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Abstract

It is known that the symplectic mapping obtained as a symplectic integration method is formally an exact time evolution of the
modified Hamiltonian which is close to the original Hamiltonian. In the case when the original Hamiltonian has an additional
first integral, it is shown that the modified first integral, which is defined to be an integral for the modified Hamiltonian, does not
necessarily exist in general. This non-existence of the modified first integral is demonstrated by an example of the 2D harmonic
oscillator with an integer frequency ratio. © 2001 Elsevier Science B.V. All rights reserved.

1. Introduction

Symplectic integration method (symplectic integra-
tor) is a numerical integration method for Hamiltonian
systems which is designed to conserve the property
that the method (mapping)

(g@), p(1)) > (gt + 7). pt +7)) (1

for one step, T = At, is exactly symplectic as the
original Hamiltonian flow. It is known that for general
Hamiltonian systems, implicit symplectic methods
such as implicit Runge-Kutta methods always exist.
On the other hand, for a Hamiltonian of the form H =
T(p) + V(q), explicit methods are easily constructed
[6,10]. For a review, see [4,8,11].

When a symplectic method is applied to a concrete
example, it is observed that although the value of
Hamiltonian is not conserved at each step, the error
does not grow monotonically and remains in some

E-mail address: h.yoshida@nao.ac.jp (H. Yoshida).

finite width. This phenomena can be explained naively
by the fact that any symplectic method is a rigorous
time-t evolution of the modified Hamiltonian, which
is close to the original Hamiltonian [2,11].

For an nth-order symplectic method, this modified
Hamiltonian takes the form

H=H+1t"H,+--- )

with H, a differential polynomial of H. As a conse-
quence, the error of Hamiltonian remains as the or-
der of o(z") forever, if the series converges and if the
round-off error is neglected. However, since this se-
ries diverges in general, any rigorous statement can be
claimed only after a truncation of the series at some fi-
nite order. As a result of the truncation, it turns out that
the error of Hamiltonian remains as the order of o(t")
for an exponentially long time interval [1,3].

Suppose now that the given Hamiltonian system
is integrable and that there exists a first integral
(integral of motion, conserved quantity) besides the
Hamiltonian. Then there is no guarantee that this
first integral is also well conserved by the symplectic

0375-9601/01/$ — see front matter © 2001 Elsevier Science B.V. All rights reserved.
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method as in the case of Hamiltonian. Good numerical
methods, such as symplectic methods, are expected to
respect the integrability of the original system. Indeed,
one can observe that the additional integrals are also
well conserved in many examples. However, this is not
always the case.

In this Letter it is shown that there are some first
integrals which are not well conserved by symplec-
tic methods and that for these first integrals, the mod-
ified first integral which may guarantee the near-
conservation of the first integral, does not exist. This
unfortunate fact can be demonstrated in the 2D har-
monic oscillator with an integer frequency ratio.

Section 2 gives a minimum knowledge on explicit
symplectic methods with the form of the modified
Hamiltonian and introduces the modified first integral.
In some special case the modified first integral seems
to exist formally. Section 3 reviews the 2D harmonic
oscillator. It is noted that if the frequency ratio is an
integer, a special first integral exists which makes the
system super-integrable. In Section 4, it is shown that
the modified first integral does not exist for this first
integral of the 2D harmonic oscillator, except for the
isotropic case. The non-existence of the modified first
integral is explained by the violation of the super-
integrability of the modified Hamiltonian. Finally,
Section 5 is devoted to concluding remarks.

2. Modified Hamiltonian and modified first
integral

For a Hamiltonian system of the form

H=T(p)+V(g), 3

the first-order, explicit Euler method gives the map-
ping (¢, p) —~ (¢', p') with

, (BT)

g =q+1|— ’

. av

P=r-t(3) - )

On the other hand, the symplectic Euler method which
is again a first-order explicit method gives the mapping

oT
eeee().,
8p p=p

BV)
'=p—1|— . &)
P P (8q q=q’'

Mapping (5) is known to be an exact time-t evolution
of the modified Hamiltonian given by

H=Hy+tH +1*Hy +---, (6)

where Ho= H and

1
H] = EHI)H‘I'

1
Hy = E(Hlm’HpHp' + HpyHyHy),
1

H3 = ﬁpr'Hqt/”Hn”Hq” ™
with the notations
0HOH
H H, = Hp Hy, = —
rPiiq ’Z Pitq - ap'. aqi
Hyqg HpHp :=ZH4;<I/HP1HI’;’ ®

ij

and, consequently, H is conserved by mapping (5)
in a quite formal sense. For the derivation of se-
ries (6), see [11). This series, which comes from the
Baker—-Campbell-Hausdorff (BCH) formula [9], di-
verges in general. It should be noted that for a non-
symplectic integration method such as the explicit
Euler method (4), this kind of series does not exist
with differential polynomials of Hamiltonian as its co-
efficients.

Suppose now that there exists an additional first
integral @ = const for a given Hamiltonian of the
form (3), i.e., there exists a function & (g, p) such that
the Poisson bracket of ¢ and H vanishes,

(@, HY:= @ H, — D, H, =0. ©)

For this first integral, let us try to construct a series for
the modified first integral of the form

D=dy+TP +1°Pr+---. (10)

This modified first integral, which is defined to be
a first integral of the modified Hamiltonian (6), and
consequently which is conserved by the symplectic
Euler method (4) formally, must satisfy the condition

{®.H}=0. (1n)

Once such a series is obtained, it would be possible to
repeat the same game for the modified Hamiltonian,



278 H. Yoshida / Physics Letters A 282 (2001) 276-283

that is, to truncate the series at a finite order to con-
clude the near-conservation of the first integral @ for
an exponentially long time interval.

Substituting series (6) and (10) into condition (11),
and equating the coefficient of each power of t equal
to zero, we have a sequence of conditions

{®Po, Ho} =0, (12)
{®1, Ho} + (Do, H} =0, (13)
{®2, Ho} + {1, Hi} + {®Po, H2} =0, (14)
{®3, Ho} + (P2, H\} + (@1, H2} + {Po, H3} =0,
(15)

which successively determine &g, @y, P2, ... . Obvi-
ously one can take @9 = &. For a Hamiltonian of the
form (3), it is found that @; which satisfies (13) is
given by
1 H 1

D) = §¢" = -2-¢,,H,,. (16)
These two expressions for ¢ are identical since
®,H, — ®pH, = {®, H} = 0. An example of this
&, already appeared in [5] for an integrable Hénon-
Heiles Hamiltonian. Proof of (16) is a straightforward
computation. Indeed, from (7) and (16), one computes

2({®1, Ho} + {Po, H1})

=(PyHp)y Hy — (PgHp) py Hy + Dy (HpHy)

— @y (HpHy)y

= (Pgq Hy — Py Hyyr — Pyp Hy)Hy

=(PyHy —PyHy) Hp

={®,H},H)p

=0. (17

Although there is a difficulty if we try to find out @,
in general cases, there is a particular case where ®;

and @3 are found rather easily. This is the case when
the first integral ¢ has the form

@ =F(p)+G(q). (18)
For a first integral of this form, it can be shown that

1
Dy = -la(ququpHpr + @,y HyHy) (19)
and

1
b3 = E¢,,,,/qu" HynHy (20)

satisfy conditions (14) and (15), respectively. Proof of
expressions (19) and (20) is again a straightforward
computation. Note that @;, &,, @3 of (16), (19), and
(20) reduce to H,, H», H3 of (7) by the mechanical
substitution @ — H, which is a natural consequence
since the Hamiltonian H is a first integral of the
form (18). It is strongly conjectured that &, (n > 4)
in general are also given as differential polynomials of
H and @.

A second-order symplectic method (leap-frog or
Verlet method) for a Hamiltonian of the form (3) is
given by the mapping (g, p) — (¢’, p) with

g =q+ E(aT)
2 ap l)=])'

()
=p-— —_ s
aq q={l'

P 1 87‘)
q =9 +—(— . 2D
2\9p )/ p=p

For this mapping, the modified Hamiltonian is given
by

H=Ho+t?*Hy+t*Hy+--- (22)
with Ho= H and [11]

1 1
= ﬁHm"Hll Hy - ﬁqu'HpHp" 23)

The corresponding modified first integral takes the
form

¢i>=¢0+r2¢2+‘t4¢4+--- (24)

with @9 = @. For a general first integral, it is difficult
to find @; which must satisfy

{@2, Ho} + {Po, H2} =0. (25)
However, again for a first integral of the form (18), it
is found that
1 1

@y = > @y Hy Hy = 57Pgq HpHy (26)
satisfies condition (25). For this second-order sym-
plectic method, it is also conjectured that the modified
first integral (24) exists with differential polynomial
of H and & as its coefficients @;. Although there is a
case where the modified first integral seems to exists,
there is another case where such an object does not
exist, as will be seen in the following sections. This
implies that the modified first integral does not exist in
general.
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3. 2D harmonic oscillator with an integer
frequency ratio

The two-dimensional (2D) harmonic oscillator is
described by the Hamiltonian

1 1
H=5(p} +p3) + 5 (wla} +wia) @

with two constant frequencies w) and w;. From the
equations of motion

di+olq =0, g1 +wig=0, (28)
one can immediately obtain the general solution

q2 = ca sin(wat + 82),
P2 =42, 29

q1 =cy sin(wyf + 8y),
P1 =41,

where ¢y, ¢2, 81, 82 are arbitrary integration constants.
This system is always integrable with the second
integral of motion, say,

1 I
@ =2 (p} — p3) + 3 (wlaf - w3a3)- (30)

When the frequency ratio is an integer, or more gener-
ally a rational number, there exists an additional poly-
nomial first integral. Let us assume that w; = 1/m,
wy = 1 /n with integers m, n and put

1 1

6 =—t+34, 6= -1 +8. 3D
m n

Then the expressions

@' =cf'cj cos(m8) — ndz),
@" = cf'ch sin(md) — ndy), (32)
both of which are obviously first integrals of the origi-
nal system (27), can be written as homogeneous poly-
nomials of ¢ and p. In fact, since m@; — n6, =mé; —
néz,
. @' =c{'c} cos(mb; — nb,)
=/’ cos(mé)c; cos(nbs)
+ ¢ sin(mé))c} sin(n6s) (33)
and
@" = cl'ch sin(mf — n67)
= c{ sin(m6y)c; cos(nbs)
— c|" cos(mb))c} sin(n6s), (34)

and these quantities can be represented as homoge-
neous polynomials of

g1 =cysingy, g2 = c28in 6,

€l c2
=— , = —cosbs. 35
p1=-cos6| p2=—-cos0 (35)

For example, whenm =n =1,

@' = p1p2+ 49192, D" =q1p2 - p1g2, (36)

andwhenm=1,n=2,

@' = pi(4p3 — 4}) +4q1 p292,
@" =qi(4p3 — a3) — 4p1 P22, 37

and so on. Note that among four first integrals H, &,
@’ and ®”, there exists one algebraic relation

(@) + (@) =m*™n®(H + ®)™(H — )", (38)

so that there are only three functionally independent
first integrals for Hamiltonian system (27). The exis-
tence of this additional integral @’ makes the system
super-integrable, that is, any bounded orbit is a peri-
odic orbit. For super-integrable systems, see, for ex-
ample, [7] and references therein.

Fig. 1 shows the orbit of 2D harmonic oscillator
in (91, ¢2) plane for (a) (m,n) = (1,1), (b) (m,n) =
(1,2), (¢) (m,n) = (1,3), and (d) (m,n) = (1,4)
with a common initial condition, (q1, 42, p1, p2) =
(0.0,1.0,1.0,0.0) at + = 0. It is easily observed that
while g2 oscillates once, g; oscillates n times. It
should be noted that if the frequency ratio is an
irrational number, then a single orbit will fill the whole
box area —1 < ¢q; < 1, —1 < g2 < 1 completely as
t — o0, which is a generic situation for ordinary
integrable systems.

4. Non-existence of the modified first integral

In this section we show that @, does not exist as a
differential polynomial of H and @& for general pair of
a Hamiltonian and a first integral. This assumption on
&, is not artificial, since if @, exists, @2 must reduce
to H; of (7) by the mechanical substitution H — &,
and H, is a differential polynomial of H. For this
purpose it suffices to show the non-existence of &,
in an example of the 2D harmonic oscillator (27) with
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Fig. 1. Orbits of harmonic oscillator with frequency ratio 1 : 1, 1:2, 1:3,and 1 : 4.

m =1 and n = 2, that is, the pair of

1, 5 a 1/, 1
H=H0=§(P| +Pz)+§(ql +Zq22 (39
and
e — 22
® =dg = pi(4p; — 43) + 41 P292. (40)

Direct computation of (7) and (16) yields

1 1
H)\=-piq1 + 3 p292,

2 8
@1 = p1p2g2 + 2P3q), 1)
and
Lo -ov 1o 1,
=— — —q?). 4

If these expressions are substituted into {®o, H,} and
{®1, Hi}, Eq. (14) reduces to

1
~q193. (43)

&y, Hyl = —
{®1, Ho) 3

On the other hand, if the general solution of the origi-
nal Hyp system

q1 =cysin(t + &), p1 =cicos(t +31),

=csin( = +8
q2_ 2 2 2],
c2 t
p2—5C08(2+82) (44)

is substituted into the right-hand side of (43), and if we
remark that {@,, Hp} is equal to the time derivative of
&, along this solution, Eq. (43) further reduces to

dd 1
711_2 = —-s-clc% sin(t + 68) sin? (% + 82)

= 3i2c,c§[sin(a, — 28) — 2sin(t +81)
+sin(2r + &) +282)). (45)
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Suppose now that & is given as a differential polyno-
mial of H and @, and consequently, a polynomial of
g and p. Then &, expressed by the general solution
(44) becomes a trigonometric polynomial of f. Thus
d®,/dt is a trigonometric polynomial of ¢ without
constant terms. On the other hand, the right-hand side
of (45) contains a constant term 1/32¢ c% sin(8) —242)
for generic values of 8, and &2, which is a obvious con-
tradiction. Thus @, as a polynomial of g and p cannot
exist. This proves that &, does not exist as a differen-
tial polynomial of H and .

This logic of non-existence proof beautifully fails if
we try to find out @; from (13) in the same way. First,
after computation of {®g, H1}, Eq. (13) reduces to

1
{®1, Ho} =3pip —2p2q192 — ZP]‘I%- (46)
Then, by substitution (44), it further reduces to
dd,

1
= —clcg[cos(t +81) +2cos(2t + 8y + 282)].

dt 4
(47
Note that the right-hand side of this equation is a
trigonometric polynomial without a constant term. In-
tegration once yields

1
@ = Zc;c%[sin(t +81) +sin(2 + 8, +28)]  (48)
which can be rewritten as

@) = p1 p2g2 +2p3q (49)

by the inverse substitution of (44). Thus the known
expression of @, is recovered.

This proof of non-existence of &, works similarly
for the sequence m =1, n = 2,3,4,... of the 2D
harmonic oscillator with the first integral (32). It also
works for the second-order symplectic method (21).
The isotropic case (m = n = 1) is an exception, and
indeed @, does exist. In this case, starting with

1 1
H=Ho=3(p} +p}) + 5 (gt +4}) (50)
and ‘
S =dy=pip2+4q192, (51)
one finds

1
H = i(mql + p2g2),

1
b = E(pzqn + p1g92), (52)

and

1
Hy =5 (p} +ai + P} +43)- (53)
Then, since {®g, H2} = (P, H} = 0, condition (14)
reduces to

(P2, Ho} =0, G4

and there is no constant term in the right-hand side.
Since @ is of the form (18), we know already that @,
is given by (19) which yields

1
Py = E(Pl P2+ q192), (55)

and this @, certainly satisfies condition (54). Further-
more it can be checked that

= T
P=pip2tqq+ E(pqu + piq2) (56)

is an exact integral for the symplectic mapping ob-
tained as the symplectic Euler method.

The speciality of the isotropic case (n = 1) can be
explained by the expression of the modified Hamil-
tonian (6). For the original Hamiltonian

loag, o 15 1 4
H= E(Pl +4i)+ 5(p2 + 5% 57

with an integer n, the modified Hamiltonian (6) takes
the form

—

2
T T
5Pt +af) +5man+ (ot +af) +-
1/, 1 5 T
ts\pt+ %)+ 5 3P0

H=

72 2 1
+l_(p2+_q2)+... (58)

and reduces to

- 72 1,5, 5 T
H=|1+—=+||5(pi +ai) + 5P

6
2
+ [1 +ogt ]
b% [1 (p2 + lqz) +— ] (59)
2\ 2 22 2n2 P292

which again represents a 2D harmonic oscillator with
new frequencies £2 and £2;. Although the case when
n =1 is again a super-integrable isotropic system, the
new frequency ratio is no more integer for general
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Fig. 2. Orbits of Fig. 1 obtained by the symplectic Euler method (r = 0.2).

cases, n = 2,3.4,... when v > 0. Up to the second
order of 7, this new frequency ratio is given by

o U (5 v s B
2 (1 +72/6n% 4 - (1 /n)y/ 1 — 2 /4n?

=
:n(l -+ " rz+---) (60)

which is equal to n only when n = 1. This violation of
super-integrability is the reason of the non-existence
of the modified first integral, and in particular, ®;.
Fig. 2 shows the same set of orbits as in Fig. | ob-
tained numerically by the symplectic Euler method (5)
for 5000 steps with the time step t = 0.2. Except the
case n = 1, large deviation from the original periodic
orbit is observed because of the violation of super-

integrability and/or non-existence of the modified first
integral. Fig. 3 shows the relative error of (a) Hamil-
tonian (39) and (b) the first integral (40) in the case
of n = 2 for the orbit shown in Fig. 2. Similar cou-
ple of figures are obtained for othern = 3,4, ... cases,
but not for the isotropic (n = 1) case. Non-existence of
the modified first integral is related with such a large
variation of the error.

5. Concluding remarks

In this Letter it is shown that the modified first in-
tegral, which is defined to be an integral of the modi-
fied Hamiltonian, does not necessarily exist in general.
The non-existence proof is given easily in the case of
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Fig. 3. Relative error of the Hamiltonian and the first integral (n = 2).

2D harmonic oscillator with an integer frequency ra-
tio. Although the maodified first integral does not exist
in general, there is a special case where such an object
seems to exist. It is an open problem to give a neces-
sary and sufficient condition for the existence of the
modified first integral.

On the other hand, there are many integrable Hamil-
tonian systems for which the additional integral is
nearly conserved by symplectic integration methods,
although easy attempts to find out the modified first
integral failed for these systems. It seems that there
are different mechanisms to yield the near conserva-
tion of the first integral, and one of them is certainly
the existence of the modified first integral.
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Abstract. Symplectic integration methods conserve the Hamiltonian quite well because
of the existence of the modified Hamiltonian as a formal conserved quantity. For a first
integral of a given Hamiltonian system, the modified first integral is defined to be a formal
first integral for the modified Hamiltonian. It is shown that the Runge-Lenz vector of the
Kepler problem is not well conserved by symplectic methods, and that the corresponding
modified first integral does not exist. This conclusion is given for an one-parameter family
of symplectic methods including the symplectic Euler method and the Stérmer/Verlet
method.
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1. Introduction

The symplectic integration method (symplectic integrator), which is already
a must for a long time integration of the solar system motion, conserves
the energy of the system (Hamiltonian) quite well. In fact an n-th order
symplectic method keeps the error of the Hamiltonian of the order of O(7")
for an exponentially long time, where 7 = At is the constant step size of
integration (Benettin and Giorgilli, 1994; Hairer and Lubich, 1997; Reich,
1999). This favorite behavior is guaranteed by the existence of the modified
Hamiltonian,

H=Hy+7m™H,+ - (1)
which is defined to be a formal integral of motion for the symplectic method
considered. For example, for a Hamiltonian of the form

H =T(p)+V(q), ()
the symplectic Euler method, which is a first order explicit symplectic method,
gives the mapping (g,p) — (¢',p') with

ov

oT
! = <+ (—) s ! —p— T (—) . (3)
T4\ o p=p per 09 ] =g
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This mapping (3) is known to be an exact time-7 evolution of the modified
Hamiltonian given by

ﬂ=H0+TH1+T2H2+“' (4)

where Hg = H and

1 1
Hy = SHyH,, Hp= E(quHg + HppHY), - (5)

with the notations,

HyHq = Z Hy Hy,, quHp? = Z Hyyq; Hp Hp;, - - (6)
i i,j

and consequently, H is conserved by the mapping (3) formally (Yoshida,
1993; Hairer et al., 1993; Sanz-Serna and Calvo, 1994). This series is just a re-
interpretation of the Baker-Campbell-Hausdorff (BCH) formula (Varadara-
jan, 1974), and diverges in general. Since the modified Hamiltonian, which
is a quantity close to the original Hamiltonian, is conserved, the error of
the Hamiltonian cannot grow so easily and the favorite property of the
symplectic method follows. It should be mentioned that the existence of the
modified Hamiltonian is guaranteed for more general Hamiltonians and for
more general symplectic methods (Hairer, 1994).

Suppose now that a given Hamiltonian system has an additional first
integral. Then it is often observed that this first integral is also conserved
quite well by symplectic methods. However, this is not always the case.
For example, the Runge-Lenz vector, which is a first integral of the Ke-
pler problem and which makes the Kepler problem super-integrable, is not
well conserved by symplectic methods. As a consequence of this fact, the
pericenter of the elliptic orbit moves secularly.

In a recent publication (Yoshida, 2001) it was shown that the modified
first integral, which is defied to be a first integral for the modified Hamil-
tonian, does not exist in general. The proof was given by an example of 2D
harmonic oscillator with an integer frequency ratio. In this paper it is shown
that the proof similarly works for the Kepler problem and that the modified
first integral for the Runge-Lenz vector does not exist.

Section 2 gives a short review of the Kepler problem to introduce the
set of first integrals and its general solution in a form of Fourier expansion.
Conservation of these first integrals by the symplectic Euler method is tested
in Section 3. Section 4 starts with the precise definition of the modified first
integral, and gives the proof of the non-existence of it for the Runge-Lenz
vector. The proof of non-existence is extended to an one-parameter family
of symplectic methods in Section 5.
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2. 2D Kepler problem: First integrals and its general solution

The 2D (2-dimensional) Kepler problem is defined by the Hamiltonian
_1l o9 9 1
H= 5(?1 +p3) — - (7)

with r = \/‘112 + qg. First integrals of this system are the Hamiltonian (7),
the angular momentum

h = qip2 — q2p1, (8)

and the Runge-Lenz vector, e = (e1, e2), defined by

qi
e1 = +p2(q1p2 — gop1) — T ee= —p1(q1p2 — gop1) — %- 9)

For the derivation of the Runge-Lenz vector as a first integral, see for exam-
ple Pollard (1966). Among these four first integrals of the Kepler problem,
(H, h,e1,e2), there exists one algebraic relation

2HA? +1=e? + €2, (10)

so that only three integrals are functionally independent. With these three

first integrals, the 2D Kepler problem (7) is called super-integrable, and

consequently all bounded orbits are periodic. Indeed, when the value of

Hamiltonian (7) is negative, the orbit is an ellipse with its focus at the

origin. Then the Runge-Lenz vector (e) is a constant vector which has a

length equal to the eccentricity e and points to the pericenter of the orbit.
The elliptic orbit is expressed in polar coordinates (r, f) as

r= —hz——, (11)-
1+ ecosf
where
h? = a(l —€?), a=—1/(2H), (12)
and
€1 = ecosw, e = esinw. (13)

Here a is called the semi-major azis and angles f and w are called the true
anomaly and the longitude of pericenter, respectively.

The position (g},q3) and velocity (p},p3) are expressed, in Cartesian
coordinates in which the direction of the pericenter equals to gj-axis, by

. . sin e+ cos
gi =rcosf, gg=rsinf, p| = —’Tf, Py = Tf (14)



4 YOSHIDA

a2 a2

ql

7=
z
Va

RN

Figure 1. An elliptic orbit and an orbit obtained by the symplectic Euler method

Finally the position (g1,g2) and velocity (pi,p2) in the inertial frame are
given by the rotation of the angle w, i.e.,

qn =M ql : p1 =T }D}r N = C(:.)sw —sinw . (15)
q2 43 ) Pa sinw  cosw

Fourier expansions of several quantities for the elliptic motion are known as
follows (Brouwer and Clemence, 1961);

T e’ it -
= 14 T 2e Z PT;;Jm(me) cosml, (16)
m=1
a o0
= =1+22Jm(me)cosml, (17)
m=1
2(1 — €?) =
cos f = —e+ (—el Z:l Jm(me) cosml, . (18)
m=

o0
sin f = 2y/1—e? Z J;. (me) sin ml, : (19)
m=1

where
L=n(t—1), n=a"%? (20)

called the mean anomaly (1) and the mean motion (n), and J,, () denotes
the Bessel function. Therefore the position (g1, ¢2) and velocity (p, ps), all
of which are periodic functions of ¢, are expressed in the form of Fourier
series of time ¢. These expressions constitute the general solution of the 2D
Kepler problem (7), with 4 integration constants, a, e, w and t,.
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Error of Hamiltonian

Z:Z.|
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Figure 2. Relative error of Hamiltonian H by the symplectic Euler method

3. Conservation of first integrals by the symplectic Euler method

Fig. 1 shows an elliptic orbit and an orbit obtained by the symplectic Euler
method (3) with the initial condition, (g1, g2, p1,p2) = (0.4,0.0, 0.0, 2.0), for
2000 steps with the step size 7 = 0.1. With this initial condition, the semi-
major axis, the eccentricity, and the orbital period are a = 1, e = 0.6, and
T = 2w, respectively. Fig.2, Fig.3, and Fig.4 show the relative error of the
Hamiltonian H, of the angular momentum h, and of the Runge-Lenz integral
e) along this orbit. In general, the relative error A® of a first integral ®(q, p)
is computed by

_ Q(Q(t):p(t)) — (I)(Q(O)ap(()))
AT = RGP0 2D

Although the error of Hamiltonian oscillate with a large amplitude, it does
not start to grow secularly which is consistent with the general theory. As
for the angular momentum integral (8), the microscopic error was caused
only by rounding-off errors, since (8) is conserved exactly by the symplectic
Euler method (3). This fact is seen since (8) is an integral not only for the
total Hamiltonian (7), but also for the kinetic energy part H = T'(p) and the
potential energy part H = V(q) separately, and the symplectic Euler method
(3) is just a composition of flows generated by H = T(p) and H = V(q).
On the other hand the Runge-Lenz integral e; is not kept well conserved,
which is responsible for the secular move of the pericenter of the elliptic
orbit observed in Fig.1.
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Figure 3. Relative error of the angular momentum h by the symplectic Euler method
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Figure 4. Relative error of the Runge-Lenz integral e: by the symplectic Euler method

4. Non-existence of the modified first integral
For the Hamiltonian of the 2D Kepler problem (7), the first two terms of
the modified Hamiltonian (5) are computed to be

Qp1 + q2p2
H = 255722,

2r3 (22)
and

_ Pi(=2q} + ¢3) + P3(a} — 2¢3) — bpim2qrga + 7
Hy = 1275

(23)
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Fc?r a first integral @ of the original Hamiltonian system (2), the modified
first integral ® is defined to be a first integral of the modified Hamiltonian
H,ie,

® =D+ 70+ 7By + -, (24)
such that
{9,H}=0. (25)

Substituting (4) and (24) into (25), and expanding (25) in powers of T, we
obtain a sequence of conditions

{®0, Hp} =0, (26)

{@1, Ho} + {®0, H1} =0, - (27

{®2, Ho} + {®1, H1} + {®o, H2} =0, (28)
which successively determine ®g, ®;, ®s, .. .. Obviously one can take &3 = P,
and it is known (Yoshida, 2001) that

@) = 38, H, = ;8,H, (29)

The modified first integral for the angular momentum integral ® = h can
be taken equal to the original @, i.e.,

é=a, | (30)

and consequently, the angular momentum integral is exactly conserved by
the symplectic Euler method as seen before. As for the modified first integral
for the first component of the Runge-Lenz vector, ® = e;, expression (29)
gives

20q1P2 — g2p1

o, = 21 pzrsqp ) (31)
However, the next term ®, is shown not to exist.

Suppose that ®, is a differential polynomial of H and ®, which is a natural
postulate for ®5. This is because ®; must reduce to Hy of (5) when & = H
and Hy is a differential polynomial of H. Then ®5 becomes a polynomial of
g,p and 1/r. Now we shall show that ®; cannot be a polynomial of ¢, p and
1/r. The condition (28) which determines ®; reads

{®2, Ho} = F(q,p) := —{®1, H1} — {®o, H2}. (32)

Along the solution of the Kepler problem, the left hand side of (32) equals
to d®o/dt. Thus d®s/dt = F(q,p). On the other hand, a straightforward
computation shows that the right hand side of (32) reduces to

F(q,p) =

h
— 57 [Plea(—4¢} + &) + P33} — 263) + 2miman (o — 402)],  (33)
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where h is the angular momentum integral (8). Suppose now that ®; is a
polynomial of g, p and 1/r. Then by the substitution of the general solution
of the elliptic motion, ®, becomes a Fourier series of ¢, and consequently
d®,/dt must become a Fourier series of ¢ without constant terms. However,
the computation below shows that there exists a constant term in F(q,p)
which is given by

2 ‘

(Fla,p)), = - " sin, (34)
This implies that ®, cannot be a polynomial of ¢,p and 1/r, and conse-
quently, cannot be a differential polynomial of H and &.

The constant term of F(g,p), which is expressed by a Fourier series of
time ¢, is obtained by the average of ¢ over the period T = 27/n, i.e.,

1 T
(Plaeh =7 [ Fla).p)ds (35)

By the change of integration variable,
r2
dt = de, (36)

which comes from the Kepler’s third law, r2df /dt = qips —gap1 = h, integral
(35) changes to
n 27

(F(q’p))t = 27l‘—h 0 r2F(q,p)df. (37)

Substitution of the expressions (14) and (15) into (33), and the final substi-
tution (11) yields

N2 L 2 [e2gin(f —
5" F(q,p) = 32’,rhﬁ(1+ecosf) [€?sin(f — w)

+2(=2+¢*)sin(f + w) — Besin(2f + @) — 5esin(3f + w)],  (38)

for which, integration by f over the period 2 gives the final expression (34).
It should be mentioned here that if we take ® = e,, the second component
of the Runge-Lenz vector, the quantity which corresponds to (34) becomes

4+ é€?
(Plg.p), =+

and the same conclusion follows for ® = e, as for the non-existence of the
modified first integral.

cos @, (39)
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5. Extension to an one-parameter family of symplectic methods

So far the symplectic method used in this paper is the first order, symplectic
Euler method (3), which comes from the approximation

exp[r(A + B)] = exp(tA) exp(rB) + O(7?) (40)
for non-commuting operators A and B (Yoshida, 1993). One can slightly
generalizes the symplectic Euler method, by introducing a parameter z, to

exp[T(A + B)] = exp[zT A] exp[r B] exp[(1 — z)TA] + O(?) (41)

which gives the mapping (q,p) — (¢, p’) with

q‘=q+x‘r(a—T) p’—p—r(a—v)
0p ) pmp’ 09 ) guq’

d=q¢+(1 - )T ((ZD,,_,, ~ (42)

This method (42) reduces to the symplectic Euler method (3) when z = 1,
and to its dual one when z = 0. When z = 1/2, this mapping gives a second
order method, known as the Stérmer/Verlet method.

In what follows it is shown that the same conclusion is given about the
non-existence of the modified first integral also by this extensmn For the
method (42), the modified Hamlltoman is computed to be

Hy = (z — 1/2)H,H,, Hy= ﬁ [(1—6z(1- x))quHg + HppHZ|, (43)

which, of course, reduces to expression (5) when z = 1. Starting with these
expressions one can repeat the same game as before. The first order term of
the modified first integral (29) is generalized to

8, = (z — 1/2)®,H, = (z — 1/2)®,H,. (44)

For the 2D Kepler Hamiltonian (7) and the Runge-Lenz integral ® = e,
expressions (43) and (44) give

H, = (z-1/2) an 3 q2p2a ® = (z— 1/2)q2(q1p27.3 q2pl)a (45)
and
X[p3(—2q% +q3) + —293) -6 7
H, = [pi(—2¢2 + ¢3) p2(fgl,~5 93) — 6p1p2q192) (46)

with X =1 — 6z(1 — z). Now the expression (33) for F(g,p) in the case of
T =1 is generalized to

Flg,p) = -2

T6
h
X [plaa(—44} + a3) + p2g2(3¢? — 243) + 2p1pogu (af — 443)] - (47)
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However, a straightforward computation shows that the final expression for
the time average (F (g, p)), is exactly the same as before and equals to (34),
which is independent of the value of parameter z. The deep reason of this
unexpected phenomena is not well understood at this moment.

Anyway the computation above shows that the non-existence of the
modified first integral for the Runge-Lenz vector of the Kepler problem is
established not only for the symplectic Euler method (3) but also for the
one-parameter family of symplectic methods (42). It is an open question
whether there exists a symplectic integration method which conserves the
Runge-Lenz vector well and the corresponding modified first integral exists.
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Application of Symplectic Integrators in Dynamical Astronomy
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Various enhancement of symplectic integrators are reviewed from the viewpoint of dynam-
ical astronomy, especially in our solar system dynamics: mixed variable method (Wisdom-
Holman map), warm start, individual stepsize method, several techniques handling close
encounters {democratic heliocentric coordinate (DH), symplectic massive body algorithm
(SyMBA), hybrid method, modified SyMBA), and a regularization method by Mikkola.
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PERFAZ [T 2] biFTlidzv,

Aﬂ:kﬂﬂﬂam (5)

CITUTOX ) IZHEMTRERNINI =T V2 E LD, FIZIET(p) IBEBIZFVFE—, V(g)
BRTF Y VANIANVEF—THD, COEIININ 2T U PHEMETHLIEIE, V0T
V774 7 BIERDEDD o L b EBHRAIROVEDTH B,

H=T(p)+ V(g (6)
+ 2 LR (5) 13
2(r) = [e"4+D)] 2(0), (7)
b AL
A={.T}, B={,V}, | (8)

Thb, T, T(p), Vig) ZTENFIHLIZIITHETTRETH L T 5, Bl
zalr) = [¢4] 240, z(r) = [¢7%] 2p(0), (9)

OWAPMEBNITRETRETH L L 2EFRT S, CCTRETL2ONFHEFICOHTRL
BCH (Baker-Campbell-Hausdorff) XX CT&H %, BCH AR #HAL/:—KDL VTV I 5717
BERTEOARNIIUTO L 12k 5,

el 1rer{ VY = or{ Mhut} (10)
BL

ﬁm=T+V+%HWQ+gHHWWVH%WﬂmTM+gHHWWVLﬂ+~u(n)



Thr, _ROABRADFERRIZLT
el Trer{ Vi H T} = er{ ’g'-’""}, (12)

HL
ﬂ%W=T+V+#(%HﬂVLVL-%HKTLTO+0hﬂ, (13)

¥ hBe FREIZLT n kOARK EAHEN IV P =T ¥ (surrogate Hamiltonian) H, iZELTD & 9
2% Do HepplXEEFE/NI NV b =7 ¥ (error Hamiltonian) &IHIN TV 5,

H, = H + Hepr + O(7™11), (14)

2. BREEHEOAE

ST IT 4 I BAEESEO—ROAR (10) R TROAK (12) FHOFETH o725, K
R REDBSIIIRBDENSTEN TH S LV HEHIH D, COFMEEREL, V7L 7
F 4 I BERS OETHRERAVICED L ZLHTE L, TOHEIL Wisdom & Holman (1991,
1992) B & UF Kinoshita et al. (1991) [ZAWTRESI, TORDICHANY YTV 77 1 7 8l
BAOEDORBIBO TRELERE R Lz, AR TIIZDFHEE Wisdom-Holman map &5\
(¥ WH map EIERZ LT 5,

2.1 Wisdom-Holman map

KEZD L HIZHLEDENHFIENRZTIE, NIV T Y OREELTOLHIITAEHE
tﬂiﬂj%%o

H = Hiep + €Hins. (15)
Hip 3P LERY O 75— BRI NIV ZT V| eHin \SRERTOMEERZE T
INP=T Y ThHD, R (15) GLE_HDEReld, 777 —EE NIV =7 Y HHEEERN
SN T UIZHRTIHFEICREVEW) Z L 2ERICET Ol b TH 5,
NINVPZT 2% (15) DEIIHELGE, ZROAREFHCTEE T LAEEN NIV
TVRUTOE kb,

7.2 ’i'2
Hep = ﬁ {{erpa innt} 3 innt} - 2 {{e-Hint: erp} erep} + 0(74)

2
= -‘;T—4 {{Hiep, Hint} , Hiep} + O(e272) + O(72). (16)

3 (16) ERT B L A RENL, VUV I TF 4 7 BIERSEEC X BERED 2D S er I TIKIRK
ENTNBEENHZEThHL, REEBFHOHE., BEIOKE LIBHPEROKE S DA -5 —,
DFNEREERLABEROLICHYT 2, KERTHNE, KEEESKHEED 1/1000 T
HHIETELDERERIIEST

€Hint ~ 1073 Hyep, (17)

BB NIV T rOHE (15) ZRHVWEHLWS Y7L 7T 1 7 EBERSETEDN A EEHE
ATV T ETpew & Ly TERDFELBEOEEZE LTS, T4bb H, DFEHEFFELKE
SIZREHIETRE, ZROFELRLIE

€20 ~ T2 (18)



ERDHDT, ¥B

e Thew ™~ €It~ 3271, (19)

t&%ow%\Aswb:7>®ﬁ%kqumﬁiénéﬁ&%ﬁmiét\ﬁ%@ﬁ&w)

CHARTHIULOBEIAEREND I L1205, bbb AAMEEREIETIES OB Lu

HEBFERDFEIHRTEREN IV 2TV ORE SHEIIE {, BVBELEBETEL,
LA ROBREZEZ S L, HHE

1
Tnew ~ € nT (20)

L%Bo FLVHIAE e v ICHBIT2 2 ED 5, (15) DHEFEIGREAME IE EBELOM
BRI EDDHD, WHmap & LTIES ZROFESHVORTWAFHUTSH 5,

Bl L2 EEF AV TH LV ARIC L 2BHRBEZER T2 L. —RAF v 7 (B &
BEUTDE 51245,

eS{ Hiep}or{ eline} o 5{ - Hrep} (21)
K (21) A BHEERZERDORF — MU TOL )12k 2,
e:—.{ -.”kup}er{ foiul}eT{ ‘»chp}er{ s€lline} | . eT{ :GHinf}eg'{ «erP}. (22)

Z 2T Hpep(L) IZWLEEFE (Delauney 50 THRATEE, Hin(q) WEREETHITIETH %,
IV LBEIICETIEUTOL 1225,

H = erp"'innt
= erp(L)""innt(Lan H,l,g.h)
= Hiep(q,p) + €Hint(q), (23)

R (23) DL I THEDNEHNRET A D0, ZOHLWY T L 77 1 7 #iERsS 3
REZFHEOFEL IS, N (23) 2R Thhrs L )2, TOFLWNINE =T X D5E
TEIE Hyep EeHint DFFE (TNODNIN b =7 VKBS NIROEREIL, NIV =T >
DREADFHELE->THRV) OFEICEEERSVETH )., (EROFEIZERE EZDHT
PREEDOWENED b 1B L I DERZERUT Gauss D fg 7% & (Danby, 1992) % HV>THEH
EELERPERT LI LN TH S,

BEF T2 Gauss D fg FEOME L BRTB (o rg = r(ty) Lvo = v(ty) & TNEFNRER 2127
FAREDS 75— 8B LOMENXY PV ERERI MV ET D, TOZHEDORY P VITFFT
B3BWERET %, 20, HEOAEEEIZ0 TIELWE T 5, BLEESIFEAICERS, »(t)
FEEZ L ICNT BT T — B EDOMIBNRY DV, o(t) ZEERI IIINT A EENRS P VET B L,
MHDRBENRY b Vrg L BERZ b Vo lZERZ bV THED L, —BIHEET S A0 7% f
L gERAWTION(M) Lo(t) ZUTOL HICERT A LA TE S,

r(t) = f(t. to)ro + g(t, ty)vo. (24)
v(t) = f(t.to)ro + §(t, to)vo, (25)
BL . ;
P o _ _q



THbo f,g.f, gD EME B & HIZHT % 56813 Danby (1992) % Battin (1987) ICEES
TWh,

ﬁﬁiﬁﬂ\WHmw%mWTtﬁ%é9%Ewﬁﬁ@ﬁ%bmﬁﬁutﬁﬁﬁﬁttﬂﬂm
and Tanikawa, 2001a) 2NT 22T F V¥ — L 2AEHROBFRIEE 2R T, Z OREH
AT 102EE VIR 7 v THABE ATV AD, EIRVF— (H2T) ICAFERERIRON
. AR 10~ PR T BIFICIRE L TV B, — 4, £AREE (M 2.k) I3 ITidAE
a2 10~ U CRIEL TV 5, BRREDY Y7L 77 4 7 BIERS IRV T AESRICHY T2
BT AT SND 7280 (Yoshida, 1990a), BEAI % ERZI3FT H YD Y 3R2E (truncation error) T
137 ¢ ALDERZE (round-off error) (KB ENB 720 TH B, B, AEBEDHENREITIITS
POKEHLEADRELTVS LTRSS, I NIIEERS % ET L SEHHEO 0S
PR OEEFHEIINT HHOBRENEFENBIER TN THS I LAMRINT
Vw3 (Ito, 2000)o ERED L 25, HLOBED RN S R CHFEHEAND WH map EITRE R
¥ 2 EHEBIT X1Z L% {id %V, PC E® FreeBSD ® Linux i3 BBUREHETH S5, HP-UX,
O & &R Solaris (2.5.1 $T) R IRIX (6.2 T) bMEPFALEHEAICH S, (TN ED alpha D
OSF/1 % Tru64 UNIX, 3 & UF Solaris % IRIX DF L\ RO EFERBBIIALOREDLEITE &5
¥E-TELY, BEOEWY YT LIT 4 s BERMEOETIZRE o KAMETHI LA
HEHL TV 5,

2.2 Jacobi EEiZ

ZDOENLDOBEE RTHASL 24 LI, REBEEOL TV o7 1 7 BUERSETHY
BRBNINVE =T ZRUTO L) 2BV EH S5,

L 77 7—HBS P _hREERTNIVEZT Y Hyep = {n—l - BLEFE, HHVIEZOH
DFIHEIT 5o

2. HEMEREN eHin = V(r) LV I)HEEEDOADRKTH S,

T &S KREHLEEEE (heliocentric) R E/ L AHUEERE (barycentric) (3 EERDOEFEW/- T &
BTERV, FIZITELBLOBETNINI TV 2EEXTLTARSE

N

g = Zg%"‘('i Gmom, ZGmom,>_§: Z Gm,-m?-

l7i — 7ol i=0 j=i+1 i — 7l

\!

_ p_g > ( p? _ Gmgm; Gmgm; Gmym; & Gm;m;
= 2m0+2(2”;i |7‘i—7'0|) Zl"':-"ol (Z 1 ZZ — J)

i=1 |7'0 —rjl i=1 j=itl |ri —rj]

p% N ( p? an0 mi) N N

= — 4 - :

2my ?‘_‘ 2m;  |ri — ol ,z;r%l |ri —7;)°
DLk, KIGOTERT 3 ¥ —p/2mo S HiephS b eHing I bR T LE 30
EHEID WH map 2 EETB720I213, NIV P T U E2REILEORICHEITEL DD
i%%‘eiﬁ%éﬂﬁﬁ%&@*@ééo TR LI, REOEF LW - TEREROMIIFEET %, b
@5 Jacobi EEFELIINZ b DOV ENTH Y, LTD#D & ) IZFEFES NS (Plummer, 1960),

Gm,mj

(27)

- 1
=T — — ijrj, (28)
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0;=0i-1+mi, og=my=KEHER, o.1=0, (29)
i = T, (30)
g
- ag;i
= —@, (31)
i Ty

JERES VA Y B AR BRI

P; = Miv;, (32)
ThY, EER i
;= dr (33)
Todt

L2, Jacobi BBEFHWVTNAINI=ZT V2EBEXTLTABLEUTDOL )RS,

5L .
N ~2 ~
p; - mimy
chep = Z <+ — li—= > s (35)
= 2m; Ti
€Hint = Hgireet + Hindirect- (36)
NN
. — Gmim;
Hgirect == Y, ———, (37)
i=1 j=i+1 |ri = 7;l
o 1 1
Hindirect = GZ mimg (-— - ;‘) . (38)
i=1 ' !

LEENINE =T 0 BRI Tto (2000) 2 EIZEE SN TV 5, Jacobi BEEETERIRT S
AEHEORRDFBIZLTHEL I LA TRETDH S,

2.2.1 Jacobi BiEIC & BEMS
Jacobi FEREDEHAIL (28) 7205, THERGRECTUTOL I IZEHL I LIZT S,

s = o S s
qi = Qi o1 ;mﬂb- (39)
& T, Jacobi BBEETE PN/ NIV =T PO HELTWH map 2 EETIE, UT &
) RS ASRE T 5,
9H(q)
oG
'LE..LQ = (‘jl: (127 veo sq:\")t q= ((11302~. .. '7q.-'\") f&)%o j\il%tp‘c\@%qf‘ﬁﬁ‘hf:)\ IVb=T7 >
DEWMTEERD L

(40)

OH oH o0H -
dH = —dq + —dga + ... + ——dqx:, 41
a0 a1 7S 12 e aqN (41)
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J0H(q)
a4

94 o
9q1 0g;

9H 942
dq2 04

-~ OH 0g;

j=1

dq; 04;”

Lo ZORMITOq;/04: % RHET HIERIL. (39) DAL

THAHZ L EHRTHEELBBELTWS, UTTREINI LR L TAS,

IR (39) 2P THEC L

qQ
G2
43
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E%b, Ih%

(

\
(

LBLILICT A, FARRIC (44) b
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aN

LRBOT, Thz
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Qi=‘1i+z—J?J:

—_m QI— mJ
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Oi—1 Oi-1 Oi-1 (49)

(i—1%) @) (E+1%0)

Th Y. 175 BO j5IHIZ

0
0 (j-117)
1 (447) (50)
oL G+
m;
oj
Lo Twnhb,
(i) i=jDBE BWHHIC
(AB)ij =(AB)i=1x1=1, (51)

Thbo o THEITII ABOMARMILIZR S,

(ii) i < jOBE 49) LV, ADFTHOE i+ 1 BHLEIZ0 & %25, (50) £ H, B jFIED
85— 1 BALEIZ0 B, 0T
N
(AB)ij =Y AaBij =0, (52)
k=1 .

E% b,

(iii) i > jDJBE  (49)(50) &£ D, (AB); NI B0 THEVWEEZEANTOIR, ADfTEBLIT
BD jFIBDE RGPS E i AT TOATH D, o T

N i
(AB),'J' = Z AikBkj = AikBkj

m 1 m;-1 m m
=-—L x1+(———’+ ----- : ) Lyi1x—2
0i-1 Ji-1 Oi-1 gj gj
v v N —
k= k=j+1;..,i—1 k=i
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=0i-1—0;
1 m; s
=—|-mj — 2 (0i-1—0j)| + =
Ji-1 gj 0j
Ti— m;
=—2 | -1- gi-1 +1)+ -
Oi-1 o Gj



m;  m;

40

O'j O'j

=. : (53)

(51)(52)(53) & 0. AT ABIZEMATIICH S Z LATRENTZ, SRIZE Y., (39) & (44) i
BEWIHERIZZ o TWA T EAbh s, %ﬂbmxxﬁMUO—ﬁE%%%i?%&<\%$
DRWAREOEIZZ 2 F TOBBET
_ T (1<)

2o =Bi={ 1 (=) (54)
0, (i>7)

=)

THAHIEHFHLMIHBELZ,

3. Warm Start

YITVIT A Y BIERSENLE T HEE. FICESRESHAL EOATROBREIT, Tl
EEER EODERAEROTFHHBREICHR L TV, S TREAERY — BRIz TR LIz
ThHL, FOPHREZLIDTOEI R bDTH D,

(J-J), (55)

B L JIZfAER (surrogate system) OIERZERTH ), (IRETEHERTIOL TS, HlZIT.
PUEFRE o DRFEITFHERZEA ITHIR T 2 R mifEA IOBEANT, —AMEOHEAR» LT
CIBTOLSICREL oND, n i3 FES RS

Al x / %ndt, (56)

DL LAEBORERELIY VTV I T 1 2 BERSETIIREO—RICIHIT 2128 F
CAEIREZ, BEVYESHROBICRERLRKESIZRNES, ThERERLPELTHLOD
TRA warm start &FHIN S 455k % BUER S ORIE /1 TdH 5 (Saha and Tremaine, 1992),
Warm start OEFIIIER1Z ﬁﬁﬁ‘fﬁ)% ¥4, AAIET — 0 OBBTIIBREONINV =T
CVHIBEDRONINI =T Y HIZELL, o TERERTD JI—8T 5, ZORR»HH
FL. ARB 2R AICKRECLTITC & BREICRREBRN IV =7 Y HIZEDRDN IV
P =T U HhORRESTNTTRA,

H(~ H) — H + Hepr. (57)

ZOBEDFEAL Y MITIRAIZ] LV I)ETHD, NIV Y HERDVDW DRIEAEIIZL Y,
FHERBRTEIHAED /T A— 5 (ZOBAIIZRNAET) PFEFIZ@ o Y EBL LA
ANVF—Z—RIZELT 205, FEREHIIEEL 2V (FH, 1994), BIHERAERIIMAALE
(adiabatic invariants) T 1 .

J~ 0, (58)
EBDTH5b,



3.1 Warm Start b 5P L5F LV ERFA

Warm start 12 & 2T ¥ 7 L2 7 1 7 BIERSEDOAEROBENBERTE 5 Z L OFEHZ
i, AROMAEROBHATRETVS, 3%, I TR IPLEERNLBRHEZHATHRL,
LT O3B EARIZ Saha & Tremaine (1992) 2o TV 5725, SUBERX DRI P2 VE
B OWMBHTHY) ., HIOL L —MWRILREHTH S, FRTIIEDLY ZRBEHEIEL 2T
LELEDD, I EEIHELLSERBRICE R o T RVAd LW DPhs It zdh b
PLOBRY LTBL,

WH map (ZfNT 2R D/N I w% FUHEEDZDNIN =T v HORAFRVBLTTH
A LIMMAELRR/IEY TH S,

ﬂ' =H + HC‘I")‘: (59)
H =erp+€Hint= (60)
er’ 2,2
He, = —{{erpe Hz'nt}-, erp} + O(e“17). (61)

DPTOBERTIE., BENIVIZT Y Hep o REDRDNINI 2T ¥ H = Hyep + €Hing /4
THEBEEML., BERYEALTHELROSL LV ) ASHERAT S,
RERB LTEDORICNNT 2ERAEK L ARKEEEHICUTO L ) IZET,

REROMEAZE J=
REROALYE 6

o,

3)
3)

Ql \u
gb' \n

(1
(61

Iv

BORDIEREH J = (J1, Ja, J3)
BHORDHEE = (01.602.03)

75 —BEERTNINVZ T Y Heep B LT, /BRI P ATEIUTO L 5 % Delauney
BHTRBT ST EIZT D0 EBRITIE Heepld L DADEKTH 5,

{ HpepPVEAZEH L= (L,G, H)
erpmﬂg{\.ﬁ l= (l,_q, h)

WH map TR & ) ZRIETIE HE Hio,DEFEVE Oe) TH D Z L 2RRBIIH > TV
%o o T, TNETNDERMEHB LUARKICHTL2EROUTOL ) 1225,

J1=L+0(), 0 =1+0(),
Jp=G+0(e), 02=g+0(e), (63)
J3=H+O(¢), 03=h+0(e).

' ZoEVE LIdED TEBREZED, UTOL I ICELXL LERTELRILE0E Lk, ik ¥ 5 IEHERIR
F‘iﬁbm%iﬁfﬁ'ﬁ'é& B ATEDRIZINT 21EARR 13— RDOEMDHEEEA T

J1 = -I[ - GE/(H‘."‘ - H:’nl) (ﬁ‘.' (62)
ERTOENTES, I TTIIHASTREZBMTY N I b 27 2 (H () ORER. 0% 0 LIS

BYDThA, H = Hy,, + cHit OHEEZ XL —BBRIN, e 2055 H - H,, THD J » T L 2%
DENS, TS L LEETHD, (->T Ik Liid Ofe) Div LMEV, MOTHIZBELTOLFEHTH S,



SZC Hiopht L DROBE (Hiep = = Ti o) BOTy T, Jy. 01, b, 0312545 5 Hyey DIK
FRIETRTO(e) DAESIROND . &) EBHICETEUTOL 31285, R (63) £
N=L+0(e) 2DT, Th% '

L=Ji+e (64)

tELZ LT AL,

erp = erp(L)
= erp(~Il+f)

aerp(Jl) }_angcp('Il)CQ_*_”.

= Hyep(J
kep( 1)+ 3-]1 € 5 3.712

(65)

L%%o feoT, R (65) HIRBIT 5 L ke 1200 TR O(1) DRAFRS A, ZRLSNE

O0Hep OHpep

YA = O(e), YA = O(e), (66)
OHpep OHpep OHiep _
0, Ofe), 90, O(e), 30, - Ofe), (67)

Ehho TNDLEBUT [ o, J3, 01, 62, 03023 F B Hiep DRI TRT O(e) DRE SIS
ha] DERTH 5,

3 (67) 3R (61) IZfEA L. Poisson #5il {,} 2 EDORDOIERELEL (J.0) TFHMEL. B|ENI
WEET Y Ho ¥ BEELTAHB. $5E, Ole) TTOEMTEBEN IV =7 123k
FECHLIERL LW EDTCIZhhb, R (61) ERUTDOPB LI, BENINVEF=T Y
Ho 3T 4AeDT 7 7 7 =P o THENLTHS,

2 2 217,
mw=_ﬂw?m”)(amm>+méﬁy (68)

24 0.1 06,2

ZZT, RERABROBREEHO & ) IR ZEHOAL SRICBVTAZ LEBVEHE
do THE, R (68) DELit AEMHAOA THR EN TR RIFEIR L2V T EHDH Lo RIS
Tl RIERIESETNTEY, FIZIE

azHint
= (. 69
56,2 Ci, (69)
DESBRRREETHE, ThE)THPTAILT
0Hin
——301 L= C16, + Ca, (70)
L b ColdEORAER CTH Do Hin BT AEREROVED Jiy,, %
dJiy,, _ OHin _ ‘
it = %l_qm+a, (71)

EBLILTEDLE, (T1) BB TR TAIET

Jigtin, = Cat + f(01: 1), (72)



£18Bo TIC f(01;1) 130 & t OBIBTH B, R (12) OFBRT 5L 251, b LA (68) Dl
CEBOEAE TN TV B b MR T, ,, (RIS B REESBNE LV T ET
B2, Dl b bHBIARGER R o TV ADENL, BB 2 EREROKEE(L
LBAENITTH D, o TR (68) D&M [T ERHIES BB OALEL V)
ik ho Sl )RS TRENSD LV I BEE, BEMER L F S RHUHUOPIC £
O HEROIFTENTIEREVENS Z L2 LERT S, BEMBEAOAEHIZ, TTsino®
cos @ L B o - AMBEKDOTTHNS,

BLEX Y. O) 3 CORDEHANTIREENIN =T ¥ He, 3EABEO A E &R, KEHE
EEI VI ENDDDo 60T Hepp PEEFYEINTOL ) 1222,

<He'rr) = 0(527'2)- (73)

2 (73) VT EEIIBIC, warm start DFREERFEB ISRV TERERREEHERLT,

FETIELE, WH map & —EOEBRIEL LTHRHo BlL, MATRRNINVE =T ¥ HIC
5t UCiEdE) B, ASMbo7-H = H+ Hepp £V RZHBLIEL LT WH map 23D TH 5,
BT O#EE T Hiep, €Hint, Hepe & FNEN |

Hicep — Ho, €Hinp — Hy, Herr — Ho, (74)
LEBERZ THEZED D, TRFO, 1, 2 IZHICHT 2EHOA —F — LR/ATHECZ RV,

3.1.1 HEDX
BEOZR*EETAININV =T VLT TH 5,
H(J,6)= Hy(J)+ H1(J,8). (75)

Ho(J) & Hiep(L) 1L = TERALLDDTH S (EBRIZIE Hyep B L OHDOBETH B L
BEER DT, BELBEEHFLIIT A% \), Hori (1966, 1967) % Deprit (1969) DEEEE % v
b, BABEBMEAVT HEALHOZ ST RVUTOL ) RRICESEERT A LN TE S,

H™(J") = Hy(J*) + H}(JT™). (76)

R (76) TOLRF "R UHLEEHF EHEERENDDTHEI L 2R T, UTOHRTH [
T&H 5, Hori (1966, 1967) HDEEGIZHED &, Ole) T TOEMT

- Ho(J™) = Ho(J"), (77)

HY(J") = (H1(T", 0)),. , (78)
vw;ea,==J/(zII-11f>dt“, (79)

%50 BL Wyea \JEERBOBRITH ) . TiHRF(),. ALK T 2FHLERT, &
DIEREHPUZ L Y T4 D H(J,0) HRRGTTRELTE H(J7) KR ENZ DT, H LW EAEEKS
DRERDILENTE 2, LN, O) TTORYPUTORBKBLRITIZIUTOL 2% %,

J = J+{J" Weea}
— Jx - 3WI'€al

% (80)



3.1.2 KBR
RERONINV =7 VRUTO LI ICRT LD TES,

H(J.8) = H(J.0)+ H..(J.0)
= Ho(J)+ Hi(],8) + Hy(J. 8). (81)

\

Ho(J) BN E o T Hyep(L) XL = TERALZ L I 2D TH S,

CCTE Hi+ Hy=€Hing + Hen RO E FEDICLTHRBIZ ST N INE v REELS S
T B0 BRI Wy & AV ERERE T o TAZHORRET 2 £ . EOZDBEE L Fik:
UToL ) iR %2182,

H*(J") = Hy(J") + H{(J") + H3(J "), (82)

L
H3(J") = Ho(J™), (83)
H{(J") = (Hu(J™,6M), . (84)
H3(J") = (Ha(J",67)), (85)
Wourr = [ (1 + H2) = (B} + Hp)d" (86)

CDIEHIRIZ L > TILADH(T, 0) BREDTRERTGH(J*) BB ENBEDT, BT %182
ZENTEDL, BRILIOVIZUTDOE12% 5,

J = jx+{j~: Wsurr}
— J'. _ aws.urr )
00™

(87)

3.1.3 HOREABRRDER

DEDESICLTHEONTEDORENEROBELETH720I2, K (87) 6K (80) &L
FlNWTAhB,
3 = aI/Vsurr - aWreal
1-7 = (7-5) - (7 - )
. T= - _ aVV.surr_aVVreal
= 7-r- (- w)
- 0

- J"—J"—W/[(H1+H2—Hf-H;)—(H1—Hi‘)]dt"

» » a » L]
= J -7 —W/(HQ—H2)dt. (88)

Il

2B (88) DITEISLZTE NI TR, FlOE=ZHEENHENDRE S THEI LR
ERLT0/06"L0/06" ¥ A— R L= LIZEETHZ L,

3 (88) DE=THIREFYMENATHRINTWADT, BRIFEY LME (KEME) T 012k 5,
T, RERLEDROEHEROZOMBEEHEEILTOL 1245,

(J—J>= (I = (y=J-J" (89)



C OIER (89) WEBEATRBEH > TV b, HENM Y 22V OIMERAERT T 7213 T DRFIRE
Lk AAEROMESRE, Thbby Y7L T 4 7 ERGETORER LEDRIINT 55
EROERTH B, TREBR (89) BT (J) - (J) = J™ = J" L0 I HRE, APRRBIZ /-
BIOKERSCHT 28R E. ChoOEATRE EHEERL CAEEEELLbD (J7°
J) CETAEBICRLAL I EATE LI LR ERLTVAY,

CORERIIREL, FEERISAZABRNINVIZT ¥ (82) ICFEERZ Yo R (73) THRHA
SNEEETREHE, 22V Oe) T TORMTII(He,,) = (H2) =0 THHI L LD,

Hy(J") =0, (90)
#50(e) T TOEMTHILT 50 Teo THR

H<J") = H}J )+ H{(JT),
= H(J), (91)
ThHodIEDbd, S, EEERSNAAERICNT 2 FERRET 2507 (J7) 1. O(e)
FTORMTUTDOL IR B,

oy < M) RHI)

YA &
= w(J"). (92)

SR, o (J7) 2% (s s hiz) RBROERAZHERA L (EEERS ) BED
FHDNINVFZT VI 2 EEERBw(J) IZE LW L2 ERL TV A,

EHEL o, I THEDRRDOBIIES ), FENSELICAY o720, ED
FH (HAVITENHFTEREERINS: H) ICB A ERERKTH L LS ) ENTEL, 2R
3R (92) 1ITINT B@=(J7) TR L, w(J*) TR, UTTH 5,

ey _ OH™(J)
FhESBR (92) 25, DL
J=J (94)
AT & PDELETH SN BDTHIUL,
W) =w(J) =@ (J), (95)

EVIIBRPHRILT B EAhH 5, R (95) PRALTE, AER (T7) OEERERIE Oe)
I TOEMUTEDRDOEREFRE LW (J") EFL{ 2D, O L BARBODBIEREDKE
BRIZERET 50 YT V7T 1 7 BIERSEICHNT 2 AEROBERZSRENFI L T L
T D6 THb,
DEDEIZEBEERLL, 7V o7 1 7 BERS ORERO AL STRIORPIZD
K (94) PHIALT B7-DODTRH, WighEE 2 EHEL L7 warm start TH 5,
2ZMIZBIL T, Saha & Tremaine (1992) D p. 1636 (2 A EWIIW TH 5, BR—TEE. (192)(19b) DKRD
BHEIIILUTOL ) %5EiRAH 5, “Since T is fixed in the surrogate system (H). and J is fixed in the real
system (H)...." 2T “fixed” % [RBO/—F L] 2 TR LB 5 &, EREERLTHUHOEHTH S

TRIGEMEE EATVRADLED L, BHMIC “fixed” T3\ 5T Saha & Tremaine (1992) O LREZHR
THVULRTWAT, N3, FRIGEFMESF ML TR S RAERT. "2 ERL T AREDDTH L,




3.2 Warm Start DFEIE
Warm start DERIIRIER S DOTE L, DTO LI 2F5 AV TERICEEITRTH S,
1. BAERD OMPRI A G 2 IEF I E <MD,
2. RIAEr 2R AITKELT B,
3. AABr AL REMICEFTREL Lo HATL, REOBUERES % BT 5o

LREED 1 & 2. IRV TERBRNIV =7 VER—E TRV T, BELERTIEE
NI YTV 77 4 7 BHERG Tid v, Warm start A% (4552 868 55: ] (“special start-up
procedure™) EIHIN BN TH 5,

EIAHT, EROBMERMIADVCTILTOL S 2FHEA I VB LTSI &5 Saha and
Tremaine (1992) S IZEHK STV 5,

0. Warm Start THWA R T v 7 E2HEET S, I TESATFvTET 5,

1. FESORAIEETET B0, Bt =0 D OH AR = ST Y7L 2T 1 7RG
2HE IS, SAT VT HTT S, —RATF v 7T TEIHAEE )T O T, TRDOLAAE
id70, 270, 370, .... STOE B 56

2. SATFvTHEITLES, MOTAERESRT2SAT v 7L, SITH—AFy 7L
WHAEZ 7T oW T, THRDLRAARIER (S + )70, (S+2)70, ..., 3ST0E % B,

3. S+25=3SATvTH#ITLI:H, BUBESFMEZRIESETSATy Tl 22 TH—
AT 9T T ERN AR R0 T O T, ThhbBLAAIRL (35 + 1)1, (35 +2)70, ..., 4ST0 &
b,

4. THUZTHABIZ ASTy = 7L B2 BDT, COEICEAEL . ESZHEET 50

FROFHETEETREZLIZ, 3. PR TT2EH, TobbEABES 2T XEFAOR
AL LI ELt =01l TVAIETHA, 2F 0, FETAXM 1. LXE3. DESDOEEH
HBBTARM2 IZE L ZoTWAEDTHAS (F3)o CHIELIBUTDOLEHIIRENS,

Ti(= FHz 1l 27 H)HME) = n+2n0+30+...4+ 871
S(Sz+1)1'0, | (96)

To(= FHEE2 2478 = S+Dr+(S+2)70+(S+3)0+...+387
B (38(35+1)_S(S+1))m

2 2
= (4.5'2 + S) 70 (1)
Ty(= FHE 3. ETIHE) = GBS+ +(3S+2)0+(35+3)0+...+4S7
(43(4§ +1) 3S<3~z + 1)) - (98)



#-T -

1)  4S(4S+1) 35(3S+1
T 4Ty = (S(S2+ )+ (2+ ) 35( ’ )).TO
= (432+s)¢0

= T, ' (99)

L BBDTHb, BLBRKBROIFEICETHHMETIE S ~ 5000 & T HUXT4IZ warm start °
HEREL, \EIFRREIND Z LR IChPoTn5,

-T3 =0 T;

‘ T S steps

—>
i 2§ steps > ST
387 ( |
° —>- 45ty ="

S steps

3. [A schematic illustration of the warm start] Warm start DX, LA G, THZ
LTSARFy TR, 2SATvTRY, BESAT v T #GETEMBE t = 0 IIR->TkS
(IT2] + T3] = |T2])o '

3.3 Warm start OFYEFI

ABE—/NRE-RED=FZZFUELY . warm start DRI R LT 2 -0 OBERHS 21T o720
NEEE LTIV DY HIUANERE (Ceres, Pallas, Juno, Vesta) 3R E L, $XTOREDH
EEFELEARIIREDEE BV, BEICIE, 5 x 10M4ERBOBER S % warm start % fFio 7>
e LD LD o756 (cold start ZIEE) THFRE L, PEESEMA I0OFHEEEL L2, 2
ZRHHOZERE L UCTIIIER I/ E 2EAIE (1 = 0.125 B) 2 BV - REREERS 247\, 20
BERDRLIRE L. BEOFEIE, DB LEDRLFMS (r =40 H) DBLEOERE
B9 5 Z L TIT o720 BIAIEE 413 Ceres {2 DWW T OEE R TH 225, warm start FFo 724
WA TOEEREEEEA DL, cold start 12 & 2 ARES COFHE S DIE L HRTEH
BN E K BoTWBZ ED DD b, HMO/PMREIZOVWTHRERETHS (”5, M6, 7). #¢
LT warm start (3, EOEENFBEO THETHAICOEHLOTHRIOICHEELRS LEIAELR
FETHB T LDHHAL, |

4. WU FIHH8 (individual stepsize method)

AEGRDBREEBZEX THSB &, BRAREDKEDONEREIL 90 BRETH 2014 LTER
NBEDOEERIL 250 FNVAEEH 20, BEIIRAREDONERILAMERED BRI
B, KEDDEE © I U CRER OB (L 2 BUER ST 5 DIZE S M IZEED BV L
WCBRX B, TITIE, 29 LAEER,SET WM HIAIENHE (individual stepsize method)
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4. An example of warm start (errors in mean anomaly): (1) Ceres.

100 ¢

10

©
—

0.01

0.001

0.0001

1e-05 |

Pallas

I T T T

cold start

warm start

B

Time [years]

5. An example of warm start (errors in mean anomaly): (2) Pallas.
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6. An example of warm start (errors in mean anomaly): (3) Juno.
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B4 7. An example of warm start (errors in mean anomaly): (4) Vesta.



ZDOWTHEELY % (Saha and Tremaine, 1994), 2B I TSI MIHAE LT, FRETE 2
FRIL (individual) Tidd 2 HEERD 2% E L TEE SN (ixed) BOTH Y, VWbWBH
& (variable) ZIAMETII RV YTV 7T 1 7 BUERMEDS T LR ABEOHEIBIZ T 22
&I DV TId Gladman et al. (1991) % Yoshida (1993) HICSEENTWVBEY) Th b,

4.1 75— EEhEt LR E/ERRSET
AR L72E D2, PLEDENNTEMERTONINF =T V5ENITOL S22 5,

H= erp + eHjps. (100)

CZT\ HiepleHin 3ENENIFI K & NIHIET 5L £ % 5,
o K-  BRBRBEHOEMIE LT 77 7 —EHT 5, REBMOMBEIER Z@» %2\,

o [ EREDHMEBIIAH, REM CEBHROKEM;ITONS,
BHD WH map 2Bl ->T K& IOREBEXZBEETTLUTOLHIZR S,

K’E%Tﬁb%)
I%’ri@b%)
K%%Tiﬁy)6>
LRI —2A7 v 7 (FAEr D) DADETH Y, BEBRFLEETIILUTOL %5,

<K%%’ri§&)6>
loop
I’E’TiEbZa)

HBADPVE% S loop i’ﬂih‘%)
K%Tﬁ@%)

end loop
<K’E%Ti§_&)%>
BT D, REN NEDHIHE2ELX D, COBE, NINPZT Y HeepEeHind LT
DEIHET S,

N N
erp = Z erp’,w €Hint = Z Hint,is . (101)
i=1

i=1
{BU Hiep & Hint BERERETO L) RIRERHD,
o Hiep; - RFi D777 —BBERI NIV =T ¥
o Hingi R TIREG+1,---  NOWEERHZRININVE=T ¥
BHBIL LTN =2DBADZAT 97 2r) FREETLTHS, Hinp=0THEI LI
EETHELUTOL 145,



(Ki&hr Kk hriteid 3)
L ’i’riﬁ&)z)>
Ki%1, Ko %Tiﬁ.&)":))
Il%fiﬁb%B)

(Kl i, Kg%%ff@&)6>

FREICLT N =3 DPED=RAT 97 3r) FRIUTOE )% D, SOHAITIE Hinrg =0
TdHbo

(Kikir, Kok dr Kakhrith 3)
LT LETEDD)
K21, Ko %, K3’21‘i§&)5>
L%, Ig%."l‘ﬁb%)
Kl%T,KQ%TiEbZ>>
Lk LETHEDS)

<K1 ir, Kok i, K3%%Tiﬁ'ﬁ_&)7g>

4.2 BERMPUHL EE>HE

OB R TN AL, BTHAEA % — AOBEFSHFETHLUTOL 3 12051
Bo BTFOBHEMBAT L) IR %— A EFEUZEW,

1. ERAT Y 7THICHTREE—?D K;, [[13% 5 F LD 5,

2. FRAT v T DL IZIZEDHET K;, LAR L7ZT#A TV,

3. BRF 9 7 ORBT b SHEHMORMAE 5 AN B.

EEREE % 7 T AR R % — A7 FIR T &  Poisson OB & LTI

TAETORDo VTR Hiep i ® Hint OERD LESIEMATEER b DA ) 2OT, Fbk
o RERESTRLTAD L BV,

{Hiep r Hkep; } =0, {Hint s, Hint j} =0, (102)

{Hiep s Himt j} =0. (5> 1) (103)

MR AEE EETBAF —LIF—ETIIRV, T2 Tt Saha & Tremaine (1994) IZHIR &

NICHRBEDORF — Ao THRET ) BRIPCHLZAV S A X — LT, KK A
Br 280 ST, LTOLILY—RI—F A A—JIZ X o THVHIAER ¥ — L 2 EHET S,

procedure TICK(7)
K,’ %%T,ﬁb%)
I; ’«":Tiiﬁy)%>
ifi>1



loop 7;/7;—; [l
call TICK(: — 1)
end loop
end if

<K,' %%Tii@y)6>
end TICK

LEEDRF— AT NEROBHEILE BRIy 22058 5 1213, s
call TICK(N)

EFTHIERV, BAEMIZ N =2 DA (call TICK(2)) 2 BEXTT L. n=2nTHA305UTD
EhB, CTTLIZERIZIIML LAVOT, BHLTRVWI LIZEET 2,

K2%%7’21§b%>

éb&mﬁwa>
K] ’5.’%7‘11@@6)
I 7&7‘15@.@5)
K ’E%Tlﬁb%
K, %%Tﬁﬁy)%g
I %7‘1:@.&5)
K %%Tm@y)5>

<K2%%Tz:‘@b%>

4.3 BREMNUHLE2ELEVWEE

ERLABRTEOCH LEDORX—L00% X R5 &, 777 —EEkET K DETHr /2+71/2
AEIENTWA I Edbhs, SHIBEILY 7S5 —FRRAOKEL ZERVETVLENH LS
ERBERLTBY, STEYEBELORRL RS, ZORBEWET L7012, FEBREDOR F—
LANERENTVES, FERBOAX— LB WHR—BETIEL2VH, BIZEUTOL S5,

<T’§VC7) 1 IZDOWTK; %%T,ﬁb%)
loop
KD LED bBRIIR > TEES N NTO LT, LEniEn5)
?T'\“TU) LHEL { HAPFBERENDIHEITI exit loop)
loop fori=1,---.N
<i =173 K, + %7‘,’ < K161, K,‘%‘T,‘ﬁbé)

end loop
end loop
(FRTD i 22V T Kk hriird)

BlELTN=2DFEEEZITT L. ™ =21 THHPH

—4]—-



K, %%7’1,1{2’2%7'2\@6’)6>
L ’5:7'1@8?)%>
Kl 7&7‘15@@2&
I ’«ETﬁEb%)
Kl’E%Tl,Kz’E%Tg:‘@&)'é)

Lhd, —RLThbH2EIC, AF—A0HBIIRCT K5I EOONDG7ET, FF
BIRBEOFENFHREOFEIIHNTHERIP L TED, TOZ EIE N =3 (call TICK(3))
DBEEREXDHELNVHATHS, N =3DHAINEn =2n=4nThHA I LIZFEL., Bl
BIZAF— L LIEFRMAF—LAOERLEEITTLUTOE 1245, EFRERF—LI3HE
BIZAF—A L0 LML LRVERT—AT v 7HDORERF 2 RIAIENTEDL, ZDE
RINIPRELRBEETTETIERL, FEREORF — AWERNIL->TIT

Kgi’%’m:@bé>
13’5:733@&)25>
Kg%%?‘zi&b% —
renney
K %%Tl;‘@,&)%> ( K3 i’%'l‘giﬁy)é
Il%ﬁﬁb%> KQ’&'%TQiEbZ)
Kl’&%’rl;@&b% K1%%;T1:‘Lﬁ_d)6
Klé-%’rlﬁﬁbég Lxnidd
LEniEDs) LD b
K & nins) LEnED?
K2 %%T‘)ﬁ&bé <K1 %Tliﬁﬁ.&b5>
Kykinitn 2 (nEniEns)
LEniEns) (K1Enin5)
Ki%&iniEn5) (nEnED?)
I %Tlié&bZ)) K1 Zn D3
K &%Tli@&)z& KyxriEDd3
.m%%nﬁbég LEnEDS
I %’rliﬁ.&f)%> gIz %Tzﬁbég
K\ &initnb) K& lnito s
(Kakinttd ) Ks®inin
(Kt miieor5) K1 %&iniE 3

) LIV HABOAF L2 HANTH, BENINIZTVOREEN2EINKEL LS
eIV, N =2 DBREADIEFRBAF — AT ABENINV =T Y OB% LTSRS,
DUTORIEEDIEFBIZBRAF—LIZBCH AR ZEVELERATAZETHELNLbDTH S,



72 ' 1
Hepy = E ( {{kap_‘lr Hirzf,l} : Hint,l} + § {{er‘p’lz Hint,l} 3 Hk‘l’,l}
+ 4 {{erp’-zs Hint.l} : Him‘,l} +2 {{Hk"pi’ Hin.t,l} : erpyg}

+ 4{{H&mrﬂﬁu},HhmJ>-kOhﬂ. (104)

MTHIAIER % — 2% T £ 1L BIFLOSEMEOM /Y, $393
o Aty =S lET K% — A7 v 7#D 2 DIZLEL IR
o Aty =FNLE— AT v 7#D 2 DI LB

EEFET Do THE, MUKIABAR ¥ — L4 LIBHABA F — 4 L OEFEBBOLIZLTO X
N B,

N

Aty i LAty
_ =+ (N —i)—=
WV AE §[ i Ti 1028 (if Atg > Aty)
B AR Nm«+Nm>nAn T} 046 (if Aty < Aty)

T 2T

Saha & Tremaine (1994) @ Fig. 1 & Fig. 2 TIIKMEH 9 REOHEE{LOIER 5 % L
HANG & FBHABO A X — A TETL, BETHBLTWS, ORI (105) DHLOfEIL
04312%>THY BIAAELAVLZLIZE o T2 U LOBHEADPER SN TWE I LM
bﬁ’%o

MWV HIABEO A F— i, KFEREEL 512 (1) HHEISEL T (2) BT 3) KELPER
BT 2 REDEERMIIBEL TV BELER D, TOZEBIFTRTHi> TV RWREDHE
AWV TV S AETIE RV,

(105)

5. EEEENDXID

REEFEDTHEEB (close encounter) 54T 5354, REEOEENI S 7 7 —EBH»HKE <
WD, FEo T DBEIZIT generic %2 WH map 2 20 F FBAT S Z Li3HK% Vo Generic
WH map I REDEATHY T 5 —BIHE VLWV ) T L ERAHRICBVWTW A »HTH b, —#E
1= close encounter % IERE(ZETE LE1A Z &30 7% 2 BB MEIC L o THHBHLER 2%, &
IHEDBIZY YTV YT 4 7R BOTISEEEE L R B HEFRE S UGD 1, F
BTIRE ) LI ABEOEO P ZBAT 5o

51 KFrvIVREIOBZE

BB TE B Y YT Vo T 1 7 BERESEDFTRA 2 BIL. Skeel & Biesiadecki (1994)
DT AF 4T #ICIZ L7z Lee et al. (1997) 3 & UF Duncan et al. (1998) 12 & > TRESI LTV
%o COFER, FHEEGRTAREIELFT V¥ ¥ VB bOET ¥ ¥ v VO