an eccentric orbit 

while the other moves in a circular orbit. The inclinations of the satellites are set to be zero. 

Such a modeling of a ring-satellites system is similar to that used in Kozai (1992, 1993). 

We performed simulations with different sets of (es,in, es,out,△a), where es,in and es,out 

are the eccentricities of an inner and outer satellite, respectively, and△a is radial distance 

of the inner or outer satellite from the ring. In the simulations, we used a smaller number 

of ring particles (N = 5000) than used in the standard run (N = 10000), in order to reduce 
computational time. 

The results obtained from a simulation with (es,in, es,out,△a) = (0.25 hs, 0, 5 hsao), 
i.e., in the case where the inner satellite moves in the eccentric orbit while the outer in the 

circular orbit, can be seen in Fig. 4 and Fig. 5, which show the time evolution of particle 

distributions in space and in the eccentricity vectors and that of the orbital elements of 

the ring, respectively. Even in this case, the ring becomes eccentric and it is maintained 

for long time, as seen in the standard run. Also, particle distributions in the eccentricity 

vectors shift from the origin and move counterclockwise around the origin, indicating that 

there is a tendency for the ring particles to have a common apsidal motion. This apsidal 

motion is not independent of that of the perturbing satellite. Figure 5 (c) exhibits libration 

of w s,in -wring around zero after t > 30000T K. This indicates a tendency for the apse of the 
ring to be locked by that of the perturbing satellite. On the other hand, such phenomena did 

not occur when es,in and es,out are zero. Figure. 6 and Fig. 7 are the results of a simulation 

with (es,in, es,out,△a) = (0, 0, 5 h8a0), i.e., in the case where both satellites have circular 
orbits. In this case, ering is very small, and the deviation of the pericenter of the ring almost 

keeps to be rv 1.8, indicating that the ring is still circular. 

From simulations with es,in or es,out large enough to make a ring eccentric, we obtained a 

time-averaged value of ering and its dispersion to compare with the forced eccentricity derived 

by secular perturbation theory (Daisaka & Makino 2002). In Fig. 8, we plot a normalized 

ring eccentricity ering/ es by dots with error-bars obtained from the simulations and the forced 

eccentricity by solid line, as a function of the normalized semimajor axis of the perturbing 
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satellite (a/ a0). This figure shows a good agreement between ering and e forced• Figure 8 also 
shows a peak close to rv -5hsao, which corresponds to the location of the secular resonance. 

Since in the simulation of Fig. 4 we put the inner satellite with the eccentricity close to 

this location, the ring's eccentricity could be enhanced largely by the effect of the secular 

resonance. 

Thus, if we consider the simple system of a ring and satellites, the secular perturbations 

should provide a good approximation to our eccentric ring. 

5. Discussion 

Secular perturbations from satellites might explain the eccentric ring in the standard 

run where we allow the satellites to evolve freely. However, we have to explain how the 

satellites increase in their eccentricities. Also, we have to understand the effect of inelastic 

collisions of ring p紅tideson the formation and maintenance of the eccentric ring. To address 

these points, we are currently constructing a simplified analytic model. 
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Fig. 1.- Formation and evolution of an elliptical ring in a system with 10000 identical, 

spherical, inelastic, and self-gravitating particles with shepherding satellites orbiting around 

a non-spherical central planet. Left panels are spatial distributions in cylindrical coordinates. 

Vertical axis shows the difference of semi-major axis△a=a-a。,wherea。isthe central 
value of the semi-major axis of ring particles at t = 0. It is scaled by the Hill radius hs = 
(ms/3Mt1l3 = 6.93 x 10-3_ Right panels are distributions in the pla11e of the eccentricity 

vector (e cos w, e sin w). The inner and outer saielli tes are denoted by an open circle and 

triangle, respectively. 
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Fig. 2.-The time evolution of orbital elements of ring particles and satellites in the simula-

tion of Fig. 1. (a)The eccentricity of the ring. (b)The longitude of the pericenter of the ring 

(dots) and its deviation from the average (line). (c)The phase difference of the pericenter 

of the inner satellite from that of the ring. (d)The phase difference of the pericenter of the 

outer satellite from that of the ring. (e)The semimajor axes of satellites(upper and lower 

lines), the average of the semimajor axis of ring particles (solid line around a -a0 = 0), and 
its dispersion (broken lines). 
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Fig. 3.— Formation and evolution of an elliptical ring in the case where the self-gravity of 
ring particles is ignored. Parameters used in this simulation is the same as these used in 

Fig. 1. 
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outer satellite from that of the ring. 
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水星近日点黄経に於ける余剰永年変化問題への最終解答

Final Answer to the Problem of the Excess Secular Variation 
in the Longitude of the Perihelion of Mercury 

井上猛 （京都産業大学）

T. Inoue 
Kyoto Sangyo University 

Abstract. Since 1991, we continuously examine the problem of the excess secular 
variation in the longitude of the perihelion of Mercury. The existence of this 
peculiar motion was pointed out for the first time by Le Verrier in 1859. Then 
Newcomb afirmed this phenomenon in 1895. This amount is about 43 arc seconds 
per century.胃eknow well "the widely accepted fact" that this problem has been 
totally solved by the Einstein's general theory of relativl ty in 1915. 
Our constant examination for this problem made able us to reveal the truth. 
That is to say, there existed "a tiny mistake" in the theories of the motion of 
Mercury established by Le Verrier and Newcomb. 
This is "the very reason" why such an excess advance appears in the motion 
of Mercury. Our result shows that the Newtonian Mechanics is perfect at least 
to describe the motion of this planet. 

1. 「惑星運動の理論」は、太陽と着目惑星とから成る「二体問題の系」を先ずは積分し

そこでの積分定数を新変数として書かれた「要素変化の式」を通して、総ての天体に依る

作用を取り込む形で構成されて居る。運動理論の中に現われる数値は、観測を通して定め

られるべき性質のものである。然し、現実には総ての天体の影蓉を内包した状況下でしか

これらを決定する事は出来ない。それでは「二体問題の系」と云うのは謂わば絵に描いた

餅でしか無いのであろうか？ そんな事は無い！ 観測的に決定された数値の中に“紛れ

込んで居る摂動の部分’'は、理論の助けを借りて、排除して行けば良い事になって居る。

最初に「水星の近日点黄経ぴに、 ‘‘余剰の”永年変化が存在する」と云う事を言い出した

Le Verrierの場合とても、状況は全く同じであった。

水星の運動が一平面内に限って行なわれるとしても、問題の本質を見失う事は無いので

平面極座標 (r,<I>)を導入する。 rは動径を、¢は黄経を表わす。我々も、 LeVerrierに
倣って、離心率eの二次以上の微小量は無視して、楕円軌道を次の形に書く。

(I) : </> = VJ + M + 2 e sin M 

(2) : r = a (1 -e cos u) 

此処で、 aは長半径を、口は近日点黄経を、 Mは平均近点離角を表わす。
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2.水星の黄経¢および動径rを与える運動理論は、極めて複雑な三角函数の組合せから
成って居る。更に、これに多数の数表を併用して行かなければならない様になって居る。

然し、我々が問題とする対象は意外と“単純”であって、 LeVerrierが与えたものから
引用しても以下の様である。

(3) <b 11111 = 01 + M + 2 e楕l'I sin M + S sin M 

(4) r II闘＝ a(1 - e m111 cos u) + C金&1cos M 

( 5) S = S金凪 ＋ （S地緯 ＋ s＊“) 
此処に、量SやC金aなどは、 LeVerrierに依って、次の様に与えられて居るものである。

惑星
黄経の摂動 6¢ 
sin M の係数

動径の摂動 6r 
cos M の係数

金星IIs知： ＋o. • 065 2528 I C金fd : -0.'011 4015 

地球 11s 18.$ : +o.'011 7139 * * * 
．．．．．．．．．．．．．．．．．．．．．．．．．．．．．．．．． 

木 星IIs租： ＋0.'032 0147 * * * 
総和 II S : +O.. 114 9815 I c金吊: -0.. 011 4015 

本小論で扱って居る精度からすれば、上の関係式は、次の形に書き表わす事も出来る。

( 6) cJ>鼠闘 ＝ a1 + M + 2 e "• sin M 

(7) r鼠a=a(l-e岬 cosu) 

但し、次の関係を仮定した。

(8) 

(9) 

e鼠闘三 e町1+ s 
2 

e動ff.= e楕円 ー ・年
a 

観測的に離心率の値を決定するには、 「中心差」の表式に着目するのが良いであろう。

上記の(6)式が、将に此の表式に外ならないので、これに依って量e鼠闘の値を、観測的に

決定する事が出来る。量Sは、理論の方から知る事が出来るので、 (8)式に依って直ちに

楕円軌道の離心率e楕円の値を知る事が出来る。

処が、惑星運動理論の大御所たる LeVerrierもNewcombも此の手順を踏んでは居ない
のである。何故か？ それは、深い考えが有っての事なのであろうが、実際問題としては

量Sの推定が、意外に困難なものなのかも知れない。何はともあれ「彼らが、どんな風に

運動理論を構築して行ったか」は、我々にも充分に窺い知る事が出来るのである。それが

可能であったればこそ、彼らが建設した理論の中の誤りも発見する事が出来たのである。

「彼ら」と一括りにして言ったが、 LeVerrierの理論の建設の仕方と Newcombのそれとの
間には明確な違いが存して居るのである。
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3. Le Verrierが、どの様に扱ったかを見て行く事にしよう。 「中心差」の表式に着目し
観測から“離心率e1&111’'の値を入手する。その数値から、地球と木星に依る摂動分を差し

引いて、次式で与えられる“離心率さ”を定める。

(10) ~ 1 e = ell闘 ― 2 (S地蹟 ＋ s *&1) 

只今の量でには、未だ金星に依る影響が含まれて居る。金星の影蓉を除去するのに、彼は

「二通り」に修正を施して、二個の“離心率”を設定して行くのである。

(11) e L =さーヤ
(12) ～ 
er = e + ヤ

具体的な数値を与えてみる。

(13) -立皿
2 = -0.'032 626 

04) + ~ =一a 

両者の差は僅少である。

0.'029 453 

(15) +ら-｛ーふ
a r-} = + 0.'003 173 

Le Verrierは、 「二体問題」の解を、 「中心差」及び「動径」に対し、平均近点離角に
関する Fourier級数に展開する。その時に、 「中心差」の展開には“離心率eL" を用い
「動径」の展開には“離心率er’' を用いるのである。 「差が小さいから、構わない」と

見倣したのであろう。その解表式に金星に依る摂動を加味して行くのである。その様子を

「中心差」及び「動径」で見てみるならば以下の如しである。

(16) か＝ t11+ M + 2e L sin M + S紐 sinM 

(17) r L = aパ1- e r cos u) + C金M cos M 

これは、何の事は無い、単に一つの楕円軌道を計算したに過ぎない事になって居る。動径

いの表式では、長半径を aLと表記して置いた。

(18) が＝ tt1+M+2でsinM 

09) ・ r L = a L (1ー ecos u) 
彼は、更に S地閾及び s*Id に依る影響を、黄経cf)L の表式に追加して行くのである。

次には、 Newcombの扱いに付いて見て行く。彼は、観測される黄経¢攣鱈を、楕円軌道で
以て表現すべく、次の様な扱いをした。

(20) e N = eげデ s = s金M+（Sm+s屈＼）

これに依る時は、黄経¢の方は、関与する惑星の摂動を総て取り込んで居るのであるから

問題は全く無い。然し、此の離心率 eNを、動径 rの計算にも用いて居るのである。
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Newcombが、黄経¢および動径rを計算する為に用いた表式を書き出して置く。

(21) cl> N = m + M + 2 e N sin M 

(22) r N = a N (1 - e N cos u) 

此処で用いた長半径 aNは、 LeVerrierの年と、次の関係を有する。

(23) a N (1 + t e記） ＝ aL (1+ t eげ）
これは、 LeVerrierが、水星の質量を太陽の質量の三百万分のーである、と仮定したのに
対して、 Newcombは、六百万分のーであると仮定した事に起因するものである。

4. Le Verrierの理論構成の仕方と Newcombのそれとの間には“明確な差異が存在”して
居るのであるが、要するに「一つの楕円軌道を計算したに過ぎない」と云う点からすれば

「両人とも同じである」と言っても過言では無い。

我々 は、 (15)式に与えられて居る「金星の影響に於ける“差”」は確かに僅少であるが

Le Verrierの理論の精度からすれば「これを無視する事は許されない」と云う事を指摘し
此の差異に着目して『中間軌道』の導入を図ったのであった。

M=~~dt+x 
to 

(24) u -e sin u = M,  

(25) n = f{μ,N/ a記｝， μ,N=G(m心＋m*Jj¥)

(26) tan (f/2) = 4{0+e•)/(1-e•)} ・tan (u/2) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

e • = e + flE AE =Sm+s屈

r =知｛1ー (e - Ace) cos u} 

<P =m+  f 

p r = n a N (e -A e) sin u / (1 -e cos u) 

pt= n r 2 sin f / { sin u (1 -e cos u)} 

Ae = _c:皿＋立a I 2 

何の故に此の様なものを導入したかと言えば、これに依って(3)式(4)式が表わして居る

真の黄経¢および動径rが、所与の精度で表現され得るからである。加えて、此の『中間
軌道』を用いるならば、 「要素変化の方法」に依る摂動計算が精密かつ容易に実行可能と

なるからである。上で、単にeと表記したものは、 (11)式で与えられる eLの意味に解す

べきものである。

Le Verrierも Newcombも共に、二体問題の系を「人工系」に選び、 Kepler要素に対する
摂動計算を行なって「前進量の存在」を主張したのであった。
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水星の運動を“正しく表現して居る”我々の『中間軌道』が、二体問題の系と如何なる
関係にあるかは明らかにされなければならない重要事項である。そこで、二体問題の系を
「人工系」に選び、積分定数たる楕円要素に対して「変化の式」を解いて行ってみる。

此の立場に立つ時は、次の C応が、 Kepler要素に対する「摂動函数」となる。

(33) f RN = μ, N 1?—｛七— 3r ＋賛＋旦正＼ヨ旦_2_-｝＋ 

+ JJ, N 心E{—軒＋ a討i¥-e2)-}

特に知りたいのは、近日点黄経ぴに於ける永年変化 6ぴ (S)である。そこで、摂動函数

E応の永年部 fRN (s)を抽出して調べてみる事にしよう。

(34) E RN < s > = μ, N ~{—士＋&} +μ,Nザ X0 

Ae 2 e2 
(35) 0 f11 (s) = ~ • ~ •{ ~ +了-｝ •n (t - to) 

(36) ~□43.3748296秒角／世紀 ] 

これで見れば、 「正しい軌道」は、静止した楕円軌道に対して近日点黄経ぴに上記の
一世紀当り43秒角の前進を有するが如きものであると云う事が明らかになった。

Le Verrierも Newcombも、我々の『中間軌道』に於ける微小量 Aeの存在を、無視して
居るのである。これでは、 43秒角／世紀の不足分が出たとしても不思議は無い訳である。

惑星摂動を「正しく」考慮しさえすれば、 ‘‘世紀の難問 ：43秒角／世紀の不足”なる
ものも雲散霧消して仕舞うのは「火を見るよりも明らか」である。これを以て、一先ずは
当該問題に終止符を打つ事としたい。

本小論では、参考文献を逐一挙げる事をしなかた。それは、既に

第24回天体力学研究会集録から第34回天体力学研究会集録に至る
間の、我々の主張を繰り返しつつ整理したのが本報告であるとの
認識に立ったからである。然し、それでは拠り所の無いになって
仕舞うので、一つだけ挙げて置く事にする。

井上猛 ： 2000 第32回天体力学研究会集録 p. 147 "'p. 158 
水星近日点前進の問題 Newcombの場合
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Kreutz群のサブグループ

Subgroups of The Kreutz Sungrazers 

Abstract 

住谷秀夫（大阪音楽大学）

Hideo Sunitani 

Osaka College of Music 

Kreutz studied several comets that had similar orbital elements in the 19th century, and 

he pointed out existence of comet group. Therefore, these comets were called the Kreuts comet 

group. The orbital characteristic of the Kreutz comet group has a very small perihelion distance. 

Furthermore, their comet~ have a strong correlation between argument of perihelion and longitude 

of ascending node. 

Until C/1970K I, 8 sungrazers were observed from the ground. Two spacecrafts, 

SOLWIND and SMM, discovered 16 sungrazers during 1979 to 1989. SOHO spacecraft detected 

about 500 sungrazers, and orbital elements of 454 sungrazers were published. 

D-criterion defmed by Jopek was used as the orbital similarity of two comets. Using the 

cluster analysis, 478 sungrazers classified 6 subgroups. Subgroup① and Subgroup② correspond 

to Marsden's Subgroup I and Subgroup II. Subgroup③ and Subgroup④ consist of only one 

comet, C/198402 and C/1997M5, respectively. These two sungrazers have the maximum perihelion 

distance or the minimum inclination. Because these orbital elements include a problem, these 

sungrazers are not subgroup. There are 6 or 7 members constituting Subgroup⑤ and Subgroup⑥, 

it should be recognized as new subgroups if sungrazers of these subgroups increase. 

1. Kreutz群

彗星群は近日点あるいは遠日点の方向がほぼ同じで、軌道要素が互いに良く似ているような

彗星から構成されている。 Kreutz群は彗星群の中で最も有名であり、そのメンバーも最多であ

る。

Kreutz群に属する彗星の軌道の特徴を挙げると次のようになる。

1)近日点距離qが小さい

2)逆行軌道である

3)近日点引数oと昇交点黄経Qに線形関係がある

1)の近日点距離qの分布は、 Fig.Iに示すように、その多くは太陽半径の 2倍以内にある。こ

れは、太陽コロナの中を通過するほどであり、太陽を掠める彗星群という別名も、この特徴に由来

する。半数以上の彗星は太陽半径の1.0~ 1.2倍の範囲にある。太陽半径の2倍以上の近日点
距離を持つ彗星は 3彗星であり、最大値は 3.3倍である。逆に、太陽半径より小さな近日点距離

を持つ彗星も 4彗星あり、これらは太陽と衝突する軌道を持つことになる。

Fig. 2は軌道傾斜角iの分布である。 143,.._144゚ 付近に集中している。しかし、 130゚ 以下

の彗星もある。

3)の線形関係については、 Fig.3に示すように、相関係数 r=0.9751とかなり強い相関がある。
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Fig.I Histgram of Perihelion Distnce 
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Fig.2 Histgram of Orbital Inclination 
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回帰直線はQ= 91.167+1.149 coとなる。ただし、 co<45゚ ではこの関係からはずれる彗星も存在
している。

これらの特徴と、近日点の座標を使用すれば、 Kreutz群の判定に使用できるだろう。

Kreutz群に属する彗星は、 C/1970Klまでは地上から観測された彗星だけであった。 1970年

以降の Kreutz群の彗星は、すべて太陽観測用の探査機に搭載されたコロナグラフの CCDによ

る画像から発見されている。特に、 1996年以降 SOHOによって多くの彗星が発見されている。こ

れらの彗星はすべて近日点通過前に発見されているものの、近日点を無事に通過した彗星は皆

無である。

この Kreutz群が、 C/1882Rlや C/1965S1が分裂したこともあり、母彗星からの分裂を繰り返す

ことで形成されたことは疑いようがない。このため、 Kreutz群はさらにサブグループに分類できる

ことが指摘されている。 Marsden(1989)は、 SubgroupIとSubgroupIIに分け、 C/1970Klを

Subgroup II aと分類した。

SOHOによって発見された Kreutz群の彗星も含めると、 Marsdenの分類によるサブグループ

はどうなるのか、という点について、これまで SOHOの彗星が 43彗星の場合(1998)、191彗星の

場合(2000)で、サブグループを調査してきた。しかし、彗星の軌道要素が改良されたことや、その

分布が拡大することもあり、これらの結果は同じような結果にはならなかった。 SOHOによる彗星

の発見は続いており、新しい SOHOの彗星も含めてサブグループをもう一度考えてみたい。

2.サンプル数
地上から観測されたKreutz群の彗星をTable 1の8彗星とした。 Kreutz群の可能性がある彗

星はこれら以外にもあるが、本稿では割愛した。

1979,,,_ 1989年にかけて、人工衛星のSOLWINDとSMMに搭載されたコロナグラフの画像か

ら、 1等級から一4等級の彗星がそれぞれ6彗星と 10彗星の合計 16彗星を発見した。これらと

比較すると、 Bieseckeret al.(2001)の光度観測の結果では、 SOHOで発見されている彗星の多く

は5~7等級で、微光なものが多い（。これは、 SOLWINDや SMMに搭載された CCDに比べて

感度が向上したことや、 C2、C3と呼ばれる視野が異なる2つのコロナグラフを搭載していること

もある。さらに、 SOHOの画像がインターネット上で公開されており、多くのアマチュアがこの画像

から彗星を探索できるからである。

2003年 2月末現在、 SOHOによって発見され、その軌道要素が公表された Kreutz群の彗星

は454彗星である（ただし、研究会以降、 4月末までに新たに 10彗星の軌道要素が MPECで公

表されている）。

したがって、 Kreuz群の彗星数を本稿では合計478彗星とする。

3．軌道要素の類似性と解析方法

近日点通過時刻を除く軌道要素の類似性を考えるために、 Jopek(I993)の式を使用することに

した。この式は、流星の軌道を求めた際に、母彗星の軌道との類似性を調査して、関連性を確認

するための式である。 Southwarth& Hawkinsが考案した式と、 Drummondの式を検討してJopek

が再構成した式である。もし、 Dの値が0なら同一の軌道になる。

彗星Aと彗星Bの軌道の類似性Dの値を軌道要素で表すと次式のようになる。
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Fig. 3 Correlation between Argument of Perihelion and Longitude of Ascending Node 
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Table 1 Orbital Elements of K.reutz Sungrazers Observed from the Ground (J2000.0) 

Comet 
q w Q i L B Marsden's 
[AU] 

e [degree] [degree] [degree] [degree] [degree] Subgroup 

C/1843D1 0.0055 0.9999 82. 64 3. 53 144.35 282. 56 35. 31 I 

C/1880C1 0. 0055 1.0 86.25 7. 78 144. 67 282. 37 35. 25 I 

C/188781 0.0048 1.0 83. 51 4. 59 144. 38 282. 55 35. l5 I 

C/1963R1 0. 0051 0. 9999 86. 16 7. 94 144. 58 282. 65 35.氾 I 

C/1882R1 0.0078 0.9999 69. 59 347. 66 142. 01 282. 94 35. 23 II 

C/1945X1 0. 0075 1.0 72. 06 351. 20 141. 87 283. 57 35. 97 II 
C/1965S1 0. 0078 0.9999 69. 05 346. 99 141. 86 282. 95 35. 22 n 

C/1970K1 0.0089 1.0 61. 29 337. 01 139. 07 282. 95 35. 07 na 
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2 

D2 =(es-eS +(~r +(2sin~r 
2 2 

~r +(2sin令＋（デ）（2sin生）

(2sin号）2= (2sin¥r +(sini8 SiDi,412SiD出；吋
四＝（叩— (J)A)+2arcs吋cos呼sin¥sec号）

サブグループを探るために、群平均法を使った階層的クラスター分析を行った。群平均法では

D2を用いて計算するため、 Jopekによる軌道の類似性 D2を478彗星の全組み合わせで求め、

類似行列を作成した。 ． 

階層的クラスター分析では、まず 478彗星を 478のサブグループと考える。そして、 D2の小さ

なペアほど、軌道が互いに類似していることから、これらは同じサブグループに属するものとして

融合する。この融合されたサプグループと他のサブグループとの D2の値を再計算する必要があ

る。この計算に幾つかの方法があり、サブグループ間の値をメンバー数を考慮した平均を使って

計算する群平均法を今回は用いた。

なお、今回のサンプル数になると、パソコン用の統計用ソフトでは計算ができなくなったため、

今回は自作のプログラムを使用した。

5.結果

群平均法による階層的クラスター分析の結果をデンドログラム(Fig.3)で示す。この図から、サプ

グループの関係がわかることになる。

階層的クラスター分析では、最終的にいくつのクラスターに分類するかということは不明である

が、今回は Marsdenの SubgroupI、11との対応も考慮して、サブグループ①と②が融合する前

の状態で6つのサブグループとした。

Table 2にサブグループのメンバーを、そしてサブグループごとの軌道要素の平均値をTable3 

に示す。

このうち、①、②のサブグループは、以前から指摘されていたサブグループで、 Marsdenの

Subgroup Iと11に対応する。特に、サブグループ①の彗星は②の彗星と比べて約3倍の数にな

っており、 Fig.5に見られるように、明確な集団を形成している。このサブグループ①が母彗星の

主核と考えればよいだろう。サブグループ②の彗星では分布が拡がっており、小さな集団が偏在

しており、 MarsdenがSubgroupII aとした C/1970Klはサブグループ②の中に含まれている（な

お、研究会以降に軌道要素が公表された 10彗星を加えても、サブグループの数は変化せず、

サブグループ①に6彗星、サブグループ②に4彗星が加わる）。

③と④のサプグループに含まれるのは1彗星のみである。特に、③の C/198401は最後に融合

が起こる。この彗星の近日点距離が最大になっているためであろう。 Marsden(1989)の文献では、

この彗星の軌道要素が不確実と述べている。また、④の C/1997MSの軌道要素では、軌道傾斜

角が 127゚ と最小の値になっており、近日点の方向も他の彗星とは異なっている。このため、これ

らをサプグループとするには無理がある。むしろ、軌道要素に問題があると考えるべきだろう。
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Tavle 2 Members of Subgroups 

Subgroup Canet 
1843D1 1880C1 1887B1 1963R1 1981Vl 1 987T2 1 987U4 1 988M1 198801 198811 1988U1 

198暉1 1989L1 1 989N3 1 989S1 1 996A2 199684 1 99685 1 996E2 1 996F2 1996H1 1996L1 

1996M1 1996M2 1 99602 1 99603 1 996R4 1996V1 1996X1 1 996X2 1 996Y1 1996Y2 199763 

199764 199765 199766 1997J4 1997K1 1997K4 1997K6 1997L4 1997N3 1997Pl 199702 

1997R2 1997R3 1997S3 1997T2 1997T4 1997T5 1997T6 1997T7 1997T8 1997U2 1997U3 

1 997U4 1997U5 1 997U6 1997U7 1 997V2 1997V4 1 997V6 1 997W1 199渭2 1997叩 1997X1

1 997X3 1997X4 1 997Y1 1 997Y2 1 998A 1 1998B2 1 998El 1 998F2 1 99862 1 99865 1 99866 
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Fig. 4 Dendrogram 
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⑤と⑥のサブグループでは、それぞれ 6彗星と 7彗星が属している。これらの彗星は、一般に

近日点引数が小さい値を持っている。特に、サブグループ⑥の彗星は⑤の彗星よりも小さくなり、

Kreutz群の特徴とした、近日点引数と昇交点黄経の線形関係からもややずれる傾向が見られる。

サプグループ⑤の彗星は近日点距離がサプグループ①に近いものの、軌道傾斜角が小さくなっ

ている。このような点からすると、これらの彗星の軌道が改良される可能性もある。しかし今後、同

様の軌道を持つ彗星が新たに発見されるなら、新たなサブグループと考える必要があろう。

6.まとめ
Kreutz群の 478彗星に対して、 Jopekの軌道の類似度 Dから類似行列を求め、群平均法を

用いた階層的クラスター分析によって、サブグループを分類した。

サブグループ①、②は以前から指摘されていたサブグループI、11に対応する。この他のサブ

グループは、軌道要素のいずれかに特異な値を持っていることから分類されたといえるだろう。サ

ブグループ③、④は1彗星しかなく、軌道の精度に問題があり、これらはサブグループとは認めが

たい。サブグループ⑤、⑥のメンバーは多くはないが、今後これらに属する彗星が増加するなら

新たなサブグループとなるだろう。

SOHOによる Kreutz群の彗星は依然続いている。 SOHOの活動が停止する前に、 C/1965S1

のように、近日点を無事に通過するような彗星が出現することを期待したい。

参考文献

• B.G.Marsden(l 967) Astronomical Journal, vol.72, pp.1170-1183. 

• B.G.Marsden(l989) Astronomical Journal, vol.98, pp.2306-2321. 

・住谷秀夫(1998) 大阪音楽大学研究紀要第37号， pp.89-108.

・住谷秀夫(2000) 大阪音楽大学研究紀要第39号， pp.25-44.

• D.A Biesecker et al.(2002) Icarus, vol.157, pp323-348. 

• T.J.Jopek(l 993) Icarus, vol. I 06, pp.603-607. 

-242-



Abstract 

カイパーベルト帯における共鳴構造
Resonance Structure in Kuiper Belt 
中井宏、木下宙（国立天文台）

H. Nakai and H. Kinoshita 
National Astronomical Observatory 

We investigate the resonance structure of the Edgeworth-Kuiper belt objects, which 

consist of 46 numbered and about 525 unnumbered asteroids discovered until now (Jan-

uary 6, 2003) and obtained the following results: 

• All stable orbits with high eccentricity are trapped in the mean motion resonance 

(MMR) with Neptune. 

• In the 1:2 MMR, the libration centers of the critical argument are 180° 士△(land

△(Jdepends on the eccentricity and inclination. On the other hand, the libration 

center of other MMR is 180° or 0°. 

• In the Kozai resonance, the libration center of the argument of perihelion is 90° or 

270° for the 2:3 MMR, for the 1:2 case, the libration center depends on the angular 

momentum and the libration center of critical argument. 

• For some orbits that approach Uranus, the eccentricity and inclination are in oppo-

site phases, and the period of the eccentricity change is equal to the half period of 

the argument of perihelion. When the asteroid approaches Uranus, the eccentricity 

becomes small and inclination becomes large, therefore, the asteroid passes through 

Uranus with a high velocity at a large inclination. The asteroids with such a feature 

avoid a close approach with Uranus, then the orbits become stable. 

1はじめに
エッジワース・カイパーベルト領域における小惑星の発見数は570個を超え、この領

域にもメインベルトと同様な分布構造が明らかになってきた。多数のテスト天体の軌道

進化から共鳴構造を明らかにする試みがDuncanet al. (1995),Fuse (1999)等により行わ

れ、またIdaet al. (2000), Chiang et al. (2002)等は海王星の移動から小惑星の分布を説明

している。ここでは実際に観測された小惑星 (2003年1月現在番号付き46個、番号なし

約525個）の分布や軌道の特徴について検討し、軌道が安定になる機構について調べた。

2数値積分

数値積分法として外挿法を用いた。摂動天体は木星、土星、天王星、海王星の4天体

とし、小惑星の質量は0とした。摂動天体の初期値はDE405から求め、小惑星はMinor

Planet Centerのdistant.arc(2003年1月6日）を用いた。積分期間は番号付き小惑星は

1000万年、番号の付けられていない小惑星は500万年とした。
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図1は数値積分で求めた小惑星の500万年間の平均の軌道長半径と離心率の分布である。

積分期間中、軌道が大きく乱れた約70個の小惑星は取り除いている。大きな菱形は解析的

手法で求めた海王星との平均運動共鳴の領域を示している。 45AU付近には4:7(43.73AU) 

と8:15(45.78AU)共鳴だけを示しているがその間には5:9(44.56AU), 6:11 (45.lOAU), 7:13 

(45.49AU)等の共鳴領域が重なっていて、それぞれ、 5個、 2個、 4個の小惑星が海王星と

の平均運動共鳴の関係になっている。図中の点線は小惑星の近日点距離が天王星、海王星

軌道と交差する離心率を示している。図中◇印は海王星と平均運動共鳴にあり、離心率

(e)、軌道傾斜角 (i)、近日点引数(w)の周期が同期している（昇交点経度(Q)の周期もこ

れらの周期に近い）もので、これらの小惑星の近日点は天王星と海王星の軌道の中間付

近まで近ずく。＋印は平均運動共鳴にあり古在共鳴であるもの、〇印は平均運動共鳴に

なるもの、口，△印はそれぞれu18永年共鳴、 U8永年共鳴になる小惑星を示している。ま

た、＊印は近日点の動きが遅く、古在共鳴かどうかが明確に判断出来ないものを表してい

る。小黒□印は軌道は安定であるが臨界引数が秤動していない（海王星と平均運動共鳴に

ない）小惑星である。 2:3、1:2平均運動共鳴で、近日点が海王星軌道と交差する離心率領

城の小惑星の中には古在共鳴（＋印）になるものがある。しかし、 4:7,2:5平均運動共鳴で

は軌道が交差する離心率より小さい離心率の領域で古在共鳴の小惑星が存在する。 U18，咋

永年共鳴の周期は非常に永いので、 500万年の積分期間では乃8,u8永年共鳴かどうかを明

確に決定できていない可能性がある。

海王星軌道に接近する可能性のあるもので安定な軌道はすべて海王星と平均運動共鳴

の関係になっている。特に、 2:3平均運動共鳴領域には小惑星が集中し、 ri7'.::::'.0(e, i, wが

同期している）の小惑星や古在共鳴の小惑星が数多く存在する。このような集中はメイン

ベルトにおける木星との3:2平均運動共鳴（ヒルダ群）領域の小惑星の集中と類似してい

る。・

3-1平均運動共鳴
海王星との主な平均運動共鳴の内で、 3:4,2:3,1:2,2:5の各平均運動共鳴領域での臨界引

数(a)と軌道長半径(a)の関係をそれぞれ図2,3,4,5に示す。解析的手法で求めた摂動関数

の等ポテンシャル曲線は吉川 (1990)がメインベルトにおける平均運動共鳴の解明に用い

た方法で求めている。ここでは摂動天体として海王星だけを考慮している。図中の点は数

値積分で求めた実際の小惑星1995DA2(3:4共鳴）、 Pluto(2:3共鳴）、 1996TR66(1:2共鳴）、

1999DE9(2:5共鳴）の臨界引数と軌道長半径の関係で、短周期成分は平均操作で取り除い

ている。

臨界引数が秤動するための軌道長半径の変動幅は2:3平均運動共鳴の場合、図3-a,b,c,d

に示すように、離心率(e)が0.1のとき、 39.1< a< 39.7、小惑星の近日点が海王星軌道

と交差する離心率(~ 0.24)に近いeが0.25のとき、 38.6< a < 40.2と大きくなる。それ

以上に離心率が大きくなり、 eが0.4となると 39.0< a < 39.8となり aの変動幅は小さ

くなる。同様に、他の共鳴においても図2,4,5に示すように、離心率の増加につれて、臨

界引数が秤動するための軌道長半径の振幅△aは増加し、小惑星の軌道が海王星の軌道と

交差する離心率付近で、△aは最大になる。それより大きな離心率では△aは小さくなる。
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臨界引数の秤動中心は3:4（図2),2:3（図3),2:5平均運動共鳴（図5)の場合、離心率が小さ

いときは180° 、離心率が非常に大きくなると 0° へと変化する。これに対して、 1:2平均

運動共鳴（図4)では e= 0.1のとき 180゚（図4-a)であるが、 e= 0.25になると秤動中心
は二つに分かれ約 70° と290° となる（図4-b)。180° からのずれ△aは図4-b,c,dに示す

ように、離心率により変化する。また、この△aは軌道傾斜角によっても変化する。こ

のように臨界引数の秤動中心が 180° ―△a,180゚＋△6 に分離するため 1:2平均運動共鳴

では系の状況により臨界引数は 180° —△a、 180° 、 180° ＋△a の回りを秤動する場合があ

る。 1:2平均運動共鳴における臨界引数の秤動中心が変化する例として小惑星2001UP18

の500万年間の軌道要素を図6-a,b,c,dに示す。図6-eは数値積分で求めた a:aの関係を

解析的手法で求めた等ポテンシャル曲線上に重ねて図示したものである。図6-a,d,eの軌

道長半径と臨界引数の値は平均操作により短周期成分を消去している。この例では、臨界

引数は110°、180°、2590の回りを秤動している。

このように、 1:2平均運動共鳴では臨界引数の秤動中心が分離する。このことは他の共

鳴と大きく異なる点である。

3-2古在共鳴

図 7 は 2:3 平均運動共鳴領城で、 8(=~互cosi) を変化させたときの解析的手法で求
めた近日点引数(w)と離心率(e)の関係を示している。図は臨界引数(6)が180°の回りを

秤動すると仮定して描いている。図7-a,b,cに示すようにeが小さくなると、 90°(270°)の回
りの近日点引数が秤動するための離心率の変動が0.18< e < 0.30（図7-a),0.15 < e < 0.33 
（図7-b),0.13 < e < 0.37（図7-c)と変化する。このように、 eを変化させながら離心率
の変動幅をまとめたものが古在共鳴の領域（図7-d)となる。図7-bには、 Plutoの数値積

分の結果を点で重ねて描いている。

図8は1:2平均運動共鳴領域で、 eを変化させたときのwとeの関係である。臨界引
数の秤動中心は図4-cから約290° であるので、図8-a,b,c,dは全て臨界引数の秤動中心を

290° と仮定して描いている。 eが0.935と大きい場合は、 wの秤動中心は明確に現れない
（図8-a)。しかし、図8-b,cに示すように、 eが0.896,0.814と小さくなってくると、 wの
秤動中心はe~ 0.4, w ~ 144°(324゚ ）に現れてくる。図8-dは臨界引数の秤動中心を 290°

と仮定したときの、近日点引数が144°(324°)の回りを秤動するときの古在共鳴領域であ

る。図8-bに実際の小惑星1996TR66の数値積分から求めたw:のeの関係を描いている。

数値積分と解析的手法による結果は良く一致している。

近日点引数の秤動中心はeゃaの秤動中心の値に依存する。このため、 1:2平均運動共
鳴では、古在共鳴における近日点引数の秤動中心は90°(270°)と異なる値となる。このこ

とは2:3平均運動共鳴と大きく異なる点である。

3-3天王星軌道に接近する小惑星の軌道
図1の◇印で示した小惑星は近日点距離が海王星軌道の内側で、天王星に接近する可

能性のある小惑星の一群である。例として、図9に小惑星2002GM32(2:3平均運動共鳴）

の軌道要素を示している。これらの軌道の特徴は離心率(e)と軌道傾斜角 (i)が逆位相で
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その 2倍の周期が近日点引数（叫の周期に一致している（図9-b,c,d,h,i)。また、昇交点経

度(n)の周期は近日点引数（叫の周期に近い（図9-j)。これらの小惑星が天王星の軌道面

に接近したとき、近日点引数はooとなり（図9-h,i)、このとき離心率は最小 (e= 0.34)に

なり、軌道傾斜角は最大 (i= 29.5゚ ）になる。このため天王星の軌道面近くでは、小惑星

は最大の近日点距離(26.lAU)になるため、天王星軌道から出来るだけ離れたところを最

大の軌道傾斜角 {29.5°)で横切ることになる。天王星から離れた軌道は海王星に接近する

軌道であるが、平均運動共鳴により海王星との接近を回避している。これらは軌道の安定

化機能として働いている。

このような軌道の分布を調べるために、初期値としてa=39.45AU(2:3平均運動共鳴）、

w = 90°、9=270°、(J= 180° とし、 eを0rv 0.6, iを0~60° まで変化させたテスト天体

について、数値積分を行い、古在共鳴と上で述べた安定化機構（ro'.:::'.'0)の働く初期値の領

域を求めた。その結果が図 10である。積分期間は500万年である。＋印は平均運動共鳴

であり古在共鳴になる領域、◇印は平均運動共鳴であり ro'.:::'.'Oになる領域、・は平均運動

共鳴領域、．黒□印は臨界引数が秤動しない（2:3平均運動共鳴にない）領域、 X印は軌道長

半径の変動幅が士 2AUを超えた領域を表している。実線は図7-dと同じ図で、解析的手

法で求めた古在共鳴の領域である。近日点引数の動きは離心率が大きくなれば，順行で周

期が短くなる。一方、昇交点経度の動きは逆行で殆ど一定の周期であるために、お '.:::'.'0

となるのは、古在共鳴になる離心率より少し大きな離心率の領域となる。この領域が上

で述べた安定化機構の領域である。数値積分の結果と解析的手法との結果は良く一致して

いる。

4まとめ
小惑星は様々な機構によって惑星との大接近を回避している。従来から知られていた平

均運動共鳴、古在共鳴とは別に、天王星の影響を小さくする機構や、 1:2共鳴における秤

動中心が他の共鳴とは異なる例が見つかった。今回明らかになった事を以下に示す。

•現在までに発見されたエッジワース・カイパーベルト小惑星の中で、離心率が大き

くて軌道が安定なものは全て海王星と平均運動共鳴の関係になっている。

•臨界引数の秤動中心は 1:2 平均運動共鳴以外は 180° か oo であるが、 1:2 平均運動共

鳴では180°士△aとなり、△aは離心率、軌道傾斜角の値に依存する。

•平均運動共鳴と古在共鳴が同時に生ずる場合、近日点引数の秤動中心は8(=JI＝e2 cos i) 
や臨界引数の秤動中心の値に依存する。このため、 1:2平均運動共鳴時の古在共鳴の

近日点引数の秤動中心は90°(270゚ ）と異なった値になる。

•天王星に接近し、安定な軌道は離心率 (e) と軌道傾斜角 (i) が逆位相で、それらの 2

倍の周期が近日点引数(w)の周期に一致する。これにより、小惑星が天王星の軌道

面に接近した場合、出来るだけ大きな近日点距離のところを、最大の軌道傾斜角で

横切ることになり、天王星の影響を小さくしている。これも軌道安定化機構となっ

ている。
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5終わりに
小惑星の軌道は惑星に接近しない様々な機構が働いていて、軌道を安定に保っている。

小惑星の分布構造を明らかにするだけでなく、今までに知られていなかった安定化機構を

調べるためにも、エッジワース・カイパーベルト小惑星の発見数の増加とともに、高精度

の軌道要素の決定が重要である。
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Candidate Centaurs Trapped in Mean 
Motion Resonances with a Giant Planet 

ABSTRACT 

Y. Masaki U>and H. Kinoshitat2> 

(1) National Astronomical Observatory, JapaJJ., 1 
ymasaki<Dgsi.go.jp 

(2) National Astronomical Observatory, Japan, 
2-21-1, Osawa, Mitaka, Tokyo, 181-8588, Japan 

Kinoshitacnao.ac.jp 

We investigated the dynamical evolution of Centaurs moving in the region 
of the giant planets. Perturbations from four major planets (Jupiter, Saturn, 
Uranus and Neptune) were included. We have found that 2000QC243 2 is 
trapped in a 5:4 mean motion resonance with Uranus and 2001XZ255 is also 
locked in a 4:3 resonance. Both Centaurs are moving between the orbits of 
Saturn and Uranus. They leave the resonances after a few hundred thousand 
year~. Some other Centaurs (10199 Chariklo and 1994TA) also show the reso-
nant character. Their orbital elements (except for Chariklo) are not well deter-
mined. However, the region between Saturn and Uranus may play the role of a 
temporary reservoir for Centaurs. 

1 Introduction 

For the past several years, automated observational systems operated all over 
the world have detected a tremendous number of asteroids and revealed their 
orbital nature. As of August 2003, 65,000 or more objects had been registered 
as'numbered asteroids,'and more than a hundred thousand bodies remain 
unnumbered. 
The incre邸ein orbital information enables us to depict the distribution of 
minor bodies in the Solar system. Most cataloged objects cl邸sified邸 asteroids
populate the region between Mars and Jupiter, forming the'main belt.'Since 
the 1990s, another type of small objects has also been detected in the far-
Neptunian region. These are called Edgeworth-Kuiper belt objects (EKBOs). 
The dynamics of main belt asteroids (MBAs) and EKBOs have been inten-
sively studied by many邸tronomers.We can see some dynamical structures 
in the distribution of these objects. Mean motion resonances with Jupiter (for 
MBAs) or Neptune (for EKBOs) make eminent gaps or groups. 

1 Present address: 
Space Geodesy Research Division, Geographical Survey Institute, 
1, Kitasato, Tsukuba, Ibaraki, 305-0811, Japan 
2 Recently, 2000QC243 is registered as a numbered body, (54598). 
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However, some minor objects, classified as Centaurs, are distributed in the 
region of the giant planets {between Jupiter and Neptune). We can only find 
some tens of objects with the semimajor axis a of 6 < a < 30 AU, including 
unnumbered objects. {2060) Chiron is the first detected body in this region and 
shows cometary activity (e.g. Tholen et al. {1988)). Due to its high eccentricity, 
its orbital evolution shows a chaotic nature {Oikawa & Everhart {1979)). The 
discoveries of other Centaurs have stimulated the studies of their dynamical 
evolution and lifetimes (e.g. Asher et al. {1994); Dones et al. {1996)). Today, 
it is believed that Centaurs are in the transitional state from EKBOs to short 
periodic comets. 
We integrated the equations of motion of 44 numbered and unnumbered 
Centaurs in the giant planets region. We have found that some Centaurs are 
temporarily locked in a mean motion resonance with Uranus. {For the main belt 
asteroids, similar numerical simulations have already been reported (e.g. Kozai 
& Nakai (2002)).) Centaurs 2000QC243 and 2001XZ2ss have the semimajor 
axes of "'16AU, located in the region between Saturn and Uranus. Both have 
low orbital eccentricities (e "'0.2 and e "'0.05), in contrast to other Centaur 
objects (e.g. e rv 0. 7). We have found that critical arguments librate around 
0 degrees for several hundred thousand years. The Centaurs {10199) Chariklo 
and 1994TA also show the resonant character. 

2 Methods of Analysis 

Now we consider the motion of Centaurs around the Sun under the perturbations 
of the four giant planets (Jupiter, Saturn, Uranus and Neptune). We treat 
Centaurs as massless particles. 
The orbital data of Centaurs are obtained through the internet from the 
MPCORB database maintained by The IAU Minor Planet Center. 3 Ad-
ditional data on the accuracy of the ephemeris are also available from this 
database. Positions and velocities of the disturbing planets at the epoch of the 
MPCORB data are obtained from the DE405 ephemeris supplied by JPL. 
We integrated equations of motion by extrapolation (Bulirsch-Stoer) code 
for 1 Myr forward and backward. We adopted heliocentric coordinates and an 
invariable plane based on the four planets as the reference plane for outputting 
results. We selected 44 Centaurs whose osculating semimajor axis at the epoch 
lies in the range of 6 <a< 35 AU for our calculat~on. 
In advance, we monitored the orbital elements (especially the semimajor 
axis) of each Centaur to judge whether it is likely to be in a resonant state or 
not. Next, we checked the critical argument appropriate for the resonance. 

3 The URL is http://cfa—匹v.harvard. edu/ iau/mpc. html. 
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Figure 1: Orbital evolution of Centaurs during the next 50 000 years. Most 
objects between Jupiter and Neptune rapidly change their orbital elements, due 
to close encounters with nearby planets. Centaurs trapped in mean motion 
resonances with Uranus shows slow orbital evolution, compared to others. 

3 Results 

Fig. 1 shows orbital evolution of 44 Centaurs that we have examined. We plot 
the evolutional tracks on an (a, e)-plane during the next 50,000 years. Most 
objects rapidly change their orbital elements due to gravitational interaction 
with giant planets, especially Jupiter and Saturn. When Centaurs are scattered 
by. a nearby giant planets, their orbital elements move on a curved line on 
an (a, e)-plane. This is because the Jacobi integral is conserved during close 
encounter, if we can regard the system as a restricted three-body problem. 
However, Centaurs which have small eccentricities in the region between 
Saturn and Uranus, orbital evolution is relatively small in contrast to other 
Centaurs. We have found that some Centaurs of this type show resonant nature 
with Uranus. 

4 Centaurs in resonant state 

We have found that 2000QC243 and 2001XZ255 are temporarily locked in a mean 
motion resonance with Uranus at present. We also s~e the resonant character in 
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Table 1: Osculating elements of Centaurs 2000QC243, 2001XZ2ss, (10199) 
Chariklo and 1994TA. The original data are listed in The MPCORB database 
(Version: Aug. 18, 2002) maintained by The IAU Minor Planet Center. See 
also http://cfa-w_vw.harvard.edu/iau/info/MPOrbitFormat.html for fur-
ther explanations of each item. 

Item 2000QC243 2001XZ2ss (10199) 

Semimajor axis a[AU] 16.4958326 16.0429096 15.8285197 
Eccentricity e 0.2016333 0.0438819 0.1738749 
Inclination /[deg] 20.77197 2.60700 23.36552 
Longitude of the ascending node fl(deg] 337.84861 77.81235 300.39518 
Argument of the perihelion w[ deg) 152.51174 294.46211 241.33396 
Mean anomaly at the epoch lo [deg] 222.34865 87.69243 351.03363 
Epoch (JD] 2452400.50 2452400.50 2452400.50 
Number of oppositions 3 1 5 
Uncertainty parameter 3 6 2 
RMS residual [arcsec] 0.44 0.15 0.50 

(10199) Chariklo and 1994TA, but for a shorter duration. Their orbital elements 
are listed in Table 1. 
The evolution of the osculating elements of the first two Centaurs is shown 
in Fig. 2. We extracted data in the range of 0.1 Myr forward and backward 
for the plotting. The bottom panels of the figures show the critical arguments: 
u=5入u-4入— ro for 2000QC243 and u = 4入u-3入— ro for 2001XZ255, w-here 
入and匂 arethe mean longitude and the perihelion longitude of the Centaurs 
and初 isthe mean longitude of Uranus. 
The semimajor axes for these resonances obtained from Kepler's third law 
are 16.6 AU (for the 5 : 4 resonance) and 15.9 AU (for the 4 : 3). The osculat-
ing elements listed in Table 1 are slightly different from these values, but this 
difference is due to the resonant libration. 
Since the critical arguments exhibit librations around O degrees, both Cen-
taurs are trapped in a first order (p :(p-1)) mean motion resonance. Therefore, 
longitudinal conjunctions between the Centaur and Uranus occur around the 
perihelion passage of the Centaur, to avoid a close approach to Uranus. 
However, neither can stay in the resonances ・eternally. They leave this reso-
nant state after t"V 0.1 Myr for 2001XZ2ss and t"V 0.8 Myr for 2000QC243. These 
two Centaurs are temporarily locked in these resonances. 
Due to the secular or longer periodic perturbations from the nearby giant 
planets, their orbits are successively changed. For a longer timespan (such as the 
period of the apsidal motion; the order of 105 years), their orbital eccentricities 
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Figure 3: Orbital evolution on an (a,e) plane. The plotted data cover from -1 
Myr to +1 Myr. For convenience, the planet-crossing curves are also shown. 
For drawing these curves, we assume that the Centaur and giant planets are 
moving on a common plane and the planetary eccentricities are fixed to the 
present values. 

increase irregularly. After these Centaurs leave the resonance, the protection 
mechanism against the approach to Uranus also collapses. Successive large per-
turbations from Uranus accelerate their orbital evolution. Finally, their orbits 
become planet(Saturn or Uranus)-crossing. After leaving the resonances, their 
orbital evolution shows chaotic behavior. 
Evolutional tracks of these orbits on an (a,e) plane (the semimajor axis 
versus the eccentricity) are shown in Fig. 3. The orbit of 2000QC243 has 
evolved from a Saturn-crossing one to its present state. After the orbit leaves 
the resonant state, Uranian perturbations strongly affect its evolution. For 
2001XZ2ss, the orbital eccentricity decreases over the past few hundred thousand 
years, locked in a resonant state. After a collapse of the resonant mechanism, 
the close approaches to Uranus accelerate its orbital evolution and the orbit 
plunges into a chaotic track. 
However, due to uncertainties of the provisional orbital data and chaotic 
orbital evolution caused by repeated close approaches to the giant planets, these 
evolutional tracks do NOT perfectly depict their evolutional tracks. 
Some other Centaurs also show a resonant character, but for shorter dura— 

tions. The numbered Centaur (10199) Chariklo had locked in a 4:3 resonance 
in the past (see Fig. 4). The critical argument u = 4入u-3入— ro is librating 
around O degree. 1994TA is in an 11:9 resonance (the semimajor axis is,...., 16.8 
AU) at present. Interestingly, the critical argument contains the longitude of 
the perihelion of Uranus rou; i.e. u = 11入u-9入ー2rou.It librates around 180 
degrees. The resonant state only lasts for a few tens of thousands of years. 
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5 Clone Tests 

Up to August 2002, orbital elements of 2000QC243 and 2001XZ2ss are NOT well-
determined because observational arcs are too short to permit their determining 
(see Table 1). Especially, the elements of 2001XZ255 are derived from only 
one oppositional season of observation, and they contain orbital fitting errors. 
After more observations are made, their elements may change from the current 
provisional values. 
Hereafter, we assess the tolerance to the change in the present orbital ele-
ments to keep the system in a resonant state. 
We introduce some sets of'clones'whose semimajor axis and eccentricity 
are changed by a small amount from the MPC data. We numerically integrated 
for 50,000 years and monitored the critical argument whether a clone is in the 
resonance or not. The results, plotted on a (t, u) plane (the time versus the 
critical argument), are shown in Fig. 5 (a) for 2000QC243 and Fig. 5 (b) for 
2001XZ265. Each panel corresponds to one clone; the horizontal axis spans from 
0 to 50,000 years (10,000 years per grid) and the vertical axis spans from -180 
to 180 degrees (90 degrees per grid). 

Th~ results show that even if the semimajor axis is shifted by△a= +0.05 
AU for 2000QC243, the resonant character still holds for at least 50,000 years. 
The initial eccentricity is larger by△e = +0.04 than the current value, and 
the system stays in the resonance. For 2001XZ2ss, a smaller semimajor axis 
is preferred for the system holding the resonant state. The resonant nature 
is not sensitive to the change in the eccentricity. However, these integrations 
also indicate that if the current provisional elements contain large uncertainties, 
these Centaurs do not librate in the mean motion resonances. 
We also check the effect of ambiguity in the argument of the perihelion be— 

cause, for a nearly circular orbit, the perihelion is hardly determined. Therefore, 
we shift the value by a small amount and monitor the critical argument. (Gen-
erally spealtlng, the longitude of the celestial body is well-determined even in 
the case of a circular orbit. Therefore, we adjust the mean anomaly at the initial 
epoch so as not to ch皿gethe initial mean longitude when we shift the argument 
of the perihelion). We confirmed that the resonant nature is not sensitive to 
small errors in the argument of the perihelion. 

6 Di lSCUSSlOil 

Do other faint and unknown Centaurs stay around the region between Saturn 
and Uranus? Does the resonance play the role of a (temporary) reservoir for 
some Centaurs? 
Since most Centaurs have highly eccentric and/ or planet-crossing orbits, 
their orbits are rapidly changed by strong perturbations from giant planets. 
However, a slightly eccentric orbit in the Saturn-Uranus region shows slower 
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Figure 5: Clone tests for (a)2000QC243 and (b)2001XZ255. Each panel corre-
sponds to one clone particle. The initial orbital elements are shifted by small 
amounts designated as△a AU and△e at the top and the left of the figures. 
The time-evolution of the critical argulT'P,nt is plotted on a (t, a) plane; the hor-
izontal axis spans from Oto 50,000 years (one division equals 10,000 years) and 
the vertical axis spans from -180 to 180 degrees (one division equals 90 degrees). 
The result of the original orbital data listed in Table 1 is plotted on a panel 
with a thick frame which is located at△a= 0.00 AU and△e = 0.00. 
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Figure 6: Orbital evolution of other Centaurs near the resonant candidates. We 
plot the evolutional tracks on an (a,e) plane for the next 50,000 years. These 
objects are not wandering around so much on the (a,e) plane, in contrast to 
other Centaurs which have eccentric and/or planet-crossing orbits. Large orbital 
changes in the elements of 1994TA occur after the resonance is unlocked. The 
present orbital inclinations (unit: degree) are also indicated in parentheses. 

orbital evolution than a highly eccentric one, even if it has a. relatively low 
orbital inclination. This region may temporarily harbour some Centaurs until 
long periodic or secular perturbations expel them. 
Today, several Centaurs are seen in this region (Fig. 6). None of them 
(except for 1994TA) drastically change their semimajor axes for the next 50,000 
years. These low-eccentricity Centaurs make a clear contrast with most other 
Centaurs; the latter group has a highly eccentric or planet-crossing orbit and 
changes its orbit within a shorter timescale. 
We note that the orbital eccentricity is suppressed at a small value while a 
Centaur is trapped in a mean motion resonance. Similar phenomena are also 
reported in Levison & Duncan (1997) for some resonant EKBOs. 
The existence of resonant Centaurs indicates that some long-lived objects 
may stay in the region of a r-J 16 AU. It is expected that the mean motion 
resonance with Uranus contributes to the temporary stability. 
Resonant Centaurs may have different material property from other Cen-
taurs. However, observation to clarify the surface physical property is not so 
easy, because these objects are faint due to their large distances. Moreover, they 
have small eccentricities, the distance from the Earth is almost constant, even 
if C if Centaurs are in the opposition. 
Fig. 7 shows destribution of the abosolute magnitude H for 44 Centaurs on 
an (a, e)-plane. H magnitude is one of the easily obtained observable quantities, 
and depends on the physical property (albedo) of the surface material and the 
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shows the H magnitude. 

diameter of the body. 
We cannot find any differences in absolute magnitude between resonant Cen-
taurs and other ones. However, we cannot conclude that resonant Centaurs have 
same physical character to common Centaurs. 

7 Conclusion 

We integrated the equations of motion of 44 Centaurs. Four giant planets 
are included in the calculation. We have found that Centaurs 2000QC243 and 
2001XZ255 are likely to be temporarily locked― 

in mean motion resonances with 

Uranus. Some other Centaurs also show a resonant character. These objects 
move in low eccentricity orbits, which eontrast with the other Centaurs. They 
do not show significant changes in the orbital elements for at least some tens 
of thousands of yeai・s. They are protected from close approaches to the giant 
planets due to their small eccentricities and the resonant mechanism. 
However, since the orbits of the resonant Centaurs are strongly perturbed 
by giant planets, their eccentricities are gradually pumped up to collapse the 
resonant state. Finally, their orbits evolve into Saturn/Uranus-crossing orbits. 
We interpret this situation to mean that these Centaurs are temporarily 
harboured in this region. It is consistent with previous studies (Gladman & 
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Duncan (1990); Holman & Wisdom (1993); Grazier et al. (1999); see also 
Masaki & Kinoshita (2003)) on the stability of planetesimal distributed in the 
giant planets region. The mean motion resonance with Uranus contributes to 
the temporal stability in this region. 
When we discuss the material evolution of Centaurs, it is also important to 
think about the timescale of their dynamical evolution because it is believed 
that the past environment (e.g. thermal history) and their ages are recorded on 
the surface material. The dynamical character may provide some hints about 
the nature of Centaurs. 
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Abstract 

Timed records of solar and lunar eclipses 

were written in many medieval Japanese 

books. The present article examines those 

in the 9-12 centuries for studying the earth's 

rotation. Recordings of timed data of solar 

and lunar eclipses started in the 9th cen-

tury in Japan. Because the moon was in 

the penumbra! area of the earth's shadow in 

many of lunar eclipses recorded in Japanese 

books, the definition of the time of ・the be-

ginng and the end of eclipses is not clear cut 

and then we can't use them for studies of the 

earth's rotation. The time of the beginning 

of solar eclipses written by predictions was 

very early comparing with the true values in 

all the cases and then these are not suitable 

to use for our studies. 

The predicted time of the maximum and 

the end for solar eclipses in the 10th century 

are confirmed to be those in Kyoto. The 

eclipses were actually observed at the pre-

dieted time in Kyoto as we can confirm from 

these books. 

In the 11th -12th centuries, the predicted 

time of the maximum and the end of solar 

eclipses were, curiously, those in China and 

then observed eclipses were different from 

the prediction in Kyoto. In cases of solar 

eclipses predicted to end before the sunrise 

in China, Japanese book sometimes recorded 

that the predictor did not report to the au-

thorized office of the Government because 

the event was nighttime eclipse and that the 

solar eclipse was observed at the time of sun-

rise contradicting the prediction. In cases of 

solar eclipses predicted to occur just before 

the sunset in China, Japanese books some-

times recorded predicted time of the begin-

ing, the maximum, and the end in China as 

those in Kyoto and that the solar eclipse did 

not occur coiltraditing the prediction. 

1 序

望遠鏡のない時代の日月食の観測や星食の

観測記録は，個々に見ると精度は悪いが，現在

との時間距離が長いので，地球自転変動や月

軌道の永年変化に関して有用な情報を与えて

くれる．古代のバビロニア・ギリシャ・アラ
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口 亨月 一太陽

図 1：日食の計算誤差

ビアの日月食が時刻付きで記録されているの

に対し，中国の日月食記録では大部分に時刻

が記載されていない．この事実の反映かヨー

ロッパに於ける日月食の研究は時刻を用いた

研究が多い．これに対し，わが国に於ける日

月食研究では時刻を問題にしたものが非常に

少ない．時刻を記録した日食が中国史書に始

めて記録されたのは我々が知る限りでは隋書

（開皇六年十月晦丁丑， 586/12/16)であるが，

渡邊 (1979)や斉藤・小沢 (1992)からは脱落

している．

神田茂著「日本天文史料」には，時刻の記

載された日食や月食の記録が多数掲載されて

いる．これらの時刻が観測に基づくものであ

れば，過去の地球回転の研究に大きな寄与が

ある．予測の記録から予測方法の検定が可能

である．そこで，本論文ではわが国の日月食史

料の時刻記録利用の可能性を探る為のデータ

検証を行った．斉藤国治氏はその著書「国史

国文に現れる天文記録の検証」並ぴに「中国

古代天文記録の検証」（小沢賢二氏との共著）

において，「日本天文史料」に取り上げられた

月星接近や中国・日本の史書にある日月食を

吟味し，記録の信憑性，現象に拘った惑星や星

の同定を行っている．残念なことに，斉藤氏が

1952年の国際天文学連合総会で採択された暦

表時の地球自転永年減速率と比べて大分大き

い地球自転減速率を用いていること・地球の

慣性能率の変化を考慮していない事から氏の

計算は誤差が非常に大きい．

図1は日食を例にした誤差要因の説明図で

ある日食は太陽と地球の間に月が入った場

合に起こることは今更説明を要しない．日食

の状況を計算により算出する場合には，次の二

つの誤差要因が挙げられる．

1.地球の回転角この誤差を表すのに現在で

は天体の運行の計算に使えるニュートン

の力学第 3法則により定義された力学時

TTと地球の回転角を表す世界時 UTの

差△T=TT-UTが使われている．こ

の誤差は潮汐による地球の回転速度の減

少と慣性能率の変動による地球の自転速

度の変化の二つの原因に起因する．

2.月の公転角潮汐効果による地球の自転速

度の減少は，角運動最保存の法則により

月の公転角運動蘇の増加，公転角運動量

の増加に伴なった月の地球からの距離の

増加，地球からの距離の増加に伴なった

月の公転速度の減少により生ずる．月公

転速度の増加率を潮汐項と呼び，現在では

アポロ 11号の月面着陸に際し月面に設置

された反射鏡を用いた月距離のレーザー

測距から導かれる．

従って日月食・星食の計算に考慮する必要

のある物理量は潮汐効果と慣性能率の変化の

二つである．潮汐効果を表すパラメータは月

黄経の潮汐項であるが，この量は過去 3000年

程度の範囲では有意な変化はしていないと考

えられるから一つのパラメータを与えればす

む．慣性能率も短期間の間に急激に変化する

星では無いが， 100-200年経過すると日月食

や星食の見え方に大きな差を生ずる程変化す

ることに留意しなければならない．

近世に於ける日月食の研究は Hansen

(1857), Oppolzer (1887)に始まると言って

良いであろう．小倉伸吉 (1916)や渡邊敏夫

(1979)の解説もこれらの論文の紹介から始ま

っている．これらの初期の日月食の研究では

地球回転の潮汐効果による減速を月黄経の永

年加速から調べようとしていたので，月の公転

角と地球の自転角の差だけを問題にしていた．

従ってパラメータは地球回転の潮汐効果によ

る減速一つだけである地球回転の潮汐効果

による減速率は急激には変化しないと考えら

れるので，歴史的年代を考える限り，パラメー

タ一つの値を決めれば良い筈であった．

この点に初めて疑問を投げかけたのは Cow-

ell (1905, 1906a, 1906b, 1907)で，図 1には書

かれていないバックの恒星に対する太陽や春

分点の運行にも永年加速が有る事から，これ

らの数値の辻棲を合わせるには上記の二つの

要素を考慮する必要性が有ることを示唆して

しヽる．
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表 1：地球自転の永年減速率 q(sec/cyり
著者 q 

Fotheringham 36.8 

Schoch 33.7 

Spencer Jones 29.9 

暦表時 29.949 

Stephenson 31 

この研究に刺激されて Fotheringham 

(1920)は月及び太陽の対恒星永年加速とし

て10".8/cy叫1".5/c炉を得たこの太陽黄経
の永年加速は地球の自転速度の減速によるも

のと考えられるから，月黄経にはこの値に 1

恒星年と 1恒星月の比 13.4倍の 20".1/cy2

の永年加速が生じることになる． これに惑

星の重力に起因する地球軌道の離心率の減

少に伴なった月黄経の永年加速 6".0/c炉を

加えた 26".1/c炉が理論的な月黄経の対恒

星永年加速となる． Fotheringhamが得た月

黄経の観測的永年加速は 10".8/c炉だから，

0 -C = -15".3/cy2が潮汐項になる．以来

地球回転の研究は△Tと潮汐項を用いて研究

される様に変わった．

更に 1939年には SpencerJonesにより太

陽・月・金星の位置に関する不規則的変動が

同期し，且つその振幅が地球回転の不規則性

として説明されることが定量的に確認された．

こうして 1952年の IAU総会に於いて暦表時

の採用が採択された．暦表時では地球回転に

一定レートの減速 29.950sec / c炉に不規則的

変動を加えた△Tを採用している．

参考の為に地球自転の永年減速率を表 1に

数値を得た研究者名と共に纏めた．図2は△T

の比較を図示したもので，実線・点線・破線は

Fotheringham, Schoch,暦表時の地球自転の

永年減速を示したものである． 0，●，＊，＊は

バビロニア，ギリシャ，アラブ，中国の日月食

の記録から Stephenson(1997)が求めた値で

あり，◇， X は谷川・相馬 (1991),Kawabata, 

Tanikawa, and Soma (2003)の日本・中国の

日食観測から求めた値をプロットしたもので

ある．

斉藤氏が使用した太陽や月などの位置の計

算式は Neugebauer(1912, 1925, 1929)や

Schoch (1927)による UTを引数としたもの

で，たとえば，太陽の平均黄経についてはTT

を引数とする Newcomb(1985)の理論式に比

べて次のような違いがある．

斉藤： Lsun = 279~ 6968 
+36000~ 769325T 
+2~'600T2 

Newcomb: Lsun = 279~ 6967 
+36000~ 768925T 
+1~089T2 

(T in centuries from J1900.0) 

上記の Newcombの太陽黄経の計算式は後に

暦表時 ETの定義に採用されたもので，現在

の力学時 TTはETに連続していると考えら

れるので， Newcombの式の時刻引数はTTに

よるとみなすこともできる． したがって，上

記の 2つの式の係数の違いは時刻引数の違い

△T=TT-UTを反映していることになり，

斉藤氏は地球の自転速度が一定の割合で減速

しているとしていることに対応する．斉藤氏

の採用した太陽黄経の永年加速は Fothering—

ham (1920)に等しく，斉藤氏がFotheringham

(1920)の地球回転の減速率を採用したことが

判る．しかし， Fotheringhamの研究は太陽黄

経の永年加速から地球の自転速度の減少率を

求めた最初の研究で，当時としては測定限界に

近い小さな値の差に大きな数を掛けて答えを

得ると言う微妙な演算を必要とし，当然の事な

がら誤差は大きいこの事実は表 1並ぴに図

2を見れば明らかであろう．

Fotheringham {1920)の論文ではこの地球

回転減速の過大評価を打ち消す絶対値に於い

て大きい潮汐項を採用して，計算結果が蜆測記

録と一致する様に辻棲を合わせている．この

様な辻棲合わせは Fotheringhamが使用した

中近東の食に対してのみ可能な方法で，他の地

域の観測も合わせると破綻する．

Fotheringham {1920)により始められた太

陽黄経の永年加速から地球回転の永年的減速

を求める方法はその後地球回転の不規則的変

動も含めて太陽・惑星•月の永年加速並ぴに不

規則的変動から総合的に求める方向に発展し，

Spencer Jones {1939)やその後の暦表時につ

ながっている地球回転の変動が斉藤氏が仮定

した様に規則的なものでないことは 1952年

のローマに於ける国際天文学総会の時点で既
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図 2：△Tの比較

表 2:六国史

書名 完成年 収載歴代

日本書紀 720 神代ー持統

続日本紀 797 文武ー桓武

日本後紀 840 桓武ー淳和

続日本後紀 869 仁明

文徳実録 879 文徳

三代実録 901 清和・陽成・光孝

によく知られており，そのような仮定で，あ

る日食がどこで見られたかを判定するには無

理がある．

2
 
天文記録

わが国の天文記録は六國史（表2)の他に扶

桑略紀（神武ー堀川の編年史，叡山の僧皇円著）

•本朝世紀（平安末期に六國史を継ぐ国史とし

て編舞が始まったが未完， 935-1153のものが

断続的に残存） •朝野群載（平安時代の詔勅．

宣命・対策・公文などを類別に編集したもので

元三十巻内九巻散逸）・個人の日記などに残さ

れている．六国史は官製の史書なので解説も

多数有り改めて紹介する必要は無かろう．日

本書紀の最後の巻持統紀以降に予測による日

月食の記載が多いことは既に多くの研究者に

より指摘されている．然しながら初期の記録

では日月食が有ったことだけが記載されてい

るに過ぎないので，記録を見ただけでは実見か

予測かの識別が不可能であるが，平安時代にな

ると予測か実見かが明瞭な記述も多いことは

余り世に知られていない様である．

月食に関しては従来実現していない月食が

多数記載されているとの説が有ったが，長谷川

一郎氏 (1995)が Liuand Fiela (1992)の月

食表を用いて半影食であることを示している．

時刻付きの日月食記録には具注暦に記述さ

れた日記類が多い．具注暦と云うのは暦日の

下に歳位・星宿・干支•吉凶・忌緯などが記述

され，その下二～三行の空白行を明け，日記な

どを記載できる様にした日記帳の様なもので，

最初は毎年十一月に陰陽寮が作成し，中務省か

ら諸司に配布された．現存する最古のものは

746（天平十八年）， 749（天平二十一年）の断簡

で正倉院にある．具注暦の配布は最初は諸司

らに限られていたが，平安時代に入ると，最初

は公家の間で多用される様になり，後に一般

庶民も用いる様になった．具注暦が普及する

に従って，弊害も現れて来たので， 807年（大
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同二年）に一旦廃止されたが，公家の要請によ

り810年（弘仁二年）に再度配布される様に

なり，以後の具注暦には吉凶・禁忌が必ず付け

られるようになった藤原道長も，曜日の記載

で有名な日記「御堂関白記」を具注暦に記入

している．

橋本万平氏の「日本の時刻制度」によると，

具注暦には日月食の初栃・食尽・復円の時刻，

各季節の日の出・日の入り時刻，一日を百刻に

分けた昼夜の刻数などが一定の規則に従って

記されていると言う．橋本氏によれば，前年の

八月一日迄に暦家が日月食の予測を陰陽寮に

提出し，これらが十一月に陰陽寮から中務省に

提出された具注暦に書き込まれていた．従っ

て具注暦に書かれている日月食の時刻は全て

予測によることは明らかである．具注暦の天

文記録の使用には原資料の詳細な吟味が必要

なので本論文では扱わない．

ー
．
 

3

3

 

時刻制度

中国の時刻制度

中国では 1日を十二支を用いて 12分割す

る方法と 1日を 100刻に分割する方法を併用

するのが通例だったこの分割法は既に前漢

時代に確立している前漢末期の哀帝の BC

6年に一旦一日を 120刻とする制度が設けら

れたが， 2ヶ月で元に戻った．前漢が亡ぴ新が

建国されると再度一日 120刻の制度に戻され

たが，新が亡ぴ後漢が成立すると再度1日100

刻制に戻っている． AD507年に 1日96刻制

になったが， 544年には 1日108刻に変わり，

563年には再度 1日100刻制に戻り， 1628年

迄続いている． 1628年に 1日96刻制に変わ

り，これが 20世紀迄続いた．

100刻は 12で割れないので，十二支の夫々

の 2時間を 8棒刻に分割する方法と十二支の

夫々を 1時間ずつに分割し，各々の 1時間を

夫々 4¼刻に分割する方法が用いられている．

前者の方法では例えば一日の最初は子初刻

から始まり、初刻・一刻・ニ刻・．．．八刻と続く．

八刻だけは他の刻の 1/3の継続時間になる．

第二の方法では子初初刻から始まり，一刻・

二刻・三刻•四刻と続き，子初四刻で最初の 1

時間が終わる．ここで子初四刻だけは他の刻

の1/6の継続時間である．次が子正初刻で，一

刻・ニ刻・三刻•四刻と続き，子正四刻で終わ

る．子正四刻も他の刻の 1/6の継続時間であ

るこうして 1日は 24X 4¾ 刻＝ 100刻と
なる．

3.2 延喜式の時刻制度

日本では 6世紀の後半から 7世紀の前半に

かけて，中国で隋・唐が中国の統一を達成し，

高句麗に対する侵攻による領土拡張政策を取

り始めたことに対する警戒心から国力を高め

る為に中国の官僚制度を導入した中国の律

令制では行政法の令と礼を基本とした刑法の

律からなるが，日本最初の律令制の飛鳥浄御原

令の制定に際しても律は作られていない．次

の養老律令でも養老律は人々の関心を呼ばず

散逸してしまった．延喜式は律令を施行する

時の細かい規則を集めたもので， 905年（延喜

五年）に藤原時平を中心として編器が， 927年

（延長五年）藤原忠平のもとで一応完成したが，

その後も修訂を重ね， 967年（康保四年）から

施行された．延喜式は大宝—延喜の期間の式全

てを包含する．延喜式は当時の現行法とはなっ

ていないが，現在まで殆どそのまま残存してい

るので，当時の習慣を知るには必要不可欠な文

献とされている．橋本万平 (2002)によると，

延喜式には陰陽寮に関する規程が細かく記さ

れ，当時の宮城の門の開閉時刻・日の出日の入

り時刻が記されている．

橋本万平 (2002)によると，延喜式の時刻制

度では1日を十二支により 12分割し，これを

辰刻と呼ぶ又 1日を 48分割した刻を用い

る．従って 1辰刻は 4刻に分割される．これ

を纏めると，

1日 12辰刻
1辰刻

48刻

4刻

1刻 ： 480分40分10分
と書ける． 従って現在の秒と対応させると

1分＝ 180secとなる．

刻は一刻から始まり四刻で終わる．分は 0

分から始まり 9分で終わる．但し 0分は書か

ず，刻で終わる．

古代の時刻制度には日本に限らずエジプト

等に於いても定時法と不定時法の二種類があ

る．定時法は昼夜の長さとは無関係に一日を
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表3:延喜式日出・日没時刻．

季節
太陽
日出 日没

黄経

始 終 始

゜ h h 
大雪 13日 冬至 15日 -93 7.10 16.80 
小寒 l 小寒 12 -75 7.05 16.85 
小寒 13 大寒 7 -63 6.95 17.05 
大寒8 大寒 15 -53 6.85 17.10 
立春 1 立春8 -45 6.75 17.25 
立春9 雨水 1 -37 6.60 17.35 
雨水 2 雨水9 -29 6.50 17.55 
雨水 10 啓整2 -21 6.35 17.60 
啓塾3 啓蟄 10 -13 6.25 17.75 
啓蟄 11 春分2 -5 6.10 17.85 
春分3 春分9 2 6.00 18.00 
春分 10 清明 2 ， 5.85 18.10 
消明 3 消明 10 17 5.75 18.25 
消明 11 穀雨3 25 5.60 18.35 
穀雨4 穀雨 11 33 5.55 18.50 
穀雨 12 立夏4 41 5.35 18.60 
立夏5 立夏 12 49 5.25 18.75 
立夏 13 小満5 57 5.10 18.85 
小満6 小満 15 65 5.05 18.95 
茫種 1 茫種 12 75 4.85 19.05 
茫種 13 夏至 15 86 4.80 19.10 
小暑 1 小暑 12 105 4.85 19.05 
小暑 13 大暑 7 116 5.05 18.95 
大晉8 大暑 15 127 5.10 18.85 
立秋 1 立秋8 135 5.25 18.75 
立秋9 処暑 1 143 5.35 18.60 
処暑2 処暑9 151 5.55 18.50 
処暑 10 百露2 159 5.60 18.35 
白露3 百露 10 167 5.75 18.25 
白蕗 11 秋分2 175 5.85 18.10 
秋分3 秋分9 182 6.00 18.00 
秋分 10 寒露 2 189 6.10 17.85 
寒露3 寒露 10 197 6.25 17.75 
寒露 11 霜降3 205 6.35 17.60 
霜降4 霜降 11 213 6.50 17.55 
霜降 12 立冬 4 221 6.60 17.35 
立冬 5 立冬 12 229 6.75 17.25 
立冬 13 小雪5 237 6.85 17.10 
小雪6 小雪 15 245 6.95 17.05 
大雪 1 大雪 12 255 7.05 16.85 

等分割する方法で，現在の時法と同じである．

不定時法は昼と夜とを別々に分割する方法で

ある．中世日本の不定時法では日の出・日の

入り時刻で昼夜を分け，昼の何刻，夜の何刻と

云う呼ぴ方がされている．江戸時代には朝の

薄明と夕の薄明を昼夜の分かれとしている．

延喜式では日の出・日の入りの時刻が季節

と共に変化しているので定時法であることは

明らかである．又日の出時刻と日の入り時刻

の平均値を取ると端数誤差を除いて正午にな

るので太陽の南中を正午に取る地方視太陽時

が使われていたことが判る．

表3は橋本万平 (2002)に記載されている延

喜式の日出・日没時刻を地方視太陽時に換算

した値である．延喜式の日出・日没，門の開閉

時刻などは日付として二十四節気が用いられ

ているので，該当する太陽黄経も合わせ掲載し

た図3・4の折線は延喜式で与えられている

日出・日没時刻である．これらの図には 926

年の大雪 13日から 928年初めまでの現在の

天文学に於ける地方視太陽時による日出・日

没時刻も比較の為にスムーズな実線で書き入

れてある．現在の天文学に於ける日出・日没

時刻は太陽の上端が地平線に達する時刻で，大

気による光の屈折も考慮されている．この点

で延喜式の時代と日出・日没時刻の定義の差

も考えられるが余り大きくはない．

延喜式の日出・日没時刻は年の後半では正

しい日出・日没時刻と良く合っているが，前半

では合いが良くない．宣明暦では冬至点と近

日点を同じに取っており，実際とは異なるが，

地球軌道の離心率は 0.0167に過ぎないので，

その影響ま大きくない．平均太陽時による日

出・日没時刻をプロットすると宣明暦による

計算と真の地球軌道を用いた計算結果に多少

の差はあるが，視太陽時でプロットした図3・4

では完全に重なってしまうので宣明暦による

誤差とは考えられない．結局この差の原因は

今のところ不明であるが，時刻の差が有ると

云っても最大 10分程度なので，実用上は余り

気にしていなかったのかも知れない

3.3 宣明暦の時刻制度

宣明暦は唐では 822年から 71年間使用さ

れた．日本では貞観四年 (862)から貞享元年

(1684)迄 823年間使用された．日本に於ける

宣明暦の使用期間は世界史上ユリウス暦に次

いで長い．宣明暦では 1年の長さが 365.2446

日で実際よりも 0.0024日長い．従って 800年

で1.92日の季節とのズレを生じているこの

間に中国では何度も改暦が行われていること

から，「日本では中国で何度も改暦が行われて

いることも知らずに改暦を行わないまま 800

年も過ごした為に季節と二日ものズレを生じ

ていることも知らずに日食を誤った予測で記

録していた」との記述をしばしば見かける．
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図 3：延喜式日出時刻と視太陽時日出時刻の比較
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図 4：延喜式日没時刻と視太陽時日没時刻の比較

然しながらこの種の記述は宣明暦の全くの

誤解に基づくもので，内田 (1975)によると，

宣明暦では近日点と冬至点を同一に取ってい

るが，宣明暦が用いられる様になった時点では

近日点は冬至点よりも約 70前に在り， 800年

後には逆に約 70後ろになっている．従ってこ

の近似は宣明暦が使われ始めてから約 400年

後に最も良くなり，その後次第の悪くなると云

う関係がある．この事情の為に宣明暦による

日食予測の精度は全く劣化していないと云う．

表 4は宣明暦が採用されていた期間の日食予

測の内田 (1975)の誤差評価を採録したもので

あるが，事実予測精度の劣化の兆候は全くみら

れない．

宣明暦では

1日 12辰刻
1辰刻

刻〇
刻
刻

O
1
-
3
 

1

8

1

 

： 8400分700分84分
と取る．

刻は初刻から始まり，八刻で終わる．但し八

刻は他の刻の 1/3の長さである．

橋本 (2002)では宣明暦による時刻を第 1類
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表 4:宣明暦日食予報誤差
第 3類延喜式に近いが分が一分から始まる．

年代 日食数
平均

誤差

年 回 分

562-900 12 79 

901ー 1000 31 89 

1001ー 1100 33 109 

1101ー 1200 30 98 

1201-1300 27 82 

1301-1400 32 61 

1401ー 1500 33 72 

1501ー 1600 33 69 

1601-1684 23 55 

と分類している．

3.4 橋本 (2002)による分類

1日 12辰刻
1辰刻

48刻

4刻

1刻: 480分40分10分
刻は一刻・ニ刻・三刻•四刻．分は一分・

二分・．．．・十分． 1刻＝ 30min,1分＝

3min. 

第 4類延喜式に近いが刻が初刻から始まり

三刻で終わる．分の単位が荒い．

1日 12辰刻
1辰刻

48刻
4刻

1刻

192分
16分
4分

刻は初刻・一刻・ニ刻・三刻．分は初分・

一分・ニ分・三分． 1刻＝ 30min,1分＝

7.5min. 

4
 
日食データ

橋本 (2002)は時刻付きの日月食記録を基に

時刻制度の分類を行い，以下の 4分類を行っ

ている．

第 1類宣明暦

1 13 ＝ 12辰刻
1辰刻 刻

刻0
0
1
-
3
刻

1

8

1

 

： 8400分700分84分
刻は初刻・一刻．．．．・八刻，八刻は他の

刻の 1/3.

1刻＝ 864sec,1分＝ 10.3sec.

第 2類中国の第二の方法に近い．

今江は「日本歴史」 1995年5月号において，

陽明文庫所蔵の「兵範記」の断簡の中に日食

記事を見出し，それが西暦 1169年8月24日

の日食（オッポルツァ一番号5655)であること

を確定した．この観測は神田茂著「日本天文

史料」に掲載されておらず，従来知られてい

ない部分食であるが，時刻と食分が書かれ

ている．

1日 12辰刻
1辰刻

100刻

2x4籾l
1刻 : 4000分333½ 分

40分

刻は初刻・一刻・．．．•四刻，初刻は他の刻

の 1/6.例えば午初初刻・一刻・ニ刻・三

刻•四刻と続き，四刻は他の刻の 1/6 の

継続時間．次に午正初刻・一刻・ニ刻・三

刻•四刻と続き，初刻だけが他の 1/6. 中

国では四刻が短いが，橋本の分頴では初

刻が短い．

1刻＝

21.6 sec. 

14.4min ＝ 864sec. 1分 ＝ 

天晴、日蝕、大分十五分之八、 口初

巳一刻、廿七分、加時巳五□口

この日食は中国では雲に遮られて見えなかっ

た高麗では日食記事はあるが，詳しいこと

は記載されていない．

表5は橋本 (2002)の時刻付きの日月食表に

記載されている 1148年迄の日食に，今江が見

出した上記の日食と 1112/09/23,1106/08/01 

の日食を付加して纏めたものである．日本で

宣明暦が採用されたのは 862年だから表の期

間に使用されていたのは暦法は宣明暦である．

延喜式が採用されたのは967年からであるが，

延喜式には大宝令も含まれているので，記載時

刻に関しては表の期間については延喜式も否

定出来ない．

この表を見ると，橋本の表にある日食では

1118/05/22の日食を除いて全て複数の記録
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表 5：橋本 (2002)による予測時刻記載の日食 (1148迄）及びその他の追加日食．＊は

今江 (1995)その他の追加日食．主要記事欄は神田茂 (1935)から抜載．
年月日 出典 主要記事

877/05/17 二代実録 夜丑一刻日有蝕之栃初子三刻二分復至寅二刻一分皇帝不視事

．．．鏃日蝕在夜廃務以否

他2文献
975/08/10 朝野群載十五陰陽道 栃始卯一刻三分加時辰二刻一分復末巳初刻二分

日本紀略 卯辰刻皆既如墨色無光群鳥飛乱衆星盛見

扶桑略記 辰時日蝕

和漢合符 自辰至未暗如夜

他 10文献
982/03/28 小右記 蛎始辰三刻加時巳一刻二分復末巳三刻日蝕叶暦

日本紀略 日蝕

1021/08/11 左綬記 蛎始巳四刻一分加時午二刻二分復末同刻三分

日本紀略 日蝕符合

扶桑略記 日食
． 

1028/03/29 左経記 栃始寅初刻 分加時卯一刻四拾七分復末辰二刻六十一分

栃始寅七刻八十三分加時卯一刻四十六分復末卯三刻三十七分、

日出卯三刻二十六分、入酉四刻五—t-四分、日天在奎宿十四度八
十七分、…両説雖不同、共立其道之人等也、俯共記之

日本紀略 卯刻日蝕、十五分之八也、暦家不注、初中務省不申、不廃務

1029/09/11 小右記 慮弓始卯一刻三分加時辰一刻一分復末巳一刻二分

日本紀略 日蝕廃務

1080/12/14 水左記 栃始巳一刻 分加時巳四刻六分復末午三刻五分陰晴不定、蝕暫

不現午刻雲

他2文献
1085/02/27 朝野群載八別奏 蛎始寅一刻三分加時寅四刻九分復末卯三刻十分

後二條師通記 日蝕雨降日脚不見

1100/05/11 朝野群載八日月蝕奏 申進大陽栃蝕事、栃初辰四刻二十四分加時巳二刻十二分復末午
初刻一分

他3文献
1106/08/01* 永昌記 未一刻大陽初栃四点漸過末之聞

中右記 及未刻日蝕正現

他 2文献
1106/12/27 永昌記 天晴今日可有日蝕之由、．．．史定政一昨日持参、栃初未二刻三十

二分加時未三刻三十六分復末四刻二十七分．．．雖入蝕限不可正見

．．． 

中右記 天睛、．．．今日未刻可有少分日蝕之由、暦道所勘奏也、而宿曜家

僧明算深算等、不可有之由進申文、彼此相論之間既無日蝕．．．

他2文献
1107/12/16 中右記 今日冬至、又可有日蝕之由、其日蝕—t-五分之—t-三半弱、栃初未

一刻一九分、加時申□口十五分、復末酉一刻十分．．．相窺時刻之
慮、晩景片雲横漢、日光不現、就中天下不及暗計也、

阿娑縛抄 至干嘗日卯辰刻、天晴無雲、日輪顕現、更無疑、干時有院宜云、

晴天既晴、陰雲難掩、正現無疑、佛力似空、但猶至干蝕刻限、於

仏前可令祈念、…而間．．．黒雲俄登掩王城、終日不睛、

他5文献
1112/09/23* 中右記 日出之間少許帯蝕正現也

他 1文献
1118/05/22 中右記 始申三刻二 1-四分加時酉一刻二九分復末酉三刻二十九分雨下不

見日蝕

1147/10/26 本朝世紀 栃始申四刻十一分加時酉三刻五分復末戌二刻十四分

台記 有食雖晴人不見食

他 1文献
1148/04/20 本朝世紀 日蝕諸司廃務、本日陰雲合不正現突

慮月始午四刻七分加時未初刻二十七分復末未三刻—t-九分
他 1文献

1169/08/24* 兵範記 慮弓初未一刻ニト七分加時未五刻
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が残されているこの例外の 1118/05/22の

日食は中右記に「雨下不見」と記載されたも

ので，計算によると日没直前に始まり，△T=

2000secとした時日没時の食分は 0.28であ

る．その他何れもどの様な日食であったかが

ある程度判る記録が残されている．

実見による記録と考えられるものは後に詳

細に論ずることとし，ここではその他の日食に

関し，どの様な日食かを簡単に纏める．日食の

記録に屡「廃務」「不廃務」と記されたものが

ある．この他に「廃朝」がある．廃務は全ての

役人が休む場合で，朝廷の仕事は全て止まる．

廃朝は天皇だけが休む場合である．

1. 877 /05/17 Oppolzer No. 4964の日食で

あるが日本時間では夜間の日食の為廃務

としなかった．

2. 1085/02/27予測は食尽が 04:54視太陽

時であるが，計算値は 05:00で日の出前

の食になる．

3. 1106/12/27 Oppolzer No. 5498.日本で

食無し．

4. 1118/05/22日没帯食．日没時食分 0.28.

5. 1147/10/26 Oppolzer No. 5600.日本で

は夜間の食

表6は表5の日食から，日本では見られない

877 /05/17, 1085/02/27, 1147/10/26の日食

を除いた全ての日食に対する予測時刻と計算時

刻の対照表である．但し，橋本氏が第 2類と分

類した 1100/05/11,1107/12/16, 1118/05/22, 

1148/04/20に就いては，時刻の十二支の次に

始又は正の字が記入されていないと現在の時

刻への換算が一義的には出来ないので割愛し

た． 1107/12/16は橋本氏の分類では第 2類で

あるが，金環食なので計算結果の節での議論に

は追加した．計算は仮の値として TT-UT=

2000 secと仮定し，京都 (135° 45', 35 ° 01') 
における食始，食尽，食終の時刻(JST)と食

尽のときの食分を求めた．記録は地方視太陽

時と思われるが，計算は地方平均太陽時で与え

られている．視太陽時から平均太陽時を引い

た差を均時差と呼ぶが，最大約 15minに達す

るのでこれ以上の精度を必要とする場合には

均時差の補正を必要とナる．

観測事実の記録から食の始め・食尽・食の終

わりの時刻が判り，△T= 2000secとした時
の0-Cが計算されれば，近似的には△T=

2000sec -(0 -C)により△Tが求まる．

表6の予測時刻と計算時刻の差を見ると，初

雇別の時刻が食尽の時刻に対し 1時間位早くなっ

ている．食尽と復円の時刻差は少数の例外が

あるが計算値に近い．この時刻差が極端に長

い例や短い例（番号 12,10番）は何かの間違

いであろう．この点に留意して食尽時刻の予

測値と計算値を比較すると， 15分程度の誤差

を除くと良く合う例 (975/08/10,982/03/28, 

1029/09/11)と，予測値が 2時間位早い例が

有る事が判る．

良く一致している例は何れも橋本氏の分類

で第 4類に属し，予測値の文献は朝野群載八

巻陰陽道並ぴに小右記である．内田 (1975)に

よると宣明暦では日食の予測地点が陽城とさ

れていると云う．陽城とは洛陽の近くの町で，

周の時代から周牌による測量の原点とされて

いた地点である（ニーダム 1991)．そこで次節

で示す如く洛陽で計算してみると予測時刻が

合わない．従ってこれらの記録の計算では宣

明暦とは云っても計算場所は京都に修正され

ている．

他方合わない例は時刻が 2時間近く早いこ

とから陽城での計算値である可能性が高い．

5 計算結果

5.1 975/08/10 

この日食に就いて，日本紀略に「日有蝕、十

五分之十一或云皆既、卯辰刻、皆既如墨色無

光、群鳥飛乱、衆星盛見」，扶桑略記に「辰時

日蝕、皆既天下忽暗、己見衆星」，．和漢合符に

「自辰至未暗如夜」と記載されているので皆既

でだった事は確かであろう．この日食が皆既

食になる条件から

1167sec <△Tく 4452sec

が得られる．

△T = 1000secと取った時の京都に於ける
太陽の南中時刻は03:00:05UT，△Tが 1000

sec変わった時の南中時刻の変化は 3secなの

で，京都に於ける太陽の南中時刻は 03:00UT 
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表 6:時刻付き日食の予測時刻と計算時刻の比較．

第 1列の番号は橋本 (2002)第十表に於ける日月食番号．＊印は本論文で追加した

データ．第 3列の類は太陽時への換算に使用した同じく橋本 (2002)による時刻制度

の類別の番号
番号 年月日 類 初栃 食甚 復円 食分

3 975/08/10 卯 1刻 3分 辰2刻 1分 巳初刻 2分
4 05:52:30 08:07:30 09:15 

計算値 06:45 07:49 08:59 1.01 
（皆既 07:47-07:50) 

5 982/03/28 辰3刻 1分 巳1刻2分 巳3刻3分
4 08:37:30 09:45 10:52:30 

計算値 09:13 10:03 10:56 0.25 
6 1021/08/11 巳4刻 1分 午2刻2分 同刻？ 3分

1 08:58 11:29 
計算値 12:40 14:04 15:20 0.81 ， 1028/03/29 寅初 卯1刻47分 辰2刻61分

1 05:22 07:39 
（これは No.10と同じ日食）

10 1028/03/29 寅7刻83分 卯1刻46分 卯3刻37分
1 04:55 05:22 05:50 

計算値 05:34 06:33 07:38 0.55 
（日出帯食，日出 05:42食分 0.11,橋本には1027年とある）

12 1029/09/11 卯1刻 3分 辰1刻1分 巳1刻 2分
4 05:52:30 07:37:30 09:45 

計算値 06:25 07:23 08:28 0.72 
15 1080/12/14 巳1刻 巳4刻6分 午3刻 5分

3 09:00 10:45 12:12 
計算値 10:07 12:00 13:50 0.93 

（金環 11:57-12:02) 
＊ 1106/08/01 未 1刻

3 13:00 
計算値 13:11 14:00 14:47 0.21 

＊ 1112/09/23 日出帯食
計算値 04:11 05:09 06:13 0.72 

（日出帯食，日出 05:36食分 0.49)
＊ 1169/08/24 日 巳1刻27分

1 09:19 
計算値 11:04分

と取って十分である京都の経度は 9h03min

だから，京都に於ける太陽の太陽の南中時刻

は 12:03地方平均太陽時と取って良い．この

日食が京都で視太陽時 07:00に始まったとし

て，これを平均太陽時に直すと 07:03にが得

られる．△T = 2000secに取った時の京都

に於ける食の始めは 06:45平均太陽時なので，

0 -C = 18min = 1080secとなる． 従っ

て△T = 2000 -(0 -C) = 920secが得

られる． この日食が皆既の条件から△T>

1167 secだから，この日食は 07:00視太陽時

より 1167-920 = 247sec以上前に始まらな

ければならない．言い換えると 4min以上は

巳5刻
10:14分
12:14 13:21 0.55 

卯の間であったことになる．

日本紀略の卯辰刻を採用すると 09:03平均

太陽時以前に食が終わらなければならないの

で，復円を 09:03平均太陽時とする．△T=

2000secの時の復円時刻は 08:59平均太陽時

だから， O-C=4minが得られる．従って

△T = 2000-(0-C) > 1760secが得られる．

この日食の継続時間は約 2h14m = 

1辰刻 2分足らずなので和漢合符の「自辰至

未」は有り得ない．日本紀略の「卯辰刻」をこ

の日食の始まりが卯の終わりから一分以上前

を意味すると考えると，終わりは巳に入って 1

分以下となる．考えられるのは「未」が「巳」
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の誤記又は誤写であるが，日本紀略並びに扶桑

略記が共に辰で終わっていることを考應する

と辰の終わり近くまで続いたと言うことであ

ろう．これらを考慇すると△T= 1760secは
数分程度の誤差で正しいと考えて良かろう．

この表に記載した全ての日食に就いて初栃

は計算値に比べて約 1時間以上早い．従って

初栃の予測値は全ての食に就いて信頼できな

いが，この日食の食尽時刻と復円時刻は計算値

と15分程度で合致している．内田 {1975)に

よると宣明暦では食の計算値が陽城とされて

いると云う．そこで洛陽でのこの日食の初栃・

食尽・復円時刻を計算すると夫々 05:14,06:07, 

07:06となり，朝野群載の数値と異なる．従っ

て朝野群載に記載された食尽・復円時刻は京

都の値となっていることが確かめられた．

5.2 982/03/28 

この日食に関しては特に詳しい記述は無い

が，食尽・復円時刻は計算と良く合っている．

食尽・復円の予測時刻が記載されている小右

記に「日蝕叶暦」は正しいこの日食の洛陽

での食尽は 08:03:08平均太陽時であるが，食

分はー0.06で，日食にはならない．予測時刻

が京都での時刻であることは間違いない．

5.3 1021/08/11 

復円時刻が食尽時刻に近すぎて計算間違い以

外は考えがたい．食尽時刻も実際の値より 2時

間以上早い．洛陽での食尽予測時刻は 11:56:49

なので，中国に於ける予測時刻であろう． 日

本に於ける予測時刻とは考えられない．日本

紀略に「日蝕叶暦」と記載されているが，これ

だけの時刻差が有っても「日蝕叶暦」と書い

たのか，他に正しい予測時刻が有って書いたの

かは判断資料無し．

5.4 1028/03/29 

予測時刻が 2説書かれているが，食尽時刻

は殆ど差がない．予測時刻が京都の日の出前

だったので届け出なかったものであるが，洛陽

での食尽時刻を計算すると， 05:03:59となる

が，高度はー90となるので，食尽は日の出前

1028 3 29 TD -UT= 2000.0 sec 

Com. eo eidal t•ma o.oo •Icy•2 

図 5:1028/03/29の日食帯

である．食尽は日の出前であるが，復円の前に

日の出となるので，洛陽でも日食は日の出直

後に見られる計算となったに違いない．日の

出前の予測が出るのは洛陽より西の地域の計

算の場合．図 5はこの日食の日食帯の図で中

国東部より東で朝日食が見られたことがしめ

されている日本紀略の記録から京都では日

の出時にH食が観測されたことが判るが，図5

もこの事実を示している

暦家が注記しなかった為に中務省が廃務に

しなかったことが記されているが，この記録

から， 982年には正しい予測が実行されていた

にも関わらず， 1028年には暦家が洛陽より西

の地点での予測を報告していたと判断される．

この後 1029/09/11の日食の食尽時刻は計算

値と合っているが，復円時刻が一見しただけで

判る程遅くなっている．その他本論文で扱っ

・ている 1148年の日食迄橋本論文で扱ってい

る記録には正しい時刻を与えているものがな

ぃ．この点が今後の課題である．

5.5 1029/09/11 

洛陽に於ける食尽は 05:46:59で日の出時が

食の最大となる．復円時刻が食尽時刻から大

きく離れており，誤記・誤写などの誤りと考え

られる．食尽時刻は計算と合致して居り，これ
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が本論文で扱っている期間の中では最後の計

算と一致する記録である．

5.6 1080/12/14 

洛陽では食尽が 09:28:28で：食分は 0.95.

09:24:31-09:32:26の間金環食となった．京都

では 11:57-12:02の間金環食になったはずで

あるが，食分が 0.93なので，それ程は暗くな

らない．記録によると金環食の時間帯は曇り

で金環食は見られなかった．

5.7 1106/08/01 

洛陽では食尽が 11:37:02であるが，食分は

-0.04で，食にはならない．宋史には「崇寧

五年七月庚寅朔日営食不栃」・と記されている．

この日食に就いては観測記録のみが有り，予測

時刻が書かれていないこれは当時使われて

いた暦法では食にならない為ではなかろうか．

これは日食予測に使われていた暦法が中国の

値を与えていた為と思われる．

食の継続時間が lh36m程なので，未刻に日

食と書かれているのを食尽が 14:00士15min

とすると，△T= 2000secの時の食尽が 14:00
だから，△T= 2000士900secとなる．翌年
1107/12/16の日食が京都で金環食になる範

囲が 1567sec＜△T く 2648secだから，記

録通りに未刻の日食となる．京都では食分が

0.21程度になる．

5.8 1106/12/27 

この日食は橋本論文では第 2類に分類され

ている．従ってこの日食に就いての永昌記に

記載されている予測時刻は初栃未 2刻 32分，

食尽未 3刻 36分，復円未 4刻 27分は夫々

13:40, 13:55, 14:07視太陽時となる．従ってこ

の日食は予測通りならば十分に観測されるは

ずだったが，永昌記によれば，この時刻を過ぎ

ても日食が無かったと記されているこの日

食はモンゴルを中心とした地域で見られた部

分食で，日本では全く見られない．予測時刻が

日本の値で無いことは間違いが無い．図 6は

この日食の日食帯を示す．

1106 12 27 TD -U'l'= 2000.0 sec 
comr. eo eidal e•mo.oo -I勺＾2

図 6:1106/12/27の日食帯
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1107/12/16蝕不正現Abnormalap匹aranre
京都 l<y'Oto

ー11

図 7:1107/12/16の日食が京都で金環食とな

るパラメータ領域．

5.9 1107/12/16 

第5に掲載したこの日食に関する記録は，こ

の日食が日没直前の金環食だった事を示して

いると思われる． ． 

△T = 2000secに取った時， 16:36-16:41 
の時間帯が食分 0.96の金環食になる日没

は 16:49で，食分は 0.83.図7は 1107/12/16

の日食が京都で金環食となるパラメータ領域

を示したもので，横軸には潮汐項を，縦軸には

△Tを取っている．この図の2本の実線の間

が京都で金環食となるパラメータ領域である．
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潮汐項はー13"/cy2と知られているので，潮

汐項がこの値の△Tの範囲，即ち 1567sec< 
△T < 2648sec京都で金環食となる△Tの範
囲を示す．

5.10 1112/09/23 

洛陽では食尽03:51:05，高度はー26° で日の

出前，食の終わりは 04:46:16,日の出は 05:55

で食は日の出前となる．この日食に就いては

予測時刻が残されていない．京都では日の出は

05:36で，△T= 2000secの時，日の出時の食
分は 0.49，食の終わりが 06:13．中右記に日の

出の時に少しばかり日食が見られたことが記

録されている．この日食が日の出後に見られる

為には食の終わりの時刻が日の出時刻より後

でなければならない．そこで食の終わりを日の

出時刻だったとすると，△T= 2000secとした
時の 0-C = 05: 36 -06: 13 = -37min = 
2220secとなる．従って，食の終わりが日の出

時刻と一致した場合の△Tは 4220secとな

る．従って，△T< 4220secならばこの日食
は日の出後に見られたこととなり記録と合う．

この時代の△Tは凡そ 2000secだから中右記

の記録が正しいことがしめされる．

5.11 1169/08/24 

この日食は今江 (1995)が見出した，神

田 (1935)に記載されていない日食で，渡邊

(1979)も日本の日食としては取り上げていな

かったが，南宋・金•朝鮮の記録にあることが

示されている．図 8はこの日食の日食帯を図

示したものである．洛陽での食尽は 10:01:57,

食分は 0.15.記録の食尽予測時刻は洛陽の値

に近い．

6
 
まとめ

本論文では，橋本 (2002)の予測時刻付き日

月食の表の内， 1148年迄の日食に，観測時刻

が記載されている 1169/08/24（今江 1995),

1106/08/01, 1112/09/23の三つの日食を追加

した総数 17の日食に就いて，記載されている

時刻に関する吟味を行った．

1169 8 24 9D —匹＝ 2000.0 sec 

Com. to eidal t•m o.oo •Icy^2 

図 8:1169/08/24の日食の日食帯．

この吟味により 982年迄の日食予測時刻

は京都の値になっているが， 1021,1028年

の日食は中国での日食時刻であり，その後は

1029/09/11の日食の食尽時刻を除いて全て

中国での予測値となっている．中国で日の出

前の食の場合には日本では日の出後となって

も予測時刻の記録が見当たらず，中国で日没

前の場合には日本では日没後でも予測時刻が

書かれ，これらの場合には予測と観測が異なっ

たことが記載されている．

本論文で扱っている橋本論文の日食は 1148

迄で，これに 1169の日食が一例追加してあ

るだけであるが，その後の日食予測がどの様

になっているかは今後の問題として残されて

vヽる．
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中国・日本の古代日食から推測される地球慣性能率の変動
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Abstract 

Time variation of the Earth's rate of rotation 

from BC 709 through AD 975 is obtained from Chi— 

nese and Japanese records of solar eclipses. Chinese 

records employed in the present article are the Ch'un-

ch'iu春秋 focusedon Lu魯 affairs,the chronologi-

cal tables of the Shih--chi史記六国表第三 (chap.15), 

the Han-shu漢書 (chap.27), the Hou-han-shu後漢書

(chap. 28), San-kuo-chih三国志 (chap.4), the Chin-

shu晋書 (chap.12), the Song-shu宋書 (chap.34), 

Liang-shu梁書 (chap.3), Nan-shi南史 (chap.2, 6, 

7), the Sui-shu隋害 (chap.4), the Chiu-t'ang-shu旧

唐苔 (chap.6), and the Hsin-t'ang-shu新唐書 (chap.

32). Japanese records employed in the present article 

are the Nihongi日本害紀 (chap.22), the Sandai Jit-

suroku三代賞録 (theVeritable Records of the Three 

Reigns 858-887), (chap. 24) and the Nihonkiryaku 

日本紀略 (Outlinesof the Annals of Japan, Chronicle 

up to 1036) (chap. 6). 

We have selected 31 records of solar eclipses with 

descriptions of one of words of "total", "complete", or 

"stars were seen" in these Chinese books. Japanese 

records of candidates of total eclipses employed in the 

present article are from the list (3 of eclipses in the 

list appear to be total) by Ogura (1916). 

Except a solar eclipse recorded in the Hai1-shu 

(chap. 27) as "Chien-chao reign period, 5th year, 6th 

month, day jen-shen, the last day of the month, a so-

lar eclipse, not complete and like a hook建昭五年六

月壬申晦日有食之不盛如鉤 (BC34/8/23)", 33 eclipses 

are identified with eclipses in the table of Canon of 

Eclipses by Th. Ritter Oppolztir (translated by Gin-

gerich). The longitude of the moon measured from 

the ascending node of the lunar orbit at the time 

of conjunction in solar and lunar. ecliptic longitude 

on BC 34/8/24 is 313.068 and then the sun is not 

eclipsed in the conjucntion. 

The sun on "Yuan-chia reign period, 30th year, 7th 

month, day hsin-ch'ou, the first day of the month元

嘉三卜年七月辛丑朔’'（453/8/20)was eclipsed in the 

region from South Atlantic Ocean through the Indian 

Ocean and then the eclipse recorded as "a total solar 

eclipse and stars were seen" in the Song-shu宋害

(chap. 34) could not be observed in China. Therefore 

the eclipse was recorded in the book according to a 

prediction. 

In two eclipses recorded in the Han-shu (BC 2/2/5) 

and the San-kuo-chih (243/6/5), the sun was totally 

eclipsed in an area far from the capital at that time 

but in the Chinese territory. 

On tidal term versus△T plane（△T = TT-
UT), we plot an area of parameters which gives 

total/ annular eclipse in the capital of the dynasty. 

Since the tidal term and△T will not change signif-

icantly within short period, we expect・ substantially 

the same values of these par皿 aetersfor two succ-

sesive total/annular eclipses occurring within a pe-

-riod of 60 years. When we plot such belts for two 

successive eclipses occuring within a period shorter 

than 60 years, these two belts cross at the tidal term 

of -13arcsec/cy2. We ca11 clearly see the feature in 

Figures 17, 21, and 22. The result agrees well with 

(-12.94士0.25)arcsec/cy2 obtained by Dickey et al. 

(1994) by LLR (lunar laser ranging). In other cases, 

two belts are more or less parallel and then we c~n 
not determine the tidal term. 

In tht'next, we determine a range of△T for 

pairs of eclipses occuring within a period shorter 

than 60 years in such a way that△T in the range 
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gives eclipses with features described in these records, 

when data are available. We have determined△T's 

for 19 solar eclipses in this way and shown these in 

Figure 28 by thick vertical lines. 

7 eclipses are separated from the others more than 

60 years apart and then△T are determined from 

a single solar eclipse and these are shown by thin 

vertical lines in Figure 28. 

Remaining 4 eclipses are recorded as "not com-

plete". Our calculation for each eclipse indicates that 

the sun is not totally eclipsed at the latitude of the 

capital at that time but the magnitude of 3 eclipses 

among 4 is high. Therefore the descriptions in these 

books can be justified for these 3 eclipses. 

These eclipses are, however, omitted from our anal— 

ysis because our method can not be applied for these 

eclipses. 

Figure 28 and 29 show△T versus year and 

0 -C versus year plot of our results, respectively. 

Here C means the parabolic fitting by Stephenson 

(1997). The solid curve in Figure 28 shows the 

tidal components△Ttidal of△T, for the tidal term 

of -13.0arcsec/cy2 obtained by Stephenson (1997). 

The long dashed curve in Figure 28 is the one ob-

tained by a parabolic fiting by Stephenson (1997). 

For a convenience of comparison of our results with 

Stephenson's one, his spline fitting is also shown by a 

short dashed line. These figures show irregular vari-

ation of△T with a time scale of 600ー 1000years is 

added to the parabolic line (long dashed curve). 

Nontidal components of△T,△Tnontidal =△T-

△Ttidal, are due to variations of the moment of inertia 

of the earth. Suppose that glaciers in polar regions 

melt and then the sea level rises by 1 m. When we 

take into account that the total area of the sea is 

2/3 of the earth surface, the total mass of melted ice 

becomes 3.5 x 1020 gr. 

Putting the radius of the earth to R, we adopt an 

approximation that the mean square distance of the 

mass from the rotation axis of the earth is j R2. We 
assume that the mean square distance of glaciers be-

fore melting is negligibly small comparing with }尼
Then the increase of the moment of inertia of the 

earth is by a factor of 10ゴ whenthe sea level rises 1 

m due to melting of glaciers. The length of the day 

increases by 10 ms in this case. Supposing that the 

sealevel continues to rise over 1000 years in a con-

stant rate,△T increases by 30 min. Therefore, the 

variat.ion of the sea level due to the variation of atmo-

spheric temperature in the polar region is a probable 

cause of the variation of the length of the day in hun-

dreds of years or in a millenium. 

1 はじめに

Stephenson (1997)によると地球の自転が潮汐の影

響で減速するとの考えはImmanuelKantにより 1754

年に提出されている． Kantの推定した減速は現在の

値の 2000倍に相当するが，考え方は基本的には同じ

である地球の自転周期が一定のレートで長くなると，

地球の自転周期で決めた時刻系による月黄経の表式に

炉(0は任意のエポックから数えたユリウス世紀36525

日）に比例する項が付け加わり，月黄経の永年加速と呼

ばれたその値が約 10arcsec / cy2であることは既に

18世紀の中頃に知られ，月黄経は 200年で lOarcsec

の四倍の 40arcsecだけ進み， 2000年後には 400倍の

4000arcsec進む計算になる．

Laplaceは1786年に惑星の重力により地球軌道の離

心率が減少することに伴い月黄経が 11.135arcsec/cy2 

の割合で減少することを示し， Adamsは 1853年に

Laplaceの計算の精度が不十分であることを指摘し，そ

の値を 5.78arcsec/c炉に修正した． Chapront(1983) 

によるこの理論値は 6.0643arcsec/cy2となっている．

19世紀の中頃になると春分点に永年加速が見つかり，

Hansen (1857)は1.1arcsec / c炉の数値を得ている．月

黄経の永年加速の観測値には春分点の移動によるもの

が加わっているので，これを差し引いたものが恒星系

に対する月黄経の永年加速になる．春分点の永年加速

の最近の値 (Lasker1986)は1.112arcsec/cy2である．

Oppolzer (1887)はHansen(1857)の月要素と Lev-

errier (1858)の太陽要素を使って， BC1208年 11月

20日から AD2161年 11月17日までの 8,000回の日
食と 5,200回の月食を記載した Canonder Finstern-

isseを発表したこの日食表では 1258年 11月 28日

で終わっている一つのサロス周期の後に続く数回の極

を僅かにかすめるだけの日食と数回の月食が脱落して

いることが知られているが，これを除くと完全な日月

食表になっていると云われている．この脱落は当時の

月の運行式の不完全さに起因している．

その後， Ginzel,Cowell, Newcomb, Radau, Fother-

ingham, Schoch等により中近東・地中海地域の日食

の解析から月黄経の永年加速の研究が精力的に行わ

れ，これらの研究は渡辺 {1979)に詳しく紹介され

ている． Fotheringham(1920)は歳差の加速以外に

月黄経の永年加速として 10.8arcsec/ c炉を，太陽黄

経の永年加速として 1.5arcsec/c炉を得た．太陽黄

経の永年加速が地球自転速度の減衰によるものと考

えると，この地球回転の減速は月黄経に太陽黄経の

永年加速の 13.4倍（恒星年と恒星月の比）の永年加

速 1.5arcsec/cy2 x 13.4 = 20.1 arcsec/c炉を生じ
る． これに惑星の影響による 6.0arcsec/c炉を加え

た26.1arcsec/c炉が地球の自転速度の減衰と惑星の

影響による月黄経の永年加速になる． Fotheringham

が得た月黄経の永年加速は 10.8arcsec/c炉だから，

Fotheringhamの得た値には、理論的に得られた上記

の26.1arcsec/c炉との差ー15.3arcsec/c炉だけ未知

の加速が加算されていることになる．この差が今日月
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黄経の潮汐項と呼ばれているもので，地球・月系の角

運動屋の保存から潮汐による地球の自転の角運動品の

減少に伴って起こる月の角運動鼠の増加によるもので

ある． SpencerJones (1939)は 1680-1939の期間の

月・太陽・水星・金星の平均黄経の不規則的変動が同

期し且つこれらの天体の平均運動に比例していること，

太陽・水星・金星の永年加速が月の永年加速に比例す

ることを示し，上記の考えが正しいことを実証した．

月の平均距離を r，公転運動の角速度を nと闘くと，

ケプラーの第三法則 n2r3= const.の時間微分により，

,;, 2n 
-=---
r 3n 

が得られる．この式に月の距離はr= 3.84 x 108 m,及

び月の平均運動n= 1.732 x 109arcsec/cyを代入する

と，れの単位を arcsec/cy叫iの単位を m/cyとした
時に， f= -0.148れが得られる．月黄経の加速れは潮

汐項の二倍だから，その今日の値ー13arcsec/c炉の 2

倍れ＝ー26arcsec/cyを代入すると，月が 3.85m/cy

の割合で遠ざかっていることが判る．これは 1恒星月

の長さが， 0.038sec/cyの割合で伸びることを示す．こ

れは BC700から現在までの恒星月の伸びが 1.0sec 

に過ぎないことを示す．

他方20世紀の中頃には，水晶時計の時刻精度が天文

観測から決める時刻精度を上回るようになった．こう

して 1952年の IAU総会は世界時 (UT)に地球回転

の永年減速の補正を行った暦表時の採用を決定し，次

いで 1967年に原子時計により決まる SI秒が時刻単

位として用いられるようになった．一般相対論による

とあらゆる座標系で共通して使える時刻系は存在しな

ぃ．そこで SI秒と合う地球中心の座標系で一般相対

論の使える時刻系としての力学時 (TT)と太陽系中心

で使える力学時が使われるようになった．

以来，日月食・掩蔽の計算は潮汐項と△T=TT-UT

をパラメータとして行われるようになった．ところで，

△Tのかなりの部分は潮汐効果による部分△Ttidalなの

で，潮汐項と無関係に独立に指定される屈（直交関係の

量）は△Tnontidal=△T-△Ttidalとなる． Stephenson

{1997)はChristodoulidiset al. (1988)が月・地球系

の角運動屋の保存則を基にして得た月の潮汐加速れと

地球回転の加速心rの間の経験的関係式

叫＝（＋49士3)narcsec / cy2 

を採用し，潮汐項をー13arcsec/c炉とした時に得ら

れる

△Ttidal = (44士2)t2-20sec (1) 

を用いている．ここで tは 1820年をエポックとした

ユリウス世紀を表す．△Tnontidal＝△T-△Ttidalは地
球の慣性能率の変化によると思われる．

1969年のアポロ 11号による月探査の際に宇宙飛

行士アームストロングが月面にレーザー測距用の反射

鏡を設箇して以来，潮汐項はレーザー測距により求め

られるようになった (Calameand Mulholland 1978). 

Calame and Mulhollandが得た潮汐項は {-12.3士

2.5) arcsec/cy2でFotheringham,Spencer Jonesの得

た値と誤差範囲で一致している． Dickeyet al. {1994) 

による潮汐項の値は {-12.94士0.25)arcsec/cy2で，誤

差範囲も大分小さくなった．

2 東洋の日食の解析

東洋の古代日食記録の解析は多分小倉 {1916)が最

初であろう．小倉は Opppolzerの月位個を採用し， 628

年ー1183年の期間の日本の日食記録の検証を行い，数

多くの日食・月食について観測事実でなく予測により

執筆されていることを指摘している．又皆既日食と記

されている 628/4/10,873/7 /29, 975/8/10の三つの

日食については， Hansen,Oppolzer, Ginzel, Cowell, 

Newcomb, Radauの月要素を使って，採用月要素によ

る食尽時刻・食分の差を論じている．

その後， 1940年に東方文化京都研究所（後の京都大

学人文科学研究所）の暦算研究室長の能田忠亮氏の尽

カで設けられた臨時東洋暦術調査会の事業として東洋

の日食表の作成が企画され，渡辺敏夫氏が委嘱されて

いる．渡辺 (1979)は Schochの月要素を用いて， BC

801-AD 1900の期間に100°E-150°E,10°N-50°N 

の地域で起った皆既食・金環食・皆既金環食 823回総

てを含む日食要素表・中心食帯表・中心食帯図を作成

し，更に中国・日本•朝鮮の歴史書に記載された日食

の夫々の観測地点に於ける食尽・食分を計算した．こ

の研究成果は戦時中の為出版されないままとなり，一

部がその後渡辺氏の所属した商船大学の研究報告とし

て印刷された程度に留まっていた．渡辺氏の研究成果

はその後 1979年に至り雄山閣から出版され， 1994年

にその復刻版が出版されている．

日本・中国・韓国の歴史資料に掲載された日食に関

する食尽・食分の計算はこの他に鈴木 {1942)，内田

{1975)，斉藤・小沢 (1992)に掲載されているが，何れ

も20世紀初頭の論文で採用された計算方法に従った

もので，その後の天文学の進展は考慮されていない．

最も大きな問題は地球の自転速度はこれらの論文で

仮定されているように，一定の比率で減速しているも

のでは無いと言うことである．暦表時及びSI秒（原子

時）の一日は 19世紀中頃の一日に合わせられている． 

． 従って暦表時や原子時が導入された頃の一日の長さは

原子時の一日より大分長くなっている．そこで実用時

刻系としては SI秒で進むが「うるう秒」を必要に応

じて挿入し地球の太陽に対する自転角を略表す協定世

界時が使われるように変わった．図 1は 1920年以来

最近までの△Tをプロットしたものである．この図を
見れば実際の△Tの変動が一定比率の日の長さの増大
とは程遠いことが判ると思う．

地球回転の不規則的変動に関して最近の例を上げる

と1985年頃迄の約 20年間は毎年の様に「うるう秒」

が挿入されていたこれは 1965-1985年の一日が 19

世紀中頃の一日より約 1/365秒長くなっていたことを
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図 1:1910年以来の△T（理科年表による）．

破線は Stephenson(1997)の得た parabola

近似． ， 

示す．それが 1985年を過ぎると「うるう秒」が挿入さ

れることが少なくなったこれは最近の一日が 19世

紀の一日に逆戻りしつつあることを示している．

20世紀初頭迄の論文は月黄経の永年加速（年に比例

する速度の増加）を求めることを眼目としたもので，紀

元前・西暦 1000年前後・ 19世紀の月平均黄経を世界

時の二次式で表したものであるこれらの研究は力学

で定義されている時刻系（力学時）を観測から探し出

すと云う目的からは大変有意義だった．然しながら，こ

れらの計算式は永年加速に付け加わる地球自転の不規

則的変動を含まず，与えられた世界時での月の正しい

位置は与えない．従って本来，計算と合うかどうかで

古苗を評価する識論とは馴染まないものである．

図2はStephenson(1997)に掲載されているバビロ

ニア・ギリシャ・アラプの時刻の記載された日月食の

△Tをプロットしたものである．これらのデータは 19

世紀中頃から 20世紀初頭までの研究に使用されたも

のと同じではないが，これらの地域のデータには西暦

元年頃からアラプの観測の始まる 9世紀までのデータ

が欠落していることが判る． Fotheringhamが扱った日

食はBC1063, BC 763, BC 648, BC 585, BC 463, BC 

431, BC 310, BC 129, 29, 71, 364である．渡辺 (1979)

によると， Oppolzerの共同研究者である Ginzelの研

究ではOppolzerの使った紀元前のデータが除かれ，採

用されたのは 71,590, 733, 840, 878, 891, 939, 968, 

1030, 1093, 1133, 1147, 1178, 1185, 1187, 1191, 1207, 

1239, 1241, 1267, 1330, 1386の日食である． 19世紀

後半から 20世紀初頭にかけて行われたヨーロッパ諸

国の日月食の研究は図2の長破線から永年加速を求め

たことと略等価である． Stephenson(1997)はこれら

のデータに中国の記録によるものも加え，図の短破線

のスプラインを得ている．

谷川・相馬 (2001),Tanikawa and Soma (2001)は渡

辺 (1979)及び斉藤・小沢 (1992)に与えられている食

分が日本書紀の記述と合致しないのは，これらの著書

が採用している計算法に問題があることを指摘し，潮

汐項をー13arcsec/cy2，△T = 2000sec或いは潮汐項
をー15arcsec/cy汽△T= 30008ecに取ると推古三十

25000 
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図 2:時刻の記録されている日月食から求

めた△T(Stephenson 1997). o: Babylo-

nia (solar and lunar < 25deg), *= Babylo-
nia (solar > 25deg), •: Ancient Greek, *= 
Arab.実線： △Ttidal• 長破線： parabola 近
似．短破線： spline近似

六年の日食が飛鳥で皆既に近くなることを示したま

た，河鰭•谷川・相馬 {2002) は隋害の燭帝紀に「既」と

記載されている大業十二年{616/5/21)の金環食（中国

の史笞では金環食も「既」と記されている）が斉藤・小

沢の著書と同じく長安で観測されたものと仮定し，日

本書紀の推古三十六年に皆既と推定される記述がある

日食 {628/4/10)が飛馬で蜆測されたものとして，潮

汐項を一15arcsec / cy叫△Tを3000secにと取ると，

夫々の食が金環食及び皆既食に近くなることを示した．

又潮汐項及び△Tをこの様に取ると，日本書紀の推古
紀，舒明紀，天武紀に記載された日月食の記事が良く説

明され又彗星の記事が中国の記録と合うこと，持統紀

に記されている日食は総て日本では観測出来ないこと

から総て予測によること，日本書紀に天文関係の記録

が始まる推古紀以降の巻でも皇極・孝徳・斉明・天智

の各巻には天文関係の記録が殆ど無く有っても日本で

は観測出来ないものばかりであることを示した．

日本書紀には用字その他に巻による相違が多々有り，

これらによる巻の分類が日本書紀研究者によりなされ

ている．これらの分類と天文関係の記録の相違とを対

比させると森 {2000)の分類と一対一の対応が付くこ

とが判った．森の分類によると，推古，舒明，天武の各

巻の特徴は引用歌謡を書くのに音標文字として使う漢

字が和音により選択されていることで，文章には漢文

として文法上の誤りや慣用と異なるがもの多い．これ
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図 3：囮22の 616/5/21の金環食が長安で

金環食となるパラメータ領域．

に対して皇極・孝徳・斉明・天智の各巻では唐代の北

方中国音により音標文字が選ばれている．又これらの

巻の筆者は日本の習慣に疎いところが多く，文章は正

格漢文であることから森は渡来中国人と推定している．

持統紀には歌謡その他の引用文が殆ど無く，音標文字

による分類は不可能であるが，文章が正格漢文である

ことから，森は筆者は中国人と推定している．

因みに日本書紀の持統紀には「日有蝕之」，皇極紀

には「月有蝕之」が有り，漢書以降の中国史苔と同じ

である他方推古紀・舒明紀・天武紀では「日蝕之」・

「日有蝕尽之」・「日蝕」「月蝕」が使われている． 「日

蝕」は史記で使われているが， 「日蝕之」・「日有蝕盛

之」は中国史書に見当たらない．中国史書では「日蝕

之」の次には「変」や「咎」などが付き，「日蝕之変」・

「日蝕之咎」などの語句として使われ， 「日蝕之」が単

独で使われている例は見当たらない．中国史書で中心

食又はそれに近い場合には「日有蝕之既」・「日有蝕之

幾盛」・「日有蝕之不盛」・「日有蝕之幾既」が使われ，

「幾盛」・「不盛」はあるが「盛」が単独で使われている

例は見当たらない

河鰭・谷川・相馬 (2002)の問題点は採用した潮汐項

がレーザー測距による値と一致しないことである日

月食の計算には潮汐項と△Tと二つのパラメータが有
り，一つの日食では一義的には決まらない．推古三十

六年の日食が皆既になるとの条件からは潮汐項と△T

の面上で一つの帯状の領域が決まる例えば潮汐項を

-13 arcsec/cy叫△T= 2000secと取っても推古三卜六
年の日食は皆既に近くなり，日本書紀に記載されてい

る天文記事に関しては同じ結論が得られる．然しなが

らこの場合大業トニ年の日食は長安では金環食とは程

遠い．

この事情の理解を助ける為に大業トニ年の日食が大

興（長安）で金環食，推古三卜六年の日食が飛鳥で皆既

食，長安二年の日食が長安で皆既食となる潮汐項—△T

面上のパラメータ領域を図 3に示す．この場合推古三

十六年の日食が飛鳥で皆既になり，大業t-二年の日食が
長安で金環食になる△Tは潮汐項を<-16 arcsec / cy2 

に取らないと存在しない．

そこで我々は， Kawabata,Tanikawa, and Soma 

(2003)に於いて， Stephenson(1997)に従って，大業 t-
二年の日食が洛陽で観測されたものとした．図22は大

業 t-二年（洛陽）・推古三十六年（飛鳥）•長安二年（長安）
の日食が中心食となるパラメータ領域を示したもので

ある．この図を見れば大業十二年の日食と推古三十六年

の日食が中心食となる帯域が潮汐項がー13arcsec/cy2 

でクロスしていることが判る． この上記の論文では

潮汐項＝ー13arcsec / cy2, 2728 sec <△Tく 2959sec

にとると大業—t-二年・推古三十六年・長安二年の三つ

の日食の記述と潮汐項のレーザー測距の四つの条件が

満足される事を示し，この△Tの決定法が有力である
ことを示した．

3 日食記録

本論文ではKawabata,Tanikawa, and Soma {2003) 

で採用された方法を BC700年から AD1000年まで

の中国の史菌に既・盛・星見など皆既またはそれに近

いことを示す語の記されている日食並びに小倉 {1916)

に皆既食の候補として挙げられている三例に適用し，

この間の△Tの変動を論じる．中国の日食記録の検索
には上海人民出版社迪志文化出版有限公司の文淵閣

四庫全害の電子版を使用し，一部の文字は中華苔局出

版のニ卜四史に従って修正した西暦との対応には渡

辺 {1979)の復刻版 {1994)を使用したなお，本論文

の日付は Oppolzerの日食表と合わせ，合の時刻の世

界時の日付を記した．

本論文では夫々の食の観測地はその王朝の都として

解析を進めたので，これらの都の座標は表1に掲げる．

隋に関しては本論文で取り上げた大業トニ年の日食を

洛陽での観測結果としたので，表 1でも隋の都を洛陽

と記した．隋の建国以来 9回の日食が隋苦・北史に

記録されているが，内 6回は中国で観測出来ないもの

で， 2回は洛陽に都を造る前であるが皆既に近いもの

は無い．

史昔に中心食の記録がありながら都で中心食が起こ

．らない場合の中心食帯を図 5ー 11に示す

次に上述の条件を満たす日食のリストを記す．ここ

で， Opp:に続く数字は Oppolzerの日食表で使用され

ている通し番号である． JD:に続く数字はユリウス日

で，日付の干支との対応のために付した中心食又は

それに近いことを示す記述と括弧で括って夫々の文の

出典を記し，又中心食となるパラメータ領域を示す図

の図番号或いは中心食帯の図の図番号を記した．又必

要に応じて注を付した．皆既にならないとのコメント

を付した日食はその王朝の首都の緯度では中心食にな

らないと云う意味で，△Tの値と無関係に中心食にな

らない．同じ日食に就いて複数の史書・巻に記されて
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表 1：首都所在地．
国名 首都 経度 緯度

魯 曲阜 117° 3' 

秦 咸陽 108°40' 

西漢 長安 108°54' 

東漢 洛陽 112°26' 

魏 洛陽 112°26' 

西晋 洛陽 112°26' 

東晋 建康 118°48' 

宋 建康 118°48' 

梁 建康 118°48' 

隋 洛陽 112°26' 

唐 長安 108°54' 

日本 飛鳥 135°49' 

日本 京都 135°45' 

いる場合は必ずしも網羅はしていない．

1. BC 709/7 /17 Opp: 1176 JD: 1,462,659 

桓三年秋七月壬辰朔日有食之既（春秋左氏偲事類

始末附録災異）

図12

2. BC 601 9 20 Opp: 1449 JD: 1,502,171 

宣八年秋七月甲子日有食之既（春秋左氏偲事類始

末附録災異）

図12

3. BC 549/6/19 Opp: 1582. JD: 1,521,071 

ニト四年秋七月甲子朔日有食之既（春秋左氏偲事

類始末附録災異）

図12

4. BC 444 10 24 Opp: 1842 JD: 1,559,549 

秦腐共公三十四年、日蝕昼晦星見（史記巻十五六

國表第三）

同定した日食のOppolzer番号は斉藤・小沢 (1992)

による．図 13

5. BC 198/8/7 Opp: 2402 JD: 1,649,322 

高帝、九年六月乙未晦日有食之既在張十三度（前

漢苔巻ニト七下之下五行志第七下之下）

図14

6. BC 188/7 /17 Opp: 2425 JD: 1,652,954 

恵帝七年、五月丁卯先晦一日日有食之幾盛（前漢

苔巻二十七下之下五行志第七下之下）

図14

7. BC 181/3/4 Opp: 2441 JD: i,655,376 

高后、七年正月己丑晦日有食之既在螢室九度（前

漢苦巻ニト七下之下五行志第七下之下）

図14

8. BC 147 /11/10 Opp: 2523 JD: 1,668,045 

最帝、中三年九月戊戌晦日有食之幾盛在尾九度（前

漢芥巻ニト七下之下五行志第七下之下）

皆既にならない．

図5

9. BC 89/9/29 Opp: 2661 JD: 1,689,188 

武帝、征和四年八月辛酉晦日有食之不盛如鉤在充

二度哺時食従西北日下哺時復（前漢書巻二十七下

之下五行志第七下之下）

図15

10. BC 80/9/20 Opp: 2684 JD: 1,692,466 

昭帝、元鳳元年七月己亥晦日有食之幾盛在張十二

度劉向以為己亥而既其占重孟康日己土亥水也純陰

故食為最重也日食盛為既（前漢苔巻二t-七下之下
五行志第七下之下）

図 15

11. BC 34/8/23 

元帝、建昭五年六月壬申晦日有食之不盛如鉤因入

（前漢書巻二十七下之下五行志第七下之下）

合は BC34/8/24. 合の時の月の黄緯引数は

313.068で日食は起こらない．

12. BC 28/6/19 Opp: 2813 JD: 1,711,366 

成帝、河平元年四月己亥晦日有食之不盛如鉤在東

井六度（前漢書巻二十七下之下五行志第七下之下）

図16

13. BC 2/2/5 Opp: 2879 JD: 1,720,728 

哀帝元寿元年正月辛丑朔日有食之不盛如鉤在螢室

十度興（前漢書巻二十七下之下五行志第七下之下）

皆既食帯は中国南部で親測地は首都と考えられな

いので本論文では採用しない．

図6,16 

14. 2/11/23 Opp: 2888 JD: 1,722,115 

平帝元始、二年九月戊申晦日有食之既（前漢書巻

二十七下之下五行志第七下之下）

図16

15. 65/12/16 Opp: 3050 JD: 1,745,149 

明帝、永平、八年十月古今注日十二月壬寅晦日有

蝕之既（後漢書巻二十八五行志第十八）

図17

16. 120/1/18 Opp: 3184 JD: 1. 764,905 

安帝、元初、六年十二月戊午朔日有蝕之幾盛地如

昏状古今注日星盛見在須女十一度女主悪之後二歳

三月郵太后崩（後漢書巻二1-八五行志第十八）
図17

17. 243/6/5 Opp: 3470 JD: 1,809,699 

正始、四年、五月朔日有蝕之既（三国志魏志巻四）

皆既にならない．観測地が西域と思われるので採

用しない．

図7,18, 

18. 306/7 /27 Opp: 3611 JD: 1,833,032 

晉恵帝光熙元年、七月乙酉朔又日有蝕之既（宋害

巻三 1-四志第二 1-四五行五）
図19

19. 360/8/28 Opp: 3730 JD: 1,852,788 

穆帝、升平四年八月辛丑朔日有蝕之幾既在角凡蝕

浅者禍浅深者禍大角為天門人主悪之明年而帝崩（晉

苦巻トニ志第二天文中七曜雑星氣客星

流星雲氣 1一畑雑氣史偲事瞼）

晉穆帝、升平四年八月辛丑朔日有蝕之不盛如鉤（宋
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書巻三十四志第二十四五行五）

図19

20. 429/12/12 Opp: 3888 JD: 1,878,096 

文帝、元嘉六年、十一月己丑朔又日有蝕之不盛如

鉤蝕時星見哺方没河北地閤（宋書巻三十四志第二

-t-四五行五）
元嘉、六年、冬十一月己丑朔日有蝕之星査見（南

史巻二宋本紀中第二）

皆既にならないが食分は大きい．中心食帯が河北

を通るので記述は正しい．

図8

21. 453/8/20 Opp: 3942 JD: 1,886,748 

元嘉三十年七月辛丑朔日有蝕之既星辰畢見（宋書

巻三—t-四志第二十四五行五）

秋七月辛丑朔日有蝕之（南史巻二宋本紀中第二）

南大西洋・アフリカ・インド洋で見られ，アジア

では見られない日食

図9

22. 454/8/10 Opp: 3944 JD: 1,887,103 

孝武帝孝建元年七月丙戌朔日有蝕之既列宿架然（宋

書巻三十四志第二十四五行五），日付誤記［丙申l
孝武帝孝建元年，秋七月丙申朔日有蝕之既（南史巻

二宋本紀中第二）

図20

23. 516/4/18 Opp: 4092 JD: 1,909,635 

天監、十五年春三月戊辰朔日有蝕之既（南史巻六

梁本紀上第六）

図21

24. 522/6/10 Opp: 4107 JD: 1,911,879 

普通、三年、五月壬辰朔日有蝕之既（梁書巻三本

紀第三武帝下）

普通、三年、五月壬辰朔日有蝕之既（南史巻七梁

本紀中第七）

図21

25. 523/11/23 Opp: 4110 JD: 1,912,410 

普通、四年、十一月癸未朔日有蝕之太白査見（梁

書巻三本紀第三武帝下）

図21

26. 616/5/21 Opp: 4345 JD: 1,946,193 

大業十二年、五月丙戌朔日有蝕之既（隋書巻四帝

紀第四燭帝下）

図22

27. 628/4/10 Opp: 4374 JD: 1,950,535 

推古三十六年丁未朔戊申日有蝕尽之（日本書紀巻

第二十二推古天皇）

図22

28. 702/9/26 Opp: 4561 JD: 1,977,732 

長安二年、秋九月乙丑日有蝕之不盛如鈎京師及四

方見之（薔唐書巻六本紀第六則天皇后）

長安二年九月乙丑朔日有食之幾既在角初度（唐害

巻三t-ニ志第二t-ニ天文志）
図22,23 

29. 729/10/27 Opp: 4626 JD: 1,987,625 

開元、卜七年、冬十月戊午朔日有蝕之不盛如鈎（悟

-441 3 11 TD -UT= 19000.0 sec 
Corr. t:o t:山m t:.... 。．oo./cŷ2

図 4:BC 442/3/11の日食帯．

唐書巻八本紀第八玄宗上）

開元、十七年十月戊午朔日有食之不盛如鈎在氏九

度（唐害巻三十二志第二十二天文志）

図23

30. 754/6/25 Opp: 4685 JD: 1,996,632 

天賓、十三載、六月乙丑朔日有蝕之不盛如鈎（薔

唐書巻九本紀第九玄宗宗下）

皆既にならないが食分大．

図10

31. 756/10/28 Opp: 4690 JD: 1,997,488 

至徳、元年、＿t-月辛巳朔日有蝕之既（菌唐書巻十
本紀第—t- 癖宗）

食尽は日没に近い．長安では皆既にならないが，北

の万里の長城付近で皆既になる．観測地点が都と

考えられないので本論文では使用しない．

図11

32. 761/8/5 Opp: 4701 JD: 1,999,230 

上元、二年、秋七月癸未朔日有蝕之既大星皆見（薔

唐書巻十本紀第十粛宗）

上元、二年七月癸未朔日有蝕之大星皆見司天秋官

正椴昼誤奏日（菌唐書巻三十六志第卜六天文下）

図23

33. 873/7 /28 Opp: 4955 JD: 2,040,130 
貞観十五年七月癸亥朔、日蝕無光・、栃戻如月初生

自午至未乃復（三代実録二十四消和）

図24

34. 975/8/10 Opp: 5184 JD: 2,077,398 

天延三年七月一日辛未、日有蝕、 卜五分の十一、

或云う皆既、卯辰刻皆栃、如墨色無光、群鳥飛乱、

衆星盛見、詔書大赦天下、大辟以下常赦所不免者

咸赦除、依日蝕之嬰也（日本紀略六円融）

図24
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-146 11 10 TO -U'l'= 13000.0 sec 
corr. t:o t:“し1t:●口a 0.00.,.ず 2

図 5：漢景帝中三年九月戊戌晦幾盛の日

食帯．

243 6
 
5
 
TD -OT= 8000.0 sec 
Corr. to tidal t●.. o.oo.,ず 2

図 7：魏正始四年五月朔既の日食帯．

429 12 12 

-1 2
 
5
 
'l'D -UT= 9000.0 sec 
c:orr. 1:0 t:i.dal t:•ra O. 00.，勺^2

TO -UT= 7000.0 sec 
COI'こ． eoekしい.... 0,00 •/cyA2 

図 6：漢哀帝元褥元年正月辛丑朔不盛の

日食帯．

史記には日食の日付が書いてない．中華書局の史記

「六国年表」では秦腐共公三卜四年（No.4)をBC443

に割り振っているが， BC443年には中国で見られる日

食が無い．前後では BC444とBC442に中国で見ら

れる日食が有り，斉藤・小沢 {1992)によると，新城新

蔵・朱文姦・渡辺敏夫は BC442の日食と同定してい

る．図 4はBC442の日食帯を図示したもので，皆既

食帯は中国東北地方で始まり沿海州・北海道・樺太・カ

ムチャッカ半島を通り北極海で終わる日食で，咸陽は

通らない．そこで我々は，斉藤・小沢に従って BC444 

の日食と同定した本論文では皆既食とし扱ったが，史

図 8: 宋元嘉六年—ト一月己丑朔不盛の日

食帯．

記には「星見」と有り，皆既で無い可能性も否定でき

ない．従って図 28,29, 30の△Tの範囲は実際より狭
い可能性を否定出来ない．

これらの 34の日食中 Oppolzerの日食表と対応が

付かないのは前漢書巻ニト七下之下五行志第七下之

下に記載されている No.11の「元帝、建昭五年六月

壬申晦 (BC34/8/24)日有食之不盛如鉤因入」のみで

ある．日月の合はこの翌日なので，壬申晦と合致して

いるが，合の時の月の黄緯引数は 313.068で黄道と白

道の交点から 46° 以上離れて居り，日食は起こらない．

当時の平均朔望月を使った暦法では晦に食になる可能

性は高い．日付の誤写又は誤記とすると，その日が偶
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453 8 20 TD - UT= 7000.0 sec 
corr. to tidal t:●Em o.oo •/cyA2 

図 9：宋元嘉三十年七月辛丑朔既星辰畢見

の日食帯．

754 6 25 TD - UT= 3000.0 sec 
Corr. to tl凸 1 t•D11 0.oI) •Iey^2 

図 10:唐天賓十三載六月乙丑朔不盛の日

食帯．

然合の前日に当たる確率は小さい．従って予測で書い

たが，当時の暦法の不完全さから皆既食として記録し

たと考えるのが穏当と考えられる．古代中国では予測

されていない日食が起こると天文官は斬首の刑に処さ

れる．予測した日食が起こらなかった場合には祈りの

成果で日食の咎を免れたと主張出来たので，身の安全

の為に日食は多めに予測されている．

残りの 33例中，中国で日食が見られないのは宋書

に記載されている「元嘉三卜年七月辛丑朔日有蝕之既

星辰畢見」 (No.21)の一例である．この日食は南大西

洋・アフリカ・インド洋で見られた日食（図9)で，中

756 10 28 TD - UT= 3000.0 sec 
Corr. to tidal ten. 0.00 "/cy42 

図 11:唐至徳元年十月辛巳朔既の日食帯．

国では見られない．従って予測で書かれたことは明白

である．

「既」又は皆既と判断される記述のある食は 18回で

ある． 「既」と記されていて，都では皆既にならないも

のは三国志に記載されている「正始、四年、五月朔日

有蝕之既」（No.17)と旧唐書に記載されている「至徳

元年十月辛巳朔日有蝕之既」 (No.31)の2例である．

三国志の正始四年の金環食帯はタリム盆地から，敦

煽付近，ゴビ砂漠，バイカル湖の東を通ってヤクーツク

付近からアラスカを経てアメリカで終わる．中国の領

域で云えば西域で皆既食が見られた日食である（図7).

杉本・森 {1995)によると， 1965年にウイグル自治区
トルファン

吐魯番の仏塔の下から仏典と共に，西晋時代と推測さ

れる三国志呉書孫権伝の残巻が出士し，晋が当時こ

の地域と交流していたことは明らかである．陳壽が三

国志を執筑したのが西晋時代の 233-297と推定され，

陳器の手元に西域の観測記録が有ったことは十分推測

される．従って，三国志の西始四年の日食は西域から

の情報によって書かれたと思われる．

唐の至徳元年の日食（図 11)は長安では△T < 
3000secとすると食尽は日没後になる．△T= 3000sec 
とすると日没 (09:51UT)時の食分は 0.87，△T=

3500secとすると食尽が 09:47UTでこの時の食分が

0.92高度が 0.3° で日没が 09:52UT．となる．長安よ

り北の万里の長城付近で皆既になるこの日食は出先

からの報告による観測記録と考えられる．

残りの皆既にならなかったことが記述されている 15

例中次の四例は首都では皆既にならない．漢書に記載

されている「景帝、中三年九月戊戌晦日有食之幾盛在

尾九度」（No.8)・「哀帝元寿元年正月辛丑朔日有食之

不盛如鉤在螢室卜度典」（No.13)，宋書に記載されて

いる「文帝、元嘉六年、 トー月己丑朔又日有蝕之不盛

如鉤蝕時星見哺方没河北地附」 (No.20)，旧唐苔に記

-290-



32000 

30000i、
` 

28000 

26000 ‘ヽ‘、‘、

△T 
11000 

ぷ

22000 

20000 

18000 

16000-18 -17 -16 -15 -14 -13 -12 

CoellicicnlS of the tidal tcnn C cy-2) 

e‘II員"'
） 

.:_，"H) : 

”"Iし` ヽ‘~.. 

/‘¥、¥、

-II 

·'··•. 11(',0S/ f / ~ l,IJ既 r、''"'
尺女(1しms●n

"CI心，•7i l 7 表s ,‘’’”... ．．心I’い、·ー・
R女 (1,•べヘ•“‘’

---・ ---1JC,'`li,J/4 既 .,以••J-------• 氏安 Ch.mg•9U9

BC709/i/17既 Total
曲阜 Ch'u-fu

BC仰1/9/20既 ’lbtal
曲阜 Ch'し1-fu

BCふ19/6/19既'lbtal
曲f,lCh'u-fu 
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図 13:史記の日食が中心食となるパラメー

夕領域

載されている「天在、 卜三載、 六月乙丑朔日有蝕之不

盛如鈎」 (No.30)．内， 「哀帝元寿元年正月辛丑朔日有

食之不盛如鉤在督室卜度輿」を除いた三例は皆既には

なっていないが，食分はかなり大きくなるので史芯の

記述と矛盾はしない

咬舎の「哀帝元寿元年正月辛丑朔日有食之不盛如鉤

在螢室 卜度輿」は前後の日食と△Tが大きく異なり，
皆既帯は中国南部を通る記録は首都以外の観測状況

と思われるので本論文では取り上げない．

図 14:淡代の日食が中心食となるパラメー

夕領域． 既と芯かれている BC198及び

BC 181が共に皆既となるのは 11816sec< 
△T < 12471 secの場合幾既と記録されて
いる BC188の△Tをこの最大値12471sec 

に取った時のこの日食の食分は， 0.94とな

り， BC188の実際の食分はこれよりやや小

さくなる

4
 
△T=TT-UTの決定

以上前節の結果を要約すると，春秋から旧新唐書に

至る中国史杏に「既」 ・「盛」 ・「星見」の記述のある日

食に小倉 (1916)に皆既の可能性のある日食として挙

げられている三つの日食を加えた 34回の日食の中で，

淡苦に記載された「元帝、建昭五年六月壬申晦」には

地球上どこにも日食が起こらない．宋笞に記載された

「元嘉三卜年七月辛丑朔」の日食は南大西洋からアフ

リカを経由してインド洋で終わる日食で，予測で害か

れたものである

淡害の「哀帝元寿元年正月辛丑朔」の日食と三国志

の「正始四年五月朔」の日食は首都では記述と異なっ

た日食になるが，夫々中国南部・西域で記述通りになる．

この四例を除いた 30例で記録通りの日食が確認さ

れた．本論文ではこれら 30例中首都で皆既になり得な

い 4例を除いた 26例の日食が首都で皆既となる △T

を計箕し，解析を行った

2節の最後に日食の様子は潮汐項と △Tの二つのパ

ラメータにより決まることを述べた．図 12ー 24は横

軸に潮汐項の大きさを縦軸に △Tを取り，図の下に記

した日食が中心食となるパラメータ領域を示した図で

ある。二つの日食が共に中心食となる場合に二つの日

食の間隔が 50-60年程度以下の場合には △Tの値は
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図 15:漢代の日食が中心食となるパラメー
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長安 Ch'ang-an

-------・ BC2/2/5不盛如鉤 Notcomplete and like a hook 
長安 Ch'ang-an

- 2/11/23既 Total
長安 Cl1'ang-an

図 16:漢代の日食が中心食となるパラメー．

夕領域． AD2年の日食が皆既となる△T=

8510secに取ると， BC2年の不盛如鉤の日

食の食分は 0.84で，時刻は 01:19UTと

なる．

大きくは変わらないから，二つの帯の重なった領域が

この二つの日食に共通したパラメータ範囲になる．

図17,21, 22の三つの図に示す如く，中心食又はそ

れに非常に近い場合には二つの帯状のパラメータ領域

が潮汐項がー13arcsec / cy2で交差し，月のレーザー測

距から得られた値と一致する．これは潮汐項が現代か

ら後漢時代まで遡って同一の値を保っていることを示

している．その他の例も殆どの場合，この帯状のパラ

メータ領域が平行に近い為に交差する潮汐項の値を決

められないだけで，潮汐項が一13arcsec/c炉の時複数

-17 -16 -15 -M -13 -12 

C-Ocfficicnts of the tidal term (" cy-2) 

-11 

65/12/16既 Total
洛陽 Lo-yang

120/1/18幾盛地如昏 Almostcomplete and Ii如 dusk
洛届 Lo-yang

図 17:後漢時代の日食が中心食となるパラ

メータ領域
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図 18:三国時代の日食が中心食となるパラ

メータ領域

の食が成セする△Tの領域が存在する．そこで，潮汐
項の値は以下の議論ではー13arcsec/c炉と取る．

図15では二つの日食が「幾盛如鉤」・「幾盛」で共

に皆既でないこの例では，潮汐項ー13arcsec/cy2で

は△Tの値が大きく異なっている．表2はこれらの日

食で△Tを表の第一列に与えた値の時の食尽・食分を
記したものであるこの例では他の「幾盛」と記され

ている日食と比べて食分が小さくなるので，この程度

の食分でも「幾盛」と書いたか，何れかの観測地が首

都でないかは微妙であるが，本論文では一応△Tの範
囲を図 28にプロットした．

本論文の△Tの決定法の例として， 702,628の日食

表 2:BC 89年及び BC80年の日食の△T

と食尽 (UT)・食分

△T|  BC89/9/29 

麟s 10000 12000 
BC 80/9/20 

皇
-292-
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図 19:晋代の日食が中心食となるパラメー
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図 20:宋代の日食が中心食となるパラメー

夕領域

の △T の決定法を記す．図 23で 761年の日食が長

安で皆既食になる条件は 1688<△T く 3254secであ

る．702年の日食が長安で皆既になる条件は 1429< 
△T < 2728secだから， 702年が如鉤となり，．761年
が皆既になる条件は 2728<△T < 3254secとなる．
次に図 22で 628年の日食が飛烏で皆既になる条件は

2267 <△T く 2959secだから， 628年の日食が飛烏

で皆既となり 702年の日食が長安で如鉤となる条件は

2728 <△T く 2959secとなるこれで 628年の △T

が 2728<△T628く 2959secと決まる．

等緯度で観測地点が西に移動すると中心食帯の △T
が小さくなるので， 628 年の日食の場合飛鳥から

231 sec,:::: 1 °西に移動すると皆既食にならないので皆

既帯の等緯度での西の限界は姫路付近になる．皆既帯

は東へは 692sec,::::3°付近まで広がっているので， 等

緯度では伊豆半島付近が限界になる

内田 (1975)は日本杏紀の舒明八年一月朔の日食は

△T 
汎＼`

6000 

2000 

~-18 -・17 -16 -・15 -14 -13 -12 -11 

Coefficients of the I idal term (" c)'―2) 

516/•1/18 (A既・1otal== 51G/-I/18 ('ll原 Chien•K 'ang

522/6/10既’lbtal
建康Chicn-k'ang

…......... 523/11/23 (/¥)太白迂見 ＼IClllS、1'88seen 
…．．．．．．．．． 如原 ChiCII•K'ang

図 21:梁代の日食が中心食となるパラメー

夕領域
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= = 628/1/10盛ComplclC
飛岱 1¥.suka

: -: : : : : 702/9/26幾既 !¥!mosttotal -------
不盛如鈴iNot complete and like a hook 
長安Ch'ang-an

ー・--・ - 632/1/27食の始めがB没時Startingat the su⑮cl limC 
飛烏心u畑

図 22:飛烏時代の日食が中心食となるパ

ラメータ領域．△T = 2959secに取ると，
702年の日食の長安での食分は 0.99,時刻

は 08:12UT. 

舒明四年一月朔 (632/1/27,Opp: 4384)の誤記と主

張している この日食が飛烏の日没時に始まるパラ

メータも図22に示してある．内田の主張を採用し，舒

明四年一月朔の日蝕が日没前に始まる条件を求めると

△T > 1851 secが得られる．上記の 628年の △T の範
囲 2728<△T52s < 2959 secは舒明四年の日蝕が日没
前に始まる条件を満たしている．Kawabata,Tanikawa, 

and Soma (2003)は△T = 2959secと置いて，舒明四
年一月の日食の食分として 0.17を，斉藤・小沢 (1992)

が大きな食分を箕出している舒明九年の日食の食分と
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図25:長安二年の長安に於ける日食の時間経過．上が天頂方向．斜め右を指す斜線は北極の方向を示す．
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図23:唐代の日食が中心食となるパラメー

夕領域．既と記されている 761年の日食が

皆既となり，幾既と記されている 702年の

日食が皆既にならないパラメータ領域は実

線で示されている 702年の日食の皆既領域

の上の限界線より上になる．これは図22と

も一致する．△Tをこのように取ると 729

の日食は皆既にならず不盛如鉤と一致する．

して 0.88を得て日本書紀記載の通りに舒明九年の日

食の方が推古三十六年の日食よりも有意に食分が小さ

いことを示している．

図25,26は△T= 2959secとした時の長安二年
の長安に於ける日食の様子を示したものである．本論

文の△Tの決定法によると， 702年の長安での食分は

0.99となり，これらの図に見られる様にこの日食は長

安では太陽の下が僅かに残っただけで1日唐書・新唐書

に記載されている通りになる．

図27は天武卜年 (681/11/3)の火星の飛鳥に於ける

掩蔽の様子を示したものである．この時火星は月の縁

から 34arcsec外を通過するが，裸眼の分解能を考える

と火星は日本書紀記載の通り月に入ったことになる．

江
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2000 

-゚2000 
-18 -17 -16 -15 -14 -13 -12 -11 

C叩 fficicntsof the tidal tcnn (" c戸）

873/7/28無光既 Darkand total 
京都 Kyoto

：ここご 975/8/10皆既如墨無光Tot.aland inky darkn硲
京都 Kyoto

図24:平安時代の日食が中心食となるパラ

メータ領域

以上に記した如<,616年の隋書に記されている洛

陽の日食に始まり， 761年の唐書にしるされている長

安の日食に至る期間に 7回の日食が中国・日本の史書

に記録されている．その内， 616,628, 702, 729, 761の

5回の日食は本論文で採用した方法による相互チェッ

クが可能であり，実際互いに良く一致する結果が得ら

れた．又残りの 2回の日食もこれらと矛盾しないこと

が確かめられた．こうして得られた△T= 2840secを
使って，日本書紀の推古紀・舒明紀・天武紀に記載さ

れている日食の食分・食尽時刻をまとめたのが表3で

ある．
この表を見れば明らかな様に，日本苔紀に「日有蝕

尽之」と記載されている推古三十六年の日食の食分が

皆既になる．又渡辺 (1979)，斉藤・小沢 (1992)では推

古三十六年の日食より大きな食分が得られているが日

本書紀には単に「日食之」と記されている舒明九年の

日食の食分が 0.9以下で，同じく「日食之」と記され

ている天武九年の日食と略同じ食分であることが知ら

れる．

既に河鰭・谷川・相馬 {2002)に記した如く，舒明四

年，天武卜年の日食の様に食分が小さな日食は何も予
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日付
食尽

食分 注
UT LT 

628/4/10 推古三 1—六年二月戊申 00:49 09:52 1.01 

632/1/27 舒明四年一月朔 08:24 17:27 0.16 日没時，食尽は日没後 08:38UT,食分 0.18

637/3/31 舒明九年三月丙戌 23:44 08:47 0.87 LTでは 637/4/1

680/11/27 天武九年 トー月壬申 03:30 12:33 0.89 

681/11/16 天武 卜年卜月丙寅 01:22 10:25 0.16 

表 3:日本台紀 推古紀 ・舒明紀 ・天武紀の日食．△T= 2840sec 

702 • 26 Solar £clip●o OT = 2959 aoc 

°‘’ •nr· n lon.. 101919 d.. l•' ． 3贔 ． 9So d•• 

z
 

約 1呼 3 UT 

図 26:長安二年の長安に於ける日食の様子．

食分の計究値は 0.99で，図に示されている

如く，太陽は下の部分を佃かに残して月に投

われた新唐苫天文志の「幾既」，旧哨因則

天皇后の不盛如鉤と合致する．

備知識の無い状態では気がつかない渡辺 (1979)によ

ると，Ginzelは563/10/2- 1331/11/29の期間の50

回の日食の食分と太陽時を叶勾し，予備知識が無い場

合に日食に気がつくのは食分が 9zollを越えた時との

結論を得ていると云う．又太陽麻度が高い程認知され

難く， 日の出直後 ・日の入り直前の場合には6zollで

も認知されている場合があると云う．zollは皆既の時

を12zollとした食分だから，我々が現在使っている食

分で云うと 9zoll, 6 zollは 0.75,0:5に当たる．従っ

て日本凸紀に食分 0.16の日食が記載されている事は，

当時の日本が既に日食の予報が可能だったと云えるで

あろう．

図 27:日本密紀の天武 卜年に記載されてい

る火星の掩蔽の際の火星の月に対する通過

経路をしめす．火星は月から34arcsec外を

通過するが，裸眼の分解能以下なので，火星

は月に入った様に見えるこの日は満月に

近く，黒く塗られた三日月型の領域が欠けた

部分

5 △Tの経年変化

図28は前節で求めた夫々の日食の △Tの範囲をプ

ロットしたもので，複数の日食から決めたものを太い

縦線で， 一つの日食から求めたものは細い縦線で記し

てある．又参考の為に， Stephenson(1997)に掲載され

ている TableAlのバビロニアの日月食記録から求め

た △Tもプロットした斜めの実線は △Tの潮汐成分

△Ttidalを示したもので，観測点の殆どが △Ttidalより

下になり，既に知られているこ とであるが，地球自転に

潮汐効果以外の作用が働いていることを示している

図の破線はStephenson(1997)の放物線近似を示し，

△Tの永年変化を表している本論文で求めた値はそ
の周りに分布しているこの破線と今回求めた値を比

べると，6-7世紀の値が破線から系統的に顕著に下がっ

ている． 又 6-7世紀程顕著では無いが， 1-2世紀の△T

も下がっている．逆に 5世紀， 7-8世紀の△Tはそれ

程顕著では無いが破線の上：こ偏っている．Stephenson

. (1997)が得たバビロニアの記録による △Tは我々が

求めた値と良く合い，紀元前 7世紀から紀元前5世紀
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図28:△Tの経年変化． o:Babyloniaの日月食(Stephenson1997, Table Al.）．実線で書かれた放物線は

Stephensonが得た△Tの永年変化成分．破線は同じく Stephensonのスプライン近似．
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図29:△Tの図 28の破線からの残差の経年変化． o:Babyloniaの日月食 (Stephenson1997, Table Al). 
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図 30: △T —△Ttidal の経年変化． o: Babyloniaの日月食 (Stephenson1997, Table Al.）．図の実線で書
かれた放物線は Stephensonが得た△Tの永年変化から潮汐効果の成分を差し引いたもの．
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にかけては中国の記録・バビロニアの記録共に破線よ

り上の△Tを与えている．

図29はこの△Tの短期変動を明確にする為に，△T

のO-Cの経年変化を示したものであるここで C
としてはStephenson(1997)の△Teat=31ゼー20sec
を用いたここで tはAD1820からの経過年数をユ

リウス世紀36525日単位で表したものである．この図

を見ると△Tには 600-1000年位の時間スケールの

変動があることが読み取れる．

地球自転周期には潮汐以外の原因による成分が有る

事は既に知られていることであるが，その起因として

地球の慣性能率の変化が挙げられる．図 30は△T-

△Ttidalをプロットしたもので，地球の慣性能率の変化

を反映した図になっているこの地球の慣性能率の変化

の起因として，気候変動に伴って氷河が解けると，それ

迄氷河の重みで押さえられていた地盤が隆起し，地球全

体の地殻の質屋分布が変化する為との説を Stephenson

は唱えているが且的議論はされていない．我々は地盤

が隆起して地盤と氷河を合算した質屋は変化しないこ

と，地盤の隆起と地殻の変化には地質学的年代が必要

で，短期の変動は起こらないであろうとの推崖から，氷

河が解けて海水として低緯度の海面が上昇することに

よるとの説を唱えた (Kawabata,Tanikawa, and Soma 

2003). 

極地の気温が上昇して氷河が解けて海水面が lm

上昇したとしよう．極地の氷河の氷は極軸に近いから

地球の恨性能率には余り寄与しない．これが解けて海

水になると．，海面の面積の大部分は低緯度になるので，

今まで地球の慣性能率に寄与していなかった水が低緯

度に流れたことによって慣性能率を増加させる．海面

の面積は地球の表面積の約 2/3を占めるこの海面

の面積を考慮すると lmの海面の上昇は海水の質量

が3.5X 1020 gr増加したことを意味する地球の半径

をRと置き，海水の地球の極軸からの平均二乗距離を
jR2と近似し，氷河は解ける前は地球の慣性能率に寄
与していなかったとの近似をすると，地球海水量の増

加に伴った地球の慣性能率の増分は

10―7 X地球の慣性能率

になる地球の慣性能率がこれだけ増加すると一日の

長さは lOmsだけ増加する．氷河が徐々に解けて 1000

年かけて海面が lm上昇したとすると，△Tは30分
増加する．従って図28に見られる程度の△Tの変動

は海面の数 mの変動で起こり得ることになる．

この解釈に従うと，△Tの永年変化は海面の上昇を
意味し，縄文海進以降の寒冷化の現れと定性的には解

釈出来る．今回の研究により見出された 600ー 1000年

スケールの△Tの変動はこの寒冷化が一様でなく，短
期の変動を繰り返しながら進んでいることを意味して

いるのかもしれない．

6 まとめ

本論文では潮汐項と△Tの二次元平面上に各日食が
皆既となる領域をプロットし，複数の日食の相互比較

による較正によって，記録の正確さをチェックする方法

を採用した．この方法によると，従来の方法に比べて

△Tの信頼性が著しく向上し，その値を狭い範囲に絞
り込むことが出来る．この方法により，後漢時代から飛

鳥時代にわたって潮汐項が一13arcsec/cy2と求まり，

月のレーザー測距から得られた値と一致することが確

かめられた．この方法により，△Tの変動を論ずるの
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に必要な精度を得られ， 600ー 1000年スケールの変動

が見出されたこの△Tの変動成因として，極地の氷
河の解氷・成長に伴った海面の昇降による地球の慣性

能率の変動を挙げた．

隋害に記載されている大業十二年の日食が長安の観

測か洛陽の観測かの判定にこの方法を適用し，洛陽の

観測と確認が出来た．この事は，この解析方法が観測

地の仮定が正しいか否かの判断の有力な手段であるこ

とも示している．

日本・中国の日食の食分などの計算は今迄にもわが

国の天文学研究者によって多々為され，計算結果が史

書と合わないことから史書の記録を不当とする著作が

出版されている．然しながら，これらの著書では地球

の慣性能率の変動が完全に無視されているので，その

計算結果には経度にして 10° 程度の時代によって異

なった誤差がある．今回の論文の執筑に当たり調査し

た34の日食の中で日食が起こらないものは漢書に一

例有るのみで，その他は総て日食が起こっているこの

例外の一例は予測によって執筆されたものと思われる

が，日月の合の前日で日付は晦と書かれている．当時

の平均朔望月を用いた暦法では晦に日食が起こる事は

多い．この時の合の時刻の黄道・白道の交点から計っ

た月の黄経は約 46° で今日の知識からすれば日食とは

ならないが，当時の知識からすれば日食と判断したの

も無理はなかろう．東アジアで見られない日食は宋書

に大西洋からアフリカを経てインド洋で終わる日食が

一例有るのみである．この例は明らかに予測によるも

のである．首都の観測と考えられない例は中国史書に

数例有り，観測地不明の例は幾つか有るが記述は概ね

正しい．
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火星探査機「のぞみ」の軌道決定における諸問題 2

Problems in the orbital determination for NOZOMI spacecraft 2 
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Abstract 

The Japanese Mars explorer NOZOMI was launched in July 1998. It was planed to arrive at Mars in October 1999. 

But a problem occurred when it left from the earth to Mars and it will reach Mars at the end of 2003. Several 

troubles occurred up to now, and they made the orbit determination difficult. In this paper, the efforts and trials for 

the orbit determination of NOZOMI are summarized. We tried to use Delta-VLBI technique as well as the 

conventional range and range ra1e method. The Orbit determination of spacecraft in deep space by using the 

Delta-YLBI technique is a very promising method for the future mission 

1.火星探査機「のぞみ」の状況

火星探査機「のぞみ」 (Fig.I)は、J998年 7月

にM-Vロケットによってl鹿児島県の内之湘より 打

ち上げられた。すでに報告してあるように[I)、舷

初の予定では 1999年秋には火址に到沿するはず

であったのだが(Fig.2)、1998年 12月に地球周同

軌道から火星に向かう軌逍に乗るときにトラプル

があり、軌追が2(）（）4年初めに火吊に到杓するもの

に変更された(Fig.3)。この絣しい軌道では、 21OI 

の地球スイングバイ (2002年 12月と 2003年6Jj) 

が必要となるのだが、この時点では特に「のぞみ」

の軌道決定に関連して問題はなかった。(Fig.11、

Fig.5に実I界の軌道を示す。）

ところが、1999年7月に「のぞみ」の Sバンド

にトラプルが生 じ、「のぞみ」からのs/ゞ ンドのダ
ウンリ ンクが使川小能となってしまった 辿詣の

述川は Xバンドを使って行えばよいので問題はな

いのであるが、 2|II1の地球スイ ングバイの間にお

12003年10月からは、それまでの宇宙科学研究所(ISAS)、
航空宇宙技術研究所(NAL)、宇宙開発事業団(NASDA)が統
合されて、宇宙航空研究開発機構（J奴A)となった。

J叫：JapanAerospace Exp I oral ion Agency 

いてレンジデータが取得できないという状況にな

ることが分かったのである。これは、「のぞみ」の

姿勢を太1湯指向させるとハイゲインアンテナが地

球を指向することができずに、レンジの計測が行

えないためである。スイングバイ 間では、レンジ

レー トの計測はできるはずなのでレンジ レートに

よる軌道決定がなされることになるが、軌逍決定

に高い精度が要求されるスイングバイを行うとき

だけに軌道決定には万全を期したい3 そこで、相

対 VLBIを使った軌道決定の検討が本格的に開始

されることになった，．

Fig.I Mars Explorer NOZOMI./ 「のぞみ」
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Fig.2 Original orbit plan of NOZOMI. 

最初の「のぞみ」の軌道計画。

1998年7月に打ち上げられた「のぞみ」は、 2回の月

スイングパイを経て 1999年 10月には火星に到藩する

予定だった。

1 『5 0E+05r--r·--r···1···-r···r····1···-r··· ．．一-··•—•r····r···r···r····r-·1····r-··,-··-r···r-···1····-r·ャ........,
： 
;.. ＋-I --1 -1-I-t- ➔ --1 -I- —卜十 -I -I -f-I-t--+ --1 -一←卜＋ 4 -
L.I. J _l -l_ l. J J _l.. ＿ L L --..L  J --L L.I.』-

ト十~-: -:-1-+ +—:—: --卜,{―: - } ｝ ―:―ー：―｝ ｝ { -
トT9 -l -,- r •9 7―1 -I-f T 7 ・ Earth―r 1 7 - -r r T 9― 

0.0E+00 ! I I t. t I I 
； ,-.I...l-1-1-1-L..l J -l--.l し .I...l --L L.l」_

L L」_'-1 - !.. 1 -'-1 --L _ 1-L.  9 9,  I I r 1,  -, -1 -r, 1 -, -1 -1-iN7, 7 r,-1.,l • LUNr orbit,-I― 
トT1―1ゴ― r1 7―I-- -: 1 → --1-r 1 7― 
： 

9, ト十→ →ー1- ←寸→ー1一 ← "1 -1 ←ヤ→ →一ード r..-t -
E : -SOE+05 ： 
之 L I -J -1 -1 - !.. 1 -＇--!... -I _I _\LL!. 」-'—ーし L !」-^ ,  ! I I I I I I,I'I I I I I¥ I I ¥ I I I I I I I I I 

゜山「T1 -,-,― 1 7―l――「 I l―l - r T 1―l - -I―「 17 -
g r,. -,―’ー1-_)'I"-,-1 -,-1-...ャー1- rャ→ •—- r ャ •I "1一
o L ↓ -l」-． L ↓ 4 → 1--L • -\-1 — I-., -l -1-'ーし↓ ..J-.... 
っー1.0E+06! 11 1 1 9 1 1 9 1 1 9 1 9 1 1 1 1 1 9 
^--• > i'II  L 1 i I I I I I I I l I I I I 

--—• → ← - -1―I――「 T---,―「 '1―i - -，―「 T7― 
-;―'--r・ •-, -1 - r ↑ -,―← t-r ↑ 1 -
」 -1-•一 I.-.I...J-1-1'-I- I..l'I.J-1-̀―と 4..J→ 

- - -↑ _I_ LL」」 -1-＿ L i J -'-． l.! --_ I_ L l」-L'’ 

20E?5:峨1,;．：］］ -5x：こ三：／―；OE:na1日9e90E咄
; I I I I I I I I I I I I I I I I"¥. I I I¥ I I I I I -95E咽：

Fig.4 Trajectory of NOZOMI near Earth phase. 

地球に近いフェーズでの「のぞみ」の実際の軌道。

12000赤道座標系の xy平面に投影した図。

その後、2000年末から 2001年初めにかけては、

「のぞみ」が地球からみて太陽の反対側に位罰す

る「合」となり一時通信ができなくなった。この

合は無事に乗り切ることができて、その後も順調

な運用が続いていたのであるが、 2002年の4月末

に起こった強い太陽フレアのために電源系統の一

部にトラプルが発生してしまったのである。この
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Fig.3 New orbit plan. 

変更後の「のぞみ」の軌道計画。

2002年12月と2003年6月に地球スイングパイを行い、

2004年初めに火星に到箔する予定である（到着はその

後、 2003年 12月となる）。地球スイングパイ間は、黄

道面に対して垂直方向に跳ね上げられるような軌道と

なる。
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Fig.5 Trajectory of NOZOMI in the interplanetary 

phase. 

惑星Ill空間での「のぞみ」の実際の軌道。太陽と地
球を固定した回転座標系で描いてある。

トラプルは非常に深刻なものである ,J

ては、次節以下で述べることにする：l

2. 2002年 4月の太陽フレアの影響

これについ

2002年の4月末に、太陽で強いフレアが発生し

た。そのフレアによる太陽風が「のぞみ」に到達
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したときに、電源のユニットの 1つが停止してし

まった。そのために、衛屋からテレメトリーを得

ることができなくなり、また、・ヒーターも停止し

てしまった。テレメトリーが得られないことは、

「のぞみ」からの情報が得られないことである。

また、ヒーターの停止によって燃料が凍ってしま

うために、姿勢制御や軌道制御が不能になってし

まった。 Fig.6には、このトラプルが生じた前後

でのドップラーデータ（レンジレートのデータ）

を示す。

Fig.6で分かるように、 トラプルが起こる前ま

では、 ドップラーデータの 0-Cの値は、ほぼ0近

傍であった。これは、衛星の軌道決定が問題なく

なされていたことによるが、 トラプル後のドップ

ラーデータの 0-Cは0近傍からずれてしまってい

る。ここの部分は、計算による予測値はトラプル

前までに求められた軌道に基づいているのである

が、探査機が正常ならばこのようなずれは考えら

れない。ここで0-Cが0近傍からずれている理由

は、探査機の姿勢制御ができなくなったために、

ハイゲインアンテナの指向方向が地球からずれて

いってしまったためと考えられる。つまり、サイ

ドロープによる受信となってしまったため、 ドッ

プラー計測において異常なバイアスが生じている

のである。この状況では、軌道決定は行うことが

できない。

その後、 2002年の 5月半ばからは、約 2ヶ月間

にわたって、探在機からピーコン（情報は乗って

いない電波）すら降りてこない状況になってしま

ったが、 7月半ばにはビーコンは復活した。しか

し、テレメトリーは相変わらず降りてこないまま

であった。ただし、「のぞみ」は地上からのコマン

ドは受け付ける。そこで、データ・ハンドリング・

ユニット (DHU)の自律化機能を用いて、ビーコン

のオン・オフで探資機からの情報を知るという作

業が始められた。これは、地上から打つコマンド

で、探査機内の状態がある条件を満たせば、ビー

コンをオフさせる（あるいはオンのまま保つ）と

いうものである。つまり、いろいろな条件文をコ

マンドとして送って、ビーコンがオン・オフする

ことで少しずつ探在機の状況を知るのである。こ

の一見原始的な方法がうまく動作し、探査機の主

要な情報は把握できるようになった。

一方、太陽に対する探究機の姿勢が徐々に変化

したことで、太陽熟によって燃料の一部が融ける

ことが分かった。実際、一部の燃料が融けて、こ

れによってスラスターを吹くことができ、姿勢制

御および軌道制御もできるようになったのである。

しかし、探査機の姿勢の条件として、太陽光によ

って燃料を融かすことができるということが新た

に加わることになった。つまり、太陽電池のパド

ルに太陽光が当たるということに加えて、燃料が

融けるような姿勢に保たなければいけないのであ

る。そのことで、ハイゲインアンテナを地球方向

に指向させることがいっそう難しくなってしまっ

たのである。

Fig.6に示されているように、ハイゲインアン

テナが地球指向しないと正常なドップラーデータ

が取得できなくなる。その様子は、別の期間の0-C

を示した fig.7にも示されている 3
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Fig.6 0-C of Doppler (renge rate) data around the severe trouble in April 2002. 

(JSTI 

2002年4月に太陽フレアの影響で電源系にトラブルが生じた前後でのドップラーデータ。ここでは、 ドッ

プラーデータの 0-C(0は観測、 Cは計算による予測値）を示すが、 トラブルが生じた後は、姿勢制御が行

えないために、 0-Cの値が0近傍からずれてしまっている。
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Fig.7では、 2002年の 10月から 11月にかけて

のハイゲインアンテナの指向方向 (()e)とドップ

ラーデータの 0-Cが示されている。 ()eは、ハイ

ゲインアンテナの指向方向と地球方向とがなす角

度のことで、値が 0度のときが、地球方向を向い

ていることに相当している。ただし、衛星の姿勢

を正確に知ることができないため推定せざるを得

ず、そのために複数の推定値（曲線）が示されて

いる。この図より、まずOeが 0度付近ならば、

ドップラーデータの 0-Cは 0近傍にあるが、 Oe

が少し 0からずれるとドップラーの0-Cにバイア

スが生じることが分かる。ただし、 Oeの角度が

ある角度になると、再び0-Cが0付近にくる。そ

して、さらに Oeが大きくなっていくと、 ドップ

ラーの0-Cは大きく 0からずれていくことになる。

ドップラーの 0-Cがこのような傾向を示すこと

は、ハイゲインアンテナからくる電波の特性によ

るものと考えられるc ハイゲインアンテナの指向

方向に地球がある（受信機がある）場合には、 ド

ップラー計測が正常に行われるのであるが、指l旬

方向がずれるとサイドロープを受信することにな

り、正確なドップラーが計測できなくなるのであ

る。この状態では、 ドップラーデータを使って軌

道決定を行うことはできない。

9e (The earth angle) 
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Fig.7 Bias in 0-C of Doppler data, which is related to the 

earth angle (8 e) of High gain antenna. 

ドップラーデータに見られるパイアス。ハイゲインア

ンテナの指向方向（上）と、 ドップラーデータの 0-C

（下）。

3.異常事態における軌道決定

このような異常な事態に直面して、軌道決定と

しては、 2つの方法をとることにした。 1つは、

すでに述べた相対VLBIによる方法である。これに

ついては、次節で述べることにする。

もう 1つは、従来通りのレンジとレンジレート

を使って軌道決定をする方法である。幸いなこと

に、このような異常な状態でも、レンジは計測さ

えできればそのデータは正常で軌道決定に使える

ことが分かった。また、 ドップラーデータである

が、前節で述べたように、探査機の姿勢によって

は、データの質が異常になってしまうのであるが、

その場合、バイアスが加わる形となる。このとき

にドップラーデータの積分時間を探壺機のスピン

の周期と一致させると、バイアスが見られるパス

について、バイアスを含む計測点と含まない計測

点とを分離できることが分かった。詳細は省略す

るが、バイアスを含まない計測点だけを分離して

軌道決定に使う...とで レンヽ ノとドップラーによ

る軌道決定が可能になったのである。

なお、探在機の姿勢は、特に2回の地球スイン

グバイ間においては、そのハイゲインアンテナの

指向方向が地球方向に対して直角付近 (0eが 90

度付近）となることがほとんどであったが、ハイ

ゲインアンテナの指向方向から 90度の方向に漏

れてくる電波を使って、レンジやドップラーデー

タを取得することができたのである。この場合、

地球と探壺機間の距離が600万kmくらいまでは、

レンジやドップラーデータが取得できた。つまり、

地球スイングバイ直前や直後については、レンジ

とドップラーデータによる軌道決定を行うことが

できたのである。

したがって、結果的には、相対VLBIは使わずに、

このレンジとドップラーを使った軌道決定によっ

て、 2回の地球スイングバイを乗り切ることがで

きた。しかし、相対VLBIによる軌道決定は、実用

化できれば深宇街ミッションにとって非幣に打用

なものになるので、「のぞみ」に関して行ったこと

を以下に簡単にまとめておく。

4.相対VLBIによる軌道決定

深宇宙探代機については、探在機までの距離で

あるレンジやその変化率であるレンジレートをat
測し、それらのデータに甚づいて軌道決定を行う

のが通常のやり方である（l 探査機の見かけの位骰

（角度データ）が軌道決定に使われることもある

が、角度の計測梢度がよくないため高梢度の軌道

決定には不向きであり、打ち上げ初期など限られ

たときに使われるのみである。

-302-



レンジ・レンジレート以外による軌道決定の可

能性としては、相対 VLBIの技術を使う方法があ

る。VLBIとは、VeryLong Baseline Interferometry 

の略であるが、複数の電波望遠鏡（アンテナ）で

天体からの堀波を観測しそれを干渉させることに

より、電波源を高い角度分解能で調べたり、地球

上の 2点間の距離を高梢度で求めたりするもので

ある。さらに、近接する 2天体を同時に観測し、

共通する誤差要因を取り除いて精度の向上を図ろ

うとするのが相対VLBIである(Fig.8)。

このような VLBIの技術を深宇宙探査機の軌道

決定に応用しようという考えは以前からある。例

えば、 J.S.Borderらの論文(2]に基本的なアイデイ

アが記されているし、日本でも、西村敏充らの論

文[3)(-1] (5]に解析例が紹介されている。これらの理

論的な研究では、従来のレンジ・レンジレートの

観測データに加えて VLBIのデータが加わればよ

り高精度の軌道決定が可能になることが報告され

ている。

Fig.8 Delta-VLBI observation. 

2 

h 

ジト
芦

M--T1 T2 AT 時問窪
相対VLBIの原理図。電波の到達時間の差（遅延時間）で

あるて 1・て2を計測する。

VLBIの技術を実際の軌道決定運用に用いること

に関しては、アメリカのジェット推進研究所(JPL)

では実用として使われているが、日本ではまだ試

験段階である。今まで日本で試みられた例として

は、

•静止衛屋 (1984 年、電波研）

・「さきがけ」 (1993年、臼田一水沢）

・ Lunar Prospector (1998年、水沢ー鹿島一筑波）

などがある。ここで、静止衛星については、電波

研（現在の通信総合研究所）がJPLと共同で行っ

た実験であり、静止衛星の軌道が高精度で求めら

れた(6]。また、ハレー彗星に向かって打ち上げら

れた「さきがけ」を用いた実験であるが、これは

宇宙研と天文台（水沢）の間で相対VLBIの観測が

試みられた。しかし、このときには、水沢で探介

機の信号が受からず、相関処理を行うことができ

なかった。水沢では、最近、 LunarProspectorか

らの信号を受けて相対 VLBI観測を行っているが、

こちらは相関処理が成功している。このように、

日本でも VLBIを用いた深宇宙探査機の軌道決定

を実用化したいという機運は高まってきている。

以上のような状況の下で、火星探査機「のぞみ」

についてすでに述べたような予想外の問題が発生

し、急遠、「のぞみ」に対して VLBIを使った軌道

決定を進めることになったのである。

5.相対VLBI観測実験

1節で述べたように、新しい軌道計画に変更に

なったあと、 Sバンドのダウンリンクが使えなく

なったため、特に2回の地球スイングバイ間の軌

道決定に備えて、相対VLBIによる軌道決定の検討

が開始された。しかし、 2002年4月末の太陽フレ

アによるトラプルにより、しばらくの間「のぞみ」

からの電波を受信して相対 VLBI観測が行えなか

ったため、まずは、 GEOTAIL衛星を用いて、相対

VLBIの観測実験を行った。 GEOTAIL衛星は、近地

点距離約 5万km、遠地点距離約 19万kmの楕円軌

道を周回している。あまり地球からは離れないの

で深宇宙探査機とはいえないのであるが、相対

VLBIを試験するためには特に問題はない。GEOTAIL

衛星を使った観測実験は、 2002年6月4日に行わ

れた。その後、「のぞみ」の運用がすでに述べたよ

うにかなり厳しい状況の下ではあるが行えるよう

になったので、「のぞみ」を使った相対 VLBIの観

測が2002年10月以降2003年の6月の地球スイン

グバイまで継続的に行われている。

観測には、通信総合研究所を中心としたグルー

プと国立天文台を中心としたグループとが参加し

ている。それぞれ独自の方法を用いているが、双

方で協力しながら観測実験を行っている。この相

対VLBIの観測を行っているグループを「のぞみ」

相対VLBIグループと呼んでいる。観測に参加して

いる局（アンテナ）は、宇宙研の臼田(64m)、通総研

の施島・小金井(34m、llm)、天文台の水沢(IOrn)、
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山口大学(32m: KDDIから天文台に譲渡されたアン

テナ）である。また、観測によ っては岐阜大学や北

海道大学、同士地理院、そしてカナダのアルゴン

キンのアンテナも使われている。

データの取得方法としては、 辿総ii)fが JP-VPl3l

Fig.9 IP-VLBI and K4 systems of CRL. 

臼田に設四された通総研の JP-VLR]とK4。

Usuda 

Yamaguchi 

ゴ

500 km 

o# 

ボードと K4(Fig. 9)、天文台が RISEターミナル

(Fig. JO)を1廿いた。また、アップリンクのために、

宇宙i)「の鹿児島局(20m)も使われた。観測のアンテ

ナ配irtを図にすると Fig.11のようになる。

Fig.IO RISE system of NAO. 

臼田に設四された天文台の RISEターミナル。

ク

ク
ク
っ

で~c

Fig.I I Locations of antennas for the Dclta-VLBI ohservations of NOZOMI. 

「のぞみ」の相対VLB]観測に参加したアンテナの位図。記号は以下の通り ：H: Tomakomai (11111). M : Mizusawa (I Om). 

0: Kashima (:14111), R : Kashima (11111). G : Koganci (11111). U : Usuda (64m). Y: Gifu (11111). K : Yamaguchi (:12111). A: Aira 

(11 m). C : Chichi-jima (I Om) 
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このような多くのアンテナを用いて観測を何度

も行った。観測は、クエーサーから来る電波と「の

ぞみ」から来る電波とを交互に複数の局で同時に

受信するものである。その結果、最終的には「の

ぞみ」から来る電波の相関処理に成功し、遅延時

間としてのデータを取得することができるように

なった。また、その取得したデータは、通常の露

波航法による軌道決定（レンジとドップラーを用

いたもの）と比較しても、矛盾はないものである

ことは確認された。しかし、相対VLBI観測から得

られた遅延時間を元にして軌道決定を行うところ

には至っていない。これは、得られた遅延時間の

ばらつきが大きすぎることによる。現在、さらに

解析を進めているところであり、結果については

別の機会に報告したいと考えている。

6.軌道決定精度シミュレーション

前節で述べたように、まだ相対 VLBIの実デー

タを用いた軌道決定には成功していないが、相対

VLBIのデータ処理がうまく行えた場合に軌道決

定精度がどのくらい向上するのかを検討してみた。

宇宙科学研究所では、 ISSOPと呼ばれるソフト

ウエアを開発し、深宇宙探査機（天文衛星も含む）

の軌道決定を行っている。このソフトウエアでは、

レンジとレンジレート（場合によると角度データ

も）を取り込んで軌道決定を行う c このソフトウ

エアに VLBIのデータ（ここでは遅延時間）を取

り込んだ場合、軌道決定精度がどのように変化す

るかを解析した。なお、今回の解析は、 VLBIデー

タについては I-wayレンジ・デイファレンスモデ

ルという簡易的なものを用いた。

ここでは、「のぞみ」が2回の地球スイングバイ

間の中間地点(2003年3月）にいる場合について、

レンジレートと遅延時間データがあるとして軌道

決定精度を調べた。パラメータとしては、レンジ

レートのノイズ(5mm/s、1mm/s)、遅延時間のノイ

ズ(1nsec、0.1nsec)、そして VLBIデータの取得日

数を考慮した。

解析の結果を Table.Iに示す。また、位置誤差に

ついてグラフにしたものを Fig.12に示すc これら

より、 VLBIデータが 1日でも加われば位置誤差は

半分くらいに減少することが分かる。また、 VLBI

データが3日間ほどあると、誤差は 1桁程度小さ

くなる。従って、 VLBIによるデータは軌道決定に

非常に有効であるということが確認された。

Table.I Accuracy analysis for Delta-VLBI 

軌道決定精度解析（△R：位置誤差，△v：速度誤差）

case A VLBI obs. B AR △v 
Date (km) (km/s) 

R5 5 1.0E+2 1.7E-4 
R1 1 2.0E+l 3.5E-5 

R5-V10-P1 5 3/21 1 5.3E+1 1.0E-4 
R5-V10-P3 5 3/21 23 25 1 2.2E+1 4.5E-5 
R5-V10-P6 5 3/21-3/26 1 2.0E+t 3.9E-5 
R5-V01-P1 5 3/21 0.1 5.0E+l 9.6E-5 
R5-V01-P3 5 3/21 23 25 0.1 9.9E+O 8.9E-6 
R5-V01-P6 5 3/21-3/26 0.1 9.6E+O 6.1E-6 
R1-V10-P1 1 3/21 1 1.3E+1 2.4E-5 
R1-V10-P3 1 3/21 23 25 1 1.0E+l 1.9E-5 
Rl-V10-P6 1 3/21-3/26 1 8.2E+O 1.5E-5 
R1-V01-P1 1 3/21 0.1 1.0E+1 2.0E-5 
R1-V01-P3 1 3/21 23 25 0.1 3.3E+O 6.6E-6 
R1-V01-P6 1 3/21-3/26 0.1 2.9E+O 5.2E-6 

A :レンジレートのノイズ mm/s、B:遅延時間のノイズ

nsec.レンジレートは 3/21-3/26の6日間取得したと仮

定。
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Fig.12 Accuracy of position when VLBI data is used. 

VLBIデータを併用した場合の軌道決定精度（位誼）

◆印と■印はそれぞれ遅延時間のノイズが］ nsecと
0.1 nsecの場合を示す。また、観測日数が0の場合

の値は、 VLBIデータを使わずに軌道決定した場合

である。

7.まとめ

火星探査機「のぞみ」は、日本としては初めて

の本格的な惑星探査機であるが、その運用には

数々の困難があった。しかし、それぞれの困難に

対しては様々な工夫を行い、最終的に火星に向か

う軌道に乗せることができたのである。あとは、

2002年4月末からの電源系統の不具合が復旧して

くれることを願うのみである。いずれにしても、
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深宇宙探査機の軌道決定という観点から見ると、

「のぞみ」は非常に多くの経験を我々に与えてく

れたことは事実である。

日本の深宇宙ミッションとしては、「のぞみ」に

続いて小惑星サンプルリターンミッションである

MUSES-Cが、「はやぶさ」として 2003年5月9日

に打ち上げられた。「はやぶさ」はイオンエンジン

という特殊なエンジンによって微小加速度が継続

的に働く探査機であり、軌道決定にとっては手強

いものである。もちろん、高い軌道決定精度が要

求されており、引き続き相対VLBIによる軌道決定

を検討していきたいと考える。そして、さらに将

来のミッションとしてソーラーセールや金星バル

ーンなどいろいろな構想があるが、これらのミッ

ションが行われるときまでには、レンジ・レンジ

レートに加えて相対 VLBIでの軌道決定も定常的

に行えるというような状況になることを目指した

vヽ。
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太陽輻射圧計算プログラムの開発

Development of solar radiation pressure computation software 

久保岡俊宏

Toshihiro Kubo-oka 

通信総合研究所鹿島宇iif通信研究センター

Kashima Space Research Center疇CommunicationsResearch Laboratory 

ABSTRACT 

A new system to compute _solar radiation pressure on a satellite with a complex shape has been developed. This 

software consists of three parts: Modeler, Polygon Maker, and Radiation Tracer. Numerical model of satellite 

shape is made by use of 3D CG software (LightWave 3D). The Polygon Maker converts the model data to the data 

set which contains several information of polygon. i.e. normal vector, area. coordinates of vertex。andso on. In the 

Radiation Tracer, the light source of the Sun is considered to be an array of pixels. Light from each pixel is traced 

and determined whether it intersects with polygons or not. The light from the pixel is considered to interact with 

the polygon that the light first intersects. The radiation pressure by each ray pixel is computed and vector summed 

to get the acceleration of the satellite. This method has an analogy with.. ray tracing.. in 3D CG. We found the 

system can be calculate solar radiation pressure with accuracy better than 0.5 [%].The new system will be applied 

to high precision orbit determination of ETS-Vlll and quasi-zenith satellites. 

1. Introduction 

これまでの静止衛星は、通信、放送、気象観測

を主目的としている関係上、それほど高い軌道決

定梢度は求められていなかった言い換えれば、

所定の軌道位置をキープしているかどうかが分か

ればよく、軌道決定は kmオーダーの精度で十分

であった。しかし、これから静止軌道高度に打ち

，．上げられる衛星、例えば原子時計を搭載し測1立実
験を行う ETS-VIII、H本向けの旗lj位サービスを行

う準天頂衛星は、「測位」というミッションを実現

するために、これまでより 1桁以上高い精度の軌

道決定が要求されている。従って、静lk衛星に関

しても、低軌道（高度2万キロのGPS衛星より低

いもの）と同様の高精度軌道決定が行えるシステ

ムを構築することが急務とされている。

一般的に、人工衛星の軌道決定精度を向上する

ためには、トラッキングデータの質と籠を向上さ

せること、及び衛星に作用する摂動力の大きさを

正確に見積もることが重要となる。本稿では、後

者について考えることにする。静止衛星に作用す

る各種の摂動力の大きさを Table1.1にまとめた。

Table 1.1の中で地球重力場の影響及び、月・太陽

による摂動は容易に計算出来る。これに対し、太

陽輻射圧は衛星の形状、質最、表面の材質（反射

率）、及び衛星姿勢（太陽寵池パドルの様に可動部

分のがある場合はその向き）に依存するため、高

い精度で衛星に作用する力を見積もることが難し

いさらに、軌道制御の際の推進薬消費によって

衛星の質械が減少したり、宇宙線の影響で表面の

材質が劣化し反射率が変わることによって衛星に

及ぼす力も変化するという厄介な性質を持ってい

る。

静11．．．．軌道よりも低い高度を周回する衛星、たと

えば、TOPEX/Poscidon(Antreasian and Rosborough, 

1992)、GPS(Fliegel et al, 1992)、GLONASS(Ziebart 

Cause Acceleration [m/s2 ・) 

•I 
Earth's monopole 2.2*10 

Earth's oblateness (J叫 7.4*10 -6 

Low-orde『geopotentialhannonics 

J22 4.3*10 -8 

J66 4.5*10 ー12

high-order geopotential hannonics 

J18 18 1.3*10 -22 

Pertu『bationdue to the Moon 7.3*10 •6 

Perturbation due to the Sun 3.3•10— 6 

Perturbation due to other planets (Venus) 4.3*10 -10 

Atomospheric Drag 0.0 (?) 

Sola『RadiationPressure 2.3•10゜7 

Earth's Albedo Radiation Pressure 2.1•10 .9 

Table J. I Perturbations acting on geostationary satel-

lites (after Milani et al. 1987). 
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じIal. 2001)については、精密な太陽輻射圧モデル

が作られており 、1,・’:j精炭の刺Li直決定に活用されて

しヽる；しかし、1'iit」|：衛星に関しては、データ1|l牟耗

衛星TDRSの太I湯輻射l［モデルが成功しているも

のの (Lulhckeel al. 1997)、TNMARSATに関しては

詳細なモデルを入れたにもかかわらず、実際に帆

追決定を行った後のil!IJ距値残格が、衛星形状を球

形と仮定した簡易なモデルを）Ilいた楊合に比べて

堺大してしまうという結果に終わっている

(Gamhardella cl al.): 

本研究では、 ZicbanじIal. (2001)と1i.il様、合1符

樅I．．で多数のポリゴンからなる1!/i吊形状モデルを

つくり 、太陽光に相判する平和光線束を入射して

衛見の加述疫を計籾するというアプローチを採川

した.本稿では、現在Ilf.]発を進めているソフト

ウェアの概要について述べると共に、米年度打ち

トげ］噸定のETS-Vlllに適）llした結果についても触

れる（

2.システムの概要

現在開発中のシステムは大きく分ける と

Modeler、PolygonMaker、RadiationTracerという 3

つのパー トで構成されるc 最初の Modelerは、人

工衛星の設計情報を元に数値モデルを作る部分で

ある。ここは市販の3DCG‘ノフトのモデラ一部を

利用する。現段階では、 J}屯，Iふ宇宙通信研究セン

ターにあるワーク ステーション (SGI社製 Indigo

2) に元々インストールされていた NewTek社の

Light wave 3D ver. 5.6を用し てヽいるが(Fig.2.1)、桔

本的には頂点の座標を数値入力出来るものであれ

Fig. 2.1 Main window of LightWave3D Modeler. 

ば何でも構わない。人祇の3DCGソフトには、異

なるソフトウェア間で形状モデルを交換するため

に、共通フォーマットで出力する機能が備わって

いる、現在のシステムでは、各種ある共通フォー

マットの中でWavefrontフォーマットと呼ばれる

ものを採用している-これはiitなるテキストファ

イルで、飯初のセクションに各l[U位のl祖票が並び、

その後の表面材釦JJ；に分けられたセクションに J

和'•11J；にポリゴンを構成する I[i,1・＇．I:番りが並ぶとしヽう

形式になっているぐこの様に、I|i販の3DCGソフ

トのモデラ一部を利Illすることで、衛星の形状モ

デルの製作を効率良く1iえる
これ以降のプログラムは新たに｝｝いたものであ

る 2番IIのPolygonMakerは、 LightWavc30が

出力 した Wavefrontファイルから、ポリゴンを構

成する頂，1¥の数 (3または4)、lfi．点の座椋、外向
き法線ベク トル、ポリゴンの面積、表面の1又射屯

（鏡Ihi＆拡散）を各ポリゴン1l).：にまとめた新しい

データファイルを作るものである ，，言い換えれば、

WavcfronIファイルから RadiationTracerで使う

フォーマッ トに変換するプログラムである：

蔽終段の RadiationTracerは、本システムの根幹

となる祁分である、まず、 PolygonMakerで作られ

たデータファイルを読み込み、座椋原．.• ~.(．に ポリゴ

ンで出来た衛星モデルを配Wr':する つぎに、仮想

的なスクリ ーンから平行光線束を人射し、それぞ

れの光線術にどのポリゴンとId:初に交差するのか

を 'l'lj定する •(Fig. 2.2)。どのポリゴンとも交差しな

い光線は輻射圧に寄与しないものとして、 以後の

訃符では無視するe 一方、ポリゴンと交差する光

線は、泣初に交差したポリゴンに）Jを作用させて

いるものとして加速度を計符する;1つのビクセ

ルから出た光が及ぼす圧力は、

巾

F1 • -~ [ (I -p1)s + 2（舟 ＋p1cos小ldSp (I) 

Screen = pixel ray array 

Solar ray 
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Fig. 2.2 Concept of Radiation Tracer. 
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n ・ l 

Fig. 2.3 Definition of angle (31. 

という式で表すことが出来る (Milanict al, 1987),, 

ここで‘<I>はSolarFlux、cは光速度、 P'はポリゴ

ンの鏡ifii反射率、 sは太陽方向の単位ベクトル、 t>,

はポリゴンの拡散反射率、 n'はポリゴンの法線ペ

クトル、 (ISは 1つの“光線＂ビクセルの面積を表
l‘ 

している（．、また、 B'はFig.2.3に示されている様
に、 sとn1のなす角度であるポリゴンによって

反射あるいはポリゴンを透過した光を追跡するこ

とも可能であるここの場合は、ポリゴンの反射率・

透過率に応じて Fluxが減少しているものとする。

反射または透過した光が衛星の別の部分に当たる

場合は、そこで再び加速度計算を行う。

-．上記の手法は、 3DCGの作成で広く用いられて

いるレイトレーシング法(Lengyel,2001)とよく似

ている。ただし、レイトレーシング法は視、＇ばから

光線を追跡していくのに対して、本手法は光源側

から光線を追跡していく所が異なふこの方法の

最大のメリットは、衛星のある部分で反射された

光が衛星の別の部分に当たる「多重反射」や透過

光、さらには衛星の一部が別の部分に影を落とす

「Selfshadowing」といった現象を考慮できるという

点にある。逆にデメリットとしては、レイトレー

シング法と同様に膨大な計算盤を要するため、リ

アルタイムでの計算には向かないということが挙

げられる。

現段階で、 PolygonMakerとRadiationTracerの

両プログラムは一応完成しているが、モデラーと

なる Lightwave3DとPolygonMakerの間の連携に

大きな問題を抱えている。前述の様に、 LightWave

3Dが出力する Wavefrontファイルは、 2番目以降

のセクションの各行にポリゴンを構成する頂点番

号が並ぶという構造になっている。ところが、こ

の頂点番号の並びと、ポリゴンの外向き法線の向

きとの間に一貰した関係が無いのである。頂点番

2m 

X 

Fig 3.1 Arrangement of rectangular box and definition 

of coordinate system. 

号の若い順に並んでいる訳でもないJ Radiation 

Tracer内での処理の際に、ポリゴンの外向きの方

向の情報が不可欠であるため、現段階では

Wavefrontファイルを PolygonMakerにかけたもの

をそのまま RadiationTracerで使うことが出来ない。

形状モデルを構成するポリゴンが少数である場合

は、手動で Wavefrontファイルを書き直すという

ことも可能だが、後述する ETS-VIIIのモデルの様

にポリゴン数が千のオーダーに達する場合、この

作業は現実的に不可能に近い。現在、Lightwave3D 

以外のソフトウェアに一旦形状ファイルを読み込

ませ、改めて共通フォーマットで出力させる方法

等を検討しているが、本稿執筆の段階ではまだ決

定的な打開策を見いだせていない。

3. Radiation Tracerの精度評価

ポリゴン数が少ない場合はWavefrontフォーマッ

トは手作業で容易に修正出来るので、衛星形状が

簡単で、太陽輻射圧が解析的に計算できる場合に

ついて RadiationTracerの精度評価を行ってみた。

まず座標原点に 2mX3mX4mの直方体を配す

ふ全6面の材質は全て同一（鏡面反射率p=0.2 

、拡散反射率b=0.8) とする。スクリーンの大き

さは 6mX 6m、1ピクセルのサイズは 1cm X 1 

cmとする。座標系及ぴ、スクリーンの方向を Fig.

3.1の様に定義する。RadiationTracerで計算した加

速度値の理論値からの誤差を Fig3.2に示す。どの

方向から太陽光を入射しても加速度の誤差は0.5%

以下に押さえられている。

0 = 90 degの場合、及び0=45、Odegでりが0

と90degの場合に誤差が増大しているのは、ポリ

ゴンのエッジ部分の影響と考えられる。 Radiation

Tracerでは、各ピクセルから出る光線の「中心」が

ポリゴンと交差するかどうかを判定し、交差する
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Fig 3.2 

of Radiation Trncer. 

Relative error of accelerations cornpute<l by use 

Fig ➔. I I /10 scale model o「ETS-Ylll(Engineering Te．ヽI

Satellite-Vlll). The satellite has two large tleployable 

refrector antennae anti two large solar paddles. 

z 

楊合はそのピクセル全体の光束がポリゴンに人射

するものと見なし、逆に光線の「中心」がポリゴ

ンと父泣しない楊合、そのピクセル全体の光束は

全くポリゴンに力を及ぽさないものとしている

このため、ポリゴンのエッジ付近に当たる光につ

いては、本来当たらないはずの光までカウントし

たり、当たっているはずの光を数え落とすという

事が起こりうる，,上記の場合、特に 0= 90 degの

楊合は、J.-＿下端（：＝土 I)付近に当たる光をオー

バーカウントしているため、誤差がプラス方向に

増大していると考えられるeこの影押を除くには、

ビクセルのサ イズをさらに細かくするか、 CGで

よく使われているアンチェイリアシング的な手法

（エッジをなめらかにする）を採用する必要がある

ものと考えられる。

4. ETS-VIIIに作用する太陽輻射圧
ETS-YIII（技術試験衛星VIII型）は 3トンクラ

スの大堕静止衛星で、2004年度に打ち I・.げが］り定

されている，， 最大外形寸法が 19mX I7mという

大型の展開アンテナ 2基を持ち、移動休衛星通信

の実験や、搭載原子時計から生成される正確な時

刻信号を利用し、 GPS衛星からの信号と組み合わ

せた測位実験が計画されている、）

Fig. 4.1の写真からも分かるように、ETS-YIJIは

大別すると衛星構体、展開アンテナ、太1勘虚池パ

ドルの3つの部分から構成される。衛星構体は、

縦 2.45m X横 2.35Ill X高さ 3.7mの本体バス部か

ら地球側の面にI'，.. fiさ 1.98m の給這部タワーが突
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Fig 4.2 Polygon model or ETS-VIII and coordinate 

system adopted in this chapter. 

きだした形状である。東西lhiにある 2枚の展開ア

ンテナは、金メッキを施したモリプデンメッシュ

からなる鋭而を廿組みで支える、いわばワンタッ

チ傘のよう な構造にな っているしこのメッシュ部

の透過率及び反射率は、光の入射角によって変化

する性質がある。太陽屯池パドルは、横2.46X縦

3.23 mのプレー トを4枚辿結したものをプームで

支持 している。これが南北面に 1基ずつ配ii梵され

ている。

ETS-YIIIの設計データを元に、 LightWavc3Dの

モデラーで形状モデルを作ったところ、ポリゴン

の数は合計で 180()近くになってしまった (Fig.

4.2).,前述の理由から、これほど多数のポリゴンを

含む形状データを PolygonMakerに人））すること

は出来ないそこで、衛星構体に収り付けられて
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Fig 4.3-Acceleration of ETS-VIII due to the solar ra-

diation pressure. It was computed by use of a simplified 

polygon model. 

いる小型のアンテナや推進部等の微小な部分を省

き、ポリゴン数を 100程度まで減らした簡略なモ

デルを用いて、 ETS-VIIIに作用する太陽輻射l玉を

計算してみたu Fig. 4.2に示す様に、座標系は z軸

を地心方向とし、 x軸を速度ベクトルの方向、 y軸

を右手系をなすようにとる，．衛星の姿勢は、太陽

電池パネル及び展開アンテナの軸が、それぞれ y

軸、．＼．軸に沿う形になる：、太賜電池パドルは発湿効

率を最大にするためy軸と太賜方向の単位ベクト

ルsが張る｀l涌i内に、セル面の法線ベクトル nが
来るように、．v軸周りにパドルを回転させる，．」太陽

光の方向は Fig.4.2に示す様に 0と¢の2つの角

度で表す,;Fig. 3.1と定義が異なることに注意され

たい。ETS-VIIIは静止衛星軌道上を運動するので、

0の変域は 66.6deg -1 I 3.4 degとなる<) 1ビクセ

ルのサイズは前章と同じく 1cm X 1 cmとしたc

0=90、75、66.6degの3つの場合について、太

賜輻射圧による加速度のx、y、z各成分の¢によ

る変化を Fig.4.4に示す。加速度のz及ぴy成分に

ついては太陽鎚池パドルと展開アンテナに作用す

る輻射圧がほぽ同程度になる。衛星本体の寄与は

これより 1桁小さくなる。展開アンテナについて

は、鋭面を構成するメッシュ部分よりも、メッシュ

を支えているステ一部の影響が大きい。加速度のx

成分については、太陽光が土z方向、つまり展開ア

ンテナの正面から入射する様な場合を除いては、

太陽電池パドルに作用する輻射J王が最も大きくな

るぐ特に、 $=90、270deg （展開アンテナの横方

向から光が入射）の場合、パドルの寄与が展開ア

ンテナの2倍以上となるc

5.まとめ

複雑な形状をもつ人工衛星に作用する太陽輻射

圧を計算するソフトウェアの開発について概説し

た。本ソフトウェアは、太陽輻射圧を誤差0.5%以

下という精度で計算することができるが、実用に

供するには、 Modeler部と PolygonMaker部の連携

の問題を解決しなければならない。今回のシステ

ムは、静止衛星に限らずあらゆる種類の衛星（惑

星探査機を含む）にも適用可能である。

現在、通信総合研究所を中心とするグループで

は、独自の軌道解析ソフトウェア CONCERTO(e.g. 

Otsubo et al. 1996)の改良を進めている。その過程

で、本研究で開発しているシステムから得られた

結果を組み込み、 ETS-VIIIや準天頂衛星の精密軌

道決定に活用することを計画している。その際に
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は、 Topex/POSEIDON 衛星で行われた様に

(Antreasian et al, J 992)、詳細な太陽輻射圧モデルを

少数の平板の組み合わせで近似する＂マクロ・モ

デル＂的なアプローチを取る必要があるが、 ETS-

VIIIの大型展開アンテナの様に、反射率．透過率

が太陽光の入射角度に依存する場合にそのまま適

用できるのかについては、今後要検討であるい
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Hornoclinic Structure of a reduced 

Nonlinear Syrnplectic Map Chain 

abstract 
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We present a method to construct a symplecticity preserving rernormalization group map of 

an N-coupled periodic chain of weakly nonlinear symplectic maps, and obtain a general reduced 

map describing its long-time behavior. It is found that the modulationaly instability in the 

reduced map triggers random wandering of orbits around some homoclinic-like manifolds. We 

also mention that the possibility of having the connections between the waves which have various 

wave numbers due to their unstable manifolds and stable manifolds. 

1 Introduction 

多自由度ハミルトンカ学系はカオスを示す場合がほとんどである．しかし，その相空間上の軌道

族の振舞いを調べる研究はよく進んでいない．この問題の本質は，相空間が高次元である事による

軌道族の振るまいの可視化の困難さである．この種の高次元ハミルトンカ学系における問題は，多

くの数学者や物理学者の数理的関心をひいてきたまた高次元ハミルトンカ学系の相空間構造の理

解は今述べた関心に留まらず，化学反応系や天体力学方面などへ応用があるため重要で基礎的な課

題である．

あるハミルトニアンフロー（即ち，正準方程式のつくる相空間上の軌道族の流れ）をあるポアンカ

レ断面上で離散時間の力学系を構成すると自然にシンプレクティックマップ系を導く．そのためシ

ンプレクティックマップ系は，ハミルトンカ学系の問題を研究する際にしばしば用いられてきた．典

型例として，全次元双曲型不動点を有するシンプレクティックマップ系のホモクリニック分岐の研究

が挙げられるこれにより，全次元双曲型の不動点を有する系のカオス化の理解が進んだ [HNK99).

では全次元楕円型不動点を有する場合のシンプレクティックマップの場合はどうであろうか？よ

く知られているように，ある仮定のもとに，その相空間中のあるトーラスは共嗚によって破壊され

る(KAM理論）．もし，そのトーラスが双曲型ならば，ウィスカーとして知られる不安定多様体や

安定多様体がそのトーラスに付く事になる (AA89]．そのウィスカーが相空間大域的な輸送を起こ

す事が，あるクラスの近可積分高自由度ハミルトンカ学系で起こることが言われている（アーノル

ド拡散）［LL91]．また，共嗚と共嗚が交差した，共嗚交差点近傍でのウィスカーの動的振舞いが調べ

られてきている (GN99],[HK03]．一方，あるハミルトン系の結合振動子系のトーラスは変調不安定

性と呼ばれる機構によりトーラス周りに安定多様体や不安定多様体を有する．その不安定多様体と

安定多様体の交差でカオスが生じる可能性がある [MS92)[GNY02).
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今回，我々はそのような機構によるカオスの性質にアプローチする．これは，高自由度ハミルト

ンカ学系における新たな機構によるカオスのオンセットを調べる事になると期待できる．

本研究ではこの種の問題を取り扱う． 2節で上記の問題を一般的なモデルで調べるため，楕円型

不動点を有する 2次元弱非線形シンプレクティックマップ系を最近接相互作用で結合したモデルを

用意する (GNY02]．次に特異摂動法として知られるくりこみ法を用い，系の持つ共鳴項を拾いくり

こみマップを導出する事を試みる．その際，くりこみ法のシンプレクティックマップ系への適用に

対する問題点とその解決策の概要を述べる． 3節では得られたくりこみ系を用いて一般的に波数 k

の波の安定性を議論し，その近傍での相空間の様子を模式的に示す． 4節では 3節での線形安定性

の結果を踏まえ， k=O周りの不安定多様体の様子を数値計算により示す． 5節では 3節で得られ

た安定性解析の結果と 4節での k=Oの波の数値計算の結果を組み合わせ，種々の不変多様体，特

に波数 K と K' の波達の間の不安定•安定多様体による相空間におけるネットワークの構造形成の

可能性について議論する最後に 6節において今回の報告と今後の展開についてまとめておく．

なお，今回得られたくりこみマップは，ある離散非線形シュレーディンガー方程式として知られ

ている．

2
 
Symplectic map chain and reduced map 

考察するモデル系は以下のシンプレクティックマップ系とする．

n+l -n x. 
3 
- X ・ J 

n+l _n 
Pj ―pj 

屯
n+l ， 

r[-n勺＋e{-a(xザ＋v△；x；}］，
｀

ー

、

、

ー

、

1

2

 

＇ーし‘,`
‘

ここで， xJ,p'Jは互いに正準共役な力学変数でサイト j,時間 nでの実数値をとる位置座標，運動

量座標とみなす事ができる．従ってシンプレクティック性は以下のように表される

N N 

L dx'J+ l /¥ dp'J+ l＝こ吋^ dp1J.
i=l i=l 

また， cはスモールバラメーター (0< c << 1), T は時間ステップ幅 (O(c0)),nは各サイト
上に配置された振動子の非摂動系の固有振動数 (O(e0)),a:は非線形性のバラメーター (O(c0)),

△2呼：＝x"J,.-2x1J + x~. t 
3 3 3+1 -2x1J + x1J-1は最近接相互作用項である．従って V は振動子間の結合定数である
(O(e0)）．また，この系は N体の結合系で周期的であるとする (x1J+N= x1J,P1J+N = P1J)．つまり，

我々のモデルは離散時間の空間的に周期的な非線形格子モデルの一つである．

本研究では (1)-(2)を用いるが，参考のため，時間連続極限(T→0)をとったモデルは以下で与
えられる．

むー―

dtdpi-dt
＝ 

Pj, 

危＋c｛-a（研＋u△；叶
すなわち，弱非線形の調和振動子が線形結合で結ばれているモデルである．また，今度は時間離散

のまま無結合のモデルを考えると

X 
n+l -x n ＝ TP n+l ， 
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pn+1 -Pn ='T{ -n2ゲーca（四｝，

であり，ダブルウェルマップとなる．

この様な特徴を持つシンプレクティックマップ系から，簡約系を構成することを考える．ここで

は，特異摂動法として知られる“くりこみ法’'を採用するものとする．この方法は近年研究がよく

行われてきており [CG096][GMN99][Kun95]，ある一定の手続きにより，与えられた弱非線形系の

簡約系を構成する方法である．簡約系もまたシンプレクティック性を有するという要請を課すと，

今までのくりこみ法ではその要請を自動的に満たさないという意味で不完全である．著者らの提案

するシンプレクティック性を有するくりこみマップの構成法は，時間連続系のくりこみ方程式を構

成し，そこからシンプレクティック積分法を経由することによりシンプレクティックマップを得る

というものである．詳しくは論文[Got03], [ G NY02]を参照されたい．以下のダイアグラムはその手

続きの計算手順を模式的に表したものである．ここで図中の RGとは RenomalizationGroupの

略である．

[discret time] 

symplectic maps 

叫
naive RG maps 

(difference Eqs.) 

canonicalized RG maps 

[the continuous-time limit] 

: the decision of time steps : 

~ymplectic integrators 

canonical Eqs. 

lRG 

RG Eqs. 

(differential Eqs. *) 

(* :If these Eqs. are of Hamiltonian systems, we can obtain symplecticity preserving RG maps.) 

Fig. 1: The schematic diagram of the procedure to obtain symplecticity preserving rernormal-

ization mappings. 

cの1次までの正準化くりこみの結果以下の離散非線形シュレーディンガ一方程式を得る．

(1-iT△;）炉＝（1 +iT△J) exp (iQIAj12)Aj. {3) 

ここで， T:= cffne E R, Q := c卦吟 ER,cos(}：=1-nデ／2.であり，このくりこみ系は保存
置を有し EN-1|A?+1|2 N-1 

j=O,..... j = E |A叩が成立する．また，シンプレクティック性は以下のようにj=O l" ... j 

表現される．
N-1 N-1 
L dA1J+l/¥dAj n+l =区 dA1J/¥dA;n. 
j=O j=O 

ここで A1J,A;nが正準共役な力学変数である．また， A;nはA1Jの複素共役を表し，元もとの方程

式 (1)-(2)とくりこみ変数の関係は呼 ：：：：：： A1 exp(-iOn) + c.c.，ここで：：：：：：の意味はくりこみ方程

式を得る際，非共嗚項と高次近似を無視したという意味である．また c.c.は前項までの複素共役項

を表す．この表式をみるとわかるように，非摂動項による固有振動数を元もとの変数x1J,P']から分

離した形になっている事がわかる．すなわち，解析的に遅い運動の従う方程式（マップ）を抽出した

事になるこれにより，遅い運動に関する安定性解析が可能となる．速い運動を含む元もとの系で
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は，遅い運動の安定性解析は困難である事が予想できるので，このくりこみ方程式は相空間の解析

に役立つ．以上を確かめるため，数値計算による典型的な時系列を示す．振動子の個数 N は3,バ

ラメーターの値は c= 0.01, T = 1.0, 0 = 1.0, V = -0.25, a= 1/3である．

．．ー冨'・'..... 

1
 

.. 

`
'
 

。

0

4

 

.,、
o oooo,OOOO,OOOO 匹 2畑寡X0 3畑

Fig. 2: The time evolution of xf in the original mapping [Eqs. (1) -{2)] with N = 3, c = 

0.01, r = 1.0, n = 1.0, v = -0.25, a= 1/3. The number of initial phase points is 1. 
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Fig. 3: The time evolution of xi in the symplecticity preserving RG mapping [Eq. (3)) with 

N = 3, c = 0.01, r = 1.0, n = 1.0, v = -0.25, a = 1/3. The number of initial phase points 
is 1. (The left figure): The time evolution of the reconstructed吋 byusing the relation 

吋~ A'J exp(-i0n) + c.c.. Here c.c. represents for the complex conjugate of the preceeding 

expression. (The right figure): The absolute value of the canonicalized reromalized variable 

|Af|． 

3 Stability analysis of some manifolds 

次に相空間構造を調べておく．以後非摂動系のもつ固有振動数が分離されたくりこみ系，すなわ

ち（3)式で議論を行う．今から行う相空間構造に関する議論を元もとの系(1)-{2)で考察したけれ

ば，くりこみ変数A1Jの定義に戻れば良い．この事を幾何学的に大まかに言うと，固有振動数成分
（円周：Sりを相空間中の A1J周りに付ければよい．・
くりこみ系（3)式は次のような波数 Kの波が特解として存在する：

2社．
A'J = AO exp { i(¥j +w(k)n) }, (k = 0,…，N -1) (4) 

w(k) :=(J（k) + QIA"l2,(J（k) := Tan→{ -8Tsin喰k/N)
1 -16T2sin沿k/N)｝ 

ここで Aoは初期値である．これは周期解なので相空間中で閉じた多様体になる．すなわち不変部
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分空間である．我々はこれらをトーラス1と呼ぶことにする．またその絶対値 IA'jlをトーラス半

径と呼ぶことにするまたこのトーラスはそれ自身の周りの 2N階の連立線形安定化方程式の 2N

個の固有値に実数が1つ以上あれば，その固有方向に不安定多様体と安定多様体がモジャモジャと

生えているといえる．この時このトーラスを特に双曲型トーラスと呼ぶ．今考えている系はマップ

系なので，固有値を正に限れば固有値が 1以上の実数が不安定多様体を表し， 1以下の実数が安定

多様体を表すことになることに注意されたいまた，トーラス周りの線形化固有値が純虚数に配位

している空間はトーラス周りが楕円型相空間であることに相当する．

実際に波数 k周りの線形安定性解析を行う．

A'J = A0 exp{｛旱＋w(k)n)}(1十μj), (k = o,...,N -1), (lμ'JI ≪: 1) 
をくりこみ系 (3)へ代入しμnの1次まで残し線形化方程式を構成する．更にフーリエ変換：

N-1 

μ'J :=一tμ;:.exp (g;mj N-1 
i2tr. 

淑 μmexp 下 mJ)9 品＝可区 μiexp(-g;mj),
m=0j=0  

により波数空間で線形化方程式を表すと

(:＊翌）＝ （匹（eロニ〗□2-Q2|QA)叩） e-印(m::'：ニ―(:k~::IA012)) (;:—+Kk) 

(5) 

この固有値は以下の様に表示される．

入(m;k)士 := {3(m;k)士咋(m;k)2-1,

{3(m; k) := cos(a(m)一び(k))-QIA012 sin(a(m)ー a(k)).

なお，入(k;k) = 1 (doublet)は中立安定で，入十(m;k)入＿（m;k)= 1はハミルトンカ学系を反映し，
不安定多様体と安定多様体が対になっている事に注意されたい．双曲化トーラスの生成条件，すなわ

ち波数 Kのトーラスの入(m;k) > 1という意味での双曲化は (i){3（m;k)< -1と(ii){3（m;k) > 1 
に起因する場合の2通りある．今回は (ii)の{3(m;k)> 1によるトーラスの双曲化分岐を考察する

ものとする．すると {3(m;k)の定義から，波数 Kのトーラスの波数 mの空間が双曲型になる条件

は，以下の様に波数 Kのトーラスの初期値，特にトーラス半径の大小で表される．

IA叩＞号{sin2（亨）ーsin2信）｝． {6) 

言い換えれば，臨界トーラス半径 (IA~(m;k)|）が存在し，その前後でトーラス周り様相が変化する．

なお， T/Q改 v/a,すなわち最近接相互作用の大きさと個々の振動子の持つポテンシャルの非線形

の比によってトーラスの性質が変化することを表している．トーラスの変化の様子を k=O（一様

振動解）の場合について図4に示す．

1本来はこの不変多様体 {4)はトーラスと呼ぶよりも， S1 と呼んだ方がよいのかもしれない．
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elliptic 

A exp(iQI~呼 n)

Fig. 4: The ph邸 eportrait of near the uniform oscillatory solution (k = 0 torus). The torus 

bifurcates at the critical radius IA闘

4 Homoclinic-like structure around the k = 0 wave 

前節 3において一般の波数を有する波の安定性の解析を行った．この節では k=Oすなわち一

様振動解，の双曲化の様子の具体的な様子について線形化方程式の固有値の分布と数値計算結果に

ついて言及する．

k=Oトーラス周りの様子は（6)式から臨界トーラス半径 IAc{l;O)I：＝｛打戸盃可訂よりトー

ラスの半径が大きいと不安定•安定多様体を有することがわかる． k=O の場合の {6) 式を用い

て分岐バラメーターを IA01にとり，固有値の分布を複素平面上に表示してみる．具体的に N=3
の場合を図 5,N=4の場合を図 6に示す．

-1 

-1 -1 -1 

N::3 (a) N=3 (b) N=3 (c) 

Fig. 5: The distribution of eigenvalues in the complex plane obtained by the Eq. (6) around 

(k = 0)-wave in the N = 3 system. (a): k = 0 tori are non-hyperbolic. (b): k = 0 torus is at the 

first bifurcation point. (c): k = 0 tori are hyperboiic. 
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-1 

-1 ー1 一1

N=4 (a) N=4 (b) N=4 (c) 

Fig. 6: The distribution of eigenvalues in the complex plane obtained by the Eq. (6) around 

(k = 0)-wave in the N = 4 system. (a): k = 0 tori are non-hyperbolic. (b): k = 0 torus is at the 

bifurcation point. (c): k = 0 tori are hyperbolic. 

ここで我々は，不安定•安定多様体が生成された直後の相空間の様子を数値計算により調べてみ

る．ハミルトンカ学系の場合，不安定多様体と安定多様体の交差がカオスの起源として知られてい

るので，不安定多様体と安定多様体の生成直後はある種のカオスのオンセットを捉える可能性が生

じる．そのため我々はこの分岐に注目する．

その k=Oトーラスの分岐直後の様子を観察するために，初期値としてトーラスの半径を臨界

トーラスよりわずかに大きな振幅に設定しておく．その数値計算結果を図 7と図8に示す．図 7は

N=5の場合で，図8はN=20の場合である．

'叫._,..,.... 叫 S_IOOOOI.... 

,._,、"2

咆-ぢ
5

益
g
g
i

0
0
0
0
0
0
0
0
0
 

Fig. 7: The time evolution of the IA庁 inthe N = 5 system, which is calculated using 
numerical iterations with T = 1/2, Q = 2.0 Re(AJ) = Im(AJ)＝』瓦l/2(Eq. (3)). (The left ] 

fgure): IAJI = 1.00llAcl, (The right fgure): IAJI = l.OOOOllAcl• 
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Fig. 8: The time evolution of the IAJ J2 in the N = 20 system, which is calculated using 

numerical iterations with T = 1/2, Q = 2.0 Re(AJ) = Im(AJ) = v↑叫 [Eq.(3)]. (The left 
fgure): IAJI = l.OOlJAcl, (The right fgure): IAJJ = l.OOOOlJAcl. 

図 7及び図 8ともに臨界トーラスに近付くとホモクリニック的になってくる事が確認される．す

なわち，時間が進んでも IA'Jl2が一様解に留まっている時間が長くなることが見てとれるまた，軌

道が k=Oトーラスから離れている時は，あるサイト j*に振幅が集中する．そのような時間は軌

道がトーラス近傍にいる時間に比べて圧倒的に短い

このような軌道のカオス化を見るために，周期的境界条件であった系を開き，Z上に配位空間を

延長する．その配位空間上で k=Oトーラスから最も離れた時刻に |A'JIの最も大きな値をとる j

の番号をプロットする．N=5の場合のその図が図9である．

9 1 o l9 9 
鳴

9 , 
• 4 J J...'' ' 

~心一

Fig. 9: The spatio-temporal diagram in the N = 5 system where the following three conditions 

are satisfied: (i) j satisfies IA訂＝maxiIA71, (ii) n satisfies (IAJI > IAJ-11) n (IA引＞・1AJ+1I),
and (iii)炉く 0.999on an extended configuration space. This figure shows the peak of IAザ is
wandering. In other words, this diagram implies the unstable manifold attached to the k = 0 

wave manifold disturbs a orbit. 

この際，k=Oトーラスに軌道が近い相空間にいても,|A'JIの最も大きな値をとる jは存在する
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ので，自由度数で規格化されたエントロピー的量 [LL91]:

炉：＝晶旦（E]：t[い）叫互11:i|2),
の値が 0.999より小さいときに jの値をプロットした この炉は IA~l2 = IAfl2 =... = 
IANー1I％一様解）の時に 1を与え，ある 1サイトに集中した時に 0を与える．すなわち，時刻 nで
の相空間中の軌道のトーラスからの近さをはかる量となる（このくりこみ系(3)の場合，区N-1|Aj|2

j=O 

が力学系の保存量となることに注意されたい．）．

図9の観察によるとホモクリニック的多様体の振る舞いは，その IAJIピークがいろいろなサイ
トに現れている．これは k=Oトーラス周りの不安定多様体の性質を反映しているものと考えられ

る．トーラス周りの不安定多様体はホモクリニック的であるが，カオス的要素を含むことを図 9は

意味している．

5 Paths connecting various hyperbolic tori 

ここでは波数 Kが一般の場合のトーラスがなす多様体の線形解析の結果を用いて，

1.波数 k(=0,…，N-1)トーラスに付随する不安定多様体，及び

2.波数 k'(=0,…，N-1)トーラスに付随する安定多様体

の両者の接続による軌道のヘテロ・ホモクリニック的遷移の可能性に言及しておく．アーノルドが

示したウィスカードトーラスの不安定多様体と安定多様体の交差による拡散は，同種の一様なトー

ラスの設定であった [Arn64]．今のモデルでは相空間の場所によって注目するトーラス周りの様子

が楕円的であったり，双曲的であったりするのでアーノルド自身が示したモデルとは異なることに

注意されたい．線形解析の結果（6)式を用いて各トーラスの分岐の様子を例えば N= 7の場合
にまとめて書くと図 10のようになる．これにより N=7の場合，例えば k= 1,6のトーラスの

m=2,5の分岐による不安定多様体に注目すると k= 0,2,5の安定多様体に乗り移れる可能性が

生じる．

IA゚l

ー

k=O k=l,6 k=2,5 k=3,4 

Fig. 10: The phase portrait of the various tori corresponding to oscillatory solutions in the 

N. = 7 system. The k in the figure means wave number, m means a perturbation direction in 
the Fourier space. The tori are characterized by their radii. The dotted lines express that tori 
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are not hyperbolic, the thin solid lines express that ori have both elliptic and hyperbolic space, 

and the thick lines express that tori have not elliptic space. 

しかし，これらのトーラス達を結ぷヘテロクリニク軌道の存在を数値的に示すのは難しい．それ

はk=Oのトーラスの双曲化分岐が終った後で k=/ 0のトーラスの分岐が生じている． k=/ 0の
トーラスが双曲化するトーラス半径では k=Oのトーラスのすぐ近くでは良く発達したカオスに

なっているであろうことが 4節，特に図 7，図 8により示唆される．従ってこの節で述べているよ

うなヘテロクリニック的軌道の存在するであろうトーラス半径ではカオスの海の領域が広く広がっ

ていると考えられるからである．

6 C onclusion 

本研究は高次元ハミルトン系の相空間解析，特に楕円型不動点を有する非線形シンプレクティッ

クマップ結合系の結合による不安定性，言い換えると，楕円型トーラスからトーラスの双曲化を経

ることによるカオス化へのルートを探索してみた． 2節でくりこみ法をシンプレクティックマップ

系にまで拡張する方法を与えることができた．これにより，シンプレクティックマップで定義され

る差分系に対して，遅い変数の従うシンプレクティックマップを解析的に抽出することに成功した．

この成果を踏まえ， 3節では遅い運動の従う方程式の，波数 Kの振動解周りの安定性解析が行え，そ

の相空間構造を捉える足掛かりを得ることができた特に4節では数値計算の結果も踏まえること

により k=Oトーラスの双曲化によるカオスの発生の断片を捉えられたが，それを今後特徴付けな

ければならない．更に， 5節で述べたようなヘテロクリニック的なトーラス間の遷移軌道の存在は，

相空間の幾何学を考える時，その骨組として重要であろう．これらの軌道の存在や，非存在を示す

のは今後の課題である．
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by Symbol Dynamics 

Masaya Masayoshi Saito and Kiyotaka Tanikawa 

National Astronomical Observatory/Department of Astronomical 
Science, SOKENDAI, Mitaka, Tokyo, JAPAN 

Abstract 

We study the collinear three body problem with the non-equal masses 
using symbol dynamics. In asymmetric cases, folds of triple collision 
curves, not observed in the equal mass case, appear. 

1 Introduction 

The collinear three body problem is one of・ the general three body problems 
whose degree of freedom is reduced by geometric symmetry. Hietarinta & 
Mikkola(1993) studied this problem for various masses with the help of a Poincare 
map. They found that the initial value plane (equivalent to the Poincare sec-
tion) is divided into three regions: fast escape regions, the quasiperiodic re-
gion(the Schubart region) and the chaotic scattering region. The Poincare map 
scarcely resolves the structure of the chaotic scattering region. Tanikawa & 
Mikkola(2000) found that this region is divided by an infinite number of triple 
collision curves by introducing symbol dynamics into this problem. They also 
found a rule of transitions among the regions separated by these curves. 
The authors apply symbol dynamics to the case of non-equal masses, and 
study the structure of the Poincare section for various masses. We pickup one 
sample each from symmetric and asymmetric cases in this report. 

2 The Method of Calculation 

2.1 Poincare Section 

We call three particles on a Hne m1, mo, and m2 from the left, a.nd take qi(the 
distance between m1 and m0), q2(the distance between m。andm2) as coordinate 
variables. In this selection, the Hamiltonian of the system is 

H=K-U;K=！（上二）叶＋と（上二） 2_ェ
2 ¥ m1 ・ mo} ~,. ・ 2 ¥ m。m2 P2 mo' 

U=  
m1m。mom2. m1m2 
＋ ＋ 

q1. q2 -q1 + q2 (1) 

A Poincare section (0,R) for theisoenergetic surface, H = Eo, is introduced as 
follows. In the collinear three body problem, there is a special solution, the so-
called hornothetic solution, that repeats ~ triple collision retaining the relation, 

q1/q2 = iJ1/iJ2 = r(mi). (2) 

The constant T depends on masses, and is unity in the symmetric case. For 
general initial conditions, there exist a time when q.1/q2 = T. So we take the set 
of (q, iJ) that satisfies relation(2) as a Poincare section, and define R by 

R = (q1 + q2)/2 when q1/q2 = r. (3) 
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A freedom of distributing the kinetic energy among the particles still remains. 
The expression in（引，q2)of kinetic energy is 

k＝碕＋Bq各＋C紺 2

with A= 
叫 (mo十四） 四 (mo+m1)rf m四 o
2M ,B= 2M 'C＝四T,M→こ叫・

t 

The function /(can be diagonalized by a linear transformation Vi = aり釘 ： 

k ＝叶＋吋．

A variable(Jis introduced as 

J万sin(}= vi,~ cosfJ = v2. 

2.2 Symbol Dynamics 

(4) 

(5) 

(6) 

A symbol sequence is usually defined as the sequence of the identifier of re-
gions that an orbit has visited, in the Poincare section. However Tanikawa & 
Mikkola(2000) introduced symbol sequences using binary collisions. The symbol 
'1'is assigned to a collision between m1 and m0,'2'is to mo and m2, and'O'is 
to a triple collision. In general, the symbol sequence is written in the form, 

(・ ・ ・n-2n-1.n1n2 ・ ・・) ; ni E 0, 1,2 
This means that binary collisions occur in the order of n1, n2, •••to the future, 
and nー1,n-2, ・・・to the p邸 t.
Supp<?se that orbits starting from ((J1,Rt) and（約，R2),have the same sym-
bols for first n -1 digits, but the former has'1'and the latter has'2'at the 
n-th digit. T_here _must exist (8, μ) ~etween ((J1,R1) and（92, R2), for which the 
center particle collides with both -sides simultaneously at-the n..:.th digit due to 
the continuity of orbits with respect to the initial condition. So, verifying two 
symbol sequences of neighboring points on the (0, R) for all n, we obtain each 
point whose orbit ends in triple collision as one where the verification fails. 

2.3 Specification ・of Calcula曲呻

We integrate orbits that begin at the lattice po血 of(fJ, R)-plane for each m邸ses,
and obtain the symbol sequence. The specificatioi11ts of mass, lattice and symbol 
sequence are shown in Table). Total energy E。isfixed to -1. 

ual M邸 ses
M邸 ses I (2) (Svmmetric C邸 e)叫＝ 0.2,mo = 0.2, m1 = 1.4 

. C邸 e}m1= 0 

b l lふ`＇．` 9 9.. ;- -．．．^ 』＂.= ・ • 180°/1800，△R ＝ R-Jmoo 
symoo1 seq 

Table 1. The parameters determine the specification of calculation 

3 The Result of Calculation 

3.1 Triple Collision Curves on the (()，R)-plane 

According to the specification given in section 2.3, we calculate symbol sequences 
on the ((}，R)-plane. Fig. 1 shows triple collision curves(the set of ((},R) whose 
orbit ends in a triple collision) on the ((}， R)-plane. The・ horizontal and ・vertical 
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ビ）叫＝ 0.2,m0 = 0.2,叫 ＝l．4 

(3)加＝ 0.9,m.o= 1.0,加＝ 1.1
◎ 1.（21)00 ① l.（2)00 ② 1.2(l)00 @ 1.21(2)00 @ l.212(l)°° | 

FIG. 1. Triple collision curves on (0, R)-plane 
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(1) Eq叫 Masses

(3)叫 ＝ 0.9,mo= 1.0,叫＝ 1.1

5 1.(21)00 

Ii l. (21) 2k22 I2 
I5 1.（2)n 16 
J, 1.(2)°° I10 

1.(21)2k+11 h l.(21)2k+122 /4 
l.2(1t h l.21(2t ls 
1.2(1)00 Iu 1.21(2)00 112 

l.(21)2k+21 

l.212(1)吟
l.212(1)(X) 

FIG. 2. The partition of the Poincare section by symbol sequence 

axes represent 0 and R, respectively. Three cases we consider are labeled a,s 
(1) -(3) in Table I. We use these labels throughout the paper. In any case, 
the Poincare section is divided into fast escape regions(black, symbol sequence 
is • • • 1 or • • • 2), the Schubart region(gray, (21)00) and the chaotic scattering 
region(between the above two)(Hietarinta & Mikkola 1993). 
At first, let's look at the equal mass case. The chaotic scattering region is 
separated by an infinite number of triple collision curves. These curves and fast 
escape regions construct「ourscallops (Tanikawa and Mikkola 2000). Triple col-
lision curves converge at four points on the 0-axis. Here we call each convergence 
point as a root, and the curves converging to the root as a foot. Note that all 
triple collision curves begin at one root and end at another root. 
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When the central mass becomes. light in the symmetric case, t,he number 
of scallops increases, though overall features o「triplecollision curves seem un-
changed. The lighter the central body, the more numerous scallops appear: this 
has been confirmed by additional integrations. 
In a slightly asymmetric case, there exist in the middle scallop triple collision 
curves that, begin and end at the same rool. We describe this phenomenon as a 
fold. In addition, for the c邸 es(1) and (3), we divide the Poincare section into 
sub-regions with di『erentsymbol sequences(Fig. 2). In the equ叫 masscase, 
there exist regions, /12 : 1.2121(1)= and Is : l.212l(l)n. Roots of their border 
are the leftmost (0 = 0°) and the righthmost ones, and its symbol sequence is 
1.21210. However i「massesbecome slightly a.5ymmetric, /12 vanishes and the 
right foot of 1.21210 rises up and folds back to the left root. The region Is 
becomes smaller, and is wrapped in the border. (However, this border is no 
longer the border between ls and /12, but h and ls.) 

4 Interpretation of Results 

The phenomena observed in the preceding section are related to roots. So, 
we integrate limit orbits of triple close encounter in McGehee's variables to 
understand these observations. We enumerate minimal features of the variables 
necessary for later discussion. 

FIG. 3 The triple collision manifold(TCM) 

• McGehee's variables are r, s, w, and v. r represents the scale of a system. 
s represents the relative configuration. The collision between the left and 
the center occurs at s = -1, and the center and the right at s = +L w 
and v are variables for the velocity. 

• For r = 0, the time evolution of (w, s, v) are well defined. The r=O defines 
a manifold, which is called the triple collision manifold (hereafter TCM), 
and its shape is shown in Fig. 3. An orbit on TCM is called a virtual orbit. 

• There exist two fixed points c and cl in TCM. 
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• The flow on TCM is gradient-like with respect to g(O, w, s, v) = -v. 

Fig. 3 shows also the Poincare section embedded as the plane s = 0. The 
0-axis-is the intersection of TCM ands= 0. Two virtual orbits (light and dark 
lines) and the Poincare section for each mass a_,~e shown in Fig. _4. We follow 
Sim6's method for integration of virtual orbits(Sim6 1980). In the symmetric 
cases, the virtual orbits for the lighter central mass wind around TCM more 
tightly, so intersect more frequently with the Poincare_ section. Because_ thes~ 
intersections correspond Lo roots in Fig. 1 or 2, the fact that the number of 
scallops increases with decrease of the central mass can be understood. 

FIG. 4. Virtual orbits end in a triple collision 
(1) Equal Masses, (2) m1 = 0.2, mo = 0.2,叫＝ 1.4,(3)m1 = 0.9, mo = 1.0,叫＝ 1.1

We assign symbol sequences to virt叫 orbitstoo, because the disappe~ra~_~e 
of the symbol sequence plays an important role in the 邸ymmet~·ic c邸 e.In _(l), 
points e・, f, and g. are intersections of the orbit and the ~-~?Cis, and cor~~_:3po~ding 
;ymbols・ ir・e s ho~n where orbits intersect withs= -1('1') ors= +1('2'.). S)'.m-
bol sequences of these orbits are shown in Table 2. If ?rbits begin_a_!_!~~ -~_her 
points'on the 0-axis, they shall wind up around one of ~he arms of TCM(T~ey 
~orres pond to f邸 tescape orbits). Symbol sequences for_ these c邸 esare also 
shown・ in Table 2. Comparing Table 2 and lg -/12 of Fig. 2,_ on_e can _fi~d 
that the symbol sequence of limiting point (R→0, Bo) agrees with those of the 
neighboring points (0 < R ≪ Rmax,0。)．
Now we show how the form of virtual orbits changes continuously by in-
creasing the邸 ymmetryof m邸 ses_from (lJ to (3)_. The point e ?'pproach~s and 
reaches~fixed point C at.(m2 —加）／2=c 0.065. As the邸 ymmetry_becom~s larger, 
the point e vanishes, and the wiricling number of the bright-lined o~bit de~re邸es
by i. Then, we arrive at (3). Consequently symbol ~equences_ of e_ an? e -c 
vinish, and ・all symbol sequences of orbits beginning between J and c become 
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1.21(2)00. So t,he regions t,hal touch the 0-axis at the light,rnost root including 
ls etc., must part from it. 
Finally region 12, which has rema.rkable folds in Fig. 2-(3), can be obtained 
from the Poinrnre map of ls to the past. 

Table 2 
Symbol sequences of virtual orbits 

1.(2)00 → I, 
g | l.20 

1.2(1゚)00 → l10 
J | 1. 2 1 
1.212(20 )00 → In 
e I 1.21 
11.212(1)00 → Il2 
C 

FIG. 5 The Poincare map of /2 for the past 

5 Conclusion 

We summarize the results of the present research : 

L Symmetric case -Systems with a lighter central mass have more scallops. 
This can be understood from the fact the virtual orbit winds around the 
triple collision manifold more tightly in this mass case. 

2. Asymmetric case -The rightmost foot rises up from the 0-axis. Intro-
ducing the symbol sequence to the virtual orbit, one can understand these 
regions are detach_ed from the 0辺刈s,due loしhechange of the winding 
number around TCM. As these regions a.re mapped to the past, the most 
significant fold appears. 
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Abstract 

For anharmonic lattice systems, we study the low-dimensional subsystems described 
by sub-Hamiltonians containing only the variables of a subset of normal modes, 
called as the type I subsets. Analyzing the selection rules for mode interaction, we 
obtain the expressions for the type I subsets. For one-and two-mode subsystems, 
the sub-Hamiltonians are derived explicitly. In addition, integrability of the two-
mode subsystem is discussed. 

ー Introduction 

An anharmonic lattice is one of the representative models of Hamiltonian systems with many 

degrees of freedom. Since the pioneering numerical simulation by Fermi, Pasta and Ulam 

(FPU)[l], classical dynamics of anharmonic lattices has been extensively studied[2]. 

problem is to understand the energy redistribution process among the normal modes. Anhar-

monicity violates the dynamical independence of normal modes, but it does not always lead 

to the energy equipartition, which is deduced from the ergodicity. Indeed, there exists a set 

of initial conditions with which the energy equipartition would never be realized; for a certain 

type of initial excitation of modes, it is shown that the supplied energy does not spread over all 

the normal modes, but is retained by a subset of normal modes[3]. This phenomenon reflects 

the existence of invariant submanifolds in the phase space. 

In this article, we present results that reveal which subsets of modes can retain the energy, 

and then explicitly derive one-and two-mode sub-Hamiltonians which describe the dynamics 

on invariant submanifolds. Details of these results have already been reported in ref.[4, 5]. In 

addition, we discuss the integrability of the two-mode sub-Hamiltonian for several important 

A basic 

lattices. 

2
 
The Hamiltonian for lattice vibrations 

We consider a one-dimensional lattice of equim邸 sparticles coupled by anharmonic springs, 

whose Hamiltonian is given by 

N_1 2 N 

H＝区召＋区 V(qj-qた1)
j=l - j=l 

• E-mail: susumu@ike-dyn.ritsumei.ac.jp 

(1) 
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where qi and Pi are the displacement of the j-th particle from its equilibrium position and its 

conjugate momentum, respectively. We impose the fixed-end boundary condition, i.e., qo = 

qN = 0. As the potential, we consider a rather general form 

00 

V(r)＝こ生r叫
n 

n=2 
(2) 

where μn are real parameters. We assume μ2 to be positive so that V(r) becomes convex in the 

r →0 limit. For the lattice with fixed ends, the transformation to the normal mode coordinates 

is given by 
N-1 N-1 

Qk = L SkjQj, pk= L SkjPj, k = 1,・ ・ ・,N -1, (3a) 
j=l j=l 

where 

釦＝ tiisin（亨）， k, j = 1, ・ ・ ・, N -1. (3b) 

By this transformation, the harmonic part of the Hamiltonian (I) is decomposed into a sum 

of independent normal modes 

where 

N-1 
1 恥＝区ー{Pf+μ2wlQ%), 
2 
k=l 

叫＝ 2sin（嘉）， k= 1, ・ ・ ・, N -1. 

(4) 

(5) 

The frequ.ency of the k-th normal mode is given by /j.石wk.By using the normal mode coordi-

nates, then-th order potential part, v(n)：＝四似(qj-qj-1)叫canbe written邸 [5)

v(n） ＝羞旦・••こ（訃掬）炉）（lo,···,ln-il, 
where 

1 1 

n<n) (lo,・・・, ln-1)＝区・・・こ△(-l)iozo+…+（-l)'n-1 ln-l' 
io=O in-1=0 

and△r (r E Z) is defined by 

1 
N 

△r ＝万苔os(~)
{-l)m for r = 2mN (m E Z), 

= {。。therwise.
For n = 2, we have n<2>(k, l) = 28k,l, which yields the harmonic Hamiltonian (4). 

In the normal mode coordinates, the equations of motion are given by 

d2 OO 

dt2 
;;Qk = -µ2w訟＋ LµnF~n),

n=3 
k = 1, ・ ・ ・, N -1 
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(7) 

(8) 

(9) 

(10a) 



where 

F炉＝―w翌苫••こ（訃榊）か(k,li,..・,ln-1) 
is the force due to the anharmonic part y(n) (n ~ 3). 

3 Subsystems for anharmonic lattices 

3.1 Type I subsets of the mode number set 

(10b) 

It is seen from the equations of motion (10) that the normal modes are not dynamically in-

dependent of each other in the presence of the anharmonicity. By the anharmonic terms y(n) 

(n ~ 3), selection rules are imposed for the mode interaction; if the mode lo interacts with the 

(n -l) modes l 1, ・ ・ ・, ln-1, th e relation 

n-1 

区「:= 0 (mod 2N) (11) 
s=O 

must be satisfied, where ls E { -l叫5}.This relation, known as the conservation law of crystal 
momentum[6], can be directly deduced from the equations of motion (10) taking into account 

the structure of the mode-coupling coefficients (7). 

Because of the above constraints on the mode interaction, if one initially gives energy only 

to a subset of modes, £, it turns out that the energy would not necessarily spread over all 

the modes, but can be shared only among the modes in a subset Iっ£.Following Poggi and 

Ruffo[3], we will call such a subset, I, the type I subset. By denoting with M the set of mode 

indices, i.e., M := {1, 2, • • •, N -1 }, a precise definition of the type I subset is given as follows: 

a subset I C M is type I iff the following condition is met: 

疇）＝｛ nonzerofor kE Z, 
0 fork EM  ¥I. 

(12a) 

⇒ E叫）三 0 forkEM¥I,'vt>O, (12b) 

where Ek(t) := (Pk(t)2 + μ2哨Qk(t)り／2is the k-th normal mode's energy. 
For the initial condition (12a) with I being type I, we have Qk(t) = 0 for V k E M ¥ 
I, "i/t ~ 0. Thus, the time evolution of the variables { Qk}keI can be completely described by 

a sub-Hamiltonian Hz obtained by eliminating all the terms containing the quiescent variables 

{Qk}keM¥I, i.e., 

oo /n-1 

Hz= ；互玲＋ N区争E•••E(II噂）加(lo,...'ln-d·
n=2 ・-- lo，・・・，ln-1EI ¥s=O 

(13) 

Note that the parameter Nin the sub-Hamiltonian can be absorbed into the other parameter, 

the energy. Indeed, rescaling the variables as Q k = Q k/ ✓訊＝ Pk/JN and E = E/澤
one can vanish Nin the sub-Hamiltonian. 
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The type I subsets consisting of r modes can be derived by analyzing the relation (11). For 

a potential of the form (27), it can be shown that the following two r-mode sets become type 

I[5]1. 

心＝｛十N}rm=19 (14) 

炉＝｛宍評｝~I- (15) 

For an even potential, in addition to the above two, the following two sets become type I. 

か＝｛三r-1N}rm=1 9 (16) 

氾＝｛戸抄｝~=I, (17) 

For each of the above sets, we assume that N can be divided by the denominator (i.e. r + 1, 
2r + 1, or 2r). 
Now that the expressions for the type I subsets are obtained, one can calculate the mode 

coupling coefficients n<n) and the corresponding sub-Hamiltonians. In the next section, we 

present explicit expressions for the sub-Hamiltonians for one-and two-mode type I subsets. 

3.2 One-and two-mode subsystems 

From the expressions (14)-(17), we obtain three one-mode type I subsets: 

心＝Y屈＝｛芽｝，炉＝ ｛~},埒＝｛芋｝． (18) 

These coincide with the results previously obtained by Bivins et al.[8] for the FPU-{3lattice 

(i.e. V(r)＝炉＋炉）． Notethat the subset {N/3} becomes type I only for even potentials. 
For the one-mode type I subset { e}, the sub-Hamiltonian (13) can be written as 

with 

00 

如＝担＋こ五図(Qe),n 
n=2 

噌(Q.)＝羞(w株）五(n)（e)，

(19a) 

(19b) 

where we abbreviate to write n(n>(e) instead of n(n>(e, • • ・, e). Noting that n(n>(e) can be 

rewritten as 
2n N 

D(n)（e) ＝凸{cos(~)r, {20) 

1 Recently, similar expressions are derived for periodic lattices, directly using symmetry intrinsic to lattice 
systems, instead of analyzing the mode coupling coefficients[7] 
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one obtains for the one-mode type I subsets (18) the potential part of the sub-Hamiltonians as 

follows: 

v (n) 
{N/2} 

v(n) 
{N/3} 

v(n) 
{2N/3} 

＝ 
叫 i-1Qi 
0 for odd n, 

for even n, 

＝ 
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for even n, 

for even n, 

＝ 
for odd n. 

(n) 
As mentioned, the subset { N /3} becomes type I only for even potentials, which yields V/;,:n to {N/3} 

(n) 
be zero for odd n. Although ½\~'/?\ also vanishes for odd n, { N /2} is type I for the potentials {N/2} 

containing both even-and odd-terms. Thus, it turns out, for instance, that H{N/2} becomes the 

harmonic Hamiltonian when the anharmonic part of the potential is odd, i.e., μ2m = 0 form~ 2. 

It is interesting to note that, using the above expressions, one can design an anharmonic lattice 

possessing a desired particular solution described by a one degree-of-freedom Hamiltonian. This 

can be implemented by suitably choosing the parameters μn so that the desired solution can be 

described, for example, by H {2N /3}・

Let us next consider the two-mode subsystems. Two-mode type I subsets are given by 

，
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ー竺
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邸
一
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N
-
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じ

r
l
¥
_
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_
v
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l
l
=
 

炉
2

臼

迎＝｛翌芋｝，
坪＝｛苓，翌｝，

(21) 

(a) : 
among which, only杓 isa direct sum of the one-mode type I subsets. 

For the two-mode type I subset { e, /}, the sub-Hamiltonian (13) becomes 

00 

恥｝叶（P;噂）＋豆V｛ふ（Qe,Q介，n 
n=2 

with n 

片閻（Q如＝羹心ぶ(w皇）s（町立 n-s

s=O 
叔淑）叩(e,f),

where we denoted 

(22a) 

(22b) 

s n-s /-D仰(e,f)＝D(n)（e,,e,f, /—一＾――`-: .. --;e, f'...'f). (23) 

Rewriting this coefficient as 

N 

D仰(e,f) ＝悶苔{cos(~) 『｛cos(~位叫｝n-s
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we have for the two-mode type I subsets (21) then-th order potential term {22b) as follows: 

V(n) 

｛舟，竿｝

V(n) 

｛乎，乎｝
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｛舟，乎｝
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where we put CJe = Qe/ ✓丙， {o = cos(0) and 110 = sin(0). 

3.3 Integrability of the two-mode subsystems 

On the contrary to the one-mode cases, the two-mode subsystems are not necessarily integrable. 

It is obvious that if a full system is integrable, so are all of its subsystems. However, for a 

nonintegrable lattice such as FPU-{3 lattice, whose nonintegrability has been proved in ref.[9], 

the subsystems may not be integrable. Indeed, chaotic trajectories are numerically observed for 

some of the two-mode subsystems. Figures l(a)-(d) show the numerical Poincare sections for the 

two-mode subsystems of FPU-{3 lattice. For the sub-Hamiltonians H{N/4,3N/4} and H{N/5,3N/5}, 

chaotic components are clearly observed. As for the other two sub-Hamiltonians, obvious chaotic 

components can not be seen even for extremely large anharmonicity (e.g.釘N ：：：：：： 103).

In order to study the integrability properties on a rigorous basis, we apply here to the 

subsystems a nonintegrability criterion by Morales-Ruiz and Simo for two degree-of-freedom 

systems[lO]. The criterion is applicable to systems with a potential of the form 

1 
V(x, y) = </J(x) -~0(x)炉＋ 0（炉），

2 

for which there exist integral curves written as 

rh : y =Py= 0, x = x(t, h), Px = Px(t, h), 

(25) 

{26) 

where h is the energy. Namely，の（t,h) is a solution of ½投＋ </J(x) = h. The nonintegrability 

criterion is presented when the normal variational equation (NVE) along r h 

羞初＝0(x(t);h) Oy (27) 

becomes Lame type[lO]. 
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Figure J: Poincare sections of the two-mode subsystems (22) for the FPU-/3 lattice (i.e., V(r) = 
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Among the four two-mode sub-Hamiltonians derived above, the criterion is applicable to 

H{N/3,2N/3}, for which 0(x) and <f>(x) are respectively given by 

oo /'l ¥ n/2-1 
0(x）＝ーと(n-l)μn国） xn-2 (28) 

如）＝芹言門（嘉）n/2(2 + (-2r)x叫
where we rewrite x = Q N /3 and y = Q2N 13. After expressing x as a function of 0, we consider 
the following two functions of 0: 

(29) 

庫）：＝2(羞0(x)）2
If the NVE is of Lame type, P1 and P2 become cubic in()，i.e., Pj = aj炉＋b炉＋Cj()＋dj,j = I, 2. 
Nonintegrability of a system with the potential (25) can be verified from the values of the 

P1(8) := -P2(8)・¢(x(8)),
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coefficients of the cubic polynomials P1 and P2 (see ref.[10] for details). For several lattice 

models, for which the NVE become Lame type, P1 (0) and P2(0) can be calculated as follows: 

• FPU-a lattice (V＝ヤ豆§内： P1=飼＋202-0 -j l P2 =海:.

• FPU-{3lattice (V =炉＋仔）： P1= 6炉＋602-60 -6, P2 =—雫(0+ 1). 

• Toda lattice (V = f I: 己江nこ2 n! with ab > 0): P1 = 2炉＋ 3ab炉— a叩， P2 ＝坐 2N 〇．

Comparing these results with the necessary condition for integrability written in terms of the 

coefficients of P1 and P2 (Theorem 6.2 in ref.[10]), we can conclude that {N/3, 2N/3}-mode 

system is nonintegrable for both FPU-a and FPU-{3lattice. While the necessary condition for 

integrability is satisfied for the case of Toda lattice (i.e.ヨnEN  s.t.a1 = 叩）， whichis 
consistent with the integrability of Toda lattice. 
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A Classification of Subproblems in the 
Newtonian N-body Problem 

Abstract 

Masayoshi SEKIGUCHI1 
masa@kisarazu.ac.jp 

In this paper we consider subproblem of the Nwetoninan N-body problem, which describes motion of 
N particles in Euclidean space attracting with each other via inverse quadratic law. Subproblem is a 
restricted problem by limiting the phase space of the general N-body problem onto a certain subset 
of the phase space. Here we attempt to classify the set of subproblems whose configuration space 
X is a /-dimensional linear subset, then the phase space is Xx  T(X) with T(X) being the tangent 
bundle over X and O < / < 3N. We call such subproblems linear f-subproblem. The number f is 
called degree of freedom. First we point out that linear /-subproblem is an extension of homothetic 
solution to the Newtonian N-body problem. Homothetic solution is a homographic solution without 
rotation, and has much symmetry in some case. Thus /-subproblem has less symmetry and is far from 
the general problem. However, classifynig /-subproblem reduces the study of the original problem. 
Second we devide /-subproblem into composable subproblem and the other. In this class of composable 
subproblem, we can define two operations: composition and decomposition. Finally we present some 
examples although some of them are already known. This new point of view sheds light on a new aspect 
of the study on the Newtonian N-body problem: dynamically equivalent classification of subproblems. 
The study on an equivalent class is reduced to one on a representative element. 

1 Introduction 

Many linear /-subproblem have indivisually been studied: collinear three-body problem[7], isosce-
les three-body problem[l], collinear four-body problem[5], trapezoidal four-body problem[3], rhom-
boidal four-body problem[4], symmetric collinear four-body problem(14, 15, 21], rectangular four-
body problem[15], and others[16, 20, 23, 24). In some cases, these subproblems are utilized to study 
collision/non-collision singularity or such a special solution as oscillatory motion. They themselves 
have hardly been studied because they do not model a physical system due to its linear restriction. 
On the other hand, relative equilibria which is a homographic solution with rotation have been 
studied as an independent problem, and have a long history. Especially in 1970's, Smale[l 7, 18, 19] 
raised a new problem after introducing a modern definition of relative equilibria. Many studies have 
been conducted according to the assertion of Smale. We believe that the first work on a classification 
of relative equilibria is ones by Palmore[8, 9, 10, 11, 12, 13). 
Here linear /-subproblem is a purely mathematical subject, is not just a model of some physical 
systems. 

2 Linear !-subproblem 

As is usual, the Newtonian N-body problem is given in a form of Hamiltonian system: 

dq 8H dq 8H 
＝ ＝一dt -8p'dt - 8q' 

with the hamiltonian function 

H=~炉M-1p-U(q), U(q) = I:~, 
i<j 
如一q;[I

where variables q and pare 3N-vector, and ~ • ~ is euclidean norm. 
Here we give a definition of linear /-subproblem. 

1 Kisarazu National College of Technology, 
Kiyomidai-Higashi 2-11ー1,Chiba 292-0041, JAPAN 
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Definition 1: Linear !-subproblem is a subproblem restricted on Xx  T(X) with a linear subset X 
which is the kernel space of a certain (3N -f) x 3N full-rank matrix A. Namely, 

Aq=O and AM―1VqU(q) = 0. (1) 

Since q is a vector of the kernel space of A, it is /-dimensional. In the c邸 eoff= 1, the equation (1) 
are reduced to the equation: 

▽qU(q)＝入Mq, (2), 

which is the classical definition of central configuration[22]. Homographic solution is a class of special 
solutions where particles keep a central configuration with expanding, contracting and rotating. Ho-
mothetic Solution is a homographic solution without rotation. Relative Equilibrium is a homographic 
solution with rotation. In this sense, linear /-subproblem is an extension of homothetic solution. Al-
though further extension of linear /-subproblem to a rotating system should be done, it is not treated 
here. 
Obviously a matrix which defines an /-subproblem is not unique. 

Definition 2: If two matrices A and A'define the same X where a linear /-subproblem is given, 
then we write A'"'A and we say A'and A are similar. 

The following notes are trivial. 

NOTE 1: For a regular {3N -J) x {3N -J) matrix R, 

RA"'A. 

proof: The kernel spaces of A and RA are common. 

NOTE 2: For a 3N x 3N orthogonal matrix C, 

AC rv A. 

． 

proof: If we conduct a canonical transformation induced from a linear transformation Q = Cq, then 
we have the new kinetic energy T = 1 /2Q町立Qwith Jvf = c-TMc-1 being CMCT from the 
邸 sumption.Then, we have 

0 =ACM-1▽qU(q)) = AM-1c▽祖(q))= AM-1▽的(Q)),

where訳Q)= U(c-1Q). ． 
In general X for a set of arbitrary masses is the gravity-center integral: E mゅ＝ 0or orbital 
plane/line segment where the system is restricted to. In the former case, T(X) is the linear momentum 
integral. 

2.1 Well-known examples of linear /-subproblem 

Examples listed in the previous section are described according to Definition 1. 

1. Collinear three-body problem(/= 2). 

M = diag(m1,m2匹）， A=(mi m2四）

2. Collinear four-body problem(/= 3). 

M = diag(m1,m2,mふ叫）， A=  (m1匹叩叫）

3. Isosceles three-body problem (/ = 2). 
Two masses (m1/2) move即ymmetricallyabout the vertical axis where the third mass (m2) moves 
vertically. 

0
0
0
1
 

/． 
_
_
 ,¥
 

＝
 

A
 

叩／2 0 
1 0 
0 0 
0 1 

M = diag(7, 
m1 叩 m1 叫-- -— ,m2, m2), 
2'2'2'2 

m1/2 
-1 

゜゚

0 m2 

！ふ）～BlockDiagonal ((~• ~l 悶2)'(~ ~ ~)) 

0 0 
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Here we take 

R = BlockDiagonal ((~ m戸）＇（； ~))' C=  
0
0
0
0
1
0
 

0
0
1
0
0
0
 

1
0
0
0
0
0
 

0
0
0
0
0
1
 

0
0
0
1
0
0
 

0
1
0
0
0
0
 

It is very simple to determine these matrices R and C because the method is row/column 
elementary operation. Hereafter we omit to describe R and C. 

4. Rectangular four-body problem (/ = 2). 
All m邸 sesare equal. Then we have 

M=mEふ

A= 

0
0
0
0
0
1
 

0
1
0
0
0
0
 

1
0
0
0
0
0
 

0
0
0
1
1
1
 

1
1
1
0
0
0
 

0
0
0
-
0
0
 

0
0
0
0
-
0
 

0
0
4
0
0
0
 

~ BlockDiagonal (G 
1 

1

0

0

 

0

1

0

 

[） 9(！ 0
0

 

ー

ー

0

-

0

 

¥
i
j
 

＼
ー
）

0

0

1

 

5. Rhomboidal four-body problem (J = 2). 
Masses on the horizontal axis are equal to m1, ones on the veratical axis are equal to m2, so we 
have 

kl= diag(m1, m1, m2, m2, m1, m1, m2, m2), 

A= 

0
0
0
1
0
0
 

0
0
0
0
0
1
 

0
0
0
0
1
0
 

1
0
0
0
0
0
 

0
0
0
1
0
0
 

0
0
1
0
0
0
 

0
1
0
0
0
0
 

1
0
0
0
0
0
 

~ BlockDiagonal (G 
゜
1

0

0

 

0

1

0

 

!） 9(i 01
0

 

0

0

1

 

¥
:
J
 

¥！
J
 

0

0

1

 

6. Symmetric collinear four-body problem (/ = 2). 

M = diag(m2, m1, m1,叩），

A=G 
0

1

 

0

1

 

1 ~) ~ BlockDiagonal((l 1), (1 1)) 

7. Other cases 
There are a lot of cases, which should be described similarly, but it takes a great amount of 
space in this paper, therefore we omit them. 

2.2 Unknown examples of linear /-subproblem 

Double n-gonal prisms problem 
This system consists of two concentric n-gonal prism which masses stay at the vertices of. 
Masses of the outer prism are m1, and ones of the inner m2. The number of masses is 2n in 
total. Each prism expands/contracts about the center of masses which is the geometrical center 
of the prisms. 

One might expect to find a new system by replacing "prism" by "polygon" or "polyhedron" in the 
above system. However, these are already known[2}. 
A few cases for f = 3 are known: examples given above and others[6). Moreover, we have never 
seen the case for f ~ 4. 
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3 Subclassification 

As is seen in the previous section, there are some cases where A is similar to a certain block diagonal 
matrix, and the other cases. So we give a name to them. 

Definition 3: For f ~ 2, !-graphic subproblem is a linear !-subproblem which satisfies 

A rv BlockDiagonal(A 1, A2, ・ ・ ・, A J) 

where each Ai defines a linear I-subproblem. 

Then, we say that !-graphic subproblem is decomposed into the linear I-subproblems defined by 
Ai and is decomposable, or that the linear I-subproblem defined by Ai is composable. Accord-
ing to the previous section, collinear three-body problem is indecomposable while isosceles three-
body problem is decomposable. Also collinear four-body problem is indecomposable while symmetric 
collinear four-body problem is decomposable. 
To an extent we investigate, one-dimensional two-body problem is generally incomposable if ex-
eluding the case of equal mass. Unfortunately we have no proof about this property. We would like 
to state this property as conjecture. 

Conjecture: A homothetic solution with equal masses is composable while one with unequal masses 
is incomposable. 

4 Di lSCUSSlOil 

The similarity between the collinear three-body problem and the symmetric collinear four-body prob-
lem is seen in the phase space(14, 21]. As mentioned above, these two subprblems are different in 
decomposability. This fact means that decmposability does not relate to the geometry in the phase 
space, but is clearly a kind of dynamical classifications. 
We offer a new problem to clarify the structure of the set of subproblems of the gravitational 
N-body problem. There exit special elements which can be related to each other by operations of 
composition and decomposition. It is conjectured that the all elments of the set are confirmed by the 
multiple operations. 
On the other hand, the remaining problems are 

1. to collect the all subproblems which can be operated by composition and decomposition. 

2. to complete the dynamical classification of subproblems. 

It would be necessary to study the representative elements of each equivalent class as well as the 
collection of subproblems which are c~mposable and/or decomposable. It might be an economical 
strategy to study the subproblems. 
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Abstract 

We give a complete list of integrable Hamiltonian systems with a two-dimensional homogeneous 
polynomial potential that admit a polynomial first integral up to quartic in the momenta. In this 
paper, we simplify the derivation of our previous result with the help of Ziglin's fundamental 
lemma. In addition, we report the discovery of a new integrable system, which completes the 
classification of integrable systems in the range studied. 

1 Introduction 

A Hamiltonian system with n degrees of freedom is integrable, i.e., the equations of motion can be 
solved by quadratures, if there exist n independent first integrals in involution, 

屯＝constant，屯＝constant,...,<I>n = constant, ｛叫屯｝＝0 for all (i, j). (1) 

Here, { ・, •} represents the Poisson bracket, defined by 

ゅふ｝＝名（正竺竺竺）•
1=1 
aq, ap, ap, aq, 

(2) 

The condition for a function<I>to be a first integral is that the Poisson bracket of<I>and the Hamil-

tonian vanishes, i.e., 

8qi0pi 0piOqi 0qi0pi 0pi0qi) 
ゆ，H｝＝名（竺竺竺匹四堕＿竺堕＝0. (3) 

It is a fundamental problem in celestial or classical mechanics to know whether a given Hamilto-
nian system is integrable or not. To be more specific, the problem is 

(a) to decide if a given Hamiltonian system is integrable, and if this is the case, 

(b) to construct as many first integrals as the number of degrees of freedom. 
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Unfortunately, at present, we have no ultimate criterion for integrability that enables us to solve 

the problem (a). The best known result to date is due to Morales-Ruiz and Ramis [14, 15, 16], 

who obtained, from their own theorem based on the differential Galois theory, a strong necessary 

condition for the integrability of n-degree-of-freedom Hamiltonian systems defined by a natural 

Hamiltonian with a homogeneous potential of an integer degree, 

1 
H = -(pf + ・ ・ ・ + p;) + V(qi,...,qn). 
2 

(4) 

See also [11, 23]. Although this criterion has been applied to non-integrability proofs of many 

systems [1, 2, 8, 9, 20], it does not always meet our demand~ There is indeed at least one non-
integrable potential that satisfies the necessary condition [12, 13]. 

One of possible approaches to the fundamental problem would be 

(c) to list all integrable potentials and the corresponding first integrals. 

The list could solve not only the problem (a) but also the problem (b). We consider Hamiltonian 

systems with two degrees of freedom described by the Hamiltonian, 

1 
H = -(pf +Pi)+ V(q臼12)．
2 

(5) 

The existence of an additional first integral which is independent of the Hamiltonian guarantees the 

integrability of the system. Let<I>be such a first integral. The partial differential equation (PDE) 
(3) becomes 

a<1> a<1> av a<1> a<1> av 
- --—＋ーP2---
8qlPl 8p1 8q1 8q2 8p28q2 

= 0. (6) 

In this paper, we search for the solutions of the PDE (6) under the following conditions. 

• The potential V(q1,q2) is a homogeneous polynomial. 

• The first integral <I>(q1,q2,p1,p2) is a polynomial. 

The motivations for putting such strong restrictions on functions considered ate as follows. 

1. The PDE (6) becomes an algebraic equation for the variables qi, q2,pi,p2, which reduces to 
simultaneous algebraic equations for the coefficients of V and <I>. 

2. The homogeneity of potentials leads to the weighted-homogeneity of first integrals, which 

simplifies the form of first integrals. See Section 2. 

3. If a non-homogeneous potential is integrable, then each of homogeneous parts of the highest 
degree and of the lowest degree must be integrable. That is, this study is a firsi step toward 

an understanding of the integrability of larger classes of systems. 

In [17], the present authors obtained a list of integrable two-dimensional homogeneous polyno-

mial potentials with an additional polynomial first integral up to quartic in the momenta. The main 

purpose of the present paper is to simplify the derivation of the same result by introducing a new 
process for determining what we call integrable candidates. 
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This paper is organized as follows. In Section 2, we formulate a method of searching for polyno-
mial first integrals. In Section 3, we summarize the preceding works related to our study and then 
give a quick review of our previous result (Theorem 1). The derivation of Theorem 1 is simplified 
in Section 4, which is the main part of this paper. Finally, in Section 5, we present a complete list 
of integrable two-dimensional homogeneous polynomial potentials with a polynomial first integral 
up to quartic in the momenta (Theorem 3), adding a new integrable case. 

2 The direct search for polynomial first integrals 

In this section, we see a general method of the direct search for polynomial first integrals, which is 
based on [ 6]. 
Without loss of generality, a polynomial first integral <I> can be assumed to have the following 
two properties. See [17] for details. 

1. <I> is either even or odd in the momenta. 

2. <I> is weighted-homogeneous. 

The first property here means that <I> satisfies 

<l>(q1, q2, -pi, -pi) = <l>(q1, q2,p1,p2), or <l>(q1, q2, -pi, -p2) = -<l>(q1, q2,p1,p2), (7) 

which arises from the invariance of the system under the time-reflection, 

t → -t, qi→ q19和→q2,Pi→ -p1, p2 • -P2• (8) 

The second property is a consequence of the invariance of the system under the scale transforma-
tion, 

t →炉t,qi→<r/(k-2) qt,釦→び2／仕ー2>q2,P1→砂化2>P1,P2→び2/"'-2>p2, (9) 

whereび isan arbitrary constant and k the degree of the homogeneous polynomial potential. It 
follows that <I> satisfies the following identity. 

0（ゲ底2)qぃザ(k-2>q2,~1tt-2>P1'~t(k-2}砂＝ ~<I>(q呼2,pt,p2) ． (10) 

Here, M is a constant called the weighted-degree. 
From the first property, we ca11 put a polynomial first integral of order N in the momenta in the 
form 

[N/2) N-2n 
<l>＝ ~~ANー如'(qt,q 2) pf-2n-m p; 
n=O m=O 
= AN·O(q⑲2)p~ +A凡1(q⑲ 2)pf―1P2 +... +AN,N(qi,q2)p: 

+AN-2,0(q呼2)p戸＋ AN-2,l(qぃ q2)pf—加＋・・, + AN-2,N-2(qぃq2)p:-2+...' (11) 

where AN-加"(q1,q2) are polynomials. Here, [N /2] represents the greatest integer that is less than 
or equal to N /2. Then, the PDE (6) can be regarded as a polynomial for the momenta (p1,p2). By 
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arranging the left hand side of the PDE (6) in order of descending powers of p.,p2, we obtain 

[(N+l)/2) N-2n+1 

>>
8AN-2n,m8AN-2n,m-1 

n=0 m=0[ 8q1 + 8q2 

8V ov 
ー(N-2n -m + 2)AN-2n+2,m玩― (m+ 1)AN-2n+2,m＋1』Ptl-2n-mp;= 0. (12) 

All the coefficients vanish to give 

aAN-2n,maAN-2n,m-1 
＋ 

aq1 ・ aq2 

8v ov 
= (N -2n -m + 2)AN-2n+2,m—+ （m + l)AN-2n+2,m+1~, (m=0,1,...,N-2n+1). (13) aq1 ・,.... ・...,..,.. aq2' 

Here, n = 0, 1,..., [ (N + 1) /2]. For n = 0, the PDEs (13) become 

l)AN,m l)AN,m-1 

oq1 ・ oq2 
=0, (m=O,l,...,N+l). (14) 

Let us here note that the second property, i.e., (10) requires thatAN-2n.m with the same n should be 
homogeneous polynomials of the same degree. By integrating (14), we obtain 

m N-m 

AN.m(q叩）＝こ区(-1)『：V卜N-（U+V),m-V斜 (m=0,1,...,N)
v=O u=O 

(15) 

with integration constants aN-(u+v),m-v・ Here, the sum u + v =dis fixed to be one of {0, 1,..., N}, so 
that the solutions of the PDEs (14) are classified into N + 1 cases labeled by the value of d, or the 
degree of AN,m．For each case, the first integral is written as 

<I>= a。,o(q2P1―qの）N+... (d =N) 

<I> = (a1,0P1 + a1,1P2) (q必— q1p2)N-l +... (d = N -1) 
(16) 

<I> = aN,oPf + aN.iPやPz+ ・ ・ ・ + aN.Np: +... (d = 0) 

or 

N-d [N/2) N-2n 

〇=（q2Pl―q1p2)dI:aN-d”pf-d-m尻＋I:I:AN-知'（q1,q2)pf—Zn-mp;, (17) 
m:::O n=1 m=O 

where d = N,N -1,..., 0. Here, AN-2n,m(q⑲ 2) are homogeneous polynomials of degree nk + d. 
Check that the first integral (17) satisfies the second property (M = (Nk +辺）/(k-.2)). We can 
obtain AN-2n.m by integrating (13) as 

8V 8V 8AN-2nm-1 
AN-2n”= J{(N-2n-m+2)AN-2n+2,m玩＋（m＋1)AN-2n+2,m+1西― 8q2 }dq1 

+ rN-2n,mq~k+d(m = 0, 1,...,N -2n). (18) 
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where n = 1, 2,..., [N /2] and r. N-2n.mare integration constants. For each n ~ 1, if we operate with 
(-l)m妍 211+1Joqfoqダ年t-mon the (m + 1)-th equation of (13) and add them up, then we obtain 
[(N + 1)/2] linear PDEs for V(qi,q2), 

N-211+1 

こ（一l)m が「一211+1碕年1-m0q;［（N-2n -m+2)AN-2n+2,m ov ov 
m::::〇 玩•+（m + I)AN-m+z.m十瓦l= o. (19) 
where n = 1, 2,..., [(N + 1)/2]. 

We put the potential V in the form of a homogeneous polynomial of degree k, 

V=ど必―j外＝a。外＋a1外―1釦＋・・・＋鴫 (20) 
j=O 

Substituting (20) in (19), we have polynomial identities for (q⑲ 2). Equating all the coefficients 

to zeros yields [ (N + 1) /2] sets of simultaneous algebraic equations for the coefficients of the first 

integral and of the potential. There is no general method to find non-trivial solutions, so we have 

to deal with the problem on a case-by-case basis. 

3 A review of the previous works 

3.1 The known results before us 

Let us summarize the known results which are related to our problem. For first integrals linear or 

quadratic in the momenta (N = 1, 2), the general solutions of the PDEs (19) have been known [6]. 
We can obtain the polynomial solutions from them, which are display~d below. 

{ Vk ＝戸＝ （qf＋吐）k／2, （K=even) 
Cl>= q2P1―q1p2 

{ Vk = q{ 
Cl>= P2 

{ Vk=｝［（字）K＋1+（-1)k(r子）K＋1]
1 

Cl>= P2(q叩1-q1p2) + iq~Vk-1 

{ Vk ＝外＋aぷ
Cl>= p~ + 2aぷ

(21) 

(22) 

(23) 

(24) 

Note that the above four cases are all separable ones: (21) in polar coordinates, (23) in parabolic co-

ordinates, (22) and (24) in Cartesian coordinates. As stated in the Bertrand-Darboux theorem [10], 

the existence of a quadratic integral is related with the separability of the system. 

For first integrals cubic or higher orders in the momenta (N ~ 3), we do not know the analytical 
solutions of the PDEs (19). In the range of our search, the following three cases have been known 

to be integrable. Grammaticos et al [3] and Hall [4] independently discovered 

｛ v＝外＋応： 33  1. （25) 

Cl>= p~ ー芹Pの＋ iq1年—西吋q~ —声吐
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Ramani et al [19] discovered 

1 
V = qf + ~q1q~ 
2 
噸 2士立 3
18 
q2 

<I>= p,p；乳知;紀-（：正告）加2+ (3qfq汗占iq品＋和）Pi (26) 
+ 1 33 而i1
-qtq2干—- -

2 4 5 5占i6 
2 8 

q1q2 --;q1q2干―q2
4 72 

and 
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(27) 

These three cases have a polynomial first integral which is genuinely quartic in the momenta. 

Here, we mean by "genuinely quartic" that the first integral cannot be expressed by any product 

of first integrals which are cubic or lower orders in the momenta. Note that two of the above three 

potentials are of degree three and the other is of degree four. Hietarinta [5] showed, by a direct 

computation, the non-existence of additional integrable cases in the range that the potential is of 

degree five or less (k ~ 5) and the first integral of order four or less in the momenta (N ~ 4). 

3.2 Our previous result 

We can make an infinite number of different-looking integrable potentials from a given integrable 

potential by rotating the coordinate system. Such potentials that are related to each other through 

rotations of the coordinate system should be categorized into the same family. In order to avoid 

this problem, we assume that we can rotate the coordinate system to eliminate the term of q~—1q29 
which allows us to set aり＝ 0in the potential (20), i.e., 

V=a。外＋a2qドqi+...+ aぷ． (28) 

Check that the integrable potentials in the previous section are all in the form of (28). For example, 

a rotation of coordinate system by an angle of the degree tp, 

ql→ ql COS I.{)渾 sin伶釦→q1sin <p + q2 cos伶

transforms the integrable potential in (25), 

3 
V=q~ +—qぷ，
16 

into a family of potentials of the form 

1 
V = T6 [ (16 cos3 <p + 3 cos <p si心）q~ -(42co心 sin<p + 3 si心）q:q2

+ (3 cos3 <p + 42 cos <psi心）qぷー (16sin3 <p + 3 coむ sin<p)q~], 

(29) 

(30) 

(31) 
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from which we obtain an infinite number of integrable potentials, varying the value of cp! If the 
term of q拓 isassumed to vanish, we have only to handle the finite number of potentials, which 
are explicitly given by 

v＝外＋
3 

2 ―qlqz, 
16 

3 45 
V=qf +―q1qi士

17叩 i3
2 2 

q2 (32) 

In (17], we solved simultaneous algebraic equations obtained from PDEs (19) to investigate the 

existence of polynomial first integrals up to quartic in the momenta (1 ::; N ::; 4) for potentials of 

the form (28). As a result, we proved the following theorem. 

Theorem 1 ([17]) There exists no po枷omialfirst integral that is cubic or quartic in the momenta 
for the potential (28) of degree k ;;:; 5. 

In the next section, we introduce a new method for choosing candidates of the solutions to the 

simultaneous algebraic equations before solving them, which saves the labor of the computation. 

4 An improvement of the method 

We employ the following procedure to search for integrable potentials. 

Step 1: With the help of Ziglin's fundamental lemma [24], we obtain necessary conditions for 
the existence of polynomial first integrals. We call the potentials satisfying the conditions 
integrable candidates. 

Step 2: For each integrable candidate, we solve the simultaneous algebraic equations obtained 

from the PDEs (19) to examine the existence of a polynomial first integral. 

4.1 Step 1: determine integrable candidates 

Here, we deal with the case for a。#0in the potential (28). After a proper scaling, the potential is 
transformed into the form of 

V = q~ + a2qt2外＋...+aぷ． (33) 

First, we linearize the equations of motion around a straight-line solution to derive the variational 

equations. The equations of motion for the potential (33) are given by 

羞(::)= (;:). £ (Pl)=-（kq和＋（K-2）aぷ困＋・・・＋ak-1q;-1)dt ¥ Pz) - ¥ 2a2叶拓＋ 3a3外―3吐＋・・・十 kat<J~-1 }' 
(34) 

which have a straight-line solution, q2 = p2 = 0. If we linearize the equations of motion. around 
the straight-line solution, then we obtain the variational equations, 

羞（な）＝ （~:)'羞(~:) = -qt2 (k(~2；り）， (35) 
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where~,, T/, are variations in the directions of q,,p,, respectively. The second component of (35), 

df2.. d1J2 
dt 
= n29 
dt 
= -2a2q~-2f2, (36a) 

describe the variation normal to the straight-line solution. Here, q1 = q1 (t) satisfies the equations 
(34) evaluated on the straight-line solution q2 = p2 = 0, 

dq1 
＇ 

dt 
=Pl9 
dp1 
-=-
dt 
kq1 
kー1. (36b) 

We call the equations (36) the nonnal variational equations (NVE). 
Suppose that the equations of motion (34) have a polynomial first integral which is independent 
of the Hamiltonian, 

<I>(qぃq2,p1,p2)= constant. (37) 

Then, Ziglin's fundamental lemma in [24] guarantees the existence of a polynomial first integral 
for the NVE (36) (see also [7, 22]), 

I,(q.,p.,&，叫＝constant,

and we can construct it as 

Il =D10|' 
8<I> 。<I> 8<I> 80 

炉P2~呵1=0'; D<I>:＝ふ—+§— +nlー＋ n2一
8q1 28q2 0p1 0p2. 

Here, I is the smallest positive integer for which 11 does not vanish identically. 
We put a polynomial first integral in the form 

N-d [N/2) N-2n 
<I> = (q2P1―qの）d~QN-d,mp←-d-m尻＋ ~~AN—如n(q⑲2)pr-2n-m尻，

m=O n=l m=O 

where 

成＋d

AN-知 '(q呼 2)= I:吟―如'qn:+d-j外
j=O 

(38) 

(39) 

(40a) 

(40b) 

N-2n.m with constants a7-ui.m and parameters (N, d) (d = N, N 
J 

1,..., 0). By a straightforward calculation 
according to (39), we obtain 

(§,~ +§2~ + q,~ +q2-t;J ~{ ____, _____. = (§2~ + q2-k)' I/＝勺芦十T/写十T/2玩）叶炉p,""f,呻＝0=（宝＋T/叫<I>1炉P2=0

＝芦 (:2)Oq;｛2<I>~I炉P2=0がn:
＝ 1!名[(1~1} 

[N/2) 
炉0 N-dJ-d(-q1)伝l+dp凸＋苔立2n.I2q:K+d-l+I2pf―2n-I2]g—l2哨． (41) 
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Here, aN-d.I-d ＝0 for I < d and a訂戸＝ 0for N -2n < /2. The condition for /1(qi,pi, ~2, 772) to be a 
first integral of the NVE (36) is that the f ollowi ollowing equation becomes an identity for (q1,p1, €2, 772). 

d/1 -a1, dq1. ol, dpt. 8/1 d€2. a]I dn2 
-=——+-—+-—+--
dt oqi dt. 8p1 dt. 8€2 dt. 8172 dt 

= P1i!p_ -kq~-t~ + T/2~ -2a2q~-2f2~ 
8q1 
- -kq：一1—+n2--2a2外―t-＝0, 

0p1 8&8n2.  

which is computed to be 

(42) 

1 d/1 戸＝苔(-1)四 i+1,-1{ k(N -/2)(/ ~ J-2(/z + 1)(/ -/:-1)叫aN--d,I-4:＋dー／十1,-1ずpf-1-l2n:
+ i / (k + d -I + l2)a訂戸＋（I -12 + l)aiはや｝ q~+d-l+t,-1~—I2pf—1-I2n: 
/2==0 

＋叫烹({(n + l)k + d -I+ l2)ai;,"'-z.1, + (I -12 + l)c/,'.玉？；21,-1)
/z=O L n::::l 

言）｛kW-2n -l2)aダ戸＋2a2(/2+ l)aばilz+1]qr+1)K+d-I+I2ー 1むp~—2n-t,-11/~ = 0. (43) 

The identity (43) determines the values of a2 and a凡ぃ whichare consistent with the existence of 

a polynomial first integral of the form (40). The specific procedure is as follows. 

1. Give specific values to (N,d) in (40), 

2. solve the identity (43), 

3. and we obtain such values of a2 that 11 is a first integral of the NVE (36). 

This procedure starts at/= 1 and stops at/= N. The potentials with a2 obtained by the procedure 

are called integrable candidates. Let us take the case for N = 4, d = 0 as an example. The first 

integral is of the form 

<I>= a4，ぷ＋ a4,1P如＋ a4,2P困＋ a4,3p西＋ a4.4p~
k k k 2k 

＋こ叶゚ qヤq討＋こ叶qヤq仇P2+I:吋'2外―jq困＋こ吟゚ q和q{
j呻 j=0j=0 j=0 

(44) 

Note that the three special integrable cases, (25), (26), (27), have a polynomial first integral of this 
form, so it is natural to expect that a new integrable potential, if any, would have a first integral of 
the form (44). The above procedure provides us with the values of a2 and the corresponding values 
of the coefficients a4,i as follows (see Appendix A for other types of first integrals). 
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Table 1: The integrable candidates with a polynomial first integral (44). 

/ The coefficients of the leading terms of<I> The coefficient of V 

1 a4,o = 0, a4,1 :/= 0 a2 = 
k(k -1) 3k(2k -1) 
2'2  
k(k -1) 

2 a4,o = 0, a4」=0,a4,2 :/= 0 a2 = 0, 
2 

1 
3 a4,o = 0, a4」=0,a4,2 = 0, a4,3ヰ0 a2 = ~'5 (k = 3) 

2 
3 

4 _a4,0 = 0, a4」=0,a4,2 = 0, a4,3 = 0, a4,4 :/= 0 a2 = 0, a2 = -i; (k = 3), 
16 

3 
a2 = ~ (k = 4) 
4 

Here, the degree of the potential is assumed to be greater than two, i.e., k ~ 3 (the potential (33) 
is always integrable when k = 1, 2). Table 1 shows that if we consider polynomial first integrals 
of the form (44), then we have only to check whether or not the following pairs of (V,<I>）give 
integrable systems. 

• For general k (k ~ 3): 

{ v= qi+a3qやq;＋ • • • + qq: 
<I>= p困＋a4,3P1月＋a4,4月＋．．．， or<I>= P1 +... 

{ V=q{＋宍土ー2吐＋・・・＋呵

<I> ＝P如＋a42幸＋a4,3p西＋a4,4尻＋．．．， or<I>＝PiPi +a4,3p西＋a4,4pi+... 

{ V= q{＋翌戸炉q;+．．．＋呵

<I> ＝P加＋a42年＋a4_3p西＋a4,4月＋．．．

• When k = 3, 4, the following candidates are added to the above. 

{ v=qf +；紐＋aぷ
<I> ＝P西＋a4,4月＋．．．

{ V=qf+5紐＋吠
<I> ＝P西＋a4.4月＋．．．

{ v=q:＋贔研＋味
<I> = p~ +... 

｛ V= 外＋怜叶qi+a冠＋ a.q~
<I>= p~ +... 
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4.2 Step 2: check the integrability 

We solve simultaneous algebraic equations obtained from the PDEs (19) for each integrable can-

didate. From the candidate (45), we obtain the Cartesian-separable case, 

{ V=q{ ＋伍qi
<I> = (pf+ 2q~) (pi+ 2aぷ）＋a4,4 (pi + 2a~~)2, or <I> = (pi + 2aぷ）2 (52) 

The candidate (46) yields 

V=q~ + 
k(k-1) 

k 

2 炉q!+ a3q国＋こ叫k,a3)qヤq{,
j=4 

(53) 

where ai(k, a3) are polynomials of a3 with rational functions of k as the coefficients. We find that 

this case reduces to a Cartesian-separable case, given by 

V= 
~. ~ 
cosk-2り sink-2り

<l> ＝古（が長）［（土：の，2) （月＋恙）ー 2co心（土—a4.,)H], (54) 
oro=4cos2:sin2り仕長）ー土(p~ ＋長）H
by the rotation 

Q1 = q1 cos cp -qz sin cp, Q2 = qi sin<p＋釦COS伶
k(k -l)(k -2) 

tan 2cp = 
3a3 ・ 

The candidate (47) reduces to 

(v= q:•+ 3k（月― 1)q国＋呵沼＋言al(K,aJqヤq;

<I>= p加＋a4,2(kふ）p困＋a4,3(k,a3)p西＋a4,4(k,a3)p~ +... 

Here, a3 must satisfy 2k -5 algebraic equations, two of which are given by 

＋ 

2(k + 2)(Sk -2)(7k -6)G1 (k)a; 

(k-2)3(k-1)炉(2k-1)3(3k -2)3R(k)S (k)2 

9(k-2)炉(k+ 2) (2k -1) (Sk -2)G3 (k) 
=0 

4(k -l)S (k)2 

and 

(k -3)(k + 2)(5k-2)(7k -6)G4(k)a~ 

3(k + 2)(Sk -2)(7k -6)G2(k)ai 

4(k -2)(k -1)(2/c -1)(3k -2)R(k)S (k)2 

3(k -3) (k + 2) (Sk -2) (7k -6)G5 (k)a~ 

(55) 

(56) 

(57) 

S(k -2)4(k -1)が(2/cー 1)4(3k-2)4R(k)S (k)2 

9(k -3)k(k + 2)(5k -2)G6(k)a3 

20(k -2)2(k -l)k(2k -1)2(3k -2)2R(k)S (k) 

＋ 
20(k -1) (3k -2)R(k)S (k}2 

= 0, (58) 
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where 

G1 (k) = 10736550k11 -120201105k10 + 563283562Jc9 -1500811081が＋2565200757k7

-2978361002/c丘 2408313485がー 1360307178が＋527295832/c3-133944304k2 

+ 20130192/c-1361952, 

G2(k) = 7446900k9 -86588015が＋37178381lk7 -843129587が＋ 1151765545/c5

-998755638が＋553816792k3ー190561760k2+ 37193808k -3170144, 

G3(k) = 16870k7 + 118529k6 -810861k5 + 1706012/c4 -1727456k3 + 932160k2 

-260400k + 29952, 

G4(k) = 538285500k12 -6761687100k11 + 35472298955k10 -106294583086k9 

+ 206176050353k8 -275416174516k7 + 261364852406k6 -178232080840k5 

+ 86929567784k4 -29645084416が＋6725558432k2ー913712256k+ 56393856, 

G5(k) = 186064500k10 -2562547775k9 + 12720106145k8 -33457433369k7 

+ 53780522743k6 -56288554120炉＋39260441572Jc4-18143124368k3 

+ 5346987920k2ー912699392k+ 68988096, 

G6(k) = 40055750k10 + 454376975k9 -4446138980k8 + 1518003629lk7 

-28351948208k6 + 32872864764k5 -24787677856k4 -3817158400k2 

+ 687806528k + 12223132176k3 -54723072. 

We can make use of the quantity called the resultant to examine the existence of common solutions 

of the two algebraic equations (57) and (58). 

Let us here digress for a moment to give a brief account of the resultant before investigating (57), 

(58). The resultant is an algebraic tool for eliminating a variable between two algebraic equations 

and gives the condition for the two algebraic equations to have a common solution. Let us consider 

the following two polynomials of x. 

/(x) = aぷ＋ Qn-l~-1 十・・・＋叩＋ a。， ant 0, 

g(x) = bm~ + bm-1~-I + • •'+ h1X + b。,bm-:I:-0. 

The following determinant of order m + n is called the resultant of /(x) and g(x). 

an an-1 a。

゜ ゜゜
an an-l a。

゜
．．． 

゜
゜ ゜

an an-1 a。I 
＜ R(f，g) = I 如 bm-l b。

゜ ゜゜
bm bm-1 b。

゜ |゚ inrows 
゜゜

bm bm-l b。

Then, the following theorem holds. A proof is given in Appendix B. 
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Theorem 2 (e.g., [21]) The two po枷omialsf (x) and g(x) has at least one common root if and 
only if the resultant R(J,g) equals to zero. 

We are now back to the algebraic equations (57), (58). The resultant of them is computed to be 

2893401 (k -4)2(k -3)4(k + 2)9(2/c -3)4(3k -4)4(3k-1)4(5k -6)2(5k -2)29(7k -6)4 
4096(k -2) 11 (k -1)9炉(2/c-1)11 (3k -2)16R(k)6S (k)10 

x (16870k7 + 118529k6 -810861炉＋ 1706012k4-1727456k3 + 932160k2 -260400k + 29952) 

x (450000がー5594600が＋30037885k7-91304549が＋173025983k5-211881739k4 

+ 167598204k3 -82567904k2 + 23021920k -2787216)2. (62) 

This cannot vanish for k ~ 5. Then, it is concluded from Theorem 2 that the algebraic equations 

(57) and (58) have no common solution. Therefore, the candidate a2 = 3k(2Jc -1) /2 for k ~ 5 
is not integrable. When k = 3, 4, as deduced from the fact that the resultant (62) vanishes, the 

two algebraic equations have common solutions, which lead to integrable systems. The additional 

candidates, (48)-(51), also yield integrable systems. See Appendix A for details. 

5 A complete list of integrable potentials 

So far, we have set aり＝ 0,which is based on the assumption that we can rotate the coordinate 

system so that the term of q~一1q2 in the potential will vanish. However, this is not always the case. 

We cannot eliminate the term q~加 inthe potential of the form 

V = (q1 + iq2)"-r(q1 -iq2Y (63) 

by any rotation of the coordinate system. We searched for integrable cases for potentials of the 

form (63) and obtained the following ones. 

{ v= （q1士iqが
cJ> = P1士ip2

{ v= （q1 士 iq炉（q~瑾）
0 =(p1 士 ip炉—(q1 士 iqが

{ v= （q1士iq2)k k ki 

0 =（p1 士 ipz)(q必— q1P2) 干――_(q1 士 iqz)k+l
k+l 

V = (qi士iq炉(q1干iqが

<l>=(p1士ipが(q辺1-q1p2) 
1 

干ー(q1士iq炉(3qf士6iq1q2+ 13q~)pf --;(q1士iq炉(3q1干iq2Hq1干iq2)P1P2
8 4 
干ー(q1± iqが(13qf干6iq1q2+ 3qi)P~ 干ー (q1 士 iq2戸(q1 干 iqが
8 2 

-357-

(64) 

(65) 

(66) 

(67) 



The first three, (64), (65), (66), are included in the general solutions of the PD Es (19) for first 

integrals linear or quadratic in the momenta [6]. The last one, (67), is a new integrable case, which 

admits a polynomial first integral genuinely quartic in the momenta. Adding these cases to the list 

in [17], we now obtain a complete list of integrable two-dimensional homogeneous polynomial 

potentials with a polynomial first integral up to quartic in the momenta. 

Theorem 3 If a homogeneous po枷omialpotential admits an additional polynomial first integral 
which is up to quartic in the momenta, then the potential must be one of the following or their 
rotational equivalents. 

• (21), (22), (64) with a polynomial first integral linear in the momenta: 

V = (qf + q!)"l2' V =q~, V = (q1士iq況

• (23), (24), (65), (66) with a polynomial first integral quadratic in the momenta: 

v= ｝[（字）~+I + (-1)'（字）K＋1|, V=q~+aぷ，

V = (q1士iq2炉(q1干iq2), V = (q1士iqJK.

• No potential with a po枷omialfirst integral cubic in the momenta. 

• (25), (26), (27), (67) with a polynomial first integral quartic in the momenta: 

3 1 
V=q:＋元面， v＝外＋祝外士ー一

占i3
18 
q29 V=q:+ 

3 
祁吐＋知，

V = (qi士iq炉(q1干 iq炉

6 Summary 

We introduced a two-step procedure to obtain integrable homogeneous polynomial potentials with 

a polynomial first integral. In the first step, we employed Ziglin's fundamental lemma to derive 
necessary conditions for integrability, which determined integrable candidates. After that, in the 

second step, we examined their integrability by solving the simultaneous algebraic equations to be 

satisfied. In this paper, we concentrated on a polynomial first integral of the particular form (44). 

A full version of the proof of Theorem 3 (including Theorem 1) is available in [18]. 
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A The integrable candidates 

A.1 The integrable candidates with a linear integral 

Table 2 shows the integrable candidates with a linear integral of the form 

0 = ｛ a。.o妬Pl―qIP2) （Case 1) 
a1.0P1 + a1,1P2 (Case 2) 

Table 2: The integrable candidates with a linear integral. 

Case The coefficients of the leading terms of<I>The coefficient of V (integrable candidates) 

k 
a2 =-
2 

1 ao,o * 0 

2 a1,o = arbitrary, a1,1 * 0 a2 = 0 

A.2 The integrable candidates with a quadratic integral 

Table 3 shows the integrable candidates with a quadratic integral of the form 

<l> ＝ { :;•10,0(::P; ；1(；りに；こflP2)＋．．. ｛g:：ば
a2.0Pf + a2.1P1P2 + a2．ぁ＋．．．（Case3) 

Table 3: The integrable candidates with a quadratic integral. 

Case The coefficients of the leading terms of <I> The coefficient of V (integrable candidates) 

1 ao.oヰ0
k 

a2 = -
2 

2 a1.o * 0 
k(k + 2) 

a2 = 
2 

a1.o = 0, a1.1 ::/: 0 
k-1 

a2=― 4 
3 a2,o = 0, a2,1 * 0 k(k -1) 

a2 = 
2 

a2.o = 0, a2.1 = 0, a2.2 ::/: 0 a2 = 0 
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A.3 The integrable candidates with a cubic integral 

Table 4 shows the integrable candidates with a cubic integral of the form 

0 = (:;•1:。り2lp;;1(；りに；こ卯2)2+．．． ：g:：闊
(a2,0Pi + a2,1P1P2 + a2,2Pり(q2P1―q1p2)+... (Case 3) 
a3,op~ + a3,1PiP2 + a3,2P1P~ + a3_3p~ +... (Case 4) 

Table 4: The integrable candidates with a cubic integral. 

Case The coefficients of the leading terms of <I> The coefficient of V (integrable candidates) 

1 ao,o * 0 k
-
2
 

＝
 

2
 
a
 

2
 

3
 
a2.o :f: 0 

4
 
a3,o = arbitrary, a3,1ヰ〇

a3,o = arbitrary, a3,1 = 0, a3,2 = 0, a3,3 :f:. 0 

k 3k(k + 1) 
a2 =-， 
2 2 

k(3k-2) 
a2 = 0, 

2 
1 

a2 = 0, a2 = ::-(k = 3) 
2 
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A.4 The integrable candidates with a quartic integral 

Table 5 shows the integrable candidates with a cubic integral of the form 

〇＝

a。,o(q印1-q1pが＋．．．
(a1,0P1 + a1.1P2) (q2p1―q1pが＋．．．
(a2.0Pi + a2.1P1P2 + a2.2Pi)(q2P1 — q1Pが＋．．．
(a3,op: + a3,1PiP2 + a3,2P1Pi + a3,3pり(q2P1―q1p2)+ • • • 
a4,0P1 + a4,1P加＋a4,2P困＋a4,3p西＋a4,4pi+ • • • 

(Case 1) 

(Case 2) 

(Case 3) 

(Case 4) 

(Case 5) 

Table 5: The integrable candidates with a quartic integral. 

Case The coefficients of the leading terms of <I> The coefficient of V (integrable candidates) 

1 ao.o * 0 k
-
2
 

＝
 

2
 
a
 

2
 

3
 

4
 

5
 

k(k + 2) k 
a2,0ナ0 a2 =,  -

2.  2 

k-1 
a2,o = 0, a2,1 = 0, a2,2ヰ0 a2 =―  

4 

k(k + 2) 
a3,o * 0 a2 = ~'k(3k + 2) 

2 
k -1 (k + 1)(2k -1) 

a3,o = 0, a3,1ヰ0 a2 =―'  
4 4 
3 15 

a3,o = 0, a3,1 = 0, a3,2 = 0, a3,3 * 0 a2 = ~'-;-; (k = 3) 
16'16 

面 3k(2k-1)
a4,o = 0, a4,1 * 0 a2 = 

・ 2'2  
k(k -1) 

a4,o = 0, aぃ＝0,a4,2'4:-0 ・ a2 = 0, 
2 

1 
a4,o = 0, a4」=0,a4,2 = 0, a4,3 * 0 a2 = :-, 5 (k = 3) 

2 
3 

a4,o = 0, a4」=0,a4,2 = 0, a4,3 = 0, a4,4ヰ0 a2 = 0, a2 = -:; (k = 3), 
16 

3 
a2 = ~ (k = 4) 
4 
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A.5 The successful candidates 

Of the integrable candidates listed in Tables 2-5, we find the ones in boldface to be really inte-

grable with an additional polynomial first integral. The other candidates are proved not to admit a 

polynomial first integral. See [18] for details. 

For general k, we obtain the separable potentials and their rotational equivalents. 

• The polar-separable case a2 = k /2 

V = (qf＋外）k/2, k = even 

• The parabolic separable case 

-a2 = (k-1)/4 

v=｝［（字）K＋1+（-1)k（字）K＋1|

-a2 = k(k + 2)/2 

k(k + 2) 
V= 外＋ q~-2外＋ a3外―3外＋．．．，

2 

which reduces to (69) by the rotation 

k(k + 1)(2k + 1) 
q1→ q1 cos(/)一q2sin伶釦→q1sin'P＋q2 cos'P, tan'P = 

6a3 

• The Cartesian-separable case 

-a2 =0 

V=q~+aぷ

ーむ＝k(k-1)/2 

k(k-1) 
V=q~+~q杞外＋ a3外―3外＋．．．，

2 

which reduces to (72) by the rotation 

k(k -l)(k -2) 
qt→ qt cos'P一q2sin伶釦→q1sin'P＋釦cos'P,tan 2'P = 

3a3 

(68) 

(69) 

(70) 

(71) 

(72) 

(73) 

(74) 

For the extra candidates for k = 3, 4, we obtain some integrable systems. The candidates a2 = 
1/2, 5, 3/16, 3/4 in Table 5, which correspond to (48), (49), (50), (51), respectively, yield inte-
grable cases as follows: 

1 3 
a2=―→ (26), 02 =―→ (25), 
2 16 

3 
a2= —• (27), 
4 
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and 

a2 = 5→ 

V = qf + Sq1q註
22而i， • q2 

v3i 
<l> = P1P巨方-p;-4q訴＋（12q1q註4v3iqりIF1P2
+ (3qfq辻 10v3iq命ー 13外）p：

256 v3 i 
+32qfq註64v3 iqfq; -12匈q巨—吐， 

(75) 

As mentioned at the end of Section 4, the candidateむ＝ 3k(2k-1) /2 is found to be integrable 
when k = 3, 4 as shown below. 

• The candidate a2 = 3k(2k -1) /2 fork = 3: 

. V=qt 
45 

2 
17叩 i

+―q1qi士 3 

2 2 
q2 

疇 i1
Cl>= p応—万戸困ー百P1P巨

195叩 i
4 

怜fq2士51?i碕誓q;［;； P2 

＋（一；正旦翌q如詈研干竺畠如）PIP2
＋（士 172:iq: —宕qfqz 士 877:,9iq命―芹告）月
27 
5 
1683直 11325200331甲 i

—ー紐2 士
4 紐 2_＿ 3 3 

紐 2士
2 4 
紐 25 56 7 392 

300051,. 1586115革 i
5 
徊 2干

6 q2 
56 1568 

45 
V = qt + ~q1qi 

27~i 
一紐2干

3 

2 2 
q2 

27 V3 i,, 2_25 
Cl>= PtP戸万戸iPi―可lか―

351而i4 
1568 P2 

45 81{i77517 和fq2←戸,q~-~q~）対
(981而i29025 607這 i)
+―祁｛干万戸拓ー声q1qi士 1568 吐P1P2

十唱崎嘉記 157：；占i碕寄伽
27,c 2673 ~i A 244917 
5 4 

2817585 ~i 
5 
qlq2干

56 
紐 2-—q沿干 24  
1568 6272 

q必

5500305,, 3343923 ~ i 
-~q lq~ 士 6
3136 6272 

q2 
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• The candidate a2 = 3k(2k-1)/2 fork= 4: 

V =qt+ 42qfq巨28洞 iq叶 48qi
11洞 i2 21面 i

<l> ＝ P:P2 士 ~PiPi- ~P1P巨 4

＋（函記 42渾iqfqi-192qtq：゜干｀’q~)pf
+(-4q1士14,和 -48qfqj干 364,iqぷ＋や）叩2
（渾i4 8441呵 i644 574畑 i＋士一戸l ― ~qfq,± 25 叶q~ ーアlq巨 25 qi)月

(78) 

196畑 i2448 16288面 i 55424 
-l6qiq心 qfq;53 _ ＿--35 

5 -―qlq2 ± 5 25 
qtqi 

5 
q必

145152渾 i28672蔀 i
干
25 

q沿＋ 13312q1qi 士 q~
25 

Finally, the candidate a2 = k(k -1) /2 yields the following integrable case when k = 4. 

｛ v＝外＋6qfq□+8q; (79) 

<I>= p困＋ー尻＋ 16q訴＋8q拓pの＋4q祁(3qf+ 4q~) p~ + l 6q~ (吋＋架）3
2 

The classification by rotational equivalence is as follows: 

{ (25), (76) }, { (26), (75), (77) }, { (27), (78), (79) }. 

Throughout this paper, we have taken (25), (26), (27) as the representative of each family. 

B A proof of Theorem 2 

Let us first prove the following lemma. 

Lemma 1 (e.g., [21]) The two polynomials f(x) andg(x) have a common/actor if and only if there 
exist polynomials h(x) and k(x) with degh < degg, degk <deg/such that 

h(x)f(x) = k(x)g(x). (80) 

Proof.（⇒）Suppose that /(x) andg(x) have a common factor </)(x). Then, we can define h(x) and 
k(x) by 

/(x) = <f>(x)k(x), g(x) = <f>(x)h(x). (81) 

Therefore, the following identity holds. 

h(x)/(x) -k(x)g(x) = h(x)<f>(x)k(x) -k(x)<f>(x)h(x) = 0. (82) 

(~) Assume that there exist polynomials h (x) and k(x) such that (80) holds. Then, f (x) must be 
a factor of k(x)g(x). Since degk < deg/= n, J(x) cannot be a factor of k(x). That is, some factor 
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of J(x) is a factor of g(x), which means f(x) and g(x) have a common factor. This completes the 
proof of Lemma 1. 

Proof of Theorem 2. Let us put 

h(x) = Cm-1~ー1 + Cm-2~-Z + ・ • ・ + C1X + C。,

k(x) = dn-1~-t + dn-2~-z + ・ ・ ・ + d1x + d。.
(83) 

(84) 

Here, c;, d, are undetermined coefficients. Substituting (59), (60), (83), (84) in (80) and comparing 

the coefficients of the both sides, we obtain 

or 

anCm-1 = bmdn-1 
an-tCm-1 + anCm-2 = bm-ldn-1 + bmdn-2 

a西＋佑C。=b。d1+ b1d。
a。C。=b』o

anCm-l十如(-dn-1)= 0 

an-tCm-l + anCm-2 + bm-l (-dn-1) + bm(-dn-2) = 0 

(85) 

(86) 

a西＋叩o+b。(-di)+b1 (-d。)＝ 0 
a。C。+b。(-d。)＝ 0 

These can be regarded as simultaneous linear equations for the undetermined coefficients (c;, -cl.、・)．
The condition for the existence of non-trivial solutions, (c、・,-d;）* (0, 0), is that the determinant 

of the coefficient matrix vanishes, which is equivalent to R(J，g) = 0. This completes the proof of 
Theorem 2. 
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Is Arnold diffusion relevant to global diffusion? 

Sciichiro Honjo* and K unihiko Kaneko 

Department of Basic Science, Graduate School of Arts and Science, 

The University of Tokyo, 3-8-1 Komaba, Meguro, Tokyo 153-8902, Japan 

Abstract 

Global diffusion of Hamiltonian dynamical systems is investigated by using a 4-
dimensional symplectic map. Structure of Arnold web and resonance overlaps are 
visualized in the frequency space, through long-term computation of local rotation 
numbers. It is shown that global diffusion in the phase space is mainly governed by 
diffusion across the overlapped higher-order resonances, rather than Arnold diffusion 
along the lower-order resonances. 

1 Introduction 

Hamilton力学系において大域的な不安定性を導く機構としてよく知られているものにArnold

diffusionとresonanceoverlapの二つがある。相空間には共鳴条件 Lim四＋M= 0 (wiは
各自由度の角周波数。 mi、M は任意の整数。）によって特徴づけられる resonancelayerが存
在し、それらの中では stochasticな運動が実現されている。 Arnolddiffusionは、 resonance

layerが網目状に交差して形成する Arnoldweb 上の運動であり、自由度が N~2 （自励系
では N~3) の多自由度系で一般的に起きる現象である [Arn64, Chi79]。Resonanceoverlap 
は、非線形性の増大とともに厚みを増した resonancelayer同士が重なり合うことによって

大域的な運動を可能とする機構であり、二次元写像 (N= 1)で集中的に調べられている
[Chi79, LL92]。
自由度が大きい場合、相空間の次元も大きく、視覚的、直観的な理解は困難となる。こ

のことは Arnolddiffusionや多自由度系での resonanceoverlapの研究の障害となっており、

一般の系において両者がどのように混在しているのかについては理解されているとは言いが

たい。
そこで本研究では、共鳴の舞台であり、相空間の半分の次元しかもたない周波数空間の

構造を観察することにより、多自由度系の不安定性や輸送の性質を調べる。

2 Methods and models 

周波数空間で直接的に共嗚の構造を観察することは、 Martenset al.[MDE87]やLaskar[Las90, 

Las93]によってもなされている。彼らは有限時間に区切った時系列をフーリエ変換し、大

きなパワーをもつ周波数をその時刻での周波数として採用している。この方法は一般性をも

つが、時系列の細かい揺らぎが優勢になることによって意図せぬ高周波にパワーをもってし
まったり、秤動の周波数を拾ってしまったりすることのないように注意を払わなければなら

ない。
そこで本研究ではそのような繁雑さを避けるため、カオスの研究で基本的な量である回

転数が自然に定義できるモデルを選び、そこで求められる局所時間の回転数をフーリエ変換

で求められる周波数の代わりに用いることにする。

* e-mail: honjo@complex.c.u-tokyo.ac.jp 
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Arnold diffusionが実現される自由度N2:: 2の系で、回転数が自然に定義できる系とし
てFroeschlemap[Fro71, KB85] 

『悶閃：：：腐：P鸞唸(n)）＋bsin(qI(n)瑾（n）） (mod 2T) 
P2(n + 1) = P2(n) + K2 sin(q2(n)) + bsin(q1 (n) + q2(n)) 

(1) 

卯(n+ 1) = q2(n) + p2(n + 1) {mod 21r) 

{K1ヽ 応は素子の非線形性を支配するパラメータ、 bは素子間の結合強度。）を用いる。

Froeschle mapは2個の回転子が結合した系と見なせるので、

T 

W涅 lim
剥T)-Qi(O) 

= lim 
T→co 21rT T→OO 

区 匹
21rT 

n=l 

(2) 

(qiは21rで剰余をとらない場合のqi)で回転数が定義される。回転数は単位時間に回転子が
平均で何回回転したかを測る量であり、周波数に対応する。

いま知りたいのは周波数空間での時間変化なので、有限の時間 Tで求められた局所回

転数
jT+T-1 

叫 (jT)三区 Pi(n) 
n=jT 
21rT 

を測定することになる。

考慮すべき Froeschlemapの共鳴条件は

m凹＋m匹 2+M=O

(m1、m2、M ：任意の整数）である。

(3) 

(4) 

3 Visualization of Arnold web and overlapped resonances 

求めた局所回転数から周波数空間の構造を観察するために以下の手続きをとる。まず、長

時間の時間発展によって幅広いレンジの値を取る局所回転数を、決まった有限区間で表示

するため、剰余をとって [O,1)区間に射影する。このことは運動量方向に加の周期をもつ
Froeschle mapの性質を考慮すると自然である。次に、 [O,1) R [O, 1)の区間を 1024X 1024 
個のピンに切って局所回転数が滞在した数を数え、周波数空間での頻度分布を測定する。滞

在頻度はグレイスケールで表示する。

図1は一本の軌道から周波数空間に構成した Arnoldwebである。パラメータは K1= 
約＝ 0.90、 b = 0.002である。局所回転数は T= I X 103ステップ毎に求められてお
り、写像自体は全部で1X lQlOステップの時間発展がなされている。図1で特筆すべきは、

m四＋M=Oという共鳴の他に、 W1+W2=0という couplingresonanceが観察されるこ
とである。もう一つの最低次の couplingresonance、Wt-W2 = 0と比較すると Froeschle
mapの結合の異方性が周波数空間の構造に反映していることがわかる。

図2はパラメータの値を K1= K2 ==-0.50、 b = 0.100とした以外は図 1と同じ手続き
によって得られている。このバラメータでは、図 1のパラメータに比べて結合の効果が支
配的になっており、周波数空間では様々な次数の couplingresonanceとそれらを巻き込む
resonance overlapが観察される。 Resonanceoverlapが couplingresonanceを含めて起き
ていることは、図 3の、最大 Lyapunov指数を有限の時間で計算することによって得られ
た相空間の断面からも確認される。つまり、局所回転数から求められる周波数空間から動力

学的な構造がうまく捉えらることがわかる。

4 Lifetime distribution of resonances 

Arnold diffusionとresonanceoverlapとの違いを明確にするため、特定の resonancelayer 
への滞在時間分布p(t)を求めることにする。
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Figure 1: Arnold web in the 2-dimcnsional frequency space. The histogram of local 

rotation numbers, computed by the number of times visited at each local rotation number 
with 1024 x 1024 bins for 1 x 1010 iterations. }く1= K2 = 0.90, b = 0.002, T = 1 x 103. 

W]十w2= 0 is one of the lowest-order coupling resonances. 

局所回転数は有限の時間で求められているため、ゆらぎを消し去ることはできない。そ

こで、共嗚条件m]切＋m四 2+M=Oで決まる共嗚線からの距離が、ある閾値W に入っ

ているものを共嗚条件を満たしていると見なすことにする。閾値W は、その値を変えても

滞在時間分布が変化しないようにとる。

まず、同 —•パラメータの周波数空間で、滞在時間分布が共鳴線の次数に依存してどのよ
うに変わるかを調べる。結果は図4に見られるように、次数の低い共嗚線ではp(t)~ cJ/2 
であり、次数が高くなっていくと p(t)rv t-2となっていくというものであった。
次に、注目する共鳴線を固定して、結合強度を変えたときに滞在時間分布がどのように

変化するかを調べる。結果は図5に見られるように、結合力bが小さい場合ははp(t)~ t―3/2 
であり、結合力を増していくと p(t)~ c2となっていくというものであった。
有限区間へのプラウン運動の滞在時間分布は一次元ではt―3/2に比例し、二次元では～r2

に比例する。

これらのことを統一的に解釈すると以下のようになる。低次の共鳴では共鳴線に沿った

Arnold diffusionが実現されており、周波数空間では一次元迎動がなされてる。高次の共嗚で
はresonanceoverlapが起きており、そこでは共嗚線に横断的な迎動も許容されるため二次

元運動が実現されている。また、低次の共鳴でも結合力が増していくと、resonanceoverlap 
が進み二次元運動が実現されるようになる。

5 Transition in the frequency space 

次に、実際の軌道が共嗚の構造が見出された周波数空間でどのような運動をしているのか

を、より詳しく調べることにする。

周波数空間は運動量空間から見れば時間的に平均化されたものである。しかし、それで

も動力学の詳細はあまりに繁雑である。そこで、空間的な粗視化をした上で領域間の遷移を

-369-



415 

3/4 

213 

1/2 

113 

1/4 

1/5 

。
1/5 1/4 1/3 

111 •• 

1/2 2/3 3/4 4/5 

]1 

Figure 2: Saine as Fig.l except K1 =}も ＝0.50and b = 0.100. Coupling resonances are 
overlapped in some part of the frequency space. 
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Figure 3: A 2-dimensional surface of section of phase space. The section is taken at 

Q1 = Q2 = 0.00. Maximal Lyapunov exponents averaged over only 256 steps are computed 

for each initial point in the phase space with increment of 21r /1024 (i.e., 1024 x 1024 

points). Parameters are same as Fig.2. Overlapped resonances are shown on the section. 
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Figure 5: Lifetime distributions of w1 = 1 /2 resonance depending on coupling strength 
b. Distributions decay with a power law (f"J t-312 for b = 0.001 and f"J t-2 for b = 0.100, 
respectively) for K1 = K2 = 0.80. 
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考え、その上で動力学を観察する。

周波数空間の粗視化は、 Wi= 2/mi（あるいは叫＝ 1-(2/m、i))の共鳴線を各領域間の
境界として用いて、周波数空間を分割することによって行う。このように領域分けをする

と、叫＝ I/mi（あるいは叫＝ 1-(1/mサ）の共嗚線同士によるジャンクションが各領域に
それぞれ一つずつ存在するようになる。周波数空間にはWI、W2ともに黄金数をとり、かつ

coupling resonance w1 + w2 = 0上にない点が、 S= (1 -（v'5 -1)/2, 1 -(J5 -1)/2)と
G= （（⑯ー 1)/2, （⑯— 1)/2) の二つある。点 S を含む領域に始点を用意し、点 G を含む
領域にたどりつくまでの遷移を観察する。

図6は、点Sを含む領城にランダムに月］慈した 64サンプルの内、最も少ないステップ

数で終領域にたどり着いたたサンプルの遷移の様子を表したものである。少ないステップ数

で終領域にたどり着く他のサンプルもほぼ同様のダイアグラムを与える。

周波数空間は図2で表される構造をもっている。遷移は resonanceoverlapした領域を

coupling resonanceに横断的に運動することよってなされており、共鳴線に横断的な運動が、
共鳴に沿った Arnolddiffusionに比べて速く、遷移に大きな寄与していることがわかる。
加えて、共鳴がcouplingresonanceも含めて交差して resonanceoverlapした領域では、
必然的に横断的に移動できる方向が多くなっており、遷移に対してネットワークのハプと同

様の振る舞いをしていることが観察される。

では、周波数空間が図 1で表される構造をもっており、図2の場合のような一目でそれ

とわかるようなあからさまな resonanceoverlap領域をもっていない場合は、どのような遷

移ダイアグラムが書けるだろうか。図7がその場合の遷移ダイアグラムである。粗視化され

た遷移の向きだけに注目した場合は、いかなる運動がなされているのか判断がつかない。し

かし、局所回転数自体を合わせて注目してみると、遷移は低次の共鳴線の間をぬって起きて

いることが観察される。つまり、運動は低次の共鳴線に沿った Arnolddiffusionではなく、
高次の共鳴線がresonanceoverlapした領域を共鳴線に横断的に移動する、いわば裏道を通
るものであることがわかる。

6 Global diffusion 

これまで調べてきたのは、 Arnold diffusionとresonanceoverlapという微視的な機構であ
る。そこで、次はこれらの機構が巨視的な量である拡散係数にはどのように反映するかを調

べることにする。

拡散係数Dは

D三だOOは言伽(T)-T防（O））2〉 (5) 

で定義する。ここで、〈・〉はサンプル平均を意味している。

Froeschle mapの周波数空間の構造に結合による異方性があることは、図 1や図2に見

られる通りである。この異方性が拡散係数に反映されるかどうかを調べるため、特定の方向

に制限した拡散係数を測定してみる。このことは拡散係数の測定の際、運動量の変位を特定
の軸方向にのみとれば可能である。

異方性を最も顕著に表しているのは最低次の couplingresonanceの内の一方の叫＋W2= 

0である。また、加I+W2 = 0や叩＋加2=0などの高次の couplingresonanceに横断
的な運動は、平均すると対称性によって切＋吟＝ 0に横断的な運動とみなせる。よって、

WI +w2 = 0を参照する軸として用いることにする。つまり、

P2 = 0に平行な拡散 (PI軸方向の拡散）

PI = 0に平行な拡散 (p2軸方向の拡散）
P2 = PIに平行な拡散 (coupling resonance w1 + w2 = 0に横断的な方向の拡散）

P2 = -p1に平行な拡散 (coupling resonance w1 + w2 = 0に沿った方向の拡散）

をそれぞれ測定する。

図8はパラメータを K= 0.80としたときの拡散係数を、結合強度bに対してプロット
したものである。 P2= PIに平行な拡散がもっとも速く、拡散には異方性があることがわか
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る。その異方性は resonanceoverlap領域での、 couplingresonanceに横断的な運動が速い
ことと一致しており、微視的な共鳴構造が巨視的な拡散係数にも反映していることを表して

いる。

結合強度bを大きくすることは、大雑把にいうと couplingresonanceの共嗚領城の大き
さを増大させる。そのことによって resonanceoverlapが起こり、遷移のハプとして振る舞
う領域が様々な位罹に生じる。その過程が拡散係数の大きさの変化にどう反映するかを調べ

るため、様々な値のパラメータ K(=K1 = K2)に対して拡散係数の結合力依存性を測定し
た結果が図 9である。

Froeschle mapは b=Oの時、独立な二つの standardmapとなる。 Standardmapは
Ki> Kc~ 0.97ではresonanceoverlapにより大域的な運動が可能となり、有限の拡散係数
をもつ。図 9 で、 Ki~ LOOの時に b→0で拡散係数が一定値をとるのは、そのような事情
によるものである。

一方、 standardmap で Ki~ Kc~ 0.97の場合は、大域的な運動がトーラスによって
妨げられるので、拡散係数が0となる。つまり、 Froeschlemapもb→ 0の極限で拡散係数
が 0 となることが期待される。実際、 Ki~ 0.90の場合、測定した図9の範囲では拡散係数
は bの減少とともに 0に向かっている。

このとき、拡散係数は結合力にべき依存している。このべき依存はresonanceoverlap領
域の形成のされ方を反映してのものと考えられる。

7 Summary and discussions 

局所回転数から構成した周波数空間の構造を観察することによってArnolddiffusionとreso-
nance overlapの混在した様子を観察することができた。その観察により resonanceoverlap 
によって実現される共鳴線に横断的な運動が、共鳴線に沿った運動よりも速いことが示さ

れ、大域的な拡散は主として共鳴線に横断的な運動に支配されていることがわかった。

多自由度 Hamilton力学系の数値実験[KK90]で求められた拡散係数や、その摂動項に対
するべき依存を説明する場合、共鳴に沿った運動が仮定されることがしばしばある [WLL90,
CV93, CV97]。これらの仮定は、拡散を支配するのが共鳴に横断的な運動であると知った
今、根本的に再検討されなければならない。

系の自由度が大きくなっていくとArnoldwebを形成する resonancelayerはより多くの
方向をとり得るようになる。このような、いわばArnoldspaghetti[Kan02]とも呼べるよう
な状況が実現されたとき、 resonanceoverlapはどのように起き巨視的な拡散に寄与するの
であろうか。そのことを調べることこそ、熱平衡状態が実現される大自由度系とはいかなる

ものであるかを知るための一つの道筋となるのであろう。
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不安定ゾーン内の非バーコフ周期軌道
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概要

We consider a reversible (or Birkhoff-reversing) exact symplectic twist map which has 
a region of instability and prove that under an assumption on the number of Birkhoff 
periodic orbits of the same rotation number, there are, for any£ > 0, non-Birkhoff periodic 
orbits which have orbital points in the £-neighborhoods of both boundaries of the region of 
instability. 

§1．序

1.1結果の陳述

力学系が積分可能系から遠ざかれば遠ざかるほど， KAM(Kolmogorov-Arnold-Moser)曲線[1]

の分布密度は減少するねじれ写像の場合， Aubryら[2]とMather[3]によって示されたとおり，

KAM曲線の残骸はAubry-Mather集合とよばれるカントール集合となるこれはカントーラス

ともよばれる [4]．カントーラスは完全な障壁ではないので，相点は穴を通ってカントーラスをく

ぐり抜ける．円筒で定義されたねじれ写像の場合，円筒を巻く KAM曲線が上下運動の障壁とな

るこのねじれ写像の外部パラメータを変化させ，複雑化に向かうカオスのある時点に，ある二本

のKAM曲線の間に円筒を巻く他のKAM曲線が存在しない場合があると期待されるこの二本

のKAM曲線に挟まれた領域はBirkhoff[5]により不安定リングとよばれたここではそれを不安

定ゾーンとよぶことにする． Birkhoffは面白い定理を証明した定理そのものは利用し尽くされ

ていないように見えるその定理とは，

定理 A([5,Birkhoff, 1920, §47]). c-, C＋は不安定ゾーンCの境界を形成する二本のまったく異
なる不変曲線であるとするこのとき任意のe>Oに対して，整数Nを見つけることができ，c-
（またはび）の任意の点Pから距離e以内の点P’ で， c+（またはc-）の任意の点Qから距離e
以内の点Q'まで写像f（またはfー1)のn<N回の繰り返しで到達するようにできる

Herman[6]はこの定理を丁寧に調べた． LeCalvez[7]はこの定理を拡張した

定理 B([7,LeCalvez, 2000, p.23,定理 1.9]).

i)のECがあって次を満たす．

”把~d(fn(x), c-)＝辿＆d(fn(x),c+) = O. 

ii) C＋の任意の近傍Vに対して， XEVがあって次を満たす．

lirμ d(fn(x), c-) = 0. 
れ→士oo

上の定理のii)はBirkhoffの元の定理を改善しているあらっぼく言えば，c-の近傍から出発
してc+の近傍に達し，ふたたびC一の近傍に戻ってくる軌道があることを主張する．
本論文の目的は，不安定ゾーンの上下の境界の任意に小さな近傍を無限回行き来する軌道があ

ることを示すことであるこれはLeCalvezの結果の拡張になっているただし，証明のために，
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ある前提をおく．その前提は成り立つと思われるが，いまのところ成り立つことは証明できてい

ない．

前提 H.不安定ゾーンの上下の境界のいくらでも近くに，バーコフ軌道が2つしかないような回

転数がある

定理 c.cは円環の，完全シンプレクティック可逆ねじれ写像fの不安定ゾーンであるとするそ
の上下の境界はc+とc-であり，それらの回転数は， p+とp-(p―く炉）であるとする．ねじ

れ写像が前提Hを満たすなら，任意c>Oに対して，有理数回転数p/qE (p―，炉）を持つfの非
バーコフ周期軌道があって，その軌道点が，c-のc近傍にもc＋のc近傍にも存在する

この定理Cを次のような段階を踏んで証明する不安定ゾーン内の回転数が与えられ，その回

転数を持つバーコフ型周期軌道が2つしかないとき，サドル型バーコフ点がホモクリニックサド

ルであること，すなわち，その安定多様体と不安定多様体がすべて（必ずしも横断的ではなく）交

わることを証明するすると，筆者らの前の結果が使える．

定理 D((8]).fを円環Aの完全シンプレクティックねじれ写像とする． a。と a1(a。<m)は境
界S1X {O}とS1x {1}の回転数であるとする不安定ゾーンがあるとするその境界はCーと

c＋であって，回転数はp1およびP2であるとする (ao< P1く印 <al)．wSとWuが任意のp/q-
ホモクリニックサドルの安定および不安定多様体であるとするただし， Plくp/q< P2• このと
き， Wsっc-uc＋かつ Wuっc-uc＋である．

定理Dの系として次を得る

Corollary E((8]）．定理 D の前提を仮定するすると，任意の p/q—および p'/q'—バーコフサドル

の安定多様体と不安定多様体(p/ Q, p'/ q'E (p 1, P2)）は（必ずしも横断的とは言えないが）ヘテロ

クリニック点を持つ．

不安定ゾーンの上の境界近くの対称軸の弧であって，しかもバーコフサドル点の近傍にある弧

の中には，何回かの写像の後にバーコフサドルのホモクリニックローブに入り，写像の繰り返し

の後に，このホモクリニックロープの境界を構成する不安定多様体に連れられて，不安定ゾーン

の下の境界近くに到達するものがあるそこにおいて，境界回転数近くの回転数を持つバーコフ

サドルのホモクリニックローブに入るさらに写像を繰り返すと，このロープは対称軸と交わる

そのとき，上の境界近くから来た対称軸の弧の像も対称軸と交わる対称軸と対称軸の像の交点

は周期点である．このようにして，上下の境界の任意の近傍内に点を持つ周期解の存在を示す．．

必要な用語および定義は次の副節で尊入する．

1.2記法および定義

この副節では，円筒の完全(exact)シンプレクティック可逆ねじれ写像，不安定ゾーン，非バー

コフ周期軌道，ホモクリニックバーコフサドルおよびその他の必要な概念を尊入する

円筒 S奴配 (xE S1,y ERりからそれ自身へのねじれ写像fで

伽＋1= <I>(xn, Yn)＝珈＋cp(xn),
Xn+l = ¥Jl(xn, Yn)＝%＋ゆ（珈＋1)(Mod 21r) 

(1) 

(2) 

なる形のものを考えるここで， r.p(x)は周期加の奇関数であり， 2つの関数r.p(x)とゆ(y)は可微

分，関数ゆ(y)は次のねじれ条件を満たすとする [9].

8ゅ（珈＋1)
如＞〇．
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鉛直線を右に傾けるので右ねじれ写像とよばれる写像Iは面積保存かつ方向保存である簡単
に示せるように，関数cp(x)はJ。加cp(x)dx = 0を満たす．この関係と面積保存性より， fは完全
(exact)である Iが可逆であるのは， Pが奇関数だからである．こうして， Iは可逆，完全シンプ
レクティックねじれ写像である． cp(x)が奇関数であってしかも周期的であるから，関係cp(1r)= 0 

が成り立つ．写像fは2つの対合GとHの積で表現できる [5,10].

f = HoG (4) 

ただし，

c(;)=(―xy[M；心；：1r)) and H (:) =（一の十ゆ(y~(Mod 21r)) (S) 

ここで， G2= H2 = idおよびdet▽G=<let▽H=-lが対合GとHの性質である． GやHの作

用の下での不動点の集合は対称軸とよばれる以下では， Gの対称軸のひとつである X=Oを出
発する周期軌道を考える．普遍被覆記 (xER1,yERり上では，どの整数nに対しても，直線

の＝加が対称軸であるこれを発と書く．記法の節約のため，普遍被覆においても写像や座標

に同じ記号を使うことにする．一方Hの対称軸は2x＝ゆ（y）およびそれをの方向にn1rずらし

た曲線である．ゆ(y)はyの増加関数であるから， Hの対称軸は右上がりの曲線である． yの関数

として 1価である y=Oのときにゆ(y)= 0となるように取れば写像の不動点はの軸上(0,0)と

(0, 7r）の2点となり，標準写像と同じになる．普遍被覆面上でHの対称線は(0,n1r）を通る．これ

をSjjと書くただし，本論文では不動点がどこにあるかは重要でない．
普遍被覆への持ち上げを考える点ZE記の軌道をo(z)= {fk z : k E z}と書く． zの拡張軌

道eo(z)は{fkz+ (l, 0) : k, l E Z}. zの回転数v(z)は

11(z) ＝ lim 
1r1(fnz) 

n→oo n 
(6) 

と定義されるここで1r1(z)はzのの座標への射影である． ZE記が

和— (p,0) = z, (7) 

を満足するなら，zはp/q周期点であり，その軌道はp/q周期軌道とよばれる． p/q周期軌道zeR2 

が p/q—バーコフ軌道 (11] とよばれるのは，任意の r,se eo(z)に対して

1r1(r) < 1r1(s)⇒1r1(Jr) < 1r1(f s). 

が成り立つときである

非バーコフ周期軌道の以下の定義はYamaguchi&Tanikawa[12]による．

Definition. p / q周期点zE R2が与えられたとする

{1)あるr,s E eo(z), r E o(s)，に対して

1r1(r) <1r1{s)⇒1r1 (fr)~ 1r1(/ s), 

なら，点zは1型非バーコフ周期点といわれる．

(2)任意のr,s E eo(z), r E o(s)，に対して

1r1(r) <1r1(s)⇒1r1(fr) < 1r1(/s) 

であり，かつある r',s'E eo(z), r'f/. o(s'），に対して

1r1(r') < 1r1(s'）⇒1r1 (! r')~ 1r1(/s') 
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なら，点zはII型非バーコフ周期点といわれる．

Remark.点rE eo(z)が

1r1(/-1r) < 1r1(r),1r1(r) ~ 1r1(fr), or 

1r1(/-1r) > 1r1(r), 1r1(r)~ 1r1 (fr), 

(12) 

(13) 

を満たすとき，前者は折り返し後退点，後者は折り返し前進点とよばれ，どちらも折り返し点とよ

ばれる II型NBOには折り返し点がない．軌道点は写像の下で単調にx座標を進む

無理数回転数p＿およびp十のKAM曲線が存在し，これらがy= </J-(X)およびy＝如（の）と
表わされ， y＝如や）に挟まれた領域に円筒を巻く普遍曲線がなければ、この領域CはBirkhoff

の蒋入した不安定ゾーンである。区間(P-,p+）を不安定ゾーンの回転区間とよぶ．

サドル型のp/qバーコフ周期軌道の相隣り合う点の安定多様体と不安定多様体が滑らかにつな

がらず、交差しているとき、これをp/qホモクリニックバーコフ周期軌道、その周期点をホモク

リニックバーコフサドルとよぶ

1.3.対称軌道の一般的性質

本論文においては，可逆性および可逆性の下での対称軌道が本質的な役割を果たす．可逆性が

なければ言えない，あるいは言うのが非常にむずかしいことを，可逆性を使って主張してしまお

うこれがこの論文の下心である．そこで，あとで必要となる可逆性および軌道の対称性をここ

で説明しておく． l節では，写像が2つの対合の積として表わされること，および対合の具体形

を示しただけであった本節では，可逆性および対称軌道の使い方について説明する詳しくは，

De Vogelaere[ 10]あるいは筆者らの論文[12]を参考にして欲しい．対称線上，または対称線の写像

による何回目かの像の上にある点は対称点と呼ばれる対称点が二重対称であるとは，二本の対

称線またはその像の交点上にあるときである

Theorem 1.l(DeVogelaere[lO]）．点が対称周期点であるための必要十分条件は，それが二重対称

であることである．

DeVogelaere[lO]にしたがって、作用素Mn=fnG (n E Z)を定義し，集合

Mn= {zl Z= M戸｝

尊入する 1.2節で蒋入したSa全体はMoであり， Sjj全体はM1である．すると，

Theorem 1.2(DeVogelaere[10]）．対称周期点は3種類ある

i) rは2k周期であって， rEMoかつJkrE Mo. 

ii) rは2k周期であって， rEM1かつJkrE M1・

iii) rは(2k-l)周期であって， rEMoかつJk-lrE M-1・

いま扱っているねじれ写像の場合，対称軸に写像を作用させて簡単に確認できるように，定理

1.2に記述された対称周期点はバーコフ点である [13]も見よ．

2.ホモクリニックバーコフサドルの存在
この節で証明するのは次の補題である

補題 2.1.完全(exact)シンプレクティック，可逆ねじれ写像fの不安定ゾーンの回転区間(po,P1) 
内にp/qがあって，この回転数p/qのバーコフ周期軌道は2つしかないとするこのとき， p/q-

バーコフサドルはp/qーホモクリニックバーコフサドルである．

上の補題と前提Hからただちに次の結果を得る．
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定理 2.2.完全シンプレクティック，可逆ねじれ写像Iが前提Hを満たすなら， c+の任意の近傍
にp/qバーコフサドルがあって，安定多様体と不安定多様体が（横断的に）交わるすなわち， p/q

ホモクリニックバーコフサドルが存在するまたC一の任意の近傍にp'/q'があって，p'/<Iホモク

リニックバーコフサドルが存在する

命題 2.3.不安定ゾーンは，対称軸およびその像Mゎj= O, 1,..., nによって分割される． n→OO
のとき，分割された区域の数は無限大に向かう．

匪.MiとMi(i/=j)は一致しない．すべて異なる曲線であるしたがって，必ず互いに交わ
るか，不安定ゾーンの境界と交わる． n~N までの分割された領域の数を枷とする． n=n+l

のとき， Mn+lはいままでの領城の境界と交わるしかも，すでにある対称軸およびその像とは一

致しないから，すでにある領城の辺を横切るこれにより，少なくとも領域がひとつ増えるよっ

てkN+l2:枷＋ 1. ロ

補題 2.1 の証明円筒上で考える補題の回転数 p/q を取り，対称 p/q—バーコフサドル軌道を
取る問題を簡単にするため，このサドルの初期点はsgC Mo上にあるとする ほかの対
称軸上にある場合も同様に扱えるので，ここでは SもCMoの場合のみ考察する．奇数周期な
ら初期点の (q-1)/2回目の像がS}CM1またはShC M1上にあり，偶数周期なら初期点

のq/2回目の像がSbC Mo上にある軌道点を Z1,Z2,..., Zq, Zq+lとし， 1r1(z1) < 1r1（硲） ＜ 
... < 1r1(zq) < 1r(zq+1) = 1r1(z1) + 21rとするまた，ポアンカレーバーコフの定理より，隣り合
うZi,Zi+Iの間には楕円点または反転サドルのバーコフ軌道があるそれをWiとするただし，

m（な）＜7rt(Wi)< 7r1(Zi+l)とする． ZiとWiは同一のリプシッツ曲線上に乗る．
Pを取ると， ZiもWiも不動点である以後，われわれは， Zt,Wt, Z2のみを考える． ZけまGの対
称軸の＝ 0に乗っている． Z2を対称軸の像が通るまた， W1を対称軸の像が通る． Z1,W, Z2は対

称線によって分割された領域の内部ではなく，その境界に位謄する以後の便宜のため，名前の付

け換えを行なう． Z= Z1, W = W1, Z1 = Z2とし， Wを通る対称軸（またはその像）は，ある Kを用い

てMkと書けるつまり，軌道点Wiの中には，対称軸に乗るものがあり，その軌道点Wiに何回写

像を作用すれば， wに来るかも確定しており，したがってwが乗っている対称軸の像Mkの添字

Kが決まる

zからは四方向に安定多様体，不安定多様体の分枝が出る． zの不安定多様体の分枝のうち， zか

ら右上方向に出るものを W!(z)，左下方向に出るものを W!(z)とし， zの安定多様体の分枝のう

ち， zから右下方向から入るものを w;(z)，左上方向に出るものを w;(z)と書く同様に z’ に関

しても W!(z'),W!(z'), WJ(z'），および叫(z')を導入するわれわれの目的は， W!(z)とW;(z')

が交差し， Wパz)とW!(z’)が交差することを示すことであるそれを命題2.5と命題2.6で示す．
D 

補題2.1の証明中で尊入したz,w, z'を通るリプシッツ曲線の弧を Lと書く．

命題 2.5.ある回転数のバーコフ周期軌道が1組みしかないとするサドル軌道をZi，楕円または

反転サドル軌道をWiとする．隣り合う点Z= Zi, W = Wi, Z1 = Zi+ 1を考える． zから右上に出る

不安定多様体をWu,z'から左上に出る安定多様体をWsと書く． wを通る対称軸の像をS=MK

とするこのとき肌はSと交わる． WsもSと交わる．

匪 .zとwを結ぶリプシッツ曲線Lの弧をL1,wとz’ を結ぶLの弧をらとすると， Wが時計
回りの楕円点または180度反転のサドルであるから， fqLけまwの近傍で右まわりに回転し， zの

近傍では不安定多様体に全体として近づく． fqL1は不動点からまっすぐ伸び， wのまわりで巻く

したがって， k?:1があってfkqLけまふ（添字＋はwより上の部分を表わす）と交わる同様に，

戸 ’qら (k'?:1)もふと交わる．
一般にfnq-L1の一方の端点はzにあり，もう一方の端点はwにあるそして，端点wの近くで，
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L1 の像は回転するしたがって，ある n~l に対して fnqL1 はふと w 以外の点で交わる． L1
上には2つの端点を除いてfqの不動点はないから， fnqL1とf{n+l)q£1は端点以外に共通点を持

たないしたがって， fnqL1とふの交点はf(n+l)qL1とふの交点は異なり，初の近傍における

L1の像の回転を考慮すると，後者の交点の方が， S+に沿ってwから遠い．もう少し正確に言う

なら， fnqL1 とふの交点のうち fnqL1 に沿って z に一番近い点 Sn~ま f四L1 と S十の交点のうち

I四 L1に沿ってzに一番近い点Smより， S＋に沿って外にあるこのようにして， S＋上，単調に
wから遠ざかる点列{sn}neNが得られる

この点列は必ず収束する実際， Mi(j = O, l,..., 2q)で不安定ゾーンを分割すると， L1を含
む連結成分が一意に決まる． wから L1より上に出る対称軸像S且まこの成分の境界の一部を構成

し， S＋上に点炉があって，別の対称軸像との交点となっている．くは周期点である点列が収束し

ないとすると，ある k>Oがあって， JkqL1とJ(k+l)L1で囲まれる開領域にくは含まれるする

とりの像はj(k-1)出と fkqL1に囲まれる領域に含まれることになり， Cが境界点であることに
反する

そこで点列の収束点をsとするこのsがWuの点であることを示そう．点列{sn}neNに対応

して，点列{sn= I―nq%｝はL1上にあり，nが大きいほど， zに近い． 5＝liIlln→00 s;” と置く．約が
zに一致することがわかれば， sはWuの点である実際，連続性により， limn→00「四S=S=Z
であるから， sはWu上の点であるそこで， s=zを示す背理法を使う． sf=zとすると， Sは

L1上， zの右にある上と同様， limn→00「nqs= sであるこれはL1上，不動点がzとwのみで
あることに矛盾する． Wsに関してもf―qを繰り返しらに作用することによって同様な手続きに
より，肌がSと交わることが言える ロ

命題 2.6.命題2.5の前提の下で， WuとWsは同じ点でSと交わる．

匪堕さて改めて， Wuが初めてSと交わる点をuと書く． Wsが初めてSと交わる点をaとする
U=U を言うそのためには w を通る対称軸 S に関して W!(z) と W~(z') が対称であることが言
えればいい．

そこで，補題2.1の証明中で用いた対称p/qバーコフ周期軌道zo,z1,...,zqとWo,Wt,..., Wqを

考える． m（な） ＜7r1(Wi) < 7rt(Zi+l)であることも同様である． woEM1の場合を考えるこのと

き， zo= Hz1であり， Woとの X座標差は等しい．そうでないとすると， 7rt(zo) < 7r1 (zo) < 7r1 (wo) 

なる Zoが存在してZo= Hz1であるか， 1r1(wo) < 1r1 (zi) < 1r1 (z1)なる ziが存在してzo= Hzi 

であるか，どちらかである． O(zo)がHに関して対称であるから， z;もziもO(zo)に属するす

るとz。とz1の間に O(zo)の別の点が入ることになり，矛盾であるよって， Zoとz1はHに関し

て対称な点である

次にwo¢ M1 とする．軌道 O(wo) は対称であるから， l~m<q-1 があって， fmwo E M1 

あるいは l~n<q-l があって， fnwo EM。が成り立つ．前者の場合を考える． fmwoの左隣

りはfmzoであり，右隣りはfmz1である前段落と同様にして，I叫。と f叫 1はHに関して対
称な点であるこのことから， ZoとZ1はWoを通る対合T-mHに関して対称な位置にあることが

わかる後者の場合，やはり， fnzoとfnz1はrwoを挟んでの座標で等距離にあることから，上

の段落の議論が使えてrzoとrz1はGに関して対称な位罷にあるこのことから， Zoとz1は

Woを通る対合T-”Gに関して対称な位置にあることがわかる．

以上より， ZoとZ1はWoを通る対称軸の像（補題2.1の証明中の S)に関して対称の位骰にあ

ることがわかった次に Zoの不安定多様体と z1の安定多様体，また Zoの安定多様体と Z1の不

安定多様体がこの対称性により写り合うかどうか調べるいま簡単のため， W= fnwoがGま

たはHの対称軸上にあるとする． z。＝ rzoとる＝ rz1はGまたはHに関して対称である．
z。から右上に出る不安定多様体の分枝を W叫函へ左上から入る安定多様体の分枝をwsとす
る． Wuと肌が対称性で写り合うことはほぼ自明である実際， GまたはHをRと書くこと

にして， Wu上の点列を {uふとし， Ui= TqUi-1とおくと，定義より， limi→-00叫＝z。.そして，
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函＝ Rui= RTqui-I = T —qRUi-1 = T―qui-I・ つまり， Ui-1= T隅，かつ limi→-ooUi=函．し
たがって｛函卜は安定多様体上にある

以上で， zo= fnzoと函＝ Fz1の安定多様体と不安定多様体が両を通る対称性で写り合うこ

とが示されたこのことから， ZoとZ1の安定多様体と不安定多様体がSに関して対称であること

がいえるゆえに， ZoとZ1の安定多様体と不安定多様体はSと同じ点で交わる． ロ

§3. Proof of Theorem C 

定理 c.cは円環の，完全シンプレクティック可逆ねじれ写像fの不安定ゾーンであるとするそ
の上下の境界はc+とc-であり，それらの回転数は， p+とp-(p―く炉）であるとする．ねじ

れ写像が前提Hを満たすなら，任意c>Oに対して，有理数回転数p/qE (p―，炉）を持つfの非
バーコフ周期軌道があって，その軌道点が，c-のe近傍にもc＋のc近傍にも存在する．

匪塑ねじれ写像fが前提Hを満たすので， 2節の定理2.2より， p＋の十分近くに回転数p/qが
あって， p/qホモクリニックバーコフサドルが存在するこのサドルの軌道は対称周期軌道であ

り， Sも上， c＋のc近傍N+(c）内に軌道点Zoを持つ．軌道o(zo)の点で， Zoのすぐ右にある点を
Z1とする命題2.6より， z。から右に出る不安定多様体W!(zo)とZ1から左に出る安定多様体

W畑）は（横断的に）交わる． ZoとZ1を結ぶリプシッツ弧があることはこれらの点がバーコフ軌

道上にあることから言えるこの弧の上に，楕円，または反転サドルとなっているバーコフ周期点

がひとつあるひとつしかないことは前提Hの言うところであるこの点をwとする． wは対称

周期点である． o(w)の点のうち， si上にある点をWoとし， w= Jkwoであるとするすると， W

を通るのは JkS~ である

さて， W!(zo)とfkS'JJとの最初の交点を uとすると， W；い）もこの点を通る． uはホモクリ

ニック点である． W!(zo)に沿って次のホモクリニック点をvとする標準写像における不動点の

ホモクリニック点の場合と同様， uとvを結ぶW!(zo)とW；い）の弧が囲むホモクリニックロー

プUが定義できる．uは、交差が横断的でない場合も定義できる。 Uは上記リプシッツ曲線より
上にあることを注意しておく．

Zo, W, Z1がFの不動点であることを考慮して， F= fqとおく．上のホモクリニックロープU
にFー1を何度か作用させると， uとvの逆像はどんどんZoに近づく．そしてホモクリニックロー

プの弧は引き延ばされて，どんどん W;(zo)に近づくこのため，ホモクリニックローブの逆像は

sgと交わるその弧を Iiと書く．すなわち， Ii=F→uns＆なる弧である．簡単にわかるよう
に， limi→oopi Iiは弧[u,v] C W!(zo)．に漸近する．
次に，前提Hにより，回転数p'/q'を十分p一に近く取ったとき， p'/q'ホモクリニックバーコ

フサドルが存在するこんどはzbをx=O上に取り，この点のすぐ右の軌道点をziとし，この 2

点を結ぶリプシッツ弧上のバーコフ点をw'とするあとは上とほぼ同様にzbから右に出る安定

多様体を WJ(zb),z~ から左に出る不安定多様体を Wし(zi) と記す．また o(w'）の点のうち， s~ 上
にある点をWbとし， w'=fk'wbであるとするすると， W'を通るのはfk'siである． WJ(zb)と

fk'S似の交点をがとすると， W：（zi)もu'を通る． u＇はホモクリニック点である． wし(zi)に沿っ
て次のホモクリニック点をがとする． u'とがを結ぶWバzb)とWし(zi)の弧が囲むホモクリニッ
クロープが定義できるこのホモクリニックローブU'は上記リプシッツ曲線より下にある

F'= fq'とおく．このホモクリニックローブびに F'を次々と作用させると， u'とがの像は

どんどんzbに近づく．そしてホモクリニックロープの弧は引き延ばされて，どんどんW!(zb)に

近づくこのため，ホモクリニックローブの像はs&と交わるその弧を I；と書くすなわち，
Ii= (F'）邸nsgなる弧である．簡単にわかるように， limj→oo(F'）→1;= limj→ool―jり~；は弧
[u', v'J c Wし(zb)に漸近する

1.1 節の系 E より， W!(zo) と w;(z~) は交わる横断的に交わるなら， W!(zo) は W!(z~) に漸近
する弧列を持つ．したがって， W!(zo)はI；と交わる弧を持つ．
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これで準備が済んだ． Kはiが十分大きければ弧[u,v] C W!(zo)に十分近い弧を持つ．この弧
のIによる前進像がW;(z{)と交わるしたがって，いむが十分大きければ1;と交わるつまり，
対称軸Iiの点で，対称軸Iiに至るものがある．この軌道は対称軸に2点を持つから周期軌道であ

る．これが求める周期点である

この周期軌道が非バーコフであることは，p'/q'<p* /q* < p/qなるp*/q＊バーコフ軌道のAubry

グラフとこの周期軌道のAubryグラフが何度でも交わることからただちに言える [14]． ロ
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Abstract 

Orbital points of monotone orbits are defined in twist maps. A zone n verti-
cally connected and void of monotone points h邸 beenidentified. Non-monotone 
periodic orbits have points inn. The destruction of the last Kolmogorov-Arnold-
I¥1loser curve and appearance of n are related. The expansion of the homoclinic 
lobes of the stable and unstable manifolds is a cause of the appearance of n. 

1 Introduction 

For near integrable twist maps of the cylinder, the Kolmogorov-Arnold-Moser(KAM) 
theory 1-3) says that a lot of rotationally invariant curves (KAM tori) still survive as 

long as the perturbations are s1nall enough. Vertical motion is harnpered by ~hese curves. 
According to the Aubry-Ivlather theory,4•5) monotone or rotationally ordered orbits with 
irrational rotation numbers are quasi-periodic. If these are not on the KAM tori, these 
form cantori or the Aubry-Mather sets. A cantorus has gaps. A gap is a pair of points 
such that there are no points of the cantorus between them in the sense of cyclic order of 
the horizontal coordinate. The orbit of a gap is called a hole. In around ten years ago, 
there have been extensive researches6-9) of cantori, their gaps and holes, and bifurcations 
with reference to anti-integrable limits introduced by Aubry & Abramovici.10) Vertical 
motions can be possible through gaps, though motions are slow when gaps are narrow. 
It has been proved6) that there is only one hole for the standard map near the anti-
integrable limit. It has been also shown that there are as much holes as the number 
of potential wells near anti-integrable limit for the maps with multiharmonic potentials. 
Since the nun1ber of cantori are uncountable because there are at least one cantori for 
each irrational rotation number, the area of the phase space occupied by cantori might 
be of positive measure. It seems there is no proof or disproof for this. In any case, non-
monotone points play a major role in the dynamics of the system far from the integrable 
situation. 
Our interest here is the distribution of the areas occupied solely by non-monotone 
points. In the present paper, we propose a numerical procedure to identify non-monotone 
points, and then use this procedure to look for the behavior of the set of non-monotone 
points as the parameter changes. A priori, monotone points might be dispersed all 
over the phase space. We shall derive the existence of an infinite vertical strip void of 
monotone points which connects y = -oo and y = +oo. This strip is a manifestation 
of chaotic motions along the vertical direction. As for the gap of cantori, our procedure 
bound the width of the gap from below, that is, the true width of the gaps is wider than 
our estin1ate. Ivleiss11> noted that the largest gap of a cantorus for the standard map 
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appears around．℃ ＝1r where the'potential'is minimum. It has been shown that the 
points of long-periodic orbits are localized (see Fig. 1 of Ref. 7) for a large perturbation 
parameter. This indirectly shows that the width of the gaps of cantori increases with the 
perturbation parameter and accordingly the n1onotone points are localized. Ivlonotone 
points are driven to a small region in the phase space if the perturbation parameter 
increases. We will see this in our figures. 
We consider the standard map J defined in the cylinder S以R(S1 is a circle and R 

is a real line): 
Yn+l = Yn + ac.p(:i:,i), 
Xn+l = Xn + Yn+I, 

(1.1) 

with x E S1 and y E R where a is a positive paran1eter and ip(x) = sin x. There are 
two fixed points P = (0, 0) and Q = (1r, 0), where P is a saddle and Q is an elliptic 
point(O < a < 4) or a saddle with reflection(a > 4). 
It is well known that the standard map J is expressed as a product of two involutions:15) 

f = HoG, (1.2) 

where 

G (;) = (y + ~;(x))and H (;) = (-xy+ Y) (1.3) 

with G2 =が＝ Idand det▽G =det▽H = -1. 
The sets of fixed points of G and H are the symmetry axes. Two axes S 1 and S2 are 
the sym1netry axes of G and S3 and S4 are those of H. 

S1 : x = 0 and S2 : x = 1r for G, 
S3 : y = 2x and S4 : y = 2（エー1r)for H. 

(1.4) 

Let f: R2→即 bethe unique lift of.f which fixes the points P and Q. The lift of 
a point z = (x, y) E S1 x R will be denoted by z = (x, y) with x E R. We also denote 
this by z = pr(z) or z = pr-1{z). The projection to the first coordinate is denoted by 
x=叫z)and x = 1r1 (z). The orbit of z = (x, y) E S1 x R or its lift z = (x, y) E R2 is 

k̂̂  denoted by o(z) = {Jkz: k E Z} or o(z) = {/kz: k E Z}. The extended orbit of z is 
eo(z) =｛炉＋（l，0)： K, l E Z}．A point z is saidto be p/q-periodic if f吃ー (p,0) = z .. 
The orbit of a p/q-periodic point is called a p/q-periodic orbit. If the orbit o(z) of a 
point z has an orbital point on the symmetry axis, then the orbit is called symmetric. 
A syn1metric orbit is periodic if and only if the orbit has exactly two points on the 
symmetry axes1.:J. 12) 

2 Monotone and non-monotone orbits 

Here, we introduce a monotone orbit and a non-monotone orbit on the cylinder. 

Definition 2.l(Ivleiss11>, LeCalvez13>). A set EC S1 x R is called a monotone set if it 
satisfies the following conditions: 
i) E is invariant under f; 
ii) the restriction of 1r1 to E is injective; 
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iii) for each pair of z and z') in E, 

町(z)＜叫ク）＝⇒叫fZ)＜叫fz'). (2.1) 

The orbit of a point of a monotone set is called a monotone orbit. Examples of 
monotone orbits are a monotone (or Birkhoff-type) periodic orbit, an orbit in a KAM 
(Kolmogorov-Arnold-Jvloser) curve and an orbit in a Aubry-Mather set. 
Definition 2.1 characterizes a set of points which are the extension of the notion 
of monotone periodic points. The original definition of the Aubry-I¥1ather set seems 
to coincide with that of a monotone set. In the present paper, we are interested in the 
orbits whose projection to the x書-axisbehave not like the rigid rotation. For this purpose, 
Definition 2.1 is not convenient because it does not characterize these orbits. In fact, a 
non-monotone set may contain a monotone subset. 
Let us introduce a non-monotone orbit in a different manner. An orbit o(z) is said 
to be non-rnonotone if there are f, s E eo(z) and an integer k ;p O such that 

町(f)＜叫3) ⇒ 町(J楼）こ叫f年）． (2.2) 

A point on the cylinder of a non-monotone orbit will be called a non-monotone 
point. An example of non-monotone orbits is an orbit on an invariant curve encircling a 
stable periodic point. In the case of periodic orbits, non-monotone orbits are also called 
non-monotone or non-Birkhoff periodic orbits.15) There are two types of them: 

Definition 2.2. Suppose a p/ q-periodic point z E S1 x R is given. 
(1) If there are f, s E eo(z) with f E o(s) and an integer k -f= 0 such that 

町(f)＜町(§)⇒叫fkf)こ叫l楼）， (2.3) 

then, point z is called a non-Birkhoff periodic point of turning-back type and its orbits 
is called a non-Birkhoff periodic orbit of turning-back type. 
(2) If for any f, s E eo(z) with f E o(s), 

町(f)<. 1r1 (s)⇒ 7f1 (ff)＜町(f3)

holds and if there are f', s'E eo(z) with f'~ o(s') and an integer k # 0 such that 

7f1（f') < 7f1（s')⇒叫fkf')~町 (fks'),

(2.4) 

(2.5) 

then, point z is called a non-Birkhoff periodic point of passing-by type and its orbit is 
called a uon-Birkhoff periodic orbit of passing-by type. 

Remark 1. The orbits of turning-back type have turning points, whereas those of 
passing-by type do not. Here point Pk is called a turning point if 

Tl(Pk-1)~ 1r1 (Pk), 1r1 (Pk) > 1r1 (Pk+d, or 
7r1 (Pk-d ~ 7r1 (Pk), 7r1 (fik) < 7r1 (Pk+d 

(2.6) 

are satisfied, where Pk = Tkp0 (0 ~ k < q). As for the y coordinates, if 1r2(Pk)~ 0 
(resp., 1r2(Pk) ~ 0), then 1r2(Pk+d < 0 (resp., 1r2(Pk+d > 0). If the rotation number 
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is 1/q (q ~ 2), then all non-monotone orbits are of turning-back type. If the rotation 
number is p/q (p ~ 2, q ~ 2), then both types are available. 

Remark 2. If a periodic point is in the homoclinic lobe bounded by stable and unstable 
manifolds of fix point Q, then it is a non-Birkhoff periodic point of turning-back type. 
If, on the other hand, a non-Birkhoff periodic point is sandwiched by two KAM curves 
of distinct rotation numbers of the same sign, then it is a non-Birkhoff periodic point of 
passing-by type. 

3 A procedure to find non-monotone orbits 

In this section, we propose a sufficient condition that an orbit be non-monotone and use 
this condition in the next section as a numerical procedure to obtain a region occupied 
by non-monotone points. In particular, we use this procedure to identify an infinite 
vertical strip which contains no monotone orbits. Here by'infinite'we rnean that the 
strip extends from y = -oo toy= +oo. 

Take a point z = (x, y) E S1 x R, 1r < x < 21r. We have Gz = (21r -x, y + ar.p(x)) 
and hence叫Gz)＜叫z).We summarize the properties of orbits of these points z and 
Gz. It is to be noted that when we consider a lifted point and its reflection with respect 
to symmetry G, the expression of G should be specified. In the present work, the line 
x = 1r is taken to be the symmetry axis of G in the universal cover. 

[1] If z is p/q-periodic, so is Gz. Their orbits have the same stability. If eo(z) = eo(Gz), 
then o(z) is symmetric periodic. If eo(z) # eo(Gz), then both o(z) and o(Gz) are 
non-symrnetric periodic. 16) 

[2] If o(z) is a Birkhoff-type periodic orbit, then so is o(Gz). In this case, these orbits 
are located on the same graph of a Lipschitz function.13,14) 

[3] If o(z) is on a KAM curve, then o(Gz) is on the same curve. If o(z) is on an Aubry-
I¥1ather set, then o(G z) is on the same set. The KAM curve is a graph of a Lipschitz 
function and the Aubry-1¥tlather set is on a graph of a Lipschitz function. 

Definition 3.1. A point z = (x, y) E S1 x R (1r < xく 21r)is said to satisfy Yk―non-
monotone condition if for a given k ~ 1, 

釦x,y) 三町(f—屹）—叫f-kcz) ~ o. (3.1) 

A point Z = (x, y) E S1 X R (1r < X く 21r)is said to satisfy Q-non-monotone 
condition if it satisfies Qk-non-monotone. condition for some k ~ l. 

Let us define sequences of sets for k = l, 2, 3,... as follows: 

and 

砧＝｛z= (x, y) E S1 x RI z satisfies the Qk-non -monotone condition but 
z does not satisfy the Qi-non -monotone 
condition for 1 ~ j < k} 

vk = auk・
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Let 

and 

U=U陀l伍 v= U vk, k = 1, 2, 3,... 
k?:1 

iV=UUV. 

By definition, Ui and Ui (i # j) are disjoint. 

Proposition 3.1. If o(z) is a non-monotone orbit, so is o(Gz). 

(3.4) 

{3.5) 

Proof. In fact, this is trivially true if eo(z) = eo(Gz). Let us consider the case eo(z) # 
eo(Gz). Then there are v，面 Eeo(z) and j # 0 such that 

町(v)＜叫面） and 叫f埼）こ叫加） (3.6) 

On thJ_ other han2, _we have pv, G面€竺o(G多） and 1r1(G面） ＜叫Gv).In addition, we 
have fiG;PJ _= G(f—j軋and fiGv = G(]―iv).・ By the second inequality of Eq.(3.2), we 
have 1r1 (!―J•G筍< 7fl(f→G面）． Then

町(G面） ＜1r1 (GfJ) and叫炉GfJ)~町（和G面）

Thus o(Gz) is a non-monotone orbit. 

(3.7) 

Q.E.D. 

Proposition 3.2. If z satisfies Q-non-monotone condition, then both o(z.) and o(Gz) 
are non-n1onotone orbits. 

Proof If eo(z) # eo(Gz), then at least one of eo(z) and eo(Gz) is a non-n1onotone 
orbit. This can be easily shown by introducing the Aubry graph. Let z = (x, y), and 
let o(z) = { = {zi=（功，祐）｝托：zbe its orbit. For all i, the piecewise linear graph connecting 
(iふ） and(i + 1, $i+i) is called the Aubry graph of o(z). According to Bangert17), Aubry 
graphs of two monotone orbits cross each other at most once. As is easily confirmed, 
Aubry graphs of o(z) and o(Gz) which both satisfy Q-non-monotone condition cross each 
other at least twice. Therefore, either of o(z) and o(Gz) is a non-monotone orbit. By 
Property 3.1, both orbits are non-monotone orbits. ・ Q.E.D. 

Proposition 3.2 says that the set l1V is contained in the set'of all non-monotone 
points. We here verify that Wis strictly smaller than the set of all non-monotone points 
by showing exarnples. 

Examples. (1) Consider a point z satisfying z = H多． Supposethe orbit of z is a. 
periodic orbit of passing-by type. Then evidently, z does not satisfy Q-non-monotone 
condition. 
{2) Let u be the first intersection point of the unstable manifold emanating from P 
to the right with x = 1r. Let z = Ju. 

Now we define a vertical strip void of monotone points. 

Definition 3.2. Let n be the open region bounded by two vertical lines x = c1 and x = 
C2 wit~ 0 ~Ct< C2 ~ 21r. If n Cw, then n = n(c凶） iscalled a vertical non-monotone 
strip. If c1 and c2 are maximal in the sense that a wider vertical strip containing 
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r2(c1, c2) is not a vertical non-monotone strip, then n(c1, c2) is called a maximal vertical 
non-monotone strip. 

Proposition 3.3. A vertical non-monotone strip exists in the standard map for a > 2. 

Proof For k = l, by directly using the lift map J 
Yn+l =珈＋叩(xn), Xn+l = Xn + Yn+l, (3.8) 

we find that the Q1-non-monotone condition does not depend of y0. This condition for 
point z is written as 

gl（歪） ＝ 2（歪ー1r)十a.sin 歪~ 0. (3.9) 

It is easy to show that there existsが (1r< x* < 21r) such that x, 1r < x・こが satisfiesin. 
Eq.. (3) at a> 2. This implies the existence of a vertical non-n1onotone strip. (Q.E.D.) 

Remark. It is to be noted that the above condition (3.9) is the sarr1e as the Lipschitz 
criteria (Eq. (4. 7) of ivieiss, 1992) that the slope exceeds infinity. This is natural, since 
non-1nonotone condition is equivalent with the slope-infinity condition. However, the 
meaning we give is different from the Lipschitz criteria. Our condition is not for an 
orbit on rotationally invariant curve. vVe are consider general orbits and our condition 
requires that the cyclic order be violated. This requirement is in general stronger than 
the Lipschitz condition. 

4 N urnerical results 

In this section, we will show the behavior of the set of non-n1onotone points as the 
parameter changes. 

Before showing the main result, let us first examine the utility of our procedure 
using the familiar example of estimating the critical value for the destruction of the 
last KAl¥1 curve. Our procedure like others (e.g., Greene18)(1979), Chirikov19) (1979, 
Fig.5.3), l¥tlacKay and Perciva120)(1985), Yamaguchi & Tanikawa叫1999)bounds the 
critical value from above. ¥Ve make a smaller starting from a = 2. Our procedure is 
basically similar to that in l¥'1acKay and Percival if applied to the last KAlvI curve. They 
iterated the di~ection vector until its direction reverses, whereas we iterate a special pair 
of points, z and Gz, until the order of the x-coordinates reverses. 
By Proposition 3.3, for a given a > 2, f2(1r,歪＊） with全＊ ＝1r + (2/a) sin（x* -1r) is a 
vertical non-monotone strip. This strip is not maximal because only g1-non-monotone 
condition is used. We can obtain a wider non-monotone strip. We are going to numer-
ically confirm the existence of a vertical non-n1onotone strip in the vicinity of x = 1r 
for a smaller than 2. We look at g山，y)(k ~ 2). These are functions of :r; and y. 
In Fig.l as examples, functions g2(x, y), g3(x, y), g4(x, y) and Q5(x, y) are displayed for 
different values of a. In order to obtain the value of a at which all vertical non-monotone 
strips disappear, we assume that the vertical non-monotone strip spreads fro1n x = 1r 
to x = 1r + 0.001 and take z on the line x = 1r + 0.001. We calculate gゆ） upto 
k = 3233 and have the critical value ac = 0.9718. This value is slightly larger than 
0.9716 :_・ ・ evaluated by Greene at which the last KAlvl curves with 11 =((— 1)/2 and 
(3 —()/2 (0 < 11く 1)are destroyed. 
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6 3 
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6 3 

Figure 1: Three dimensional plots of Q心，y)at a= 1.42 (uppl'r left), 91(叱y)ata = 1.24 
(upper right), 9,1(:i:, y) at a= 1.lG {bottom left) and品(,1,99ヽy)at u = 1.13 (bottom right). 
gk （エ，リ）ispositive at :r; = 1r + 0.001 in all figures if a is decreased by 0.01. 

Let 11s show our main result. We increase parameter a > 0. The vertical line x = 11 
is obviously not contained in W, because it contains symmetric Birkhoff periodic points. 
On the other hand, Proposition 3.3 suggests that vertical non-monotone strips, starting 

as very thin strips at both sides of x = 11, expand toward the right and left directions as 

a mcreases. 
As we have pointed out in the Introduction, the standard map is considered to have 

a so-called'one hole cantori', that is, all the gaps of cantori are obtained by iterating 

one largest gap. This has been proved near the anti-integrable limit(Baesens&MacKay, 

1993). For smaller values of a, the proof seem・s not available. We have two evidence for 

the'one-hole'nature. 
First numerical evidence is the distribution function p（x) of points in the last KAM 
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curves.15) p(x) is minimum at x = 1r and p(1r) tends to zero as a→ac. This suggests 
that the gap of the last KAM curves open around x = 1r. The second evidence is that 
x = 1r is the first gap obtained from Qk-non-monotone conditions. The positions of the 
potential minimum moves starting from 1r to the right as a increases (see Fig.2 (a)). 
On the two-hole Aubry-Mather sets, Baesens and ivlackay have studied the map having 
'two holes Aubry-Mather set'. Using Eq. (3), it is easy to confirm that the map with 
f(x) =asinx+bsin(nx) (n=2,3,・・・) has'n-holeAubry-Matherset'. Fig. 2(a) shows 
the case of the standard map at which one hole exists around x = 1r. Fig. 2(b) is the 
case studied by Baesens-Mackay at which one hole exists around x = 5.5 and the other 
one exists at the symmetric position (not displayed). Fig. 2(c) shows the three hole case 
that one hole exists in the vicinity of x = 1r, the second one exists around x = 5.7 and 
the third one exists at the symrnetric position (not displayed). Fig. 2(d) shows the case 

with the four holes. 
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Figure 2: (a) Q1(x) = 2(x -1r) + 2.5sinx, (b) Q1(x) = 2(x -1r) + 6sin2x, (c) Q1(x) = 
2(x -1r) + sinx + 6sin3x and (d) Q1(x) = 2(x -1r) + sinx + 6sin4x. 

Now, the monotone points located in the vicinity of x = 1r for small a are pushed 
away toward the right and left directions・ as a increases. Several orbits of Birkhoff saddles 
are displayed in Fig. 3 at a = 1. We can confirm the fact mentioned above. In Fig. 4, 
the stable and unstable manifolds and non-monotone orbits and elliptic monotone orbits 
with q = 17 are displayed at a = 3. It is easy to observe that the stable manifold of 
the saddle located at (2rr, 0) penetrates into the gap in the right side of x = 1r and the 
stable manifold of the saddle located at (0, 2rr) penetrates into the gap in the left side 
of x = 1r. The regions at which the points of monotone periodic saddles and monotone 
periodic elliptic points are located are mainly shrunk in the vicinity of 83 and 84. It is 
difficult to plot periodic orbits with long periods at a = 3. 
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Next let us consider the distribution of monotone orbits along the x direction. We 
consider as a representative Birkhoff-type orbits located in the vicinity of the last KAM 

curve with v = (3-v'5)/2 and we measure the distance D between x = 1r and the nearest 
neighbor point located in the right side of x = 1r. The distance D for Birkhoff-type orbits 
with v = 44/377, 377 /987, 610/1597 are shown in Fig. 5. For these orbits, the nearest 
neighbor point is a saddle. Our results mean that the last KAM curve is isolated and 
the region containing the non-monotone orbits・ exists in the vicinity of it. This concept 
was proved by Boyland-Hall.22) 
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Figure 3: Nlonotone periodic saddles with q = 31, 41, 53, 61 and 73 are displayed at 
a= 1. 

5 Discussions 

If a vertical non-n1onotone strip ex~sts, then evidently there exist no rotationally invariant 
curves. ¥Ve have a question in a reverse direction. Does a vertical non-monotone strip 

exist if there are no rotationally invariant curves? Numerical evidence is given in this 
paper when we estirnated the critical parameter value for the destruction of the last 

KAlvl curve. In the standard n1ap, every Aubry-Mather set has a gap around x = 1r. 
Therefore as long as the last KAlvl curve disintegrates, a vertical non-monotone strip 
seems to appear around x = 1r. 

The unstable manifold and the stable manifold of the saddles of Birkhoff type have 
the intersection points if n exists. In fact, since f is exact, there are two configurations 
of the stable and unstable manifolds of the saddle of Birkhoff type, that is, the saddle 
connection and the intersection of them. In the following, we show that the configuration 
of the saddle connection has a contradiction. The saddle connection is an invariant curve 
separating the cylinder and the universal cover. Therefore it is a graph for Lipschitz 
function. Here, we assume the existence of n. Thus the intersection interval L of the 
saddle connection and n exists. Take z in L. Then Gz = Gz exists in GL located in the 
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Figure 4: Points of monotone periodic saddles and ellipses with periods q = 17 starting 
from x = 0 (BSOs) and 1r (BEOs) at a = 3. The stable and unstable manifolds are also 
displayed. 
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sarne saddle connection. The backward and the forward images of z and G z located on 
the saddle connection accumulate toward the saddle and satisfy Birkhoff condition since 
the saddle connection is a graph. This is a contradiction. 

In the present paper, we give results only for the standard map. Our procedure can 
be applied to a general reversible twist maps. 
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ABSTRACT 

Extending Nacozy's idea of manifold correction by using the concept of the integral invariant relation, we 
propose a new approach to numerically integrate quasi-Keplerian orbits. The method integrates the time 
evolution of the Kepler energy and the usual equation of motion simultaneously. Then it directly adjusts the 
integrated position and velocity by a spatial scale transformation in order to satisfy the Kepler energy 
relation rigorously at every integration step. The scale factor is determined by solving an associated cubic 
equation precisely with the help of Newton's method. In treating multiple bodies, the Kepler energies are 
integrated for each body and the scale factors are adjusted separately. The implementation of the new method 
is simple, the added cost of computation is low, and its applicability is wide. Numerical experiments show 
that the scaling reduces the integration error drastically. In the case of pure Keplerian orbits, the truncation 
error grows linearly with respect to time, and the round-off error grows more slowly than that. When pertur-
bations exist, a component that grows with the second or a higher POWer oftime appears in the truncation 
error, but its magnitude is reduced significantly as compared with the case without scaling. The rate of 
decrease varies roughly as the 5/4 to 5/2 power of the strength of the perturbing acceleration, where the 
power index depends on the type of perturbation. The method seems to suppress the accumulation of round-
off errors in the perturbed cases, although the details remain to be investigated. The new approach provides a 
fast and high-precision device with which to simulate the orbital motions of major and minor planets, natural 
and artificial satellites, comets, and space vehicles at a negligible increase in computational cost. 

Key words: celestial mechanics - methods: numerical 

1. INTRODUCTION 

Numerical integration has been the major tool for investi-
gating complicated problems in celestial mechanics and 
dynamical astronomy. Thus, it is indispensable to know the 
accuracy of one's integrations in order to obtain reliable 
results. However, this is a difficult task. Aside from the 
direct methods of comparison, some of which we discuss 
below in§ 3.1, a common tactic is to monitor the variation 
of the integrals of motion, such as the total energy or the 
total angular momentum. 
Unfortunately, this has two main drawbacks. One is that 
the approach is useless in dissipative and other non-
conservative systems, since no integrals of motion are 
available in these cases. Also, it is usually difficult1 to find 
the integrals of motion in the restricted problems. The other 
drawback is that the constancy of the integrals of motion is 
merely a necessary condition for a correct integration. In 
fact, there are many cases in which the integrated position 
and velocity are erroneous while yielding the correct value 
of the total energy or other conserved quantities (see the dis-
cussion by Huang & Innanen 1983; see also example [4.4] of 
Hairer, Lubich, & Wanner 1999). A typical quantity easily 
conserved by numerical integrations is the direction of the 
total angular momentum vector.2 
In order to overcome these demerits, Szebehely & Bettis 
(1971) considered checking an integral invariant relation, 
namely, following the time development of some analytical 

1 Of course, a well-known exception is the Jacobi constant in the 
restricted three-body problem. 
2 Im~gine integrating a planar restricted three-body problem on the x-y 
plane. Then the total angular momentum vector is ensured to be parallel to 
the z-axjs by any integrator. 

function (or functions) of position and velocity and compar-
ing its integrated value with the value evaluated from the 
integrated position and velocity. They suggested 1;1sing the 
first time derivative of the total moment ofinertia, /, as such 
a function in the case of a gravitational N-body system. For 
a subsystem of" binaries," a natural choice is the Kepler 
energy. It is the total specific energy in the case of pure 
Keplerian orbits and, therefore, is a conserved quantity in 
that case. Of course, it is no longer a constant of the motion 
when perturbations exist. Yet, its time evolution is easily 
integrated. Recently, by extending the idea in a more gen-
eral form, Mikkola & Innanen (2002) adopted the individ-
u_al Hamiltonians ~ as such functions to be integrated 
simultaneously and succeeded in establishing an effective 
way to monitor the accuracy of N-body symplectic 
mtegrations. 
If this viewpoint is reversed, the monitoring of errors 
naturally leads to the correction of errors. A popular 
example of such corrections is the so-called stabilization of 
orbits (Baumgarte 1972). The basic idea is to add an artifi-
cial term in the equation of motion that enforces a reduction 
of the observed difference in the integral invariant relations. 
Usually some kind of energy is selected as the function to be 
monitored, such as the Kepler energy in the original work of 
Baumgarte (1972). In this case, the technique is referred to 
as energy stabili=ation. Note that this stabilization is implic-
itly used in the well-known Kustaanheimo-Stiefel (K-S) reg-・ 
ularization, where the Kepler energy in the K-S equation of 
motion is replaced not by the value evaluated as a function 
of K-S variables but by the value integrated separately 
(Stiefel & Scheifele 1971). In any event, this type ofstabiliza-
tion technique has been widely used in N-body simulations 
(Aarseth 1985). 
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Another approach is the manifold correction of Nacozy 
(1971). When the integral relations are not satisfied by the 
integrated variables, this method modifies the latter so that 
the relations are satisfied. The modification is usually done 
by adding a linear correction vector computed from the gra-
dient vectors of the integrals. By choosing the total energy 
as the integral to be satisfied, Nacozy integrated the motion 
of a 25-body system and obtained a significant gain in preci-
sion. Since this technique is equivalent to correcting the inte-
grated variable back onto the correct manifold of constant 
energy, it is termed the manifold correction (Murison 1989) 
or the projection method (Hairer et al. 1999). 
About two decades later, Murison (1989) applied the 
manifold correction to the restricted three-body problem 
and obtained a dramatic increase in the precision of the 
numerical integration. Of course, he combined it with other 
factors such as use of the extrapolation method and the 
introduction of K-S regularization. However, his Table 1 
shows clearly that the manifold correction is the main cause 
of the improvement that was achieved. Note that this 
approach requires only a small amount of additional com-
putation, as he demonstrated. Unfortunately, the applic-
ability of the method is limited because" its implementation 
depends on the existence of at least one integral of the 
motion" (Murison 1989). 
On the other hand, Hairer et al. (1999) reported that the 
projection method, enforcing the constancy of both the 
total energy and the total angular momentum, does not 
work in a five-body integration of the Sun and four outer 
planets (see their example [4.4] and Fig. 4.4). This illustrates 
that the conservation of constants of the motion does not 
always imply the correctness of the integration. 
To resolve these difficulties, we borrow the idea of 
the integral invariant relation. Specifically, we conduct 
the manifold correction such that the Kepler energy. as the 
integral invariant, is to be maintained throughout the 
integration. 
Before going into details, let us show an example indicat-
ing the effectiveness of the new approach. Figure 1 compares 
the results of an existing and the new approach to numerical 
integrations. Plotted are the relative position errors of 
Mercury in a simultaneous integration of the Sun and nine 
major planets for a few hundred thousand years. The error 
of the new method is drastically smaller than that of the 
existing one. 
In this paper, we report that the new method significantly 
improves the quality of orbit integrations, as demonstrated 
in Figure l, with a negligible cost of additional computa-
tion. In the following, § 2 describes the new method in detail, 
§ 3 illustrates numerical examples, and § 4 concludes with 
some future prospects. 

2. METHOD 

In this section, we describe the new method and discuss 
some of its features. First, we define the Kepler energy in 
§ 2.1. Next we present our idea to modify the integrated 
variables, the spatial scale transformation, in § 2.2. A 
method to solve for the scale factor is also detailed. In§ 2.3, 
we examine the mechanism by which the new method, 
which we hereafter call the scaling method, reduces the inte-
gration error. As a by-product of the considerations in§ 2.3, 
we extend the scaling method to the case of multiple bodies 
in § 2.4. Then we show how the scaling method can be 
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Fm. 1.—Relative position errors of Mercury obtained via the new and 
existing methods in a simultaneous numerical integration of the Sun and 
nine major planets for 2.4 x 105 yr. The new method is labeled.. Scaled." 
while the existing one is denoted.. Unscaled." The integrator used was the 
10th-order implicit Adams method in PECE mode. and the step size was 
fixed at 0.689 days. 1/128 of Mercury's nominal orbital period. The initial 
conditions were those at 12000.0 in JPL's latest planetary ephemeris. 
DE40S, and the starting tables were prepared via the extrapolation method 
using the same step size with a tiny relative error tolerance, 10-1-'. The error 
of the unscaled integration increases in proportion to the square of time, 
while that of the scaled one seems to grow linearly over this period. 

adapt,dto achange ofcoordinate systems in § 2.5. In § 2.6亀
we estimate the computational labor and time required in 
implementing the scaling method. Further, we discuss vari-
ous aspects of the applicability of the scaling method in 
§ 2.7. Finally, we compare the current method with Naco-
zy's approach in§ 2.8. 

2. l. Kepler Energy 

Let us begin with a perturbed one-body problem. The 
usual equation of motion is written as 

翌＝信）x+a, (1) 

where x is the position, v is the velocity, μ三 GMis the 
gravitational constant. r = lxl is the radius vector. and a is 
the perturbing acceleration. 
Now we introduce a quantity K defined as 

K=  T+ U, (2a) 

where 

T = v2/2, U =―μ/r. (2b) 

We call K the Kepler energy, T the kinetic energy, and Uthe 
Keplerian potential energy. Note that K is the total specific 
energy for pure•Keplerian orbits and, therefore, is a con-
stant of the motion in that case. Under the perturbation, K 
is no longer a constant. Its time evolution is governed by the 
equation 

dK 
--:-=fi•a. 
dt 

(3) 

Usually the variation of K is small compared、viththe value 
of K itself. As we have experienced in the generalization of 
Encke's method (Fukushima 1996), it is wise to integrate 
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not K but its difference from the initial value，△k＝ K -K。:
d△k 
= V•a 
dt'  

(4) 

where Ki。isthe initial value of the Kepler energy. This 
change of integrated variable significantly reduces the 
accumulation of round-off errors. 
In general, the integrated K, or the sum of Ki。andthe 
integrated邸 ifspeaking more specifically, is not the same 
as K analytically evaluated from the integrated x and v by 
using equation (2). In this case, there are three possibilities 
in principle: (I) the integrated K is correct and the integrated 
x and v are erroneous, (2) the integrated K is incorrect and 
the integrated x and v are valid. and (3) the integrated K. x, 
and v are all wrong. Here we take the first standpoint and 
modify the integrated x and v such that the two K's are the 
same. The reason we choose this option will be explained in 
§ 2.3. 

2.2. Scale Transformation 

Consider how to modify the position and velocity by 
using the difference in the Kepler energy. Since the addi-
tional information provides I degree of freedom. we may 
correct x and v using a one-parameter transformation at 
most. As such, we adopt a spatial scale transformation: 

(x,v)→ (sx泣）． (5) 

The unknown, s, called the scale factor, is determined such 
that the integrated Kand the evaluated K coincide. Note that 
the kinetic and Keplerian potential energies are transformed 
as a result of the above scale transformation as 

(T,U)一ぽT,U/s).

Then the condition of coincidence is written as 

s-T+U/s=K, 

(6) 

(7) 

where K refers to the integrated value, while T and U are 
those evaluated from the integrated x and v before the 
scaling. This condition can easily be rewritten as 

f(s) = Ts3 -Ks+ U = 0. (8) 

We call this the equation of Kepler energy consistency. This 
is a simple cubic_ equation. We solve it numerically via 
Newton's method:3 

S →J*(s) = sf'(s) -J(s) 2Ts3 -U 
f'(s) -3Ts1 -K' 

(9) 

with a starting value 

2T-U 
s1 = 
3T-K' 

(l・O) 

which is actually the first iteration of the method started 
from a natural guess, s0 = 1. 
It can easily be shown that Newton's method with this 
starting point definitely converges (see the Appendix for 
details). Experience has shown us that the method con-

3 Although the analytic formula for a general cubic equation is known as 
Cardano's formula, its direct application to this case is impractical because 
of its slowness when compared with the Newton method described here. 

verges rapidly. and usually no iterations are required, since 
the above starter is so precise. 

2.3. A Circular Orbit Integrated by Euler's 1¥tfethod 

Let us see how this scaling method works in the simplest 
case, a circular orbit integrated by the Euler method. The 
Euler method, namely. the first-order explicit Adams 
method, is written for a K~plerian orbit as 

Xn+l = x,, + hv,,'V11+l = Vn -1zn;,x,,'(11) 

where h is the step size of the integration and P.~ 三µ／ri. For 
simplicity, we choose a system of units such that Jt = I 
throughout this subsection. 
Consider integrating a circular orbit of unit radius on the 
ふyplane. We assume that the initial solution is given 
exactly as 

(;:) = (~)'(:~:) =（↑），（12) 
where we used the fact that n0 = I. Then the solution at the 
first step is integrated by E・uler's method as 

(;:) = (~)'(:~:) =(―lH)．（13) 
where H三 hf20= his the phase advance per step. Note that 
the radius vector at the first step is a little larger than its 
initial radius, 

r1 = Ji+"iF > ro = l. (14) 

Also, the magnitude of the velocity at the first step is larger 
4 than the initial value by the same factor4 as the radius 

vector: 

I叫＝』了万~> lvol = I. (15) 

The integrated Kepler energy is unchanged because there is 
no perturbation, and therefore it is an integration constant. 
Thus it retains its initial value. 

Ki = Ko = To + Vi。=-½. (I 6) 

On the other hand, the Kepler energy analytically evaluated 
by using the integrated position and velocity becomes at the 
first step 

1 + H2 -1 
T! +Ul= ＋.  

2 'v"f'=口戸
(17) 

Obviously this is different from the integrated K, which 
represents an integration error in some sense. 
Now the scale transformation is to improve the position 
and velocity at the first step as 

(;,) =sC:), (;.) =sC:)- (18) 

By rigorously solving the equation of Kepler energy 

" This similarity of the magnification factors in the position and in the 
velocity was a trigger for us to consider the spatial scale transformation. 
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consistency, 

T1s3 -K1s + u, = 0, 
we determine5 the scale factor to be 

s=l//I+ii2. 

Then the corrected solution becomes 

(19) 

(20) 

ば）＝叶叫）心）＝元(―(）．
(21) 

When compared with the exact solution, 

じ：）＝（こ万）， 位）＝（―c:isn[）， (22) 
the unscaled position (x1, y1) steps outside the unit circle, 
the solution curve, while the scaled solution（ヰft)remains 
on it. The same is true for the velocity component. 
On the other hand, the orbital longitude is calculated as 

入1= tan―l(y1/x1) = tanー1H. (23) 

Note that this quantity is unchanged by the scaling. Repeat-
ing the above procedure N times, we reach the conclusion 
that the radius and the magnitude of the velocity remain the 
same as their initial values, while the orbital longitude is 
smaller than the true angle by an amount that is linearly 
proportional to time, 

△入＝ N(H-tan―IH)～屈H勺，（24)

where we have replaced Nlz with t. 
Of course, it is still questionable whether the properties of 
the scaled integration observed in the above hold in non-
circular cases or for other integrators. Also, the effect of 
perturbations is unclear. These issues will be addressed with 
numerical experiments in the next section. In any event. it is 
expected that the scaled integration will reduce the amount 
ofintegration error, especially in the radial sense. 

2.4. Multiple Bodies 

In the above simple analysis, we observed tharthe value 
of s that is determined depends on the magnitude of phase 
advance per step. In treating multiple bodies, it is usual to 
adopt a common step size for all bodies. In this case, the 
amount of phase advance per step differs from body to 
body. Thus, we deal with each celestial body separately. 
Namely, we integrate the time evolution of the Kepler 
energies for all bodies and adjust the scale factors one by 
one. 
In other words, for each body U = l, 2,...), we first 
simultaneously integrate the equations 

空＝ （予）•℃j 十町， 苧＝ 0j•aj, （25) 
then we determine the scale factors sj separately by solving 

5 The reader may easily check the correctness of the solution by 
substituting it into the equation. 

the associated cubic equations. 

Tjs]-Kjsj+ Uj=0, (26) 

and, third, we adjust the integrated positions and velocities 
using the scale transformation at each integration step: 

(xj, Vj)→ （平j9砂）． (27) 

Here 

Tj = V}／2, Kj =(K成＋△kj, Uj = -lり／rj. (28) 

2.5. Change of Coordin（ヽteSystem

Sometimes, one faces the need to change the coordinate 
system to which the orbital motion is referred. This happens 
when a perturbation by a third body becomes so strong that 
it is more reasonable to change the coordinate origin from 
the primary to the third body. as we experience in close 
encounters of comets or asteroids with major planets or 
flyby orbits of space vehicles. 
Fortunately, the scaling method is easily adapted to such 
a change of coordinates. Assume that the introduction of a 
coordinate transformation. 

(x,v)→ （え，v),

induces a new equation of motion as 

翌＝信）え＋a，

(29) 

(30) 

where the quantities with tildes are the new ones. Then the 
equation for the time evolution of the new Kepler energy 
becomes 

d△k --= v•a 
dt 
， (3 I) 

with the new initial condjtion△k = 0. The initial value of 
the new Kepler energy. K。,issimply reevaluated from the 
new Kepler energy relation as 

K=T+iJ, (32a) 

where 

T=的／2, U = -μfr. (32b) 

Thus, there is no practical difficulty in a change of 
coordinate system, even if freq_uent. 

2.6. Computational Cost 

Let us estimate the increase in computational time due to 
the introduction of the scaling method. First. we note that 
the computational time to evaluate the right-hand side of 
the differential equations increases little. This is because the 
additional evaluation is of the form of an inner product of 
two vectors, v • a, and both the velocity and the perturbing 
acceleration have already been evaluated in the right-hand 
side of the equation of motion. 
Second, the relative increase in the number of compo-
nents in the differential equations amounts to¼-This sounds 
like a significant increase, but almost all the computational 
time used for integration is spent evaluating the right-hand 
side of the differential equations, which, as we saw above, 
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does not increase much. Therefore, the effect of this portion 
of the increase is subtle. 
Third, the analytical computation of the Kepler energy 
from the integrated position and velocity seems to require 
someadditionaltime,espec?in takingthesquarerootof 
the squared position, r = v x2. However, we note that the 
evaluated square root is used again in the next step to 
evaluate the Keplerian acceleration, (-μ/r3)x. This is true 
even after the scaling, (x, v)→ (sx, sv), because the scaled 
radius vector is obtained simply by multiplying the scale 
factor as r→sr. Therefore, the actual increase is only that 
incurred in the evaluation of v2, which is negligible. 
Finally, one may expect an increase in computational 
time due to our policy of determining the scale factor with-
out approximation. However, note that the Newton's 
method iteration converges quadratically (see eq. [A20] in 
§ A.5). This means that no more iterations are required in 
double-precision arithmetic when the relative inequality of 
the Kepler energy becomes less than 10-8. This condition is 
almost always satisfied before the iteration begins, since we 
usually adopt a sufficiently high order integrator and/or a 
sufficiently small step size in practical integrations. Even if it 
is not satisfied, the Newton corrector (eq. [9]) is rapidly eval-
uated, for it is expressed in the form of a simple rational 
function. Therefore, this part costs little. In conclusion, we 
see no actual increase in computational time under the new 
m'ethod. 

2. 7. Applicability 

Consider various factors in the applicability of the scaling 
method to orbit integrations. First, the line of logic devel-
oped in the previous subsections has no relation to the details 
of the perturbing acceleration. Therefore, it is to be expected 
that the method will be applicable to any kind of perturba-
tion. Namely, the method should work (1) whether the 
problem is restricted or not, that is, whether the perturba-
tion explicitly depends on time; (2) whether the perturbation 
depends on not only the position but also the velocity, such 
as one faces in post-Newtonian mechanics; (3) whether the 
perturbing acceleration is derived from a potential as usual 
or not; (4) whether the perturbation is dissipative, such as 
air drag, or not; a~d (5) whether the perturbing force is 
continuous or not,6 as in the shadow ・effect of-radiation 
pressure. 
Second, it is easy to see that the method is universal 
because it assumes nothing about the type of unperturbed 
orbit—whether elliptical, parabolic, or hyperbolic. 
Third, the formulation described so far does not depend 
on the coordinate system adopted. In other words, it will 
work both in an inertial frame and in a rotating or other 
noninertial frame. Also, the effectiveness of the new 
approach will remain unchanged by any choice of coordi-
nate origin, such as barycentric, heliocentric, or Jacobi 
coordinates, so long as the resulting problem is properly 
posed as quasi-Keplerian. In fact, this method is easily 
adapted to changes of coordinate system, as shown in § 2.5. 
Fourth, the new method is expected to work for any 
number of bodies as long as their orbital motions are 
regarded as quasi-Keplerian. 

60f course, we must use an appropriate integrator such as a one•step 
method utilizing no higher derivatives, e.g., the Runge•Kutta method using 
variable step sizes. 

Fifth. the current formulation is independent of the 
integrator used so long as it is designed for general first-
order ordinary differential equations (ODEs). as in 
dy/dt = f(y, I). since not only the position but also the 
velocity is needed at every integration step. In other words, 
it is applicable to both (l) the one-step methods, such as the 
Runge-Kutta family. as well as the extrapolation methods, 
and (2) the linear multistep methods. such as the Adams 
methods. 
It is also expected that the method should not depend on 
any parameters specific to these integrators, such as (I) the 
order; (2) the magnitude of the step size. as long as the inte-
grator itself remains stable; (3) the implicitness. namely, 
whether the integrator is explicit or implicit or whether an 
implicit formula is approximated by a finite iteration not 
achieving perfect implicitness (4) the method of extrapola-
tion or the number of extrapolation stages for the extrapola-
tion methods; and (5) the variability of these parameters of 
integration, say, the order. the number of extrapolation 
stages, or the step size. 
Among the latter, the method is expected to work under a 
policy of changing the integration order body-by-body, as is 
usually done when integrating multiple bodies that span a 
wide range of orbital periods. such as the Sun and nine 
major planets. It would also remain effective even for 
integrators that exploit variable step sizes. as are used in 
integrating highly eccentric orbits such as those of comets 
and some peculiar asteroids. 
Unfortunately, the new approach is not compatible with 
integrators designed for special second-order ODEs of the 
form,f-x / dt2 = f(ふ t).Examples are the Stormer-Cowell 
methods, the extrapolation method based on the modified 
midpoint rule, and the symmetric linear multistep methods 
of Lambert & Watson (1976) and Quinlan & Tremaine 
(1990). 
One may imagine that this approach could be realized in 
a symplectic integrator, such as the symplectic Euler 
method. This is not easy, since the time evolution o「the
Kepler energy must be integrated by one of the integrators 
for first-order OD Es. Of course, this difficulty would be re-
solved by introducing a conjugate variable to be paired with 
the Kepler energy (Mikkola & Innanen 2002). However. we 
should admit that the total symplecticity would be violated 
in general, because the scale transformation is not 
symplectic. 
On the other hand疇 thesymmetric linear multistep meth-
ads seem to be applicable to the new method as long as they 
are capable with general first-order OD Es. Since only a few 
formulae of this kind are known (Evans & Tremaine 1999). 
we will leave this issue as future work to be tackled. 
Finally, we must speak of the limitations of the new 
approach. Since the scaling method is based on the assump-
tion that the orbits integrated remain close to Keplerian, the 
effectiveness of the method will decrease if the strength of 
the perturbation increases. In particular, the method would 
be useless for general N-body problems in which the depar-
ture from Keplerian motions_ is large. In any event, all these 
speculations must be checked with numerical experiments. 

2.8. Relation to Naco=y's Approach 

Let us clarify the relation between the scaling method and 
Nacozy's (1971) original method of manifold correction. 
There is a substantial difference in the nature of the quantity 
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to be monitored: it is a constant of the motion in Nacozy's 
approach, such as the total energy, while it is the Kepler 
energy—a function of time—in the new method. As for the 
availability of such quantities, the former are much more 
limited than the latter. Aside from round-off error a con-
slant of the motion is error-free in its evaluation, while the 
Kepler energy suffers a sort of truncation error during its 
integration. Thus, we anticipate that the applicability of the 
scaling method is wider than that of the original manifold 
correction, at the cost of a possible degradation in precision. 
As for the manner of correction, the two methods are 
more similar than it might seem from the difference in out-
look. In Nacozy's case, the correction of the integrated x 
and vis determined by the steepest-descent method, in terms 
of minimization theory. That is, the correction vectors are 
set to be in proportion to the gradient vectors. If the base 
integral relation is the Kepler energy consistency, as in the 
scaling method, this becomes 

~ex: 笠＝（子）x ，△ooc 誓＝ V. (33) 

Apart from the coefficients of proportionality, this method 
of correction is nothing other than the scaling transforma-
tion. In other words, the scaling method can be regarded as 
a variation of manifold correction in which the proportion-
ality coefficient to be multiplied with the gradient vector is a 
diagonal matrix with time-varying components. 

3. NUMERICAL EXPERIMENTS 

Let us show the results of some numerical experiments on 
the scaled integration. In § 3.1, we specifically define the 
error of numerical integration, which will be used in the 
following subsections. Then in § 3.2 we present the case of 
pure Keplerian orbits. Next, in §§ 3.3 through 3.9, we will 
show that the observed properties of the scaled integration 
are independent of various factors: the eccentricity in§ 3.3; 
the type of perturbation in § 3.4; the type of unperturbed 
orbit in § 3.5; the method of integration in § 3.6, as well as 
some parameters of the integration method, such as the 
order, in§ 3.7; the number of extrapolation stages in§ 3.8; 
and the variability of step size in § 3.9. Also, the body 
dependence of the scaled integrations is illustrated in§ 3.10. 
The limitations of the scaling method are described in § 3.11 
by discussing a strong-perturbation case. As an extension, 
we demonstrate the relation between the integration errors 
and the perturbation strength in § 3.12. Summarizing these 
experiments, we present two typical results in §§ 3.13 and 
3.14: the features in cases where the dominant source of inte-
gration error is truncation or round-off, respectively. 
Finally, we report that the scaling enhances the stability of 
the integrators in§ 3.15. 

3.1. Error Estimation 

First of all, we discuss how to measure the error of numer-
ical integrations whose exact solutions are unknown. This is 
important because, as we will show later, the scaling method 
achieves such a significant reduction of integration ~rror 
that it is difficult to confirm in the usual way,7 by 
comparison with results obtained by standard integrators. 

7 Diamond is cut by diamond. 

Of course, the local precision of an integration is easy to 
monitor, say. by comparing the explicit and implicit formu-
lae in the linear multistep methods. by measuring a specially 
designed quantity in the Runge-Kutta-Fehlberg methods. 
or by watching the manner of convergence in the extrapola-
tion methods. Rather more problematic is to estimate the 
global accuracy. 
One way is to (1) do a forward integration for some 
amount of time, (2) do a backward one starting from the 
arrived-at solution for the same amount of time, and (3) 
compare the final state of the backward integration with the 
initial conditions. However, we did not adopt this approach, 
for a few reasons. First。itis not applicable to dissipative 
or similar problems, in which a backward integration is 
physically meaningless. Second. it is useless for the time-
reversible integrators, such as the symplectic integrators 
and the symmetric linear multistep methods, although we 
do not test them in this paper. Finally, it is quite time-
consuming if one wants to monitor the variation of the 
errors as a function of integration time. 
Another remedy is to conduct two different integrations 
and take the difference. Typically the tw(! integrations are 
designed to be different in-(I) step size,8 (2) -some other 
parameter of integration such as the order. the mode, the 
number of extrapolation stages. or the error tolerance, (3) 
the type of integration, (4) the arithmetic precision. or (5) a 
combination of these factors. 
Throughout this paper. we adopt the first case listed in 
the previous paragraph. More specifically, we perform two 
integrations simultaneously-one integration by a certain 
integrator with a certain step size, which we call the target 
integration, and another by the same integrator with half 
the step size, which we call the reference integration. When 
dealing with the variable step sizes, we change the step size 
of the reference integration so as to keep the ratio of step 
sizes at 2. Then we define the error as the difference between 
the target and the reference integrations at the same times. 
By comparison with results from integrations of the 
reference solutions via the extrapolation method with a tiny 
error tolerance in quadruple~precision arithmetic,9 we 
confirmed that this error estimate is accurate in double-
precision arithmetic for various kinds of problems. 

3.2. Pure Keplerian Orbits 

Let us begin with the simplest case: numerical integration 
of a pure Keplerian orbit. When using an ordinary integra-
tor, the integration errors of a Keplerian orbit grow as plot-
ted in Figure 2. This is the result of numerically integrati~g 
a Keplerian orbit with e = 0.05 and / = 23° using the l 0th-
order implicit Adams method in PECE (predict, evaluate. 
correct, evaluate) mode with a step size of 1/128 of the orbi-
tal period. In the figure. we show three components of the 
error in the position△x, namely, that in the radius vector. 
△平 thatin orbital longitude,△x-"; and that in orbital 
latitude,△x,3. They were evaluated as 

ふ:r=er.△x， ふ・入＝e入・△， △刃＝む・心． （34) 

8 The ratio of the step sizes is usually chosen as a fixed integer to make 
the comparison easy. The typical ratio is 2. 
9 Typically. the reference integration was done by using around 20 
extrapolation stages and an error tolerance of 10-33. 
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FIG. 2.-The three orthogonal components of the position errors for the 
unscaled integration. Integrated is a pure Keplerian orbit withe = 0.05 and 
l = 23° for about 3 x 1が orbitalperiods. The longitude and radius 
components grow in proportion to the square of time, whereas the latitude 
one grows in proportion to the square root of time. 

Here the three orthonormal base vectors are defined as 

er= x/r' e!l = L/ILI, 

where 

e.¥ = ea Xe,, 

L=xXv 

(35) 

(36) 

is the specific orbital angular momentum vector. Note that 
both the longitude and radius components grow in propor-
tion to the square of time, while the latitude component 
does so in proportion to the square root of time. It is well 
known that the largest is the longitude component. 
On the other hand, the manner of error growth is different 
in the scaled integration (Fig. 3). This time, all three 
components grow linearly with respect to time. As for the 
magnitude, the longitude and radius components are 
comparable, while the latitude one is smaller than the others. 
In order to examine the reason for the linear error 
growth, we prepared Figure 4, showing the errors in the 
Keplerian elements for the scaled integration. Here the inte-
grated problem is a pure Keplerian orbit with e = 0.05 and 
I= 23°, and the integration time was 220 ~ 106 periods. For 
the integrator, we used the 12th-order implicit Adams 
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FIG.3.—Same as Fig. 2, but for the scaled integration. All components 
grow linearly with respect to time. 

FIG. 4.—Errors in the Keplerian elements (a. e. I. n. ::;;三n+.,;. 
L。三ル／0+ N) of the scaled integration. Growing linearly with respect to 
time are all the errors except that of the semimajor axis. a, which remains 
randomly on the order of the machine epsilon. 

method in PECE mode. whose starting values were pre-
pared by the extrapolation method. The step size was 
chosen as 1/128 of the orbital period. It is clear that the 
errors in all the elements except the semimajor axis increase 
linearly with respect to time. Therefore, the longitude error 
is not generally the_ largest error component in the scaled 
mte2rat1on. 
On the other hand噌 theerror in the semimajor axis, 6a, 
remains on the order of the machine epsilon. This situation 
is achieved by virtue of the fact that the Kepler energy is a 
constant of the motion in this case. Note that 6a seems to 
follow a random distribution of zero mean value. Then, 
applying the logic developed by Brouwer (1937), we would 
expect that its secular effect on the orbital longitude will 
grow in proportion to the square root of time. 
Unfortunately, it is difficult to confirm this conjecture 
directly, since any component growing as the↓power of 
time would be embedded in a linearly growing c―omponent. 
which is the result of the secular effect of truncation error in 
the phase advance per step. as we observed in § 2.3, or other 
factors such as the errors in preparing the starting tables 
from the given initial conditions. 
In any event, the effects of round-off are reduced to some 
degree by the scaling, as we now prove. Assume that the 
accumulation of round-off errors in the longitude grows in 
the usual manner: following the 3 /2 power of time, as 
Brouwer (1937) predicted. Then the estimated magnitude of 
the round-off errors in the longitude roughly amounts to 
eN3/2, where N is the number of steps and e is the machine 
epsilon. At the end of the integration in Figure 4, the num-
her of steps is N = 227. Thus the expected magnitude of 
round-off error in double-precision arithmetic becomes 
eN3/2 = 2-53(227)312 ~ 1.7 x 10-4, whereas the actual error 
in the longitude, 6Lo, is around 10-10, smaller than the 
expectation by six digits or so. Therefore, the figure implies 
that the accumulation of round-off errors is suppressed in 
some manner. 

3.3. Eccelltricity Dependence 

In § 2.3, we proved that the scaling method works for a 
circular orbit integrated by the Euler method. However, it is 
questionable whether it would still be effective for eccentric 
orbits, especially highly eccentric ones such as the orbits of 
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FIG. 5.—Errors in the mean longitude l。atthe epoch for various 
eccentricities, as indicated. While the magnitude of the error increases with 
the eccentricity, the linear growth rate is unchanged. 

asteroids and comets. In order to answer this question, we 
prepared Figure 5, which illustrates the longitude errors in 
pure Keplerian orbits of eccentricities from nearly zero up 
to 0.7. (For higher eccentricities, see§ 3.5 below.) The total 
integration time was around I million periods, the integra-
tor used was the 12th-order implicit Adams method in 
PECE mode, and the step size was I /256 of the orbital 
period. 
This figure tells us that the magnitude of the errors them-
selves increases as the eccentricity goes up. However, the 
rate of linear growth of the integration error does not 
depend on the eccentricity. Although this conclusion was 
derived from the results for unperturbed orbits, we report 
that we have confirmed the independence of eccentricity 
even for perturbed cases. 

3.4. Perturbation Type Dependence 

In § 2. 7, we claimed that the scaled integration would not 
depend on the type of perturbing acceleration. In order to 
prove this, we provide Figure 6. The figure shows the relative 
position errors in the scaled integration of an artificial Earth 
satellite under various types of perturbation: (l) general 
relativistic effects, or the post-Newtonian acceleration in the 
one-body problem within the framework of Einstein's theory 
of general relativity, as a typical case of conservative but 
velocity-dependent accelerations; (2) third-body attraction, 
or the tidal force, roughly speaking, as a typical case of con-
servative and nonautonomous perturbations; (3) air drag in 
the form a ex: -lvlv, as a typical case of nonconservative accel-
erations; and (4) theみperturbation,as a typical case of con-
servative and autonomous accelerations. Note that the errors 
in the figure have been multiplied by various factors in order 
to show the parallel nature of their growth curves clearly. 
Also, the integration time was sufficiently long, 160 years. 
It is clear that the error initially grows linearly with 
respect to time. Then, for some perturbation types, a more 
rapidly increasing component appears after a certain 
amount of time. We observed that the growth rate of the 
more rapidly increasing component is 2 for J2 and 3 for the 
air drag. Although not shown in the figure, we have con-
firmed that the growth rate of the more rapidly increasing 
component is 2 for the third-body attraction and the general 
relativistic effects. 

FIG. 6.—Relative position errors in the scaled integration of an artificial 
Earth satellite under various type of perturbations. The errors were multi-
plied by the (actors indicated to show the parallel nature of their growth 
curves _clearly. The initial conditions were fixed at_e :a: 0.0, a = 1 R0, and 
/ = 23". The integrated time spans up to 160 yr. 106 times the initial orbital 
period. Initially the error grows linearly with respect to time. For some per・
turbations, a more rapidly increasing component appears after a certain 
amount of time. The growth rate of the more rapidly increasing component 
is 2 for J2 and 3 for the air drag. Although not presented here, we have con-
firmed that the growth rate of the more rapidly increasing component is 2 
for third-body attraction (labeled・・ Moon'") and general relativistic effects. 

3.5. Orbit Type Dependence 

In order to show that the scaled integration works inde-
pendent of the type of unperturbed orbit, we prepared 
Figure 7. This graph presents the integration errors in terms 
of relative position for nearly parabolic orbits under post-
Newtonian perturbations. 
Note that the errors have been multiplied by the factors 
indicated to show the parallel nature of their growth curves 
clearly. The integrator used was the 12th-order implicit 
Adams method in PECE mode. The eccentricity dealt with 
ranges from e = 0.90 to e = 1.10, covering most practical 
values for periodic and nonperiodic comets. The starting 
time of the integration was pericenter passage. Since the 
concept of" orbital period" based on mean motion in the 
elliptical sense is not appropriate to describe times for such 
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FIG. 7.—Errors in the relative position in the scaled integration of 
nearly parabolic orbits, ranging from e = 0.90 to e = 1.10, under general 
relativistic perturbations. The errors were multiplied by the factors indi-
cated to show the parallel nature of their growth curves clearly. The initial 
location was at pericenter passage. The step size was fixed as 1/128 of Ppcri• 
the orbital period of a circular orbit of the same pericenter distance. 
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nearly parabolic orbits, we measure the time using units of 
p.  pen, the orbital period of a circular orbit with the same 
pericenter distance. 
In the case of hyperbolic orbits, the final state is an escape 
with an almost linear motion. Thus, it is natural that the rel-
ative position error tends to be flat with respect to time, 
which implies a constant offset of the escape longitude. For 
elliptical cases, there was a sign of an error component that 
grew linearly in time after several hundred pericenter 
passages. 0f course, the timing of the appearance of such 
linear error growth does depend on the eccentricity in the 
adopted time unit. 

3.6. /ntegr（ヽtorType Dependence 

Figure 8 illustrates the independence of the scaled 
integration with respect to the type of integrator used, as we 
predicted in§ 2.7. The case examined is the three-body prob-
tern of the Sun, Jupiter, and Saturn, whose initial conditions 
were quoted from the DE405 ephemeris at epoch 12000.0. 
The errors indicated in the figure are those in the relative 
position of Jupiter, the largest error component in this case. 
The integrators tested were (1) the fourth-order Runge-
Kutta method (RK4), (2) the four-stage extrapolation 
method of Gragg (EX4), (3) the sixth-order explicit Adams 
method (AB6), and (4) the sixth-order implicit Adams 
method in PECE mode (AM6). The step size was fixed at 
16.92 days, I /256 of Jupiter's nominal orbital period; the 
integration time was around 104 yr. Note that the usual 
extrapolation method employs a i1ariable number of 
extrapolation stages. Here we adopted a fi． •ヽed number of 
extrapolation stages in order to separate the issue of its 
variability, which will be discussed below, from the issue of 
the nature of the integrator. 
Apart from the similarity of the error growth, the magni-
tude of the errors varies by method, as can be seen. In addi-
tion, the computational cost, specifically, the number of 
acceleration evaluations per step, significantly differs with 
the type of integrator; 4 for RK4, 10 for EX4, 1 for AB6, 
and 2 for AM6. Here we adopted the harmonic sequence, 
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Fm. 8.—Relative position errors of Jupiter in the scaled integration of 
the three-body problem of the Sun, Jupiter, and Saturn for various methods 
of integration: the fourth-order Runge-Kutta method(" RK4 "), the four・
stage extrapolation method of Gra邸(“EX4"）,the sixth-order explicit 
Adams method (" AB6 "), and the sixth-order implicit Adams method in 
PECE mode (.. AM6 "). The step size was fixed at 16.92 days, I /256 of 
Jupiter's nominal orbital period. The growth of the integration error barely 
depends on the choice of integration method. 

11 = I, 2, 3, 4 ― . 5,..．彎 forthe number of substeps in the 
extrapolation method. which is known to require the least 
number of evaluations. The superiority of linear multi-
step methods is obvious: smaller errors with smaller 
computational time. 

3.7. Integrator Order Dependence 

As a continuation of the discussion in the preceding 
subsection. we prepared Figure 9, showing the order 
dependence of the scaled integration for the implicit Adams 
method in PECE mode. In this case. the perturbation was 
fixed as the Moon~s third-body attraction on an artificial 
Earth satellite. For the step size chosen. an 11th-order inte-
grator is of the highest order among those that are stable. 
Easily observed are the facts that {l) the growth of the inte-
gration error hardly depends on the order, although (2) the 
magnitude of the integration error does so significantly. 
Thus, we anticipate that the introduction of order variabil-
ity during an integration would not change the growth of 
the integration error in the scaled integration. If using linear 
multistep methods. we recommend that the method of high-
est available order be chosen. since the computational cost 
is the same for all orders if the mode is fixed. 

3.8. Extrapolation Stage Dependence 

Let us examine the dependence on another parameter of 
integration, the number of extrapolation stages in Gragg's 
extrapolation method with a.fi． •ヽeel number of stages. 
Figure 10 is the same as Figure 3. but this time the number 
of extrapolation stages has been varied. Again the harmonic 
sequence was adopted. 
Just as in the case of order dependence for linear multi-
step methods observed in the previous subsection, the 
growth of the integration error is independent of the num-
ber of extrapolation stages, although the magnitude of the 
integration error itself does depend. These facts support our 
expectation that variability in the number of extrapolation 
stages would not cause any significant change in the manner 
of error growth in the scaled integration. In fact, we have 
confirmed this conjecture through comparisons of the 
results obtained by the usual extrapolation method. 
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FIG. 9.—Same as Fig. 6, but for various orders of the implicit Adams 
method in PECE mode while the perturbation was set to be the Moon's 
third-body attraction. The growth of the integration error hardly depends 
on the order, although the magnitude of the integration error itself does. 
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total number of acceleration evaluations was the same as in 
the integrations with variable step size. 
F o_r the policy for changing the step size. we selected the 
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FIG. 10.—Same as Fig. 3, but for different numbers of extrapolation 
stages in Gragg's extrapolation method. The growth of integration error 
hardly depends on the number of extrapolation stages, although the 
magnitude of the integration error itself does. 

3.9. Step Si=e Variability Dependence 

Let us examine the effects of variability of the integration 
parameters in the scaled integration. Among them, the most 
important is that of variability of the step size, for it is 
directly connected to the possibility of reduced computa-
tional time. 
Figure 11 illustrates the relative position errors of Icarus, 
whose eccentricity is as high as e:::::: 0.83, under Jupiter's per-
turbation for around 105 yr. The curves shown were 
obtained with various combinations of the scaling and the 
variability of the step size: (1) an unscaled integration with 
fixed step size, (2) an unscaled integration with variable step 
size, (3) a scaled integration with fixed step size, and (4) a 
scaled integration with variable step size. Here we adopted 
the fourth-order Runge-Kutta method as the integrator and 
chose the step for the fixed-size integrations such that the 
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FIG. 11.—Position errors of Icarus under Jupiter's perturbation for 
around 105 yr, The four curves are the errors obtained in various combina-
tions of scaling and variability of step size: (1) an unscaled integration with 
fixed step size, (2) an unscaled integration with variable step size, (3) a 
scaled integration with fixed step size, and (4) a scaled integration with 
variable step size. The variability was controlled by changing the step size 
in proportion to the heliocentric distance. The number of steps were 
arranged such that the average step size is the same for the fixed and 
variable cases, 0.05 days. The scaling governs the growth of the integration 
error, while the variability of the step size determines the magnitude of the 
integration error. 

where r is the heliocentric distance. This closely resembles 
taking a fixed step size in the eccentric anomaly. It can easily 
be seen that the error growth depends on whether the 
scaling is applied or not. while the error magnitude depends 
on whether the step size is fixed or varied. 
Although we do not present the details, we report that 
we have confirmed that similar results are obtained if 
variability is introduced for other integration parameters, 
such as the integration order or the number of extrapolation 
stages. This is what we expected as a basic property of the 
scaling method. 

3.10. Body Dependence 

In Figure 1, we showed that the scaled integration is effec-
tive in treating multiple bodies moving on quasi-Keplerian 
orbits. Here let us examine its details: the dependence on the 
bodies. Figure 12 shows the relative position errors of the 
planets in the same integration conducted to prepare 
Figure 1. The magnitudes of the relative position errors are 
smallest for Jupiter, increasing through Uranus, Neptune, 
Pluto. Saturn, Mars. Earth, and Venus, to Mercury. In 
order to make clear the similarity, we show some of them, 
including the smallest case, Jupiter, and the largest, that of 
Mercury. As can be seen, the observed growth rate is linear 
for Mercury but quadratic for the others. The reason is 
partially that. for the order adopted. the common step 
size selected was so close to the stable limit for Mercury as 
to be much smaller for the other planets. 

10 We performed similar integrations using other power laws h x r", 
where v = 1/2, 3/2. and 2. The results were so similar to the v = 1 case that 
we omitted their presentation. 
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FIG. l2.—Same as Fig. l, but showing the relative position errors of 
some of the planets in the scaled integration. The magnitudes of the relative 
position errors are smallest for Jupiter, increasing through Uranus, 
Neptune, Pluto, Saturn, Mars, Earth, Venus, and Mercury. Except for 
Mercury, the integration errors of all the planets grow quadratically after 
some amount of time, although they are much smaller than that of 
Mercury, which grows linearly for this period. 
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FIG. 13.—Errors in L。anda of the Moon in the so-called main lunar 
problem, namely. the restricted three-body problem of the Sun, Earth. and 
the Moon. The scaling reduces the error slightly. by a factor of about 30. Its 
growth rate is actually the same as that of unscaled integration. quadratic. 
This is because of the strong perturbation of the Sun. 

3.11. Strong Perturbations 

As we stated earlier, the scaling method fully relies on the 
assumption that the orbits to be integrated remain nearly 
Keplerian. Thus, we should examine how the effectiveness 
of the scaling method degrades in the case of strong 
perturbations. As such an example, we prepared Figure 13 
for the so-called main lunar problem, namely, the restricted 
three-body problem of the Sun, Earth, and the Moon. 
The scaling reduces the errors by around a factor of 30 
with respect to the unscaled case. However, the growth rate 
is the same for both L。anda, being quadratic. This is 
because of the rapid appearance of the quadratically 
growing component, as we faced in the case of the J2 
perturbation in Figure 6, due to the strong perturbation of 
the Sun. 
To confirm this estimate, we performed similar integra-
tions by artificially changing the magnitude of the Sun's per-
turbation. The results are shown in Figure 14, where the 
strength of the Sun's perturbation was reduced by the fac-
tors indicated. It is noteworthy that the magnitude of the 
quadratically growing component is roughly proportional 
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FIG. 14.—Same as Fig. 13, but for scaled integrations with the strength 
of the Sun's perturbation reduced by the factors indicated. The magnitude 
of the quadratically growing component is roughly in proportion to the 
square of the perturbation strength, while that of the linearly growing 
component remains unchanged. 

FtG. 15.—Relative position errors in the perturbed one-body problem as 
a function of the strength of the perturbing acceleration. The integration 
errors roughly follow power laws with respect to the perturbation strength: 
to the 5/4 poヽ11erfor air drag, quadratic for the third-body perturbation 
and the h perturbation. and to the 5/2 power for the general relativistic 
corrections in acceleration. 

to the square of the perturbation strength. while that of the 
linearly growing component remains unchanged. 

3.12. Perturbation Strength Dependence 

In response to the result we found in Figure 14, we investi-
gated the dependence of the scaled integration with respect 
to the strength of the perturbing acceleration. Figure 15 
shows the results obtained after sufficiently long integra-
tions of 32,768 nominal orbital periods for the various types 
of perturbing accelerations we tried when preparing Figure 
6. All the dependences seem to follow power laws of the per-
turbation strength. The index is 5 / 4 for the air drag, 2 for 
the third-body and Ji perturbations, and 5/4 for the 
post-Newtonian acceleration. 

3. 13. Truncation Error 

In order to examine the accumulated effects of round-off 
in the scaled integration, we first prepared Figure 16 as a 
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Fm.16.—Same as Fig. 4. but for Jupiter in the scaled integration of the 
three-body problem of the Sun. Jupiter, and Saturn. The element errors 
were multiplied by the factors indicated to show the parallel nature of their 
growth curves clearly. In order to keep the truncation errors larger than the 
round-off errors. we selected a step size of 33.85 days, 1/128 of Jupiter's 
nominal orbital period. The element errors grow linearly with respect to 
time for the first 103 yr or so. After that, they increase in proportion to the 
square of time. 
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typical case in which truncation errors are dominant. The 
figure illustrates the element errors for Jupiter in the scaled 
integration of the three-body problem of the Sun, Jupiter, 
and Saturn for 107 yr. In order to keep the truncation errors 
sufficiently larger than the round-off errors, we chose a suit-
able step size for the given integrator: 33.85 days, I/ 128 of 
Jupiter's nominal orbital period, for the 10th-order implicit 
Adams method in PECE mode. In this case, the element 
errors grow linearly with respect to time for the first I 03 yr 
or so. After that, they increase in proportion to the square 
of time. 

3.14. Round-off Error 

On the other hand, we performed a similar integration to 
that in the preceding subsection while setting the step size 
much smaller, 8.462 days (1/512 of Jupiter's nominal orbi-
tal period), so that round-off errors are dominant. The result 
is Figure 17. This time, all the angle element errors grow in 
proportion to the 3 /2 power of time, while the other element 
errors, especially that in a, seem to grow quadratically. 
Although the detailed mechanism ・ is not known, we 
observed that the integration in the round-off-dominant 
region would reduce the long-term error growth to the 3/2 
power, as we face in the unscaled integrations. 

3.15. Stability Region 

As we learned in § 2.3, the scaling enhances the stability 
of orbit integration. Thus it is natural to expect that it would 
also enlarge the stability region of high-order integrators 
such as Adams methods. Figure 18 shows the result of our 
investigation of Hmax, the maximum stable phase for inte-
grating perturbed Keplerian orbits. In preparing the figure, 
we judged the stability by whether the error increase with 
respect to time after the integration of 1024 orbital periods 
followed some power law with respect to time, as was 
observed in the previous subsections. We confinned that 
this quantity is dependent on the order and the mode of 
the integration method but not on the eccentricity or the 
perturbation type. 
The six curves are the scaled and unscaled cases for the 
explicit Adams method (PE) and the implicit Adams 
method in the PEC and PECE modes. It is clear that the 
PEC mode is the least stable, while the PECE mode is the 
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Fm. 18.-Maximum stable phase, Hmall• for integrating perturbed 
Keplerian orbits. Stability was judged by whether the error growth with 
respect to time was normal after 1024 orbital periods. The maximum stable 
step size is obtained as Hmall divided by the mean motion. We confirmed 
that Hm:ix is dependent on the order and the mode of integration methods 
but independent of the eccentricity and the perturbation type. The curves 
are the scaled and unscaled cases for the explicit Adams method, labeled 
・・ PE.・・ and the two modes of the implicit Adams methods. labeled ・・ PEC ・・ 
and ·• PECE:'As usual, the PEC mode is the least stable. while the PECE 
mode is the most stable. The scaling roughly doubles the stability region for 
the PE and PEC modes, while it enlarges Hmax a little in the PECE case. 

most stable. The figure tells us that the scaling roughly 
doubles the stability region for the PE and PEC modes while 
enlarging it a little in the PECE case. 

4. CONCLUSION 

As a new approach to integrating quasi-Keplerian orbits, 
we propose simultaneously integrating not only the usual 
equation of motion but also the time evolution of the Kepler 
energy, the total energy for pure Keplerian orbits. Then we 
correct at each integration step the integrated position and 
velocity by a spatial scale transformation such that the 
Kepler energy analytically evaluated by them coincides with 
theintegrated Keple.renergy. 
The scale factor is determined by solving an associated 
cubic equation using Newton's method from a natural start-
ing value, unity. We observed that the determined value of 
the scale factor depends on the magnitude of the phase 
advance per step and the order and other properties of the 
integrator adopted. Thus, in treating multiple bodies we 
integrate the Kepler energies for all bodies and adjust the 
scales separately. 
Numerical experiments show that the scaling reduces the 
integration error significantly. In the case of pure Keplerian 
orbits, the truncation error grows only linearly with respect 
to time. The linearly growing component is due to discreti-
zation error along the track, which is not in principle com-
pensated by the_ scaling. When perturbations exist, a more 

II rapidly growing11 component appears as usual; however, its 
magnitude is significantly decreased compared with the case 
without scaling. The nature of the decrease roughly follows 
power laws with respect to the strength of the perturbing 
acceleration, where the power index depends on the type of 
perturbation: 5/4 for air drag. 2 for h and third-body 

11 Typically quadratic with time. 
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acceleration, and 5/2 for general relativistic effects. In addi-
tion, the scaling seems to suppress the accumulation of 
round-off errors, though the detailed mechanism is still to 
be studied. 
As a result, when perturbations are weak, the position 
error of the scaled integration seems to grow linearly with 
respect to time for a considerable duration. For example, in 
the case of an integration of the Sun and nine major planets, 
t~e posi~ion _error of ~ercury, wh!ch ~r?ws most ra~idly!. is 
observed to increase almost linearly with respect to time for 
the first I million years. 
・ The applicability of the new method is wide. In fact, it 
works for {l) any type of numerical integrator for general 
first-order ODEs, such as the Runge-Kutta methods, the 
extrapolation methods, and the linear multistep methods 
for first-order ODEs, including the well-known Adams 
methods; (2) any type of perturbations, whether velocity-
dependent or not, conservative or not, or autonomous or 
not; (3) any number of integrated bodies; (4) any type of 
base orbit, that is, elliptical, parabolic, or hyperbolic; and 
(5) any choice of integration order, extrapolation stage, 
variability of step size, or other parameters of integration. 
On the other hand, the implementation is simple, as 
shown in the foregoing. Also, the additional cost of compu-
tation is low. In fact, the evaluation of the time variation of 
the Kepler energy is straightforward because the perturba-
tion acceleration is already evaluated in the equation of 
motion. 
We must admit that the effect of rounding off in the scaled 
integration is not completely understood. However, from 
the observation of a linear error growth in integrating the 
pure Keplerian orbits, we report that the accumulation of 
round-off error is suppressed in the scaled integration 
regardless. 
Another drawback of the current method is that it cannot 
be used with the Stormer-Cowell method and other integra-
tors for special second-order ODEs, which are known to 
possess better properties than those for general first-order 
ODEs, such as larger stability regions or smaller error 
constants. To overcome this difficulty, we need another 
breakthroughinthemethodology .. 
Note that the Kepler energy is not the only quantity 
conserved in unperturbed orbits. The other local quasi-
conserved properties are the orbital angular momentum 
and the Laplace-Runge-Lenz vector. For example, Hairer 
et al. (1999) report in their example (4.3) and Figure 4.3 
that a simultaneous manifold correction using the energy 
and the angular momentum leads to a better numerical 
integration in the case of a perturbed Keplerian orbit. 
Also available would be the global quasi-conserved 
properties such as the total energy and the total angular 
momentum. Of course, it is not easy to find an appropriate 
way to modify the integrated position and velocity from ~he 
integrated values of these quantities. These issues are 
challenging but worthwhile to investigate. 
The current approach is not limited within the framework 
of orbital dynamics. The key point of the new method is to 
modify the integrated variables by using the information 
obtained by simultaneously tracking the time development 
of quasi-conserved quantities. This concept is applicable to 
other types of motion, rotational motion being an example. 
This would be an interesting line of pursuit. 
Inconclusion, thenewapproachprovidesafastandhigh-
precision device to simulate the orbital motions of major 

and minor planets, natural and artificial satellites. comets, 
and space vehicles at a negligible increase in computational 
time and involving little labor for its implementation. 

APPENDIX 

SOLUTION OF THE EQUATION OF KEPLER 
ENERGY CONSISTENCY 

Consider how to solve the equation of Kepler energy 
consistency. equation (8). It is obvious that a physically 
meaningful value of the scale factor must be positive. Thus 
we limit the solution domain to s > 0. 

A 1. DEGENERATE CASE 

First of all, consider a trivial case. T = 0. In this case the 
equation reduces to a linear equation: 

Ks-U=O. 

Since U < 0, this equation has a positive solution. 

s=U/K, 

(Al) 

(A2) 

only when K < 0. We do not have to worry about the other 
case, T = 0 and K ~ O. since it corresponds to the artifact of 
zero velocity at finite distance in a parabolic or hyperbolic 
orbit. 

A2. EXISTENCE OF A MEANINGFUL SOLUTION 

Let us prove the existence of a meaningful solution when 
T # 0. Note that Tis positive definite in this case, as 

T=v―/2 > 0. (A3) 

Then 

f(O) = U =—J.l/r < 0, 

f(+oc)＝犀f(s)＝犀か＝玲＞0. {A4) 

Thus, at least one meaningful solution always exists, since 
/(s) is continuous. 

A3. UNIQUENESS OF THE MEANINGFUL SOLUTION 

Next we will show that the meaningful solution is unique. 
In the domains > 0, 

J"(s) = 6Ts > 0. (A5) 

Thusf'(s) is monotonically increasing in this domain. Now 
we will discuss the issue in the following three cases 
depending on the sign of K. 

I. Case K < 0: Assume that K < 0. This corresponds to 
elliptical orbits in the osculating sense. Note that f'(s) is 
positive definite, as 

f'(s) = 3Ts2 -K > 0. (A6) 

This indicates that /(s) is monotonically increasing, and 
therefore the meaningful solution is unique. 
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2. Case K = 0: In the case that K = 0, the original 
equation reduces to a simpler form, 

J (s) = Ts3 + U = 0. {A7) 

Since U < 0 and T > 0, this has a unique positive solution. 

s=が可． (A8) 

3. Case K > 0: Consider the case K > 0, which implies 
hyperbolic orbits. The equationf'(s) = 0 then has two real 
solutions, 

s:!: ＝士｛五万． (A9) 

It is easy to see that/'(s) > 0 whens< s_ ands> s+, while 
f'(s) < 0 whens_ < s < s+・ Forthe positive solution. 

f（む）＝ Uー (2K/3)むく0, (AIO) 

since U < 0, K > O, and s+ > 0. We separate the s > 0 
solution domain into two subdomains, 0 < s :5 s+ and 
斗 <s.
a) Subdomain 0 < s•S S+： In this region, f(s) is 
monotonically decreasing because /'(s) < 0. Since 
/(0) < 0, we have/(s) < 0 in the subdomain. This means 
that the equation f(s) = 0 has no solution in this 
subdomain. 
b) S曲domains+ < s: Here f(s) is monotonically 
increasing because f'(s) > 0. Since Ji｛む）く 0 and 
f(+oo) > 0, the equa~ion/(s) = 0 has a unique solution 
in this subdomain. 
Combining these two results, we have proved that the equa-
tion f(s) = 0 has a unique solution in the meaningful 
domains> 0. 
In conclusion, except for the physically meaningless case 
in which T = 0 and K 2:: 0, the equation of Kepler energy 
consistency has a unique solution in the meaningful domain 
s > 0. 

A4. DEFINITE CONVERGENCE OF 
NEWTON'S METHOD 

We have shown the uniqueness of the solution in the 
domains> 0. Therefore, once we find a solution ・satisfying 
the cubic equation, it is ensured to be the true solution. 
As for the technique to solve the equation, we adopt 
Newton's method because of its fast convergence. However, 
the method has the possibility of diverging for inappro-
priate choices of the starting value. Thus, let us consider 
sufficient conditions for the definite convergence of 
Newton's method for the cubic equation. 
Denote the true solution by S:x:-The discussion in the 
previous subsection leads to the conclusion that/(s) and 
f'(s) are always positive ifs > sx. For such s, 

f*(s) -s =—f(s)/f'(s) < 0. (All) 

On the other hand, from the definition of r(s), it is easy to 
show that 

f*(s~) = 
必J'(s:xi)-f（必）
f'（起）

= S,o, (Al2) 

since f(sx) = 0. Thus, there exists a value i satisfying the 
conditionsェ<s'<s such that 

df* ✓ I 
f*(s)-sx. =f*(s)-f*(sx) =一(s')(s-sx) > 0. 

ds 
(A13) 

Thus we have shown that the Newton corrector gets closer 
to the solution than the previous guess. as 

S,c <f*(s) < S (Al4} 

if approaching from upper bounds of the solution. Aside 
from the speed of convergence, this means that a sufficient 
condition for convergence is to start from an upper bound 
of the solution. 

AS. STABLE STARTING POINT FOR 
NEWTON'S METHOD 

Let us seek suitable upper bounds of the solution as 
starting points. To do this會 westudy the properties of the 
Newton corrector,f"'(s). By using its differential expression, 

<If* f(s)f＂(s) 
ds[J'（s)f' 

(Al5) 

we rewrite equation (Al3) as 

/(s1)f'’(s1) 
J* (so) -Sx =~ (so -sx), (Al6) 

[/’(s1)］2 

where we have renamed sands'in equation (Al 3) s0 and s1, 
respectively. Note that this relation holds even when 
s0 < sx, although the range of s1 changes to s0 < s1 < sx in 
that case. 
On the other hand. there exists another value, s., 
satisfying the condition sェ<s2 < slor slくむ<sx. suci 
that 

J(s1) =f(st) -/(sx) =f'(s2)(s1 -sx), (Al7) 

since/{sx) = 0. Using this, we rewrite the above relation as 

J"(s1)f＇（s2)8 
/*.(so) -Sx =~(so -s::,0)2, (Al8) 

[/’(sI)]2 

where 

0<0 
Sl -SX 
< l. (Al9) 

so -Sx 

If the guess s0 is sufficiently close to the solution sx. we may 
approximate the factor in the right-hand side of 
equation (A18) as 

J*(so) -Sx ~ A(so -s::c)2, (A20) 

where the proportionality coefficient A is boun~ed by 

0 < A <f"(sx,)/J'(sx). (A21) 

This means that if the method converges, it converges 
quadratically. 
Now, equation (Al8) indicates that since f"(s) > 0 for 
s > O, r(so) becomes an upper bound of the solution if 
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f'(s) > 0 holds for all s such that Is -sxl < lso -sxl-Next 
let us find such an s0. 

A6. CHOICE OF STABLE STARTING POINT 

Note that s = 1 is a natural approximation of the 
solution; it means that the integrated Kepler energy 
coincides with the analytically evaluated one. Thus it is a 
candidate for so in the previous subsection. Since 
K~ T+ U < T, we know thatf'{l) = 3T-K> 0. Note 
that/"{s) > 0 whens> 0 and/'(s,c) > 0, as we have seen in 
the previous subsections. Then, f'(s) > 0 so long as 

sx 5 s 5 l or l 5 s 5 sx. Therefore, 

f*（l) 
2T-U 

3T-K 
(A22) 

is an upper bound of the solution, and we adopt it as the 
starting pomt. 
This starting point includes the solution in the degenerate 
case, equation (A2), as a special case obtained by substitut-
ing T = 0. Also, in the case that K = 0, Newton's method 
using this starting point obtains a solution faster than 
evaluating the cube root as in equation (A8). 
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We show the comprehensive evaluations of symmetric linear multistep methods for first-order 

ordinary differential equations (ODEs). First, paying attention to the maximum value of stable 

stepsize and the error constants, we investigate widely. Because the symmetric formulas contain 

multiple free parameters in each order, the property of formula is greatly different depending on 

the values of free parameters. Thus, changing values of free parameters every time, we calculate 

the maximum value of stable stepsize and the error constant, and find the formulas which have 

good properties. Next, in order to investigate the time dependence and the stepsize dependence, 

we carry out numerical experiments using pure first-order ODEs, the elliptic function corresponding 

to torque-free rotational motion. 

1 Introduction 

線形多段法は自由度が高く、さまざまな形の公式を作ることができるが、優れた公式となる

と限られてくる。その優れた公式の一つが係数に対称性を持つ対称線形多段法である。対称線

形多段法の最大の特徴はエネルギーなどの保存量の誤差が時間に対して増大せず、その結果、

経度方向の誤差が時間の一次でしか成長しないことである。非対称型の多段法やルンゲ・クッ

夕法などでは、エネルギーは時間の一次、経度は二次で誤差が成長していく。

対称型公式が注目されるようになったのは比較的最近で、主な先行研究としては、加速度が位置

のみの関数である場合に相当する特殊な二階の微分方程式系怠玉＝J(x,t)についてはLambert& 

Watson (1976)が最初の論文で、 Quinlan& Tremaine (1990)、Fukushima(1998)、Quinlan(1999)、

Arakida & Fukushima (2000)などごくわずかである。一階の微分方程式系についてはEvans& 

Tremaine (1999)しかないが、彼らは特殊な二階の微分方程式である、軌道運動への応用しか議

論していない。

このようなことから、従来、まったく研究されていない一般の一階の微分方程式系用の対称

線形多段法に注目した。一階の微分方程式用の公式というのは適用範囲が広く、特殊な二階の

微分方程式に対しても当然使用できる。逆に特殊な二階の微分方程式系用の公式では、一般相

対論的効果など加速度が速度にも依存するような微分方程式系には使用できない。もちろん、
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オイラーの自転運動方程式のように純粋な一階の微分方程式系は、一階用の公式でなければ計

算できない。

一般に対称型公式は係数に自由パラメータを含む形で表現でき、高次の公式になるほどパラ

メータの数が増えていく。本研究では、自由パラメータを値を変化させることによって変動す

る安定領域の最大値と誤差定数の値に注目し、 10次までの公式の広範な調査を行ない、最適な

公式群を導出した。最後に得られた公式で実際に数値実験を行ない、総合的に公式を評価した。

2 Symmetric Multistep Methods 

線形多段法の一般型は以下のように書ける。

k k 

L0iYn-j = h L 釘fn-j
j=O j=O 

{1) 

とくに一階の対称型公式の場合、係数 aとf3は

句＝一ltk-j' 釘＝f1k-j {2) 

をみたす。

線形多段法の公式の構築および評価を行なう際には特性多項式を使い、以下のように書く。

k k 

p(z) = L叩 k-i, a(z)＝区釘zk-j
j=O j=O 

(3) 

p(z)を第一特性多項式、 q(z)を第二特性多項式と呼ぶ。

•公式の作り方

演算子法を用いることにより、任意次数に対する最も一般的な線形多段法の公式は、数式処

理ソフトなどを使えば、以下の手順で簡単に作ることができる。

1. p(z) = 0のすべての根が複素単位円の内側、つまり lzl~ 1となるように係数 aを決定

2. 係数 0 は陽型公式(~。三 0) の場合、

B(z) 
p(z) 

zlogz 

をz=lのまわりでテーラー展開したときの各zの係数

Adams型の4次の公式を作る場合はテーラー展開を 3次まで行なえば係数が得られる

z -1 _.. 55 59 _, 37 _2 9 
＝⇒ ―--z+―Z - -z log z.  24 24 -. 24 - 24 

z~ +... 

1 
恥＝珈＋酎(55fn-59fn-l + 37 fn-2 -9い）

(4) 

¥,'’J

、
)

5

6

 

，
ー
ヽ
(
‘
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とくに、対称型公式の場合は p(z)= 0の根はすべて複素単位円周上になるので、対称型公式の
係数 aは

係数 0は

B(z) = 

から得られる。

p(z) = (z -l) IT (z2 -2 cos如＋ 1)

(z -1) IT (z2 -2 cos如＋ 1)
, 0 < 0iく T

zlogz 

{7} 

(8) 

また、一階の対称型公式の場合、 z= -1に根を置くことも可能であり、このようにすると
最も少ない段数で最大の次数が得られることから、「最良型」と呼ばれている (Henrici,1962)。

以後、最良型でない公式を「標準型」と呼ぶ。具体的に4次の公式を書くと

•最良型 4 次 (4th-order optimal type) 

Yn+l = 2a(Yn -Yn-2) + Yn-3十也{(8 -2a)(Jn + fn-2) -(4 + Ba)い｝ （9) 

•標準型 4 次 (4th-order normal type) 

Yn+ 1 = (2b + 2c + 1) (Yn -Yn-3) -2 ((2b + 1)c + b + I) (Yn-1 -Yn-2) + Yn-4 + (10) 

1 ＋討{((-b -5)c -5b + 11) (J n + f n-3) + ((13b -7)c -1b + 1) (f n-1 + f n-2) } 

(-l<a,b,c<l) 

4次の最良型はフリーパラメータは1つ、普通型は2つになる。

•安定領域の最大値と誤差定数

我々が公式の評価をするにあたって注目するのは1)数値不安定を起こさない刻み幅の最大値

がどれだけ大きくできるか、 2)差分方程式が微分方程式に対する良い近似であるかの指標とな
る誤差定数の値が、どれだけ小さくできるかである。

◇誤差定数の計算

誤差定数の計算は簡単で一階の公式の場合は以下のようになる。

k 1 k k 

C。=Lam'Cq=— Lam叩ー
1 

(q -1)! 
こぬmq-1

m=0q!  m=0'm=0  

(q ~ 1) {11) 

で C。＝・・・＝ら＝0,Cp+l f 0となったとき、誤差定数 Cは

C= 
Cp+l -Cp+l 
＝ Eに。f3m-a(l) 

{12} 

で与えられ、このときの pの値が公式の次数になる。したがって、誤差の成長は次のように表

現できる。

8=CX伊 Xtn {13) 

このとき、 hは刻み幅、 tは積分時間である。ザの nの値は使う公式や対象とする要素（位置、

速度、エネルギー、角運動呈など）に依存する。
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◇安定領域の最大値（すべての根を求める方法）

安定領域の最大値を理論的に求めるには調和振動子を用いる。今回は一階の微分方程式系を

対象にしているので、調和振動子を純粋な一階の運動方程式に書き換えて考える。

微分系

差分系

dy 
＝ 
dt 
f(y, t) = -iWoY {14) 

k k k 

区吼n-j＝吟こ防fn-j = -iwoh L加n-j
j=O.  j=O j=O 

(15) 

ここで安定性多項式を導入し、以下のようにする。

il(z; H)三 p(z)+ iHC1(z) = 0 H=woh (16) 

安定領域の最大値 HMAXは安定性多項式 0の Hの値を少しずつ増やしていきながらn= o 
の根を求ていき、根の一つが以下の条件に達したときの値である。

HMAX＝阻［ヨj心肱且l (17) 

8th-Order Adams-Bashforth 

ー

0.5 

-゚0.5 

-1 

． 

-1 -0.5 

゜
0.5 ー

Fig. 1 - Roots in the complex plane of the characteristic polynomial for the 8th-order Adams— 

Bashforth. Filled circle: HMAX = 0.0294855….Arrows indicate the direction of move-
ment of roots. 

Fig. lはアダムス型の8次の公式の例である。 H=Oのとき根は z=lに一つと z=Oに7重

根であるが、 H を増やしていくと根が移動していき、矢印のところで複素単位円の外へ出る。
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この方法は「安定性多項式の根をすべて求める」という煩雑かつ低速の手法であるため効率は

悪いが、根の移動の様子を知るには適している。次に紹介する方法は Lambert{1991)で述べら

れている周期性関数を使った手法である。

＊安定領域の最大値（周期性関数を使った方法）

1. {16)式の安定性多項式を H について解く

H 
. p(eiO) 
= t 
a(ei0) 

三 F(0) i0 
e = Z (18) 

z = eieとするのは、根を複素単位円周上に限定するため

2.刻み幅 H は実数でなければならないので、最大値 HMAXは

HMAX = _Min 
0<(J~21f 
IRe[F{0)]1 

Jm[F(6)[=0 

{19) 

虚数部分がゼロであるときの実数部分の最小値が HMAXとなる

この手法は、具体的に根を求めることなく、問題を周期性関数の実最大値を求めることに還元

し、効率的に最大値を得る方法である。

8th-Order Adams-Bashforth 
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Fig. 2 - Periodicity curve for the 8th-order Adams-Bashforth method; solid lines: real part, dashed 

lines: imaginary part, dot-dashed lines: HMAX = 0.0294855…• 

Fig.2のようにグラフを描いてみれば虚数部分がゼロとなる場所（黒円部分）の中で一番小さ

い値が、すべての根を求める方法で得られた安定領域の最大値に一致していることがわかる。

Lambert {1991)では、関数 F(0)を複素平面上で図示しているが、容易に理解をするためには

我々のように表現することを奨める。また、 Lambertでは、安定性多項式に指数関数を使って

いるため、安定領域の最大値が我々と異なることに注意が必要である。
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我々の研究対象となっている対称型公式は(9)式や(10)式のように自由変数を含む形で表現

でき、高次の公式になるほど変数の数が増えていく。この変数の値により安定領域の最大値と

誤差定数が変化するため、変数の値を少しずつ変えていきながら広範な調査を行ない、安定領

域の最大値と誤差定数を計算するための高速なアルゴリズムを確立した。今回は2、4、6、8、

10次の公式について詳細な調査を行ない以下のような結果を得た。また、ここでは重根となる

場合は考えないこととする。

10 
3 

10 2 

l
U
B
l
S
U
0
3
 

10 
1 

1 0° 

ー

゜
ー

」

0
」
」

W

10―2 

1 0-3 

103 

102 

l
U
B
l
S
U
0
8
 

10 
1 

100 

ー

゜
ー

」

0
ヒ
w

10 
-2 

10-3 

/” 
Optimal 

゜
0.2 0.4 

H MAX 

AB4 

0.6 

Optimal 

0.8 

Fig. 3 - 2nd-order explicit formulas: 

Black circle is the optimal type, the 

number of free parameters is zero. 

I-IMAX= 1 and C = 1/6. 

Crosses are the standard type, 

the number of free parameters is one 

and △0 = 1r/200. 
Black diamond is the 

Adams-Bashforth method, I-f rvtAX = 0 
2nd-order 

and 

C = 5/12. 

Fig. 4 - 4th-order explicit formulas: 

Black circles are the optimal type, 

the number of free parameters is one 

and △0 = 1r/200. 
Crosses are the standard type, 

the number of free parameters is two 

and △0 = 1r/70. 
Black diamond is the 4th-order Adams-

Bashforth method, 

H~ux = 0.429987... 
C = 251/720. 

and 
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0.6 0.8 
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Fig. 5 - 6th-order explicit formulas: 

Black circles are the optimal type, the 

number of free parameters is two and 

△0 = 1r/70. 
Gray diamond is the 6th-order Adams-

Bashforth method, 

HMAX = 0.114314... 
C = 19087 /60480. 

and 
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Fig. 6 - 8th-order explicit formulas: 

Black circles are the optimal type, the 

number of free parameters is three and 

△0 = 1r/50. 
Gray diamond is the 8th-order Adams-

Bash forth method, 

HMAX = 0.0294895... 
C= 1070017/3628800. 

and 
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△0 = 11'/50. 
Gray diamond is the 10th-order 

Adams-Bashforth method, 
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各図の△0はフリ ーパラメータを変化させるときの増分である。 Fig.3とFig.4の2、4次の

公式からわかることは、最良型公式が標準型公式の最も良い性質を持った公式群になっている

ことである。 Fig.5,__,Fig. 7の6~10次の公式は最良型のみであるが、この性質は高次の公式で

も同様である。したがって、一階用の対称型公式を用いて数値計算する場合、最良型を使えば

標準型より変数の数が一つ少なくてすみ、使用する段数も減ることから誤差の削減と計算速度

の向上が多少は望める。

3
 
Numerical experiments 

前章で得られた結果を用いて各次数毎に実際に数値計算を行なった。計箆に使用する微分方

程式は純粋な一階の微分方程式であるオイラーの自転運動方程式のトルクがない場合に相当す

る楕円関数を用いて数値実験を行なった。微分方程式と解は以下で与えられる。

dx 
- ＝ yz 
du 

dy 
- ＝ -Zお
du 

dz 

du 
~ = -k2.xy 

楕円関数における保存量は

(O<k<l) 

丑＋炉＝ 1 

炉丑＋z2= 1 

である。出発値は x=O,y=l,z=lである。

x = snu 

y = en,U (20) 

z = dnu 

{21) 
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Fig. 8は楕円関数を数値積分した際の時間に対して誤差成長が非対称型と対称型によってどう変

わるかを示した例である。対称型公式は保存量の誤差が時間に対して増大せず、経度方向の誤

差が時間の一次でしか成長しないことがわかる。

-419-



2nd-order optimal type: HMAX = 1, C = 0.166 

102 ~ △x jI|jlN 102 | △（丑＋炉）
10° 10° 

て占0i 1 0. 2 亡占0 1 0― 2 

10・ 4 10― 4 

10・6 10・6 

c 1000 REV 

1 o·~.01 
10・8 

0.1 0.01 

H 

2nd-order standard type: 

2

4

5

 

2

0

 

0

0

6

0

0

 
1

1

1

 

1

1

 

＿」

0
」
」

W
-

／ 

0.2 
0.4 

4
 

1

H

o

 

0

5

 
．．
 4
 
＝
 
c
 
＇ 
ー8
 

ー
．
 ゜

＿＿
 

2

0

2

4

 

x
 
006•O 

A
 
M

1

1

ー

1

一』

0
」

由

一

H
 
＇ 
T
 

30-200 
＝
 。

呪．01 1
H
 ゚

ー

゜． 

6

8

0

 

―

―

-

0

0

 

1

1

 

J
H
 

o・
 

2nd-order standard type: 

2

0

 

0

0

 

1

1

 

ー

゜

2

4

6

8

0

 

ー

ー

・

0

0

0

0

 

1

1

1

1

 

一」

0
」
」

W
-

0＝墜
200 
1r, HMAX = 0.999, C = 0.166 

102 

10° 

て
0 10-2 

逗10-4

10-6 

ー

H゜
呪．01 1

H
 ゚Fig. 9 - 2nd-order symmetric formulas: Stepsize dependence of the error of x (left} and the con-

served quantity丑＋炉＝ 1(right} for the elliptic function after 1000 revolutions with 

k = 0.0 (solid line}, 0.2 (dashed line}, 0.4 (dot-dashed line}. Stepsize H is incremented 
by△H = 0.0002. 

-420-



4th-order optimal type: 0＝竺
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6th-order optimal type: 
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8th-order optimal type: 0= 
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10th-order optimal type: 
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対称型公式には重大な問題がある。それは Quinlan& Tremaine {1990)発表直後の 1991年に

Toomreが発見した「刻み幅共鳴問題」である。刻み幅共鳴とは非線形な微分方程式系に対称型

公式を使用すると、特定の刻み幅の場合、計算誤差が増加する現象である。 Fig.10"-'Fig.14で、

ところどころで誤差が増大している部分が刻み幅共鳴を起こしている部分である。この現象の

メカニズムとしては刻み幅に対応する公式の内在周波数と方程式系が本来含む固有周波数とが

共鳴を起こすことに起因すると考えられている。この問題に対する唯一の先行研究が Quinlan

(1999、プレプリのみで論文としては発表されていない）であり、原因についてはある程度わかっ

たが、未だ問題の解決には至っていない。彼の議論は特殊な二階の微分方程式系のみなので、

我々のように純粋な一階の微分方程式系の場合とは共鳴現象の性質が少し異なっいるようであ

る。楕円関数の場合は Kの値によって周期が変化することも共鳴現象の出現場所の特定を困

難にする原因の一つと考えられる。ただ、数値実験からわかるように、同じ次数の公式で変数

の値がそれほど変わらなくても、共鳴の現れ方には随分違いが生じることがわかった。また、

Cano & Sanz-Serna {1998)で証明されている二階の微分方程式系を一階の連立系に変換して一

階の対称型公式を使用すると不安定を起こす問題は、今回のように純粋な一階の微分方程式系

に対しては当てはまらない問題であることもわかった。

4 C onclusions 

今回、我々は一階の微分方程式系に対する対称線形多段法の公式の評価を総合的に行なった。

まず、公式の性質を調べるために安定領域の最大値と誤差定数に注目し、対称型公式に含まれ

るフリーパラメータを変化させていきながら広範な調査を行う手法の確立と計算を行なった。

その結果、組合せによって安定領域と誤差定数が幅広く分布することがわかった。また、同次

数なら最良型を使用するのが効率が良いこともわかった。次に、実際に純粋な一階の微分方程

式で解析解が存在する楕円関数を使用して数値実験を行ない、刻み幅共鳴がどのように現れる

のか調べた。結果として、 Kの値がそれほど大きくなければ、十分実用可能なものであるとい

える。また、共鳴が現れにくい組合せと、現れやすい組合せがあるのではないかと思われる。

今後の方針として、実際にトルクがある場合の自転運動問題に適用し、実用可能かどうかを

議論し、刻み幅共鳴問題の解決についても行なっていく予定である。
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Comment on Cowell's Method 

Watanabe. ~oriaki (Chiba l~nive函ty of Commerce) 
J(onodai 1-3-1,. lch祐awa,.272-8512 Japan 

Abstract 

Inten)0lation forn1ulas have 1函 nused to obtain the h1tegration forn1ul邸． andthus ob-
tain<x.l integration forniul邸 have恥 nappli<'4.l to solve nun1cric叫ythe equations of motion 
of heavenly bodies. 
In the present paper I show that coeflicients of integration formulas can easily be de-
rived from the coefficients of Adams-~Ioulton's fom1ula by employing operators to exp:11蕊 S
interpolation formulas. 

1 Introduction 

Interpolation 1nethods have long been used to h1tegrate nu1nerically the equations of motion 

of celestial bodies ((4), [6], [9]). In [5], Oesterwh1ter and Cohen sketched Cowell~s method. 
They listed there two kinds of coefficients l£i皿d<:; and therefrom constructed other coefficients 

necessary to proceed integration. These coefficients can we obtain by generating functions, if we 
flll<lthc1u ([l]. [10]). Dut we can also fmd such coefficients by employing o加ratorsto express 
h1terpolation forn1ulas ((2)! [3)! [7), (8)). 
In the present paper I will show that we C<."¥ll easily fu1d interpolation forn1ul邸 andintegration 
formul邸 byemploying operators~ and all the coefficients of integral forn1ul邸 canbe derived from 
the coefficients of Adams-Moulton's formula. 

2 Differnce Formulas Derived by Using Operators 

We introduce an o匹ratorr which shifts an argument of a function f(l) by h: 

,,. /(to) = J (to+ h), r―1 /(to)= /(to -h)~ r0 /(to)= /(to) 

Applying,,. to / (t) by k tin1es! we get 

打 (to)=/(to+ kh). (k : h1teger) 

IIcreafl.cr we ̀Titc for any intcgcr k 

fk = f(to + kh), (1'・ : integer) 

¥Ve generalize (2) so that it holds for any real u 

社/(to)=/(to+ uh), (u: real) 

For any real u, w the following relations hold : 

T牙w =,,-u+•w =T・u守‘. （U,u9 : re叫）
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We define a forward difference operator△as follows: 

△fk = fk+l -fk 

From・ this definition皿 d{1), it follows that 

△f k = f k+l -f k =屯ーfk= (r -1)/k 

.•.• ＝,,--1,,,-= 1十△
The n-th difference is defined by 

ぶ fk＝△n-1/k+l-△n-l fk, (n: integer) 

We get from (7) 

△”fk =(T -l)刃.k

= { Tn + (-1)(;),,.n-1 + (-l)2(;)rn-2 + (-1)3(;)rn-a 

＋・・・＋（一1)nーl(n: 1)r + (-lJR} fk 

=T”JK-（7),,.nー1A+(;)rn-2A-(;),,.n-3A + ・ ・ ・ + (-lJRA 
=Jk+n -（;）IK+n-1+ （；)IK+n-2 + (；)Ik+n-3 + • ・ • + （-l)nfk 

．•．△”fk= 立-1)i('：)IK+n-i
i=O 

From (4)皿 d{7), it follows for皿yreal u that 

f(（わ十kh)+ uh)＝ヴ(to+kh)＝社FK

={1十△）刃K

={ 1+(;)△ ＋ （；）ぷ＋（；）ぶ＋．．．｝fk 

:. /({to+ kh) + uh) =!k +(:）△fK + （;）外＋0）狐＋．．．

(6) 

(7) 

(8) 

(9) 

=~(：)ぷ!k (10) 
i=O 

This is Newton's forward difference formula. 
Next we introduce a backward difference operator▽ : 

▽fk = fk-fkー1, ▽刀k＝▽nー1fkー▽nー1/k-1

From (1) and (6), it follows that 

▽fk = fk-fkー1=△fkー1=△T―1fk 
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.•.• ＝ △T―I= T―1△，△＝ ▽T =T▽ 
From (12) and (7), it follows that 

(12) 

▽ =（,,. -1)-rー1=1--r―19.・. T―I= 1―▽,T  = (1―▽)ーI (13) 

T，△，▽ are commutative each other: 
T△＝△,,.,,,.▽＝▽T，△▽＝▽△ 

ぶ＝▽叶”=Tn▽”，▽”＝△”T―”=T―”△”
Applying (15) to/,ゎweget 

△”fk ＝▽叫•”fk=▽吋K+n
Multiply both sides by,,.―n: 

T―n△”fk=,,.-n▽”fk+n 

lhs =△”T―nfk =△”fk-n, rhs =▽叫•-nfk+n=▽”fk 
:.咋＝ぶfk-n

Therefore we get fro1n (9) and (17) 

n 

▽”fk ＝ △”fk―”＝苔（ー州）IK-i

From (4) and (13), it follows for any real u that 

/((to+ kh) + uh)＝社/(to+kh)＝社fk= (1ー▽戸FK

={1+（了）←▽）＋ （了）←守＋（了）←▽）3+…｝fk 

!((to+ kh) + uh) =!k -（了）▽fK+ （了）▽切ー（了）▽泊＋．．．

(14) 

(15) 

(16) 

(17) 

(18) 

ふ（ロー1)▽頃 （19) 
i::::::0 

This is Newton's backward difference formula. 

3 Integration by Difference Formulas 

We put throughout this section 

t = (to+ kh) + uh, 

rp(t) = j f(t) dt, 
ゆ(t)= j rp(t) dt = j j f (t) dt2 
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3.1 The case where f(t) is expressed with a forward difference formula 

In this case 
f (t) =/((to+ kh) + uh) = (1十△）uf (to + kh) = (1十△）ufk (23) 

Therefore we get邸 anintegral of J (t) 

ip(t) = j J(t) dt = /(1 十△）•Ufkdt = hJ(1十△邸du
h h 

= （ 1 十△）•"fk+C=~J(t)+C (24) 
log(l十△） log(l十△）

and邸 atwice-integral 

ゆ(t)= j ip(t)dt = j {~十△） f(t) + C} dt = ~十△）／ f(t) dt + Ct + C' 
炉 h2

＝ 
{log{l十△）｝2

{l十△）ufk+Ct+ C'= ~f(t) +Ct+ C'(25) 
{log{l十△）｝2

If we put 

IK = Jto+（K+1)h f(t)dt 

to+kh 

we get from (24) 

and 

h 
lk = cp(to + (k + l)h) -cp(to + kh) = ~ {f(to + (k + l)h) -f(to + kh)} 

log(l十△）
h 

＝ △fk (26) 
log(l十△）

h h 
Ikー1= cp(a + kh) -cp(to + (k -l)h)＝△fk-1 =△T―lfk 

log(l十△） log(l十△）

= h △(1十△）ーlfk (27) 
log(l十△）

Next we put 

Jk = Jl:::k+l)h f(t)dt2 
to+kh 

then we get from (25) 

and 

Jk=ゆ（to+(k + l)h)一ゆ(to+kh) 

h2 
{/(to+ (k + l)h) -f(to + kh)} + Ch ＝ 

(log(l十△）］2
h2 

＝ 伽g(l十△）］2△fk+Ch 

h2 
Jk-1＝ゆ（a+kh)一ゆ(to+(k -l)h)＝ △fk-1 + Ch : ~,•w, -~og(l 十△）l2

{28) 

＝炉 h2
[log(l十△）］

2△,,.-1/k+Ch =△（1 ＋△）ー1fk + Ch (29) 
[log(l十△）］2
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3.2 The case where f(t) is expressed with a backward difference formula 

In this case 

f(t) = J((to + kh) + uh) = (1―▽戸/(to+kh) = (1―▽)-u fk {30) 

Therefore we get as ai1 integral of J (t) 

,p(t) = J f(t) dt = J(lー▽戸fkdt=hf(l―▽)―u邸 du

h h 
＝一（1-▽戸fk+C=-~f(t) +C (31) 
log(l―▽)log(l―▽) 

and as a twice-integral 

ゆ(t)= j <p(t)dt = -j {~—• )f(t) + C} dt 

h 
=―log(1＿▽）j f(t)dt +Ct+ C' 
h2 

＝ {log(l―▽)｝2 
(1―▽)・ufk +Ct+ C' 

h2 
=~f(t)+Ct+C'(32) 
{log(l―▽)｝2 

Similarly as before, we get 

Also 

LKー1=<p(to + kh)一<p(to+ (k -l)h) 
h 
{/(to+ kh) -/(to+ (k -l)h)} ＝一

log(lー▽）
h 

＝一
log(l―▽) 

▽fk 

h 
Ik = <p(to + (k + l)h) -<p(to + kh)=＿▽fk+l 

log(l―▽) 
h h 

=—▽Tfk=―▽(1 ―▽)ー1fk 
log(l―▽)log(l―▽) 

Jk-1＝ゆ（to+kh)一ゆ(to+(k -l)h) 
h2 
{/(to+ kh) -/(to+ (k -l)h)} + Ch ＝ 伽g(lー▽）］2

(33) 

(34) 

h2 
＝ ▽fk + Ch (35) 
伽g(lー▽）］2

h2 
Jk = i/1(to + (k + l)h) 一ゆ(to+kh)=~ ▽!k+l + Ch 

[log(1ー▽）］
h2 炉

＝ (log(l―▽)］2 
▽Tfk+Ch= ▽（1ー▽）ー1/k'+ Ch (36) 

伽g(l―▽)]2
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Solving Differential Equation by Difference Formulas 

Differential equation of the first order 

Let the differential equation be of the forn1 

da? ~ 
＝ dt 
J(x, t) = J (t) (37) 

4.1.1 The case where f(t) is expressed with a forward difference formula 

In this case we get from (24) as a solution of (37) 

h 
X =<p(t) = ~j(t) +C 

log(l十△）

We now write咋＝cp(to+ kh) then we get from (26) 

h 
△咋＝謀＋1-咋＝cp(a+ (k + l)h) -cp(a + kh) = lk =△fk 

log(l十△）

Developing the right hand side into a power series of△,we get 

h..  -~ 
log(l十△）払＝hLい頃＋凡＋1,

i=O 

where凡i+lis the remainder term, and we neglect it hereafter. 

n 

△xk = h La凶FK
i=O 

Then we get 

If we take note of△咋＝Xk+l-Xk, we get 

” 
知 1＝咋＋hLa凶fk,

i=O 

or 
n 

Xk = Xk+1-h L 如邸
・i=O 

Likewise from (27) we get 

△Xkー1＝咋ーエk-1= <p(to + kh)一ゃ(to+(k -l)h) = lk-1 

= h 
log(l十△）

△(1十△）ー1fk 

Developing the right h皿dside into a power series of△,we get 

h n 

log(l十△） △(1十△）―頃＝hLb心fk+ R'n+l, 
i=O 

where R'n+l is th e remainder term, and we neglect it hereafter. 

n 

△年1=h区：5凶 fk
i=O 

If we take note of△Xk-1 = Xk-Xkー1,we get 

” 
Xk＝年1+hL如邸，

i=O 

or 

(38) 

(39) 

(40) 

(41) 

(42) 

Then we get 

” 
咋—1 = Xk-h L 如邸

i=0 

{43) 

(44) 
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4.1.2 The case where /(t) is expressed with a backward difference formula 

In this case we get from (31) 

It results from (34) that 

h 
X = <p(t) = -~f(t) + C 

log(l―▽) 

▽Xk+l = Xk+1 -Xk = <p(to + (k + l)h) -<p(to + kh) = Ik 

h 
▽(1ー▽）ー1fk ＝一 log(l —•) 

Developing the right hand side into a power series of▽,we get 

h 
▽(1―▽)-l!k = h L籾頃＋凡＋1,

log(l―▽) i=O 

where凡叶1is the remainder term, and we neglect it hereafter. Then we get 

n; 

▽Xk+l = h区〗面fk
i=O 

If we take note of▽咋＋1= Xk+l -Xk, we get 

n 

知 1= l~k + h区bi▽ifk
i=O 

Likewise from (33) we get 

▽咋＝咋ーXk-1= r.p(to + kh) -r.p(to + (k -l)h) = lk-l 

h 
▽fk ＝一

log(lー▽）

Developing the right hand side into a power series of▽,we get 

h. n 

log(l―▽) 
▽fk =h区泊▽ifk+ R'n+l, 
i=O 

where R'n+1is the remainder term, and we neglect it hereafter. Then we get 

92 

▽Xkー1=h区泊▽ilk
i=O 

If we take note of△Xkー1=咋ーXkー1,we get 

n 

Xk =Xkー1+hLOi▽ifk
i=O 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 

(51) is Adams'interpolation formula (or Adams-Moulton's formula), and (48) is Adams' 
extrapolation formula (or Adams-B邸 hforth'sformula). 
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4.2 Differential equation of the second order 

Let the differential equation be of the f or111 

炉x ~ 
＝ dt2 I (x, t) = I (t) 

4.2.1 The case where /(t) is expressed with a forward difference formula 

In this case we get from (25) as a solution of (52) 

h2 
x ＝ゆ（t)= 

{log(l十△）｝2
/(t) +Ct+ C' 

Introducing the notation Xk＝ゆ（to+kh), we can write 

△%k=△Xk+1ー△咋

The first term of the right hand site cru1 be written as 

△Xk+l = Xk+2 -Xk+l =ゆ（to+(k + 2)h)一ゆ(to+(k + l)h) 

It follows from (53) that 
h2 

△Xk+l = 
[log(l十△））

2 △fk+1 + Ch 

Replacing k by k -l in this expression, it becomes 

h2 
△謀＝
阪（1＋△））2 

△!k+Ch 

Subtracting the latter equation from the forn1er, we get 

ぶ
炉 h2

謀＝△Xk+lー△xk= 2 ｛△fk+l —△fk}＝ぶfk
[log(l十△）） μog(l十△））2

Here we note that 

then we get 

△%k=△”k+1ー△Xk= Xk+2 -2Xk+1＋謀

h2 
Xk = 2Xk+l -Xk+2 + 

[log(l十△）］2
ぷfk

Developing the right hand side into a power series of△,we get 

h2 n 

伽g(l十△）］2△切＝ h2区：年ぶfk＋凡＋1,
i=O 

where凡`＋1is a remainder term, and we neglect it hereafter. Then (58) can be written 

n 

咋＝ 2エk+l-Xk+2 + h2区邸ffk
・i=O 
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(52) 

(53) 

(54) 

(55) 

(56) 

(57) 

(58) 

(59) 

(60) 



In this equation we replace k by k -1皿dwe get 

h2 
Xkー1= 2Xk -X k+ 1 + 

[log(l十△）］2
ぷfkー1

h2 
= 2Xk -Xk+1 + 

[log(l十△）］2
△2,.,--1 fk 

h2 
= 2Xk-Xk+l + 

伽g(l十△）］2
ぶ(1十△）ー1fk 

Developing the right hand side into a power series of△,we get 

h2 n 

伽g(l＋△）］2
ぶ(1十△）ー1!k = h2:〉し△ifk+ R'n+l, 

i=O 

where R'n+l is a remainder term, and we neglect it hereafter. Then (61) can be written 

n 

Xk-1 = 2咋ーXk+l+ h.2区洟ぷfk
i=O 

4.2.2 The case where f(t) is expressed with a backward difference formula 

In tlus case we get from (32) as a solution of (52) 

h2 
エ＝ゆ(t)= 

{log(lー▽）｝2
J(t) +Ct+ C' 

Here we note that 

▽2咋＝ ▽咋ー△Xkー1

The first term of the right hand site can be written as 

▽Xk = Xk -Xk-1 =ゆ（to+kh)一ゆ(to+(k -l)h) 

It follows fron1 (64) that 
h2 

△咋＝
Vog(l―▽)]2 

▽fK+Ch 

Replacing k by k -1 in this equation, it becomes 

h2 
▽Xk-1 = 
伽g(l―▽)]2

▽fkー1+Ch 

Subtracting the latter equation from the former, we get 

尼 h2
▽%k ＝▽咋―△年1= 2 ｛▽fkー▽fkー1}＝▽勺k

伽g(l―▽)]pog(l―▽)］2

here we note that 

we get 

▽2咋＝ ▽咋ー▽咋—1= 咋ー 2Xk-1 + Xk-2 

h2 
咋＝ 2Xkー1 一咋—2+

pog{l―▽)］2 
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▽勺k

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

(67) 

(68) 

(69) 



Developing the right hand side into a power series of▽,we get 

h2 n 

伽g(l―▽)l2
▽切＝ h2LCi▽頃＋凡｀＋1,

i=O 

where凡叶1is a remainder term, and we neglect it hereafter. Then (69) c皿 bewritten 

n 

咋＝ 2年 1-Xk-2 + h2区咽ifk
i=O 

Replacing k by k + 1 in this equation, it becomes 

h2 
咋＋1= 2XkーXk-1+ 

nog(lー▽）］2

=2咋ーXkー1+
h2 

nog(l―▽)］2 

=2咋ーXk-1+ 
h2 

[log(l―▽)］2 

▽勺k+l

▽%FK 

▽%1一▽）ー1fk

Developing the right hand side into a power series of▽,we get 

h2 n 

伽g(l —▽)］2
炉（1-▽）ー1fk = h2区泊▽ifk+ R'n+l, 

i=O 

where R'n+l is a remainder term, and we neglect it hereafter. Then (72) can be written 

n 

知 1= 2Xk -Xkー1+h2Lが7ifk
i=O 

(70) 

(71) 

(72) 

(73) 

(74) 

(71) is Stormer's interpolation forn1ula (or Cowell's forn1ula)，皿d(74) is Storn1er's extrap-

olation formula. 

5 Relations between Coefficients of Integration Formulas 

I here collect series expansions : 
X 

log(l + x) 
= LO-jxi, 

x(1+x)ー1

log(l + x) =L紅，
X 
ー，＝
log(l -x) 
E紺，

x(l-x)一1
log(l -x) 

x2 

(log(l + x)]2 

x2(1 + X)一1

Vog(l + x)]2 

＝こ駅，

＝区CjXi'

＝こ紐，
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{75) 

{76) 

(77) 

(78) 

(79) 

(80) 



Replacing x by -x in (75) 

it becomes, by taking note of (77), 

x2 

[log(l -x)]2 

炉（1-エ）ー1

pog(l -x)]2 

X 

log(l + x) 

＝こqが，

＝こ馴

こ虹，

ぶ ＝こ叫ーザ＝La記
log(l一叫

Therefore we get a relation between ai and ai 

面＝（一1)如

(81) 

(82) 

(83) 

By the same way we ge~ relations between bi皿dbi, between Ci and Ci，皿dbetween ~ and 
di : 

bi= (-1)況

Ci= (-1)をi,

ふ＝（一1)油

Next if we compare two equations (75) and (76), we get a relation 

区亨＝（l+x)こ馴
i 

bo＝励， bi+ biー1＝祐， or bi＝屈ーbi-1＝こ（一1)jai-j
j=O 

Taking note of (83), (87) becomes 

・i i 

bo = ao, bi= （一l)iL 佑—j= （一1),i こ句
j=O j=O 

From (84) and (87) we get 
i 

妬＝ao, bi=こ句
j=O 

Likewise if we compare (75) and (79), we get 

匹記＝｛log(：：叫｝2＝[E立］2
i 

年＝Lai-iai
j=O 

From (85) and (90) we get 
i 

年＝（一l)iL 佑—jaj
j=O 
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(84) 

(85) 

(86) 

(87) 

(88) 

(89) 

(90) 

(91) 



And fron1 (83) and (91) we get 
・i 

Ci=~ai—舟j
j=O 

(92) 

Next comparing (79) and (80), we get 

こ紅＝
x2 

{log(l -x)}2. 
= (l-x)こ贔

i 

ik = Ci。， di -di-1＝ら， or 出＝いら＝E（一1)屹1-j
j=O 

(93) 

From (85) and (93) we get 

i i 

~ =co, ふ＝（一l)iL C-i-j = (-1)さ：勺
i=O j=O 

(94) 

And from (86) and (94) we get 

(h = Co, 山＝区cj (95) 
j=0 

We see from this equation that we can get c4 from ai through C-i. But we can also derive di 
directly from ai,(cf [7] p.352) As it holds that 

d l (1 -x)ー1

石log(1-X)=[log(1 -x)］2 

we get 

E馴 x2(1-X)ー1 2 d 1 
= ＝ X -
[log(l -x)]2 --dx log(l -x) 

The result of differentiation of the right hand side is 

羞log(11→)＝羞{}log（い｝＝羞{-校こa氾`｝
＝一¾{~+釘＋ a匹＋記＋…dx l x 

= -｛一翌＋吟＋2a3x + a記＋．．．｝

Therefore it follows that 

Finally we get 

こ虹＝一x2{―竺十a2+ 2a3x + a4x2+… 
呼

= -｛一勾＋a足＋2a3エ3+ a出＋．．．｝

＝こ—(i-l)a記

山＝一(i-1)佑 (96) 

Thus we see that all the coefficients of inte宦ationformulas obtained above can be derived 
from the coefficients佑 ofAdams-Moulton's formula (or Adams'interpolation formula). 
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Integration Formulas Expressed with f k's 

The case of forward interpolation 

I collect here integration formul邸 forthis case : 

” 
咋＝Xk+l-h L 如邸，

i=O 
(97) 

n 

叫＝咋一hL紅 fk,
i=O 
n 

謀＝2知＋Xk+2+ h2L碑 fk,
i=0 

” 
Xk-1 = 2咋十Xk+l+ h2L如邸；

i=O 

(98) 

(99) 

(100) 

邸＝互←1)j じ） fk十•9ーJ
We can use these integration formulas for retrograde integration by replacing k by -k. 
Applying (101) to the sum of the right hand side of (97), we can rewrite the sum as follows: 

(101) 

n n i 

茫` Jk＝苔芦(-l);ii;じ）!k+i-j
aofk ＝ 

+ alfk+1-a1(］）Ik 
＋励fk+2 —叫）知＋a2C)Ik 
＋叫3一叫）!k+2＋鳴）IK+1-a3: IK +．．． 
翌l)JaJC)IK ＋戸（一1)J+1a]し:1)：k] 
” n  

＋区(-1)j+2aj.：2/K+2心（一1)j+3ai.:3 /k+3 + 
n ,`  
J=2 し） J＝3 し）
名芦(-1)叫 ({)!k+i

心—1}'を({)IK+i
Finally we get as the sum of the right hand side of (97) 

””  
E 如△ifk=E叫fk+i,
i=O j=O 

叫＝（一1)魯（｛） (102) 
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By the same way we get邸 thesun1 of the right hand side of (98), (99) and (100) 

n n 

こ如邸＝ Eb.ifk+•i,
i=O j=O 

bi= (-1)宮（か

c; ＝（一1);言鳴）
n n 

区配邸＝Lc1fk+i
i=O j=O 

叶＝（一1)も(1)n n 

こふ△頃＝Ldtfk+i
i=O i=O 

6.2 The case of backward interpolation 

Like before I collect here integration formulas for this case : 

” 
Xk =Xkー1+h区砂頃，

i=O 

n 

知 1=xk+ hL籾加
i=O 
n 

咋＝2叫＋年2+h屯C.i▽頃，
i=O 
n 

知 1=2咋＋年1+h2L~▽頃；
i=O 

▽頃＝戸—1)j じ） fK-J

(103) 

(104) 

(105) 

(106) 

(107) 

(108) 

(109) 

(110) 

Applying {110) to the sum of the right hand side of (106), we can rewrite it邸 follows:

翫ifk＝こ芦←1)如じ）fkーJ

ごfKK-a1[化-1
+ a2fK -a2 1)fkー1十士）fk-2
＋叫—碍）fk-1 + a3じ）！k-2-鳴）/k-3+... 
” 心研—立({)知＋立鳴）！k-2+ 立(; fK-3+… 
j=O j=l,-, j=2 j=3) 
n n 

=EE(-1)も({)fK-i
i=O i=i 
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Therefore we get the following expression as the sum of the right hand side of (106) : 

””  
Ea.i▽頃＝E 叫fk-わ
i=O i=O 

at= (-1);を（｛）
By the same way we get as the sum of the right hand side of (107), (108) and (109) 

n n 

こ籾ifk=E的fk-i,
i=O i=O 

n n 

E 咽頃＝Lc1fk-i,
i=O i=O 
n n 

E い▽頃＝E碍fk-i,
i=O i=O 

b:＝（一1)宮(1)，

c: =（一1};裏鳴），

d! =（一1干（｛）

(111) 

(112) 

(113) 

(114) 

Coefficients a;, b,t, ct, dt obtained above are respectively identical with/3;,/3;，a;, ai in [5], p.300. 
And~ is identical with外
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Symbols and Names often used in Celestial Mechanics 

a : semi-ma」0raXIS 

b : sem1-m1nor axis 

e
 
ー

．． 
eccentnc1ty 

inclination 

n : mean motion 

l : mean anomaly 

T : ti me of pericenter passage 

び： meananomaly at epoch 

!1 : longitude of ascending node 入： meanlongitude 

w : argument of pericenter € : mean longitude at epoch 

ro : longitude of pericenter 

u : eccentric anomaly / : true anomaly 

r radius </> :・ longitude 〇 :latitude
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Ascending Node 

て＝ 9＋w

Reference Plane & Orbital Plane 
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Peri center 
Direction 



Relation of r, </) and 0 

a(1 -e2) 
r = ~ = a(l-ecosu) 
1 + ecosf 

tan(</) -n) = cos i tan (w + f) 

sin 0 = sin I sin (w + f) 

m1 

， x 
゜

Reference P¥ane 

Ascending Node 
¢-9 

longitude & latitude 
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e = 0.6 

Orbital Plane 

e
 

~ __ /G(mo＋加）
:， n ={企
tanf＝戸tan竺
2 Vl-e 2 

u -e sin u = l = n(t -T) = nt + u 

入＝ nt+ €, € = u + w 
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Symposium Program／プログラム

第1日ー6日（木）

13:30-14:20 

14:20-14:30 

14:30-14:40 

【力学系】
14:40-15:00 

【地球回転】
15:00-15:20 

15:20-15:40 

＊テーマ公演＊
15:50-16:00 

16:00-16:30 

【ポスター発表】
16:30-17 :40 

18:30-19:30 

19:30-

第2日ー7日（金）

08:00-09:00 

09:00-10:00 

＊テーマ公演＊
10: 15-11 :30 

11 :30-12:00 

12:00-13:00 

13:00-13:45 

受け付け

小久保英一郎（国立天文台）

はじめに

山本一登（総合研究大学院大学）

軌道要素の説明

座長：小南淳子

井上猛（京都産業大学）

Kepler要素に対する Poisson括弧の直接計算法

座長：小南淳子

相馬充（国立天文台）

日本中世の日月食データの吟味と地球回転

河鰭公昭（名古屋大学）

古代日食から推測される地球慣性能率の変動

座長：小久保英一郎

井田茂（東京工業大学）

メインテーマについて—共鳴と構造形成ー

跡部恵子（東京工業大学）

自転ー軌道共鳴

座長：樋口有理可

ポスター3分発表

夕食兼懇親会(2階宴会場）

ポスターセッション兼ウェルカムパーティ

（ポスター会場に飲み物を用意します）

朝食 (2階食堂）

ポスターセッション

座長：井田茂

吉川真（宇宙科学研究所）

太陽系内の平均運動共鳴

武田隆顕（国立天文台）

見て分かる Lindblad共鳴

昼食(2階食堂）

ポスターセッション
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＊テーマ公演＊
13:45-15:00 

15:00-15:30 

【惑星系形成】
15:40-16:00 

16:00-16:20 

16:30-16:50 

16:50-17: 19 

17:10-17:30 

18:00-20:00 

第3日ー8日（土）

座長：荒木田英禎

木下宙（国立天文台）

永年共鳴について

小久保英一郎（国立天文台）

古在共鳴

座長：酒井圭

今枝佑輔（国立天文台）

連星周りのCircumbinaryDiskの構造

小南淳子（東京工業大学）

地球型惑星形成における原始惑星系円盤及び

巨大ガス惑星の重力の影響

高橋啓介（名古屋大学）

原始海王星移動メカニズムについて

小林浩（東京工業大学）

The Evidence of a Stellar Encounter and the Gas Drag on 

the Orbital Distribution of Edgeworth-Kuiper Belt Objects 

船渡陽子（東京大学）

Three-Body Affairs in the Outer Solar System 

夕食兼懇親会(2階宴会場）

08:00-09:00 朝食(2階食堂）

09:00-10:00 ポスターセッション

【銀河•恒星系力学】 座長：水谷有宏

10:00-10:20 樽家篤史（東京大学）

10:20-10:40 

【太陽系】
10:40-11 :00 

【人工天体】
11:10-11:30 

【数値計算法】
11 :30-11 :50 

11 :50-12:00 

Long-term Evolution of Stellar Self-Gravitating System 

away from the Thermal Equilibrium : Connection with 

Non-Exntensive Statistics 

牧野淳一郎（東京大学）

巨大ブラックホールの「恒星系力学的証拠」について

座長：水谷有宏

台坂博（東京大学）

羊飼い衛星の逆襲

座長：斎藤正也

吉川真（宇宙科学研究所）

火星探査機「のぞみ」の軌道決定における諸問題2

座長：斎藤正也

福島登志夫（国立天文台）

スケール変換による効率的な軌道シミュレーション

荒木田英禎（国立天文台）

おわりに
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ポスター発表(50音順）

伊東真史（東京工業大学）

井上猛（京都産業大学）

金枝直子（お茶の水女子大学）

久保岡俊宏（通信総合研究所）

後藤振一郎（名古屋大学）

斎藤正也（総合研究大学院大学）

酒井圭（東京工業大学）

坂本強（総合研究大学院大学）

篠原晋（立命館大学）

住谷秀夫（大阪音楽大学）

関口昌由（木更津高専）

立川崇之（早稲田大学）

中井宏（国立天文台）

中川克也（総合研究大学院大学）

本條晴一郎（東京大学）

艇崎良光（国土地理院）

水谷有宏（総合研究大学院大学）

山口喜博（帝京平成大学）

山本一登（総合研究大学院大学）

吉田春夫（国立天文台）

渡辺憲昭（千葉商科大学）

輻射効果を入れた系における原始惑星系円盤と

惑星の重力相互作用

水星近日点黄経に於ける余剰永年変化問題への最終解答

自己重力系の崩壊過程における非ガウス的速度分布の

形成とその起源

太陽輻射圧計算ソフトウェアの開発

離散非線形シュレーディンガー方程式における

ホモクリニック構造の自由度依存性について

1次元3体問題の記号列による探索

Disc-Planet Gravitational Interaction 

球状星団系の形成と進化

非線形格子における低次元部分系

Kreutz群のサブグループ

N体問題における部分系の分類

一次元シート系におけるフラクタル構造と膨脹則

カイパーベルト帯における共鳴構造

運動量について4次の多項式第一積分を持つ

2次元同次多項式ポテンシャル系， Part2

Arnold Webの崩壊と大域的拡散

巨大惑星と平均運動共鳴にあるケンタウルス天体と

その軌道進化

球状星団wCentauriの起源となる矮小銀河の

動力学進化

(1)不安定領域におけるノンバーコフ型周期軌道の存在

(2)順序を保存する軌道の点が存在しない領域の存在

一階の陽型対称線形多段法

岩波数学辞典•第 4版の項目「天体力学」と

「3体問題」について

Cowellの方法のコメント
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ATOBE, Keiko （跡部恵子）， TokyoInstitute of Technology............................. 2 

ARAKIDA, Hideyoshi （荒木田英禎），NationalAstronomical Observatory of Japan 

CHIBA, Masashi （千葉柾司），NationalAstronomical Observatory of Japan 

DAISAKA, Hiroshi （台坂博）， Universityof Tokyo................................. 216 

FUKUSHIMA, Toshia （福島登志夫），NationalAstronomical Observatory of Japan. :. 396 
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GOTO, Shin-itiro （後藤振一郎），NagoyaUniversity................................ 313 

HATANAKA, Yoshizumi （畑中至純），

HIGUCHI, Arika（樋口有理可），KobeUniversity 
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IGUCHI, Osamu （井口修）， OchanomizuUniversity 

!MAEDA, Yusuke （今枝佑輔），NationalAstronomical Observatory of Japan 

INOUE, Takeshi （井上猛），KyotoSangyo University........................... 208, 230 

ISHIBASHI, Nobuo （石橋延夫），KanagawaUniversity 

ITO, Masafumi （伊東真史），TokyoInstitute of Technology.......................... 198 

KANAEDA, Naoko （金枝直子），Ochanominomizu University............................ 77 

KAWABATA, Kin-aki （河鰭公昭），NagoyaUniversity.............................. 282 

KINOSHITA, Hiroshi （木下宙），NationalAstronomical Observatory of Japan......... 39 

KOBAYASHI, Hiroshi （小林浩），TokyoInstitute of Technology...................... 149 

KOKUBO, Eiichiro （小久保英一郎），NationalAstronomical Observatory of Japan..... 52 

KOMINAMI, Junko （小南淳子），TokyoInstitute of Technology..................... 128 

KONISHI, Tetsuro （小西哲郎），NagoyaUniversity 

KUBO-OKA, Toshihiro （久保岡俊宏），CommunicationsResearch La,boratory........ 301 

MAKINO, Junichiro （牧野淳一郎），Universityof Tokyo............................. 70 

MASAKI, Yoshimitsu（卸崎良光），GeographicalSurvey Institute................... 255 

MIZUTANI, Arihiro （水谷有宏），GraduateUniversity for Advanced Studies.......... 115 

NAKAGAWA, Katsuya （中川克也），GraduateUniversity for Advanced Studies....... 345 

NAKAI, Hiroshi （中井宏），NationalAstronomical Observatory of Japan............. 243 

SAITO, Masaya（斎藤正也），GraduateUniversity for Advanced Studies.............. 324 

SAITO, Nobuaki （斎藤信明），KyotoSangyo University 

SAKAGAMI, Masaaki （阪上雅昭），KyotoUniversity 

SAKAI, Kei （酒井圭），TokyoInstitute of Technology................................ 205 

SAKAMOTO, Tsuyoshi （坂本強），GraduateUniversity for Advanced Studies.......... 95 

SEKIGUCHI, Masayoshi （関口昌由），KisarazuNational College of Techonology..... 340 

SIDNOHARA, Susumu （篠原晋），RitsumeikanUniversity.......................... 332 

SOMA, Mitsuru （相馬充），NationalAstronomical Observatory of Japan............. 261 
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SOTA, Yasuhide（曽田康秀），OchanomizuUniversity 

SUMITANI, Hideo （住谷秀夫），OsakaCollege of Music............................ 235 

SUTO, Yasushi（須藤靖）， Universityof Tokyo 

SUZUKI, Masaru（鈴木将）， Universityof Tokyo 

TAKAHASHI, Keisuke （高橋啓介），NagoyaUniversity............................ 144 

TAKEDA, Takaaki（武田隆顕），NationalAstronomical Observatory of Japan.......... 33 

TAMURA, Ryoko （田村涼子）， OchanomizuUniversity 

TANIKAWA, Kiyotaka（谷川清隆），NationalAstronomical Observatory of Japan..... 377 

TARUYA, Atsushi （樽家篤史）， Universityof Tokyo. 60 TATEKAWA, Takayuki （立川崇

之）， WasedaUniversity............................................................. 88 

TSURIBE, Toru（釣部通）， OsakaUniversity 

URAYAMA, Fuminobu （浦山文伸），JapanAir Self-Defense Force 

WADA, Keiichi（和田桂ー），NationalAstronomical Observatory of Japan 

WATANABE, Noriaki （渡辺憲昭），ChibaUniversity of Commerce.................. 427 

YAMAGUCHI, Yoshihiro（山口喜博），TeikyoHeisei University..................... 385 

YAMAMOTO, Tadato （山本一登），GraduateUniversity for Advanced Studies........ 411 

YOSHIDA, Haruo （吉田春夫），NationalAstronomical Observatory of Japan 

YOSHIKAWA, Makoto （吉川真），Instituteof Space and Astronautical Science.... 21, 299. 

（所属は2003年3月現在の所属）
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