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Long Time Tails in N-body Hamiltonian Systems 

Yoji Aizawa 

Department of Applied Physics, Faculty of Science and Engine'ering, 
Waseda University, 3-4-1 Ookubo, Shinjuku, Tokyo, Japan 

One of the most striking phenomena in chaotic dynamics is the appearence of the long time 
tails such as the 1/f fluctuations [1,2]. In the nearly integrable hamiltonian systems, the long 
time tails are universally generated due to the stagnant motions near the invariant KAM tori; 

H(I,0) = H0(I) +cH1(1,0) (1) 

Here the parameter£ stands for the perturbation to the integrable hamiltonian H0 • An im­
portant theorem (Nekhoroshev,1977) explained that the residence time Tin the stagnant layer 
obeys [3], 

(2) 

where bis a positive constant determined by the unperturbed hamiltonian H0 in Eq.(1 ). 
The significant point in Eq.(2) is that the divergence of T does not obey the inverse power 
law but exhibits an essential singularity when E goes to zero. In 1980's, the origin of such 
singularity was studied in terms of the scaling theory for the stagnant layers mentioned above, 
where the hierarchical structure of resonant tori (islands arround island) plays an essential role 
to induce the long time tails in dynamical quantities. The stagnant layer theory ( Aizawa , 
1989) demonstrated that the distribution of the residence time, say P(T), obeys a universal law 
[2], 

1 
P(T) ~ T(logT]c ' (T ~ 1) (3) 

where c is a positive constant larger than unity. Equation( 3) has been confirmed by simulations 
(.Aizawa et al, 1989). The essential singularity in Eq.(2) reflects the onset of 1/T divergence in 
Eq.(3). The point is that the distribution is not normalizable,i.e., a typical infinite measure. 
Firstly, my lecture will be directed to the review of the stagnant layer theory and some numerical 
evidence in many body systems. Secondly~ the onset of a new type of long time tails will 
be discussed carrying out with the clustering motions in N-body systems with short range 
attractive forces, where the distribution of the trapping time T obeys another universal law, 

(4) 

where a is a positive constant which depends on the size of cluster. The regularly varying part 
of Eq.(4) denotes the tail with r-P- 1(T ~ 1) , and the parameter /3 depends on the dimension 
of the cluster under consideration. The stability of the clustering motions will be explained 
based on the long time tail of Eq.(4). 
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Relaxation of One-Dimensional 
Self-Gravitating Many-Body Systems 

Toshio Tsuchiya 

Department of Astronomy, Kyoto University, Kyoto 606-8502, Japan 

Abstract 

The relation between relaxation, the time scale of Lyapunov instabil­

ities, and the Kolmogorov-Sinai time in a one-dimensional gravitating 

sheet system is studied. Both the maximum Lyapunov exponent and the 

Kolmogorov-Sinai entropy decrease as proportional to N- 1/ 5 • The time 

scales determined by these quantities evidently differ from any type of re­

laxation time found in the previous investigations. The relaxation time to 

quasiequilibria (microscopic relaxation) is found to coincide with the in­

verse of the minimum positive Lyapunov exponent. The relaxation time 

to the final thermal equilibrium differs to the inverse of the Lyapunov 

exponents and the Kolmogorov-Sinai time. 

I. INTRODUCTION 

Relaxation is the most fundamental process in evolution of many-body system. 

The classical statistical theory is based on ergodic property, which is considered to be 

established after relaxation. However, not all systems do not show such an idealistic 

relaxation. A historical example is FPU (Fermi-Pasta-Ulam) problem [1], which experi­

ences the induction phenomenon ( e.g., Ref [2,3]) and does not relax to the equipartition 

for very long time. 

From nearly thirty years of investigation, one-dimensional self-gravitating sheet 

systems (OGS) have been known by their strange behavior in evolution. Hohl [4-6] 

first asserted that OGS relaxes to the thermodynamical equilibrium ( the isothermal 

distribution) in a time scale of about N 2 tc, where N is the number of sheets, and tc is 
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typical time for a sheet to cross the system. Later, more precise numerical experiments 

determined that the Hohl's result was not right, and then arguments for the relaxation 

time arose in 1980's. A Belgian group [7,8] claimed the OGS relaxed in shorter than 

Ntc, whereas a Texas group [9,10] showed that the system showed long lived correlation 

and never relaxed even after 2N2tc. Tsuchiya, Gouda and Konishi (1996) [11] (hereafter 

TGK) suggested that this contradiction can be resolved in the view of two different 

types of relaxations: the microscopic and the macroscopic relaxations. 

At the time scale of Ntc, cumulative effect of the mean field fluctuation makes the 

energies of the individual particles change noticeably. Figure 1 shows the nature of the 

energy fluctuation. If the evolution of the system is ergodic in the f-space, the long 

time average of the specific energy takes a unique value for all i, i.e. 

1 lT 
€i = lim T £i(t)dt =co= 5E/3. 

T-oo o 
(1) 

The degree of the deviation from the equipartition is measured by the quantity, 

l N 

N ~)ci(t) - co)2, 
i=l 

(2) 

where £i(t) is the averaged value until t. If the system is ergodic and has a finite 

correlation time (the relaxation time), it behaves like a random number from Markovian 

process and we can estimate the temporal evolution of ~(t). In this case, a trajectory in 

the f-space visits almost every point in the ergodic region, thus the individual particle 

energy relaxes to equilibrium value and ~(t) decreases as r 1!2 for the time longer 

than the relaxation time, according to the central limit theorem. In Fig. 1, Delta( t) 

decreases as t-1/ 2 after t rv 100. This means that the equipartition among particles is 

established, and the fluctuation is just like thermal noise. Thus there is a relaxation 

at this time scale. This relaxation is a random walk diffusion in phase space, which is 

confirmed by the power spectrum density of the energy fluctuation (Fig. 2). In shorter 

time scale ( the frequency f ;c, 10-3 ), the spectrum has power of -2, which is typical 

for random walk diffusion. 
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FIG. 1. Deviation from the equipartition, ~(t) = c0\/{} Ef:'1[ci(t)- c0]2}, where ci(t) 

is the energy of individual particle averaged over time t, and co is the energy of the equipar­

tition. 

By this relaxation the system is led not to the thermal equilibrium but only to 

a quasiequilibrium. The global shape of the one-body distribution remains different 

from that of the thermal equilibrium. This relaxation appears only in the microscopic 

dynamics, thus it is called the microscopic relaxation. The global shape of the one-body 

distribution transforms in much longer time scale. For example, a quasiequilibrium 

(the water-bag distribution, which has the longest life time) begins to transform at 

4 x 104 Ntc in average. This slow relaxation is confirmed also in the power spectrum 

density (Fig. 2). For longer time scale (10-6 ~ f ~ 10-3
), the power of the spectrum 

of the energy fluctuation is less than -2. This implies the long time correlation and 

slow diffusion in the phase space. 
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FIG. 2. Power spectrum density of the energy fluctuation of the individual particles. 

TGK called this transformation the macroscopic relaxation, but later in Tsuchiya, 

Gouda and Konishi (1998) [12], it is shown that this transformation is onset of the 

itinerant stage. In this stage, the one-body distribution stays in a quasiequilibrium for 

some time and then changes to other quasiequilibrium. This transformation continues 

forever. This itinera.ncy can be seen a.s the several peaks in the regime (105 ~ t ~ 107
) 

in Fig. 1. Probability density of the life time of the quasiequilibria has a power law 

distribution with a. long time cut-off and the longest life time is rv 104 Ntc. Power law 

distributions a.re often seen in chaotic dynamics, which do not posses typical time scale. 

Hence it is surmised that some chaotic dynamics is essential in the slow relaxation in 

our systems. 

Only by averaging over a time longer than the longest life time of the quasiequilibria, 

the one-body distribution becomes that of the thermal equilibrium, which is defined as 

the maximum entropy state. Yawn and Miller [13,14] also showed that the ergodicity 

is established not in 104 N tc, but in several 105 N tc. Therefore the time rv 106 N tc is 

necessary for relaxation to the thermal equilibrium, and called the thermal 1·elaxation 
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time. Although there are some attempts to clarify the mechanisms of these relaxations 

[11,15,16,12], the reason why the system does not relax for such a long time is still 

unclear. 

At the view of chaotic theory of dynamical systems, relaxation is understood as 

mixing in phase space, and its time scale is given by the Kolmogorov-Sinai time (KS 

time), TKs = 1/hKs, where hKs is the Kolmogorov-Sinai entropy. However, it does 

not simply correspond to the relaxation of the one-body distribution function, which 

is of interest in many-body systems. Recently, Dellago and Posch [17] showed that in 

a hard sphere gas, the KS time equals the mixing time of neighboring orbits in the 

phase space, whereas the relaxation of the one-body distribution function corresponds 

to the collision time between particles. Now, it is fruitful to study relation between 

relaxation and some dynamical quantities, such as the KS entropy and the Lyapunov 

exponents, in the OGS. Milanovic et al. [16] showed the Lyapunov spectrum and the 

Kolmogorov-Sinai entropy in the OGS for 10 ~ N ~ 24. However, since it is known 

that the chaotic behavior changes for N rv 30 for the OGS [18], it is considerably 

important to extend the analysis to the system larger than N rv 30. In this paper, we 

extend the number of sheets to N = 256 and follow the evolution numerically up to 

T"' 106 Ntc, which is long enough for the thermal relaxation [12]. 

II. NUMERICAL SIMULATIONS 

The OGS comprises N identical plane-parallel mass sheets, each of which has uni­

form mass density and infinite in, say, the y and z direction. They move only in the 

x direction under their mutual gravity. When two of the sheets intersect, they pass 

through each other. The Hamiltonian of the system has the form 

N 

H = ; ~ v; + (21rGm2
) ~ lxi - xii, 

i=l i<J 

{3) 

where m, vi, and Xi are the mass (surface density), velocity, and position of the ith 

sheet, respectively. Since the gravitational field is uniform, the individual particles 

moves parabolically, until they intersect with the neighbors. Thus the evolution of 

the system can be followed by solving quadratic equations. This property helps us to 
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calculate long time evolution with a high accuracy. Since length and velocity (thus 

also energy) can be scaled in the system, the number of the sheets N is the only free 

parameter. The crossing time is defined by 

tc = (l/4rrGA1)(4E/lvJ) 1/2, (4) 

where Jvl and Eis the total mass and total energy of the system. Detailed descriptions 

of the evolution of the OGS can be found in our previous papers [19,11,12]. 

In order to investigate dynamical aspects of the system, we calculated the Lyapunov 

spectrum. The basic numerical algorithm follows Shimada and N agashima [20], and 

detailed description of the procedure for the OGS can be found in ref [19,16] . We made 

numerical integration for 8 :::; N :s; 128 up to 108 tc, which is enough time for the system 

to relax, and up to 1.8 x 107tc for N = 256 for reference. 
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III. RESULTS 
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FIG. 3. Spectrum of the positive Lyapunov exponents for various N . The index of the 

Lyapunov exponents is scaled to O to 1.0. The vertical axi s shows the Lyapunov exponents 

normalized by the value of the maximum Lyapunov exponent. 
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Figure 3 shows the spectrum of the Lyapunov exponents, {Ai}, where their unit 

is 1/tc. This figure is the same diagram as Fig. 6 in Milanovic et al [16], hut the 

range of N is extended to 8 :::; N :::; 256. In the horizontal axis, l is the index of 

the Lyapunov exponents, which is labeled in the order from the maximum to the 

minimum. Thus all the positive Lyapunov exponents (l :::; N) is scaled between 0 

to 1 in the axis. The vertical axis shows the Lyapunov exponents normalized by the 

maximum Lyapunov exponents, .\1 • Milanovic et al [16] stated that the shape of the 

spectrum approximately converges for large N.A closer look, however, shows bending 

of the spectrum, which is most clearly seen at (N - l)/(N - 1) rv 0.9. This bending 

seems increase with N for N ~ 32. A further investigation is needed to give a definite 

conclusion about the convergence of the shape of the spectrum. 

0.1 
······················ . ocN-11~ 

A1 ··;t::0:·::::1:f:::::a:·::h3:·::·::Er···--·-························· 

0.01 

····-0..Ks/N 

',:::~l>··,.......... . 
= A. ··-.... N-1 

0.001 

0.0001 
10 100 1000 

N 

FIG. 4. Dependence of the KS entropy (solid line with the symbol•), the maximum Lya­

punov exponent (long dashed curve with the symbol D), and the minimum positive Lyapunov 

exponent ( dashed dotted curve with the symbol .6 ). 
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Figure 4 shows N-dependence of the maximum (.,\t), the minimum positive Lya­

punov exponent (AN-2 ), and the KS entropy hKs per the number of freedom . .\1 is 

already shown in Fig.13 in Tsuchiya et al. [19], and it is proportional to N-1/ 5 for 

N ~ 32. Decreasing nature of the Lyapunov exponent may indicate that the OGS 

approaches closer to an integrable system for larger N. It is very interesting that the 

power of -1/5 is different from that observed in some other systems [22,23], which is 

-1/3. In those systems the power can be explained by means of a random matrix [24] 

approximation, where it is unclear in the OGS. 

As expected from the spectrum the KS entropy divided by N is also proportional to 

N- 1!5
• Therefore the conjecture by Benettin et al. [21] that hKs increases linearly with 

N is not rig~t. It is clear that the inverses of both the maximum Lyapunov exponents 

and the KS entropy do not give the time scale of any type of relaxation time. 

The N-dependence of small positive Lyapunov exponents are quite different from 

larger ones. In Fig.4, the minimum positive Lyapunov exponent, AN-2 , is shown by a 

dashed dotted line with the symbol 6-. It decreases linearly for N ~ 32, and its time 

scale 1/ AN_2 is about the same as the microscopic relaxation time("-' Ntc). 
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FIG. 5. Lyapunov vectors for N = 64. Filled circles indicate positions of N sheets and 

the arrows give direction of the Lyapunov vector: ( a) the Lyapunov vector for .X1 , (b) that 

for AN-2· 

The Lyapunov vectors also give useful information about instabilities associated 

with the Lyapunov exponents. The Lyapunov vector for Ai is a unit vector in the phase 

space, and the instability grows with the ith fastest rate in that direction. Figure 5 

shows projection of the Lyapunov vector for N = 64 on to the one-body phase space. 

Filled circles indicate positions of N sheets at a moment and the arrows give the 

direction of the Lyapunov vector at that time. The length of the vectors are scaled so 

as to see the direction clearly. Fig 5(a) is for the maximum Lyapunov exponent A1 , 

and Fig.5(b) is for the minimum positive one, AN_2 • The direction of the Lyapunov 

vectors change in time, but the characteristics of the instabilities are the same. For A1 , 

the instability is carried only by a few particles, which are interacting in a very small 

region. The instability is thus not for global transformation. On the other hand, the 

instability with AN-2 makes all particles mix in the phase space. This is the very effect 

of relaxation. These features are commonly seen for different N. 

The results that the coincidence of the 1 / AN-2 and the microscopic relaxation time, 

and the direction of the Lyapunov vector, may be suggesting that the microscopic 

relaxation time is determined by the growing time of the weakest instability, which is 

determined by the minimum positive Lyapunov exponent; in other words, this time is 

necessary for the phase space orbit to mix in the phase space in the all directions of. 

freedom. In our working model of the evolution of the OGS [11,12], the phase space 

is derived by some barriers which keep the phase orbit inside for a long time. The 

microscopic relaxation is considered to be a diffusion process in the barierred region 

[11,15], and in the time rv Ntc, restricted ergodicity is established within the barierred 

region. This time may correspond to the diffusion time in the slowest direction. 
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IV. CONCLUSIONS AND DISCUSSION 

In the ergodic theory, the KS time represents the time scale of "Mixing" in the phase 

space. On the other hand, the relaxation of the one-body distribution is of the most 

interest in systems with large degrees of freedom. We have shown that the time scale of 

the relaxation of one-body distribution (both the microscopic and thermal relaxation) 

is certainly different from that of the KS time, and found that the growing time of the 

weakest Lyapunov instability is about the same as the microscopic relaxation time. In 

addition, taking into account the direction of the eigen vector of the weakest Lyapunov 

exponent, it is suggested that the microscopic relaxation is determined by the weakest 

Lyapunov instability. 

The KS entropy is defined as a typical time for the system to increase "information". 

This definition does not depend on the number of degrees of freedom. In higher di­

mensions, however, even very small growth of instability can increase information quite 

rapidly. Therefore the KS time does not seem suitable to characterize the relaxation 

of the one-body distribution function. 

The relaxation of the one-body distribution function implies ergodicity. To attain 

ergodicity, the phase space orbits should diffuse over all accessible phase space. For the 

microscopic relaxation, even though it is not true thermal relaxation, the system shows 

ergodicity which is restricted in a part of the phase space [11]. Therefore there is the 

slowest diffusion in a quasiequilibrium which corresponds to the microscopic relaxation. 

Since the microscopic relaxation time is universal for different quasiequilibria, a small 

Lyapunov exponent almost corresponds to the microscopic relaxation time in each 

restricted part of the phase space though the Lyapunov exponents are computed as 

average over the thermal relaxation time, which is much longer than the itinerancy 

among the quasiequilibrium. vVe found that not the thermal relaxation time but that 

of the microscopic relaxation is about the same as the minimum positive Lyapunov 

exponent. One may expect that there exists a smaller Lyapunov exponent which 

corresponds to the thermal relaxation time, but actually such a smaller Lyapunov 

exponent is absent. 
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A remaining problem is why the KS time and any of the Lyapunov times do not 

give the much long time scale of the thermal relaxation in the OGS. In our working 

model, the thermal relaxation is the successive transitions of the phase space orbit 

among the barierred regions, which corresponds to the quasiequilibria. Actual time 

of the thermal relaxation is the maximum time of transition among quasiequilibria. 

The fact that the Lyapunov exponents do not give the correct time of thermalization 

indicates that the transition is due to a different mechanism from local instabilities. 

There are some pieces of evidence that collective effects are responsible for keeping the 

system in a quasiequilibrium [12,25]. This may suggest that we need a new dynamical 

quantity which characterizes the slow diffusion. 

Existing of the long-lived quasiequilibria is reported in various systems, such as 

one-dimensional systems with attractive pair potential lxi - Xj I", where v is a positive 

parameter [16], globally coupled spin models [26,22], and a two-dimensional system 

with long-range forces [27]. Therefore the slow relaxation seems universal property in 

systems with long-range forces. It is important to clarify the mechanism of the slow 

relaxation to construct a new statistical mechanics of the many-body systems with 

long-range forces. 
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Lyapunov Spectra and Structure of Phase Space 

YAMAGUCHI Y. Yoshiyuki * 

The general research organization of science and engineering, 
Ritsumeikan University t 

Abstract 

To understand slow relaxation in Hamiltonian systems with many degrees of 
freedom, we introduce a new class of Moderately Chaotic systems and consider 
what structure of phase space is universal irrespective of details of systems by using 
Lyapunov spectra and time series of orbits. Some properties of moderately chaotic 
systems suggest that whiskered tori play an important role to the slow relaxation. 

1 Introduction 

Clusters, proteins, condensed matters, and galaxies are developing as Hamiltonian systems 
with many degrees of freedom, although they have different spatial scales. Hence dynam­
ical properties of Hamiltonian systems with many degrees of freedom are an important 
topic. 

We have two methods to approach the dynamical properties. One is to construct phe­
nomenological model equations and to investigate properties of the model. This method 
gives details of the systems, but we must consider one by one. The other method is to 
research universal properties irrespective of details of systems , for instance, interactions. 
We cannot know details of the systems, but we can understand them uniformly. Here­
after, we adopt the latter method, and focus on structure of phase space and dynamical 
properties led from the structure. 

Universal structures in Hamiltonian systems with N degrees of freedom are found 
in integrable, nearly integrable and fully developed chaotic systems. The features of 
structures of phase spaces are as follows. 

• Integrable systems 
Phase space is foliated by N-dimensional tori and separatrices. 
Power spectra have some peaks. 

• Nearly Integrable systems 
N-dimensional tori and chaotic sea coexist, 
and the former constructs self-similar hierarchical structure. 
Power spectra are power types as 1/ fv (0 < v < 2) [Kar83, CS84]. 

•e-mail: yyama@kuamp.kyoto-u.ac.jp 
tPresent Institute: Graduate School of Informatics, Kyoto University 

-15-



• Fully Developed chaotic systems 
Only chaotic seas exist. 
Power spectra are white noise or Lorentzian 1/(a + /2). 

Some N-dimensional tori survive in nearly integrable systems, and the tori are called as 
Kolmogorov-Arnold-Moser (KAM) tori. For examples, we consider the following system 

(1) 

This system is integrable when perturbation parameter f is zero. Poincare sections in 
the three classes are shown in Fig.I. An example of self-similar hierarchical structure in 

(a) Integrable system£ = 0 

2 3 <l 
q, 

(b) Nearly Integrable sys­
tem f = 0.1 

3 

q, 

( c) Fully Developed 
Chaotic system f = 2 

Figure 1: Universal structures of phase spaces in Hamiltonian systems with 2 degrees 
of freedom. Figures show Poincare sections (q1,pi). Tori are destroyed as perturbation 
parameter € increases. 

Henon-Heiles system 

{2) 

is also shown in Fig.2. 
The 1/ f 11 spectra are observed in various systems [Kar83, CS84, BHS097, Yam97], 

and they are understood by using KAM tori in nearly integrable systems [Aiz84, AKH+sg, 
Mei86, M086]. However, it is believed that the region of€ rapidly becomes narrow where 
nearly integrable systems exist as N increases, and hence the understanding is not good for 
systems with many degrees of freedom. We therefore introduce a new class of moderately 
chaotic systems between nearly integrable systems and fully developed chaotic systems. 
The characteristic properties of this new class are N-dimensional tori are not observed 
although power spectra are power types 1 / r. The existence of this class is shown in 
Sec.sec:phase-transition by considering the critical point of phase transition. The purpose 
of this report is to understand universal structure of phase space and dynamical properties 
in moderately chaotic Hamiltonian systems with many degrees of freedom. 

We use Lyapunov spectra { Ai h=t,2, ... ,2N [LL92] as a tool of analyses. Lyapunov spectra 
indicate instability of orbits, and have information of the whole dimensional phase space. 
Here, Lyapunov spectra satisfy the following equation from symplectic properties: 

{3) 
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(b) A Magnification of (a) 

Figure 2: Poincare sections (q2 ,p2 ) in Henon-Heiles system. E = 0.125. (a) The whole 
space. (b) A magnification of (a). Some small tori exist around a big torus, and this 
structure hierarchically continues. 

where 

(4) 

We hence observe only the half of the spectra, {Ai} ( i = 1, 2, ... , N). 
This report is constructed as follows. We clarify properties of moderately chaotic 

systems by showing that a system having phase transition is moderately chaotic at the 
critical point in Sec.2. In Sec.3 we show that Lyapunov spectra have an universality in 
moderately chaotic systems. We consider the structure of phase space which produces 
the universality in Sec.4. Section 5 is devoted to summary and discussions. 

2 Second Order Phase Transition and Moderate Chaos 

In this section we show that a system having second order phase transition is a moderately 
chaotic system at the critical point [Yam97]. The considered system is globally coupled 
XY spin system: 

1 N 1 
H = 2 LP]+ 2N L [1 - cos(qi - qi)]. 

j=l i,j 

(5) 

Statistical mechanics states that the critical point is Ee/ N = 3/4. We show the following 
two facts: 

1. A power spectrum is one of power type 

2. KAM tori are not observed 
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Figure 3: An average of power spectra of momenta. N = 80, N0 = 40, E = Ee. 

2.1 That a power spectrum is one of power type 

We observe a power spectrum SvU) which is an average of power spectra of momenta 
Sv,U) 

(6) 

The power spectrum Sv(f) is shown in Fig.3, and it is one of power type with the exponent 
-1.2. 

2.2 That KAM tori are not observed 

Orbits are ( quasi- )periodic on KAM tori, and hence orbits around KAM tori also behave 
(quasi-) periodically for a while, and they go to chaotic seas again. Values of local Lya­
punov exponent is therefore intermittently suppressed when orbits are near KAM tori 
(see Fig.4(a)). Here, the definition of local Lyapunov exponent is 

11(n+l)T 
A~0c(n) = - A1(t)dt, 

T nT 

d 
A1(t) = dt log IX(t)I, 

(7) 

where X(t) is a 2N-dimensional tangent vector which governed by Jacobian of linearized 
equations of motion. On the other hand, in a moderately chaotic system, local Lyapunov 
exponent is uniformly apart from zero, and no KAM tori are observed. 

Consequently, we show that the system (5) is a moderately chaotic system at the 
critical point from Secs.2.1 and 2.2. 
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Figure 4: Time series of local Lyapunov exponent in nearly integrable and moderately 
chaotic systems. ( a.) XY system with E = 1 defined in Sec.3. Local Lyapunov exponent is 
intermittently suppressed. (b) The system ( 5) at the critical point. Instability is uniform 
and no intermittency is found. 

3 Universality of Lyapunov spectra 

In this section we describe universality of Lyapunov spectra, which appear in moderately 
chaotic systems. We consider the following four systems to show the universality: 

I N 

H = 2 ~ P] + U ( q), 
J=l 

(8) 

and 

<ij> 

(9) 

Here each particle is on a lattice point of simple cubic lattice, the sign < ij > means to 
take sum between the nearest neighbourhood, and boundary condition is periodic. We 
confirmed that these systems with moderate energy a.re moderately chaotic systems by 
the same procedure described in the previous section. Lyapunov spectra in the energy 
region are shown in Fig.5. Now we focus on the forms of Lyapunov spectra, we permit to 
uniformly rescale the vertical a.xis: 

(10) 
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Figure 5: Universality of Lyapunov spectra in the four systems. N = 64. The horizontal 
axis is renormalized number of Lyapunov exponents i/ N, and the vertical axis is scaled 
values of Lyapunov exponents ,>..i. The four spectra are well agreement in the region 
0.4 :::; i/ N :::; 1. It is known that Lyapunov spectra are straight in fully developed chaotic 
systems by using Random Matrices (RM), and the universal spectrum is not approximated 
by the straight line. 

where suitable 1 > 0 is picked up for each spectra. 
We find the following two facts from Fig.5: 

• Lyapunov spectra have universal form in the region of large i/ N (0.4 :::; i/ N :::; 1 ). 

• The universal form is not approximated by the straight line, which is universal in 
fully developed chaotic systems [LPR86, EW88]. 

From these facts, the obtained universal form is characteristic for moderately chaotic 
systems, and we suppose that moderately chaotic systems have universal structure in 
subspace of phase space which corresponds to the region of large i/ N [Yam98]. 

4 Structure of Phase Space 

In the previous section universal spectrum in moderately chaotic systems is shown, and 
it is supposed that the universality reflects universal structure of phase space. In this 
section we therefore consider what is the universal structure by using time series of orbits 
in the configuration space. Let us consider coupled standard map 

( I 1) 

where boundary condition is periodic. 
We show time series of x3 and x 6 in Figs. 7(a) and (b) respectively, but these time 

series seem random. From interaction terms of the system ( 11 ), we guess that time series 
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Figure 6: A Lyapunov spectrum in coupled standard map (11). N = 12,J( = 0.3. The 
form of this spectrum is the same as the universal one observed in Fig.5. 

of Xj - Xj±t are more important than Xj itself. The time series are shown in Figs.7(c) 
and ( d), and they show intermittency such that Xj - XJ+i stays around zero for a while. 
When the displacement Xj - XJ+I is around zero, orbits stays on neighbourhoods of the 
manifolds x 3 - x 4 = 0 or x 6 - :r7 = 0. However, we must focus on the fact that x 3 - x 4 and 
x 6 - x7 is not always simultaneously around zero (see steps [20000, 21000]), and hence the 
dimensions of manifolds around which orbits stay are less than N, while KAM tori are 
N-dimension. Consequently, in moderately chaotic systems, higher dimensional manifolds 
play the same role as N-dimensional KAM tori in nearly integrable systems, where self­
similar hierarchically structure constructed by KAM tori are supposed as the source of 
1 / f" spectra. The higher dimensional manifolds are expected as whiskered tori which 
have hyperbolicity [YK98]. 

5 Summary and Discussions 

In this report we introduced an important new class of moderately chaotic systems, and 
we consider universal structure of phase space in the class. First, we show that the 
system having second order phase transition is a moderately chaotic system at the critical 
point. Second, we clarify that Lyapunov spectra have an universal form in moderately 
chaotic systems in a region of large i/ N. Finally, by observing motion in configuration 
space, we suggested that whiskered tori play an important role to realize slow relaxation 
of 1 / f" spectra. This suggestion is well agreement with the universality of Lyapunov 
spectra appears only in a region of large i/N, since it is supposed that phase space has 
similar properties as nearly integrable systems except for dimensions corresponding to the 
whiskers. 

One of future works is to prove the above-mentioned suggestion qualitatively and 
quantitatively. Another one is to limit systems and degrees of freedom which have the 
universality since we consider systems with nearest neighbour interactions only and glob­
ally coupled systems are still not investigated. Finally, we must clarify the reason why 
Lyapunov spectra take the universal form. The understanding of the reason will give 
details of structure of phase space. 
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Arnold Web in a Vibrationally Highly Excited Molecule 

Mikito Toda 

Department of Physics, Kyoto University 

Kyoto 606-8502, Japan 

When a molecule is put to be in a vibrationally excited state, a flow of vibrational energy is induced 

within the molecule, which leads to a breakup of a chemical bond or to a structural change in the molecular 

conformation. This process is called intramolecular vibrational redistribution of energy (IVR), and is one 

of the fundamental processes in chemical reactions[l,2]. On the other hand, this process is considered to 

be a typical example of Hamiltonian dynamics of many degrees of freedom. It is well known that generic 

Hamiltonian systems of many degrees of freedom exhibit chaos. Therefore, IVR is supposed to be closely 

related to chaotic motions of the molecules. 

Arnold diffusion is among the characteristic effects of Hamiltonian chaos in systems of n degrees of 

freedom of (n ~ 3)[3]. In general, it takes place along those regions where nonlinear resonances occur and 

form a network called Arnold web. We think that IVR in highly excited molecules would offer an interesting 

example of Arnold web. We expect that comparison between the study of Arnold web and experiments on 

IVR would give dynamical understanding of how IVR proceeds. 

Our example is the IVR in highly excited acetylene. Because of its relatively small size, detailed 

experiments on the IVR are possible for acetylene, and a large amount of experimental results have been 

already accumulated[2,4,5,6]. Therefore this is one of the best examples for examining our ideas. 

In the electronic ground state, acetylene is a linear molecule. Using the harmonic approximation, 

vibrational energy levels in the electronic ground state can be labeled as (Vt, v2 , v3 , v~4
, v~5 

)
1 where Vt is 

the quantum number of the symmetric CH stretch, v2 the CC stretch, v 3 the antisymmetric CH stretch, 

V4 the trans-bend with the vibrational angular momentum /4, Vs the cis-bcnd with the vibrational angular 

momentum ls, and I= l4 + Is is the total vibrational angular momentum. In the following, we put the total 

angular momentum J = 0 for simplicity. We also assume that the vibrational modes vi(i = 1, · · ·, 5) and the 

vibrational angular momenta lt(t = 4, 5) can be dealt with separately. 

Then, the experimental results can be fitted to construct an integrable approximate Hamiltonian of a 

vibrationally excited acetylene. It is given by 

Ho= L wfvi + L xf;viVj + L Yr 8 tVrV8 Vt, (I) 
i$j r$a$t 
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where i and j take the values from 1 to 5, and 1·, s and t from 4 to 5. The values of the constants for the 

linear and quadrat.ic terms are taken from Table I of Ref.[4], and those for the third-order terms from Table 

II of Ref.[6]. 

The processes of IVR result from couplings among anharmonic modes of the Dunham expression. The 

effects of the couplings are most significant when resonances among the modes occur. A coupling term 

is a product of the annihilation and/or the creation operator of the modes Vi, and is denoted as n = 
(n 1,n2 ,n3 ,n4 ,n5 ) where n;(i = 1,· · ·,5) are integers, and a positive integer means the product of the 

creation operator while a negative one the annihilation operator. Then, the location where the nonlinear 

resonance takes place for the coupling n is approximat.ely given by 

where v = (v1, v2, V3, v4, 115). 

n. 8Ho = 0 
8v 

(2) 

The Arnold webs of all the possible resonances up to 7th order are studied for those initial states 

(0, v2 , 0, v4 , 0). Here the order of a resonance is defined as L Ind. One of the most important outcomes of 

this study is that the symmetries of the vibrational modes play a crucial role. Classically, there exists a 

lot of nonlinear resonances, implying that a fast. IVR would proceed. However, the selection rules resulting 

from the symmetries of the modes prohibit. most. of these resonances. Only a small part of the nonlinear 

resonances are allowed t.o take place. This indicates that. combined effects of symmetry and resonance would 

be indispensable in understanding t.he dynamical processes of IVR. Detailed analyses will be published 

elsewhere. 
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Abstract 

We investigate stationary heat conduction in Ding-Dong model coupled 
with heat reservoir. The Fourier law and Gallavotti-Cohen fluctuation theo­
rem are checked numerically. 

1 Introduction 

In general, many body problems in one dimension are classified into two types 
of hamiltonian forms. ( 1) The first type is that all particles interact ea.ch other. 

2 

H = }:~1 ~+ Li=#i V(lri-ril). Celestial mechanics and atom-molecular dynamics 
belong to this type. (2)The second type is that the particles are arranged on a 

2 

lattice, H = L~i 21::ii + Li V(lri - ri+il), or that the particle are arranged on a. 
2 

line with elastic constraint, H = Lf::i ~ + L; V(r;). In the latter type, several 
models are known to exhibit chaotic behaviour. We introduce such two systems. 

2 

(a) Balls in one-dimensional gravity[!, 2, :3]: H = L~i 2~1
;

1 
+ L~t miqi with the 

constraint O ::::; q1 ::::; q2 ::::; • • • ::::; QN· q = 0 is floor. The lowest particle can bounce 
elastically with floor. The other particles collide with the nearest neighbour particles 
elastically. For this model, some mathematicians give mathematical statements: 
If m 1 = m2 = · · · = mN, the system is completely integrable. If m, 1 2:: m2 2:: 
· · · mN(but all mass are not equal), The Lyapunov exponent is positive and the 
system is hyperbolic. It is conjectured .that the system is ergodic in the above 
condition. (b) Dawson model[5, 6, 7, 8, 9] or Ding-Dong model[4]: One-dimensional 
plasma sheet model(Dawson model) can be reduced to the system with the following 
hamiltonian (Ding-Dong model). 

N 2 2 
H ='""Pi+ q; 

,?-, 2 2' 
i=O 

( 1) 

with the elastic constraint 
(2) 

qi represents the distance from the i-th lattice point. For our convenience, we set. the 
lattice constant to a = 1. Thus Dawson model is equivalent to Ding-Dong model. 
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Particles move a.s harmonic oscillator around lattice point, but can collide with the 
nearest neighbour particles to exchange energy. I~itahara. et a.I have investigated the 
properties of one-dimensional plasma [6. 7, 8. 9]. Prosen and Robnik have investi­
gated heat conduction(Fourier law) by extensive numerical cakulation[4]. Unfortu­
nately, although many numerical \Vorks have been done, there is no mathematical 
investigation to this model. 

Here we comment one point of numerical aspects on these models (a) and (b). Since 
particles are arranged in one-dimensional line and collide ea.ch other. these models 
have common numerical merit. Almost time of numerical time-evolution is spent 
for the calculation of the next collision time ( For the formulation of time-evolution 
of Ding-Dong model. see the next section). Ju these case, the heap sort algorithm 
accelerates numerical calculation. 

In this report., we investigate non-equilibrium (stationary) states in the Ding-Dong 
model coupled with heat reservoir. especially Fourier law and entropy produc­
tion, motivated by recent development by chaos theory, especially Galla.votti and 
Cohen(ll]. For Fermi-Pasta.-lTlam problem(,3-model) which has thermostat at the 
ends of a chain, the Gallavotti-Cohen fluctuation theorem was tested[l0]. Further­
more, stimulating by the work by Gallavotti and Cohen, entropy production in 
stochastically driven non-linear lattice cha.in was rigorously proved[ 12]. Our aim 
in this report is to check the Ga.lla.votti-Cohen fluctuation theorem in Ding-Dong 
model which is a different model from [ 1 0]. 

2 Ding-Dong model 

In this section, we show set-up of time-evolution of the Ding-Dong model and ex­
plain the behaviour of the system. i.e. chaoticity. roughly. 

First we remark the following point. \Ve investigate the statistical behaviour of the 
Ding-Dong model. Thus we consider only two-body collisions, since three-body a.nd 
higher-body collisions have rnea.sure zero. The ··collision" means two-body collision 
hereafter. 

The hamiltonia.n of Ding-Dong model is Eq.( 1) with the constraint Eq.(2). We 
denote I = tk the time that !t·-th collision occurs. and { t;}~-,x, a set of collision 
time. Further we set the inter-collision time TJ, 

TJ, = f1. - /J.·-l• 

Now the collision is elastic. Then if i-t.h particle collides with (i + l )-th particle. 
after collision, their momentum are exchanged. 

Pi+t· 

P;· 
( 4) 

(5) 

Between the collision and the next collision. the systc>m obeys the following ha.mil-
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tonian equation of motion. 

(6) 

The map from the collision to the next collision can be constructed as 

q> _ q> . . 0 q>r(x) 
- colhs10n oscillator' (i) 

where x = (qi,q2,···,qN,P1,P2,·--,PN), r(x) is the time that the next collision 
occurs started from the point x. r(x) is called the ceiling function. q> collision for 
the collision between i-th and i + 1-th particles is given as 

P( 
+ Pi+1 

q>r(x) . , 
oscillator is given as 

1 0 
0 1 

0 0 
0 0 
0 0 

0 0 
0 0 

0 0 

qi (ti+ r(xi)) 
q2( ti + r(xi)) 

qN(ti + r(xi)) 
Pi(ti + r(xi)) 
p2(ti + r(x;)) 

where the i-th collision point is x;. 

0 0 0 
0 0 0 

1 0 0 
0 1 0 
0 0 1 

0 0 0 
0 0 0 

0 0 
0 0 

0 0 
0 0 
0 0 
0 0 

0 1 
1 0 

0 
0 

0 
0 
0 

0 
0 

000···00···1 

pi(t;)sin(r(xi)) + q1(t;)cos(r(x;)) 
p2(ti)sin(r(x;)) + q:.i(t;)cos(r(x;)) 

PN( ti) sin( r(x;)) + (JN ( t;) cos( r( xi)) 
P1(ti) cos(T(x;)) - q1(t.;) sin(r(x;)) 
p2(ti)cos(r(x;))-q2(t;)sin(T(xi)) 

PN(i;)cos(r(x;))- (JN(ti)sin(r(xi)) 

( 8) 

(9) 

With the condition that the center of mass is zero, if we carry out some canonical 
transformation. 

X = (q,p) t-+ X = (Q,P), (10) 

where Q = (Q 1, • • ·, QN-d, P =(Pi,···, PN-d, then after canonical t.ransformation 
and diagonalization, we obtain the hamiltonian finally. 

(11) 
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The elastic constraint Eq.(2) now becomes 

N-J 

;=-(i)(Q) = L (l-\1.: - U;+1 dQk s; l, (12) 
J.·=1 

where -i = 1, 2, · · · , N - l and UiJ.: is the matrix element for cliagonalizatoin. The 
hamiltonian is for ( N - l )-dimensional anisotropic harmonic oscillator with the hard 
walls satisfying Eq.(12). Hence if the total energy is sufficiently low. the system is 
integrable. Because the trajectories go around the stable equilibrium point. There 
is a critical value of the total energy for chaos. But when the total energy is high 
enough, the system behaves like an integrable system. In this cas(', the particle 
moves ballistically and collide with the walls. Therefore. in the intermediate total 
energy range, the system exhibits chaos. From numerical calculation. in this range. 
the system seems to be non-hyperbolic. But we expect that chaotic sea dominates 
the phase space in this energy range of the system. 

3 Non-equilibrium stationary states, thermal con­
duction, and entropy production 

In this section, we investigate thf' non-equilibrium stationary states oft he Ding-Dong 
model, especially entropy production. 

3.1 Phenomenology and thermodynamics 

We know the following two important facts from thermodynamics. The system 
which is coupled to the heat reservoir at the boundary obeys the Fourier law. 

j = ftVT. ( 1 ;3) 

where j is heat current vector and Ii is the heat conductivity. From the thermody­
namics, the entropy production a(x) is defined as 

(14) 

Thus the total entropy product.ion ~ of the domain with linear temperature gradient 
for one-dimensional system is 

~=J,Rd.rj.!!_(_1 )=j(-1 __ l). 
L d.r T(.r) TR TL 

( 1.5) 

where TL and TR are the temperature of left. and right heat reservoir. respectively. 

3.2 Gallavotti-Cohen fluctuation theorem 

We here briefly summarize the Ga.llavotti-Cohen fluctuation theorern[ll]. Original 
derivation is for two-dimf'nsional shearing flovv with thermostat. 

dqj --
di PJlm + i-wJ, (16) 

dp J = F . ( 1 .... , ) 
J - 11Y.iPu1 - 0 PJ· di 
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j = 1, · · ·, N. a controls the property of thermostat. The entropy production is 
defined as the contraction rate of the phase space volume. Dynamical character­
ization of entropy production starts from the idea of Sinai-Ruelle-Bowen, i.e., the 
construction of SRB measure µ. 

--1 1 '°'· !\ (x·)G(x·) - (dx)G(x) = .t....,1 • u,:.__ 1 1 , 
C µT,T ". A l ( . ) 

L..,J u,r XJ 

(18) 

where A is defined from the Jacobian of time evolution operator and G(x) is an 
observable. Here consider the finite time average of the entropy production at x. 

l r/2-1 . 

o"r(x) = - L a(S1x) = (a) ar(x), 
T . I J=-T 2 

( 19) 

where S is the Poincare map. Fluctuation of the entropy production from the 
mean value is characterized by the ar(x). Consider the probability measure of ar. 
We denote 7rr(p)dp = P(ar E (p,p + dp)) that. The Ga.llavotti-Cohen fluctuation 
theorem is the following relation. 

7rr(P) =er{u)p 
7rr(-p) 

(20) 

Using the construction of SRB measure, this relation can be rewritten in terms of 
dynamical quantities (i.e., .Jacobian)[ll]. For the detailed derivation, see [11]. 

For non-linear lattice system with thermostat, we define the following mean heat 
current[lO]. 1 . 

1 lf+T (J)r = - J(t')dt'. 
T t 

We define the distribution of Pr( z) of the following quantity z. 

(J)r 
z = (J),x,. 

In this case, the Gallavotti-Cohen fluctuation theorem becomes 

Pr(z) ·(1 1) 
In Pr(-z) = TZL = TZJ TR - TL . 

(21) 

(22) 

In the next subsection, we consider the system does not possess thermostat, but has 
stochastic heat reservoir. Thus this relation Eq.(23) is not so trivial for our system. 
the numerical test of Eq.(23). 

3.3 Numerical result 

Let us define heat reservoir. We set the walls at the ends of the systf-m. The other 
side of the wall is heat reservoir. The momentum of particles in heat reservoir is 
distributed due to distribution 

IPI ( P2
) P(p )dp = T exp - 2T dp. (24) 

1 In the first stage of this investigat.ion(Jan.1999), I did not know t.his work. I thank K.Sait.o for 
informing me this work. 
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Figure 1: Tempera.ture distribution: N = 500,TL = 2.0,Tn = 1.5. The plot 1s 
obtained starting some initial condition. and after 5 x 106 collisions. 

For the left(right) reservoir. we take plus(minus) sign of momentum. This setting of 
heat reservoir is very important[l:3]. We set temperature of the heat rc>servoir at the 
ends TL(left) and Tn(right), respectively. When the particle at the ends (i = 1, IV) 
collides with the wall, the particle instantaneously collides with the particle inside 
the heat reservoir. In other words. the partide(i = 1, N) and particle inside the 
heat reservoir exchanges the momentum. Local temperature Tk is defined as 

(2,5) 

( · · ·) means the time averagC' or phase space average. For numerical <'akulation, we 
used the time average. 

First we check Fourier law. Fig.I is temperature profile(N = .500. T1, = 2.0, Tn = 
1.5). There is an edge effect. The temperature of the end in the left and right is not 
TL or TR, respectively. Relaxation to the non-equilibrium stationary state is very 
slow. The temperature profile is still zig-zag shape, not smooth, but we can see the 
linear dependence of the Fourier law. 

In Fig.2, the distribution of inter-collision time is depicted( JV = 250, 1i, = 2.0, TR = 
1.5). After 105 collisions and :3 x 106 collisions, 105 collisions are sampled. The 
mean inter-collision time is order of 10-2 for this case. The obtained distribution 
is well-fitted to exponential distri but.ion. This manifests that the collisions occur 
randomly. 

In Fig.3, the velocity distribution is shown. As expected, the distribution is well­
fitted to the Gaussian distribution (rvlaxwell distribution). But tending to the sta­
tionary state, gradually tbf' tail of distribution becomes a.symmetric. This asymme­
try suggests the energy transfC'r. 
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Figure 2: Inter-collision time distribution : N = 250, TL = 2.0, TR = 1.5. (a)The 
plot is obtained after 105 collisions a11d :3 x 106 collisions. (b)log scale of (a.). 

Time variation of heat current distribution is depicted_ in Fig.4. Remark that the 
distribution is not Gaussian. After long run, the tail of the distribution becomes 
asymmetric, which seems to be an evidence of stationary energy transfer. 

In Fig.5(a), spatial distribution of time-averaged heat current T,; = 1/t J~ jk(t')dt' 
is depicted which was obtained after 3 x 106 collisions starting from some initial 
condition. Although there is still fluctuation, the heat current is almost constant 
over all sites. In Fig.5(b) the relaxation of the mean heat current J = 1 / N I:f=i ii­
is depicted corresponding to (a). The relaxation is very slow. 

The entropy production can be checked by using Eq.(2:3). In Fig.6. we show the 
result(N = 100,TL = 2.0,TR = 1.5). In Fig.6(a), the time evolution of the mean 
heat current distribution is depicted. Fig.6(a) is obtained from time-evolution of 
50000 initial configurations. It seems that the distribution tends to the limiting form 
obeying the central limit theorem. In Fig.6(b ), we check the Ga.llavot ti-Cohen fluc­
tuation theorem. We can see the linearity clearly which suggests that the Gallavotti­
Cohen fluctuation theorem holds and the entropy production is non-zero. Fig.6 is 
the same form as the result of [10) for FPU ,B-chain with thermostat. 

4 Summary 

We have investigated non-equilibrium properties of the Ding-Dong model coupled 
with heat reservoir motivated by recent work of [11] and [10]. We have checked the 
Fourier law and entropy production in this model. Numerical calculation has shown 
that the Gallavotti-Cohen fluctuation theorem holds and the entropy production 
is surely non-zero. It can be stressed that original Gallavotti-Cohen theorem for 
thermostated dynamical systems extends to systems coupled with heat reservoir. In 
this sense, the Gallavotti-Cohen theorem is quite genera.I. A stochastic extension of 
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Figure 3: Velocity distribution : .7V = 250, TL = 2.0, TR = l.::i. The plot is obtained 
starting from some initial condition, up to 105 collisions and :3 x 106 collisions. (a.) 

initial(105 collisions) and final distri/Jution(:3 x 106 collisions). (/J) log scale. The 
distribution tends to the Gaussian distribution. But the tail of the <iistribution is 
asymmetTic. 
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Figure 4: Heat current distribution : N = 250. TL = 2.0, TR = l.5o .','tarting som<' 
initial condition, 105 collisions and ;3 x 10<i collisions After sufficient time-evolution. 
the tail of the distribuUon becomes asymmetric. 
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Figure 5: Spatial distribution of heat current and rela.xa.tion of mean heat current : 
N = 250, TL= 2.0, Tn = 1.50 (a) Spatial distribution of heat current which occurred 
up to 3 x 106 times collision starting some initial configuration. ( b) Rela.xa.tion of 
mean heat current. 
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Figure 6: Check of the Gallavotti-Cohen fluctuation theorem: ( a) heat current 
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the Gallavotti-Cohen theorem can be expected. 
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abstract 

The modern high energy accelerators are introduced which show many nonlinear mul­
tiparticle phenomena. One example, the beam-beam interaction, is discussed more in 
detail. A simple model is presented for a so-called strong-strong scheme. The model 
reproduces a genuine nonlinear and coherent phenomenon for the accelerator beams. 

1 Introduction 

Here is a typical layout of high energy accelerators. In a ring, many ( typically 1011 ) 

electrons form a cluster (called bunch) and running in the same direction. They meet 
a positron bunch at a point (Interaction Point, IP) producing high energy collisions. A 
detector sitting at the IP observes the products of the collision. 

The most important parameters are 1) the collision energy and 2) the luminosity. The 
collision energy is 

Ecoi = E+ + E_, 

the sum of the energies of two colliding particles in the rest frame of their center of gravity. 
The luminosity L is the measure of the efficiency of the accelerator to produce high energy 
events, defined by 

event rate = u x L. 

Here a is a cross section of the event. When two colliding beams are very short and are 
Gaussian in transverse distribution, Lis given by 

L=JN+N-. 
47rUxO"y 

Here, f :is the collision frequency, N ± is the number of particles in e± bunches, a x,y is the 
transverse rms beam size of the bunches. 

1 hirata@soken.ac.jp 
http:/ /www-acc-theory.kek.jp/ members/HIRATA.html 
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When two bunches collide, only a few particles make the real collision and most of 
the particles pass through the opposite bunch. These particles feel a macroscopic electro­
magnetic field produced by the opposite bunch. Thus, each particle in both bunches feel 
a nonlinear force. This is the beam-beam interaction and is one of the most important 
effects which limit the 1 uminosi t.y. 

2 Beam Dynamics in Accelerators 

Let us simplify the whole dynamics to the 1D problem. Between the collision at the IP to 
the next collision after one turn, an electron (positron) obeys the following mapping[l]. 

( X ) ---+ ,x ( co~ µ sin µ ) ( X ) + v' 1 _ A 2 ( ~1 ) • 
p -Slllfl COSfl p r2 (1) 

Here, X and P are canonical variables for the transverse coordinate at the IP. They are 
properly normalized. f's are the standard Gaussian random variables and .X is a constant 
slightly smaller than unity. They represent the effects of the synchrotron radiation[3]. 
(The case .X = 1 corresponds to proton and hadron mchines where the synchrotron radi­
ation can be ignored). 

If the beam-beam interaction is absent at the IP, each particle repeats Eq.(l) many 
times. Eventually , they will be distributed in the Gaussian form. 

1 [x2 p2] 
4J(X, P) = 

2
7r exp - 2 + 2 . (2) 

3 Beam-Beam Interaction 

With the beam-beam interaction, ea.ch particle feels the macroscopic electromagnetic 
field produced by the opposite bunch. Here, we will use a model consistent with the 1D 
approximation. If the space is 1D, the elctric or magnetic force field produced by an 
electron sitting at X = X0 is represented by 

F(X) = constant x H(X - X 0 ), 

where His the step function 

H ( X) = { 1 ~f X > 0 . 
-1 1f X < 0 

There are two approaches to the beam-beam interaction: 

(3) 

• The weak-strong approach: it is an approximation that one of the beam consists 
only of a single electron and the positron bunch is not affected by the beam-beam 
force. This approximation is quite unnatural but because of its simplicity it is used 
frequently. 

• the strong-strong approach: it is more realistic but is difficult to traet even numer­
ically. 
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3.1 Weak-Strong Approach 

Let us assume that N + » 1 and N _ = 1. The e+ beam is in the Gaussian distribution, 
Eq. (2). Then the force (kick) felt by an e- particle is given by 

F(X) = const. x j dX.p.(X.)H(X - X.) = -21r31271 erf [ (X - X.)/( v'2a.)] , 
where p is the 1D Gaussian distribution and 77 is a constant, called the beam-beam 
parameter, depending on N+, beam energy etc. An e- feels a kick as 

P -4 P + F(X), X -4 X (4) 

at the IP. Thus, an e- follows the maps Eq.{1) and Eq.(4) alternatively. After numbers 
of turns, depending on A, the e- particles fall into an equilibrium distribution. In Fig. l, 
the left figures are the Poincare surface plots in (X, P) space when A= 1; the right ones 
are the equilibrium distribution with A;Sl. 

It can be seen that the particles are distributed equally to the resonances. How the 
particles are distributed between all different types of resonances is one of the interesting 
topics now under investigation. 

3.2 Strong-Strong Approach 

From Eq.(3), the macroscopic kick felt by each particle at the IP is 

b..P = -CL: dX, p.(X) Hi(X - X). (5) 

Here, p. is the distribution function of the opposite bunch. Equation (5) can be rewritten 
as 

P -4 P - 21r31271(N:- N!)/(N: + N!), 
where N: and N! is the number of particles in the opposite bunch above and below the 
particle, respectively. 

Starting from various configurations, we observe the steady states. See Fig.2. Contrary 
to the weak-strong cases, there are states where all the particles in a bunch get together 
forming a cluster. That is, somehow, particles prefer to behave together, instead of being 
distributed into different resonances. Also, the symmetry between two beams is broken 
spontaneously. Further, the steady state is not unique for a given parameter set. All these 
are the coherent phenomena and can not be imagined from the weak-strong approach. 

When we change the parameters continuously and slowly, the state changes from one 
to another at certain point. Here, we can observe the hysteresis. In Fig.3, the phase space 
distribution are shown for the case with µ = 21r x 0.48. When 77+ >> 77-, the e- bunch is 
split into two clusters as shown in the weak-strong case. If, for example, we decrease rJ+ 
on the line 7J+ + 11- =const., the e- particles suddenly start to form a cluster at certain 
point, entering into the strong-strong regime. If we go down further, eventually the e+ 
particles start splitting into two clusters also suddenly at certain point. The points for 
these sudden changes are different if we go up on the same line. 

We have shown briefly how beams behave under the beam-beam interaction. This is 
one of the typical nonlinear behavior of the accelerator beams. The real accelerator beam 
is under a more complicated situation but the simple model presented here helps us to 
understand the complicated behaviour more intuitively. To understand the real beam, we 
need more realistic simulation, which is sometimes too difficult even with the present-day 
computers[5]. 
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Figure 1: the phase space for the weak-strong approach. The Poincare surface plot (left) 
and the equilibrium with radiation effect. The parameter /t's are 21r x 0.04, 21r x 0.16, 
21r x 0.24, and 21r x 0.48, from the top to the bottom. 

-39-



0 04 - 0 16 - 0 24 - 0 48 -
+- +-

+ + • t +- + • ... .: 
•• + 

+ 

t- • • + • ,. + + • + 
+ ... 

A 

+ + 

-·· -Tl ''l • ·}~ t·: - t •• 
+-

. .. . 
~ :~· + :. .. ···,. +-- ... -.. . + ...... · .. ~!,;, ,'..-( 

B 

-
-~ !l-. + + 

. . ..· • ) ••• "J- · -t- - ~ . • +-.... ~ ... ·~-~ . -~ ~~ 

•• -~ • • - . -•-·,· . f • • • •:.\ ~-:: irr +-

•• ·•· ,,.,,. · . . ~ ~ 
C 

• t • • + 

Figure 2: Phase space distribution of the both beams.The left is the initial distributions. 
The others are the steady states starting from them. Parameters: v = 0.04, 0.16, 0.24, 
0.48, T/ = 0.06, where v = µ/(21r) . The symbol + indicates the position of barycenters 
in other turns. For example, when we start from the states A \vith v = 0.16, the steady 
state is that all the e+ and e- particles form a cluster sitting in the opposite position in 
the phase space. They change their position every turn as indicated by + and come back 
to the same position after 6 turns. 
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Figure 3: The hysteresis of the states under the smooth change of T/+ and T/-· 

4 Beam Physics for High Energy Accelerators 

For long time, the dynamics study of the accelerator beams has been done in more en­
gineering attitude. Only recently, it is realized that there are many subjects there to be 
studied more deeply in physics sense. The reason may be as follows: 

• because of the need to have more advanced accelerators, the empirical approach is 
no longer effective, 

• some acdemic approaches turned out to be quite succesful, 
• physicists found it quite interesting. 

This tendency joins with other stream in other disciplines and is forming a new disci­
pline called the beam physics, which treats accalerator beams, plasmas, lasers, and their 
mutual interactions[6]. 
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Effects of Interaction 
between Heat Reservoir and Cluster 

on Spontaneuos Alloying Pheno1nenon 

T.R. Kobayashi,* K.S. Ikeda; S. Sawada! Y. Shimiiut 

Abstract 

"Spontanc:'uos alloying" for nanometc:'r size mc:'tal clusters observc:'d hy 
Yasuda, Mori et al. and simulated wit.h classical Hamiltonian dynamics 
by Ikeda, Sawada. Shimizu is simulated under isothcrma.l conditions using 
classical molecular dynamics with Langevin dynamics and vdocity scaling 
mcthod.(Scc.tion 2) Very ra.picl a.llowing was comfirmcd similar dassica.l 
Hamiltonian dynamics simulations, i.e. "Peeling dynamics" (Subsection 
4.1) and '"2-step diving" (Subsc:'ction 4.2) occur under isothermal condi­
tions. However, typical time scale of those phenomena seem t.o vary order 
of 10±1 • (S('ction 4) It is not considered that these results a.re caused by 
either increment of the temperature or dynamical perturbation yet.. 

1 Introduction 

"Spontaneuos alloying~, is a phenomenon that nanometer size metal clusters 
(host) which is covered with other appropriate metallic atoms (guest) alloy 
at anomalously rapid rate even at room temperature in comparison with bulk 
system [2]. 

Remarkable feartures of spontaneuos alloying are following. 

• The heat of solution is the most dominante factor. 
The rapid alloying occurs for a wide class of conbinations of metals with 
negative heat of solution. 

• The spontaneuose alloying proceeds in the solid phase. 
Through the alloying process, the global crystalline structure is not changed. 

• There is a critical size of clusters. 
The spontaneuose alloying does not occure when the size of the duster is 
over a critical size. 

The alloying speed is anomalously rapid, and the diffusion rate is 109""'10 

times larger than that of the corresponding bluk system. ( table 1) 

• Department of Physics, Faculty of S,:ience an<l Engineering, Ritsumt>ikau U uiversity, Noji­
higashi 1-1-1, Kusatsu 525-85i7, Japan 

toepartment of Physics,Kwansei Gakuin University, 1-1-155, Uegahara, Nishinomiya 662-
0891, Japan 

t Institute for Fundamental Chemir:-try, Takano-Nishihiraki-cho 34-4, Sakyou-ku, Kyoto 600-
8103, Japan 
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'Figure 1: Concept,nal i11ustrntion of spont.11.neul!f' alloying. Copper Rt.oms (gue.•n.) are vnpor­
dl•)Xlditcd onto nm-size go lei clstcr (host) on base of carbon graphil.c film (left). Then a 1·a11M 
di:,,i;olution of gur.st atoms into host cluster takes place (righ1.). 

Table 1: A comparbon or diffusion coefficient hetwcen hulk system and cluster. (Tcmpera­
lnre = 3001() 

I (Cu --t .4.u) I diffusion coeffident 

Bulk 
Cl11ster 

2 Modeling 

2.1 Model pote11tial 

According to result.ii of t>xpc:rimeuts, spontaneous alloying is a. quite universal 
phenomenon whkh is supposc.~d to be controlled dominantly by the hea.t of so­
lution. ThP.refor MonK' potf'ntia.l whi~h is typical two-body potential is adopted 
p_. Mori:ie potP.ntinl for i numb1:red a.tom can he written as, 

V~ = L F.i,At:'XI>(-2fJ(ri; - a)) - 2exp(-fJ(ri; - u))] 
i:¢.i 

(1) 

where a i:iper.ifiei; the average of hon<l length, i3 meam1 the decay rate of 
potC".nt.inl. < i~ depth 1)f potential. 

The diffcrencrn1 of intcradion bctwf'en same a.ud different species are repre­
i:icntcd hy the hent. of hnlution. Thus 

<· . = {of i,j tliffcrent spt~cics(n ':/: 1) 
,., f i,j i;ainc t:1pedes 

2.2 Langevin dynamics method 

Lnngcvi11 cq. ii:i follmving. 

. R(t) 
,1(l) = -Afl,11 + -­

m 
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(3) 



Its discretized form is adopeted. 

v(t + dt) - ti(t) = -·nv(t) + 2-tLkBT 
mdf Rc:a11u(t) (4) 

where Roa1188(t) is random number which obeys Gauss distribution, v(t) is 
velocity of an atom at the time oft. ")'L is a inverse factor of decay rate of time. 

Langevin dynamks method reproduces effects of Brownian motion. 

2.3 Velocity scaling method 

Velocity scaling metod is one of the correction method, such as kinetic energy 
is converged at setting point. 

'I': . - J,1 Iilldt 
v'(t) = (l + -y., setting t-l,t l,t )u(t) 

Ts,tting 
(5) 

\\'here ,·1, specifies a inverse factor of decay rate of time. 
Velocity scaling method provides pure temperature control without dynam­

ical disturbance. 

3 Simulation conditions 

3.1 Setting of temperature 

Alloying proceeds in the solid phase. Thus whole process is required under 
melting temperature conditions. We adopt two methods in order to decide the 
melting temperature. One of the method is Lindemann index which indicate 
the degree of mobility of atoms. 

(6) 

The melting temperature is point of i5 = 0.1. 
Two of the method is decided by latent heat from caloric curve (Fig. ??). 

3.2 Setting of decay time 

Estimation from experiments suggests that the time scale, which heat of co­
hesion escape from cluster to carbon base and system acheive equilibrium, is 
about 10-3 sec. Rescaleing this time scale to the system of simulations, we set 
decay time about 10-9- 10 sec. 
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(a) Lindemann (b) Caloric curve 

Figure 2: These results indicaLe melting Lemperature at 750 K. System parameters are 
Cu55(host)+12(guest) O' = 1.2. Each point is average of 105 steps. 

4 Results 

4.1 Peeling dynamics 

Peeling dynamics was named after behavior of deviation which alloying process 
proceeds in the solid phase states. Inner part of host cluster can not move 
about such as liquid motion. Thus movable atoms can exist surface of cluster 
and they are diffusing there. On the process of surface atoms' diffusion surface 
atoms sometimes gather one side of cluster. These motions cause what inner 
part of cluster move opposite side by reaction, then a part of them expose. 
Therefor a mechanism of alloying proceeding in the solid phase is generated by 
reiteration of these replaceing processes. (Fig. 3) 

4.2 2-step diving 

We observed that alloying behavior is classified two steps. First stage, guest 
atoms rapid dive into second layer from the surface. Second stage, then guest. 
atoms diffuse into more inner part of the cluster. (Fig. 4) 

We introduce following physical quantity for analysis. 

1. Bond number between differnt species 
The number of host atoms which is nearest neighbor of guest atoms, and 
convert per atom. 

(7) 

2. averaged distance from center to guest atoms 
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Figure 3: figures of Peeling dynamics. 7 atoms which exist center of cluster at first time is 
transported furface of cluster after 979 ns. 
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(a) averaged distance from center to 
guest atoms 
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(b) initial configura­
tion 

(c) 1st stage com­
pleted 

(d) ideal mixing st.ate 

Figure 4: figures of 2-step diving 12 guest atoms which exist surface of the cluster at initial 
configuration have dived one layer until time at ~1st satge completed~, then change motion 
from diving lo diffusion. 
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dic1 (I) (8) 

4. 3 Isolated system 
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1st. :·tag<' i:· c .>1 1pletPcl ar G50 E and ideal mi x ing is comple ted at GOO K. Thus 
temperat tr<' of Lange\· in cl)·namirs an cl velocity sn1ling s imulations are sett ing 
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4.4 Langevin dynamics 

Temperature is 550 K and 600K . 
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Figure 6: Langevin time serieses. 
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Snap shots of cluster. Red balls are geust atoms. Green balls are host 
atoms whlch existed center at initial condition. Yellow balls are host atoms 
moved to center and became to interacte with heat reservoir. 
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Figure 7: Snap shots of Langevin 550K . 
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Figure 8: Snap shots of Langevin 600K. 
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4.5 Velocity scaling 

Temperature is 550 K and 600K. 
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Figure 9: Velocity scaling time serieses. 
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Snap shots of cluster. Red balls are geust atoms. Green balls are host 
atoms which existed center at initial condition. Yellow balls are host atoms 
moved to center and became to interacte with heat re-servoir. 
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Figure 10: Snap shots of velocity scaling 550K. 
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Figure 11: Snap shots of velocity scaling 600K. 
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The intersection angles between N-dimensional stable and 
unstable manifolds in 2N-dimensional symplectic mappings 

Yoshihiro Hirata* , Kazuhiro Nozaki and Tetsuro Konishi 
Department of Physics, Nagoya University, Nagoya, 464-8602, Japan 

Abstract 

We asymptotically compute the intersection angles between N-dimensional stable and 
unstable manifolds in 2N-dimensional symplectic mappings. In general, there exist the 
particular I-dimensional stable and unstable sub-manifolds which experience exponentially 
small splitting of separatrix. We show that the angle along the sub-manifolds is exponentially 
small with respect to the perturbation parameter e, and the other angles are power of e. 

1 Introduction 

The existence of a transversal intersecting point between stable and unstable manifolds leads to 
non-integrability of a Hamiltonian system. Besides, in 2-dimensional symplectic mappings {area­
preserving mappings), which correspond to Poincare mappings of Hamiltonian systems with 2 
degrees of freedom, the area of the lobes enclosed by stable and unstable manifolds stands for 
phase space flux from inside (resp. outside) of separatrix to outside (resp. inside). Because the 
intersection angle at the principal intersecting point is related with the area of the lobes, the 
intersection angle is also related with phase space transport. Therefore the intersection angle is 
essentially important to understand the global structure of phase space. 

Melnikov's method (or "l\folnikov's integral") is a powerful tool to detect transversal ho­
moclinic points and to compute the area of lobes[l]. The method is, however, based on the 
particular feature of 2-dimensional mappings. Hence one cannot straightforwardly apply this 
method to many-dimensional systems, especially the fixed points which possess two or more 
hyperbolic modes. 

On the other hand, for some symplectic maps, e.g. the standard map, Henon map, and the 
double-well map, one can analytically construct asymptotic expansions of stable and unstable 
manifolds[2-4]. Hence one can also compute the asymptotic form of the intersection angles be­
tween stable and unstable manifolds in such maps. This asymptotic method is called "asymptotic 
expansion beyond all orders." We have been extending the method to 4- or more-dimensional 
symplectic maps. 

In [5] we constructed the asymptotic expansions of particular 1-dimensional stable and unsta­
ble sub-manifolds which experience exponentially small splitting of separatrix, in a 4-dimensional 
double-well symplectic mapping. Furthermore, in [6], the neighborhood of the sub-manifolds 
was asymptotically studied and exponentially small oscillating terms were successfully obtained. 
In this paper we treat 2N-dimensional double-well symplectic mappings with nearest-neighbor 
two-body couplings and asymptotically compute the intersection angles between N-dimensional 
stable and unstable manifolds. 

The outline of this paper is as follows. In Sec. 2 we introduce the 2N-dimensional symplectic 
map we treat in this paper. Sec. 3 is spared explanation of the approximation and the coordinate 
system we use. Sec. 4 is the main part of this paper and we show the intersection angles. In 
Sec. 5 we give conclusion and discussion on the results. 

• E-mail address: yhirata@allegro.phys.nagoya-u.ac.jp 
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2 Model 

The canonical coordinates we use are ij = (qi, · · · , qN) E RN, p = (p1, · · · , p N) E RN and 
1 = (ij,p). We start with 2N-dimensional symplectic mappings 1 ~ 1', 

{ 

'· _ . _ 8Vo(q;) _ 38Vi(q) 
P, - P, € 8 € 8 , 

q; qj 
qj = qj +EPj, 

(1) 

where j = 1, 2, · · ·, Nt and IEI « 1. In this paper we take account of the two different mapping: 
One is the double-well mapping (DW), the other is the standard mapping (SM). The potential 
function Vo ( qj) is given as 

{ 

1 4 1 2 
Vo(q) = 4q - 2q ' for DW 

cosq, for SM 
(2) 

respectively. For both of the potential functions, the origin (0, · · ·, 0) is a 2N-dimensional 
hyperbolic fixed point (a direct product of N 2-dimensional hyperbolic fixed points), and there 
exist N-dimensional stable and unstable manifolds near the origin. The coupling potential Vi ( q) 
is given as a polynomial of the distance between nearest-neighbors of order 4, i.e., 

N N 
( ~ "'""' aj ) 2 "'""' b; ( )4 Vi q) = L, 2 ( Qj - Qj+ 1 + L, 4 Qj - Qj+i ' 

j=l j=l 

(3) 

where a/s and b/s are real constants and qN+l = q1. Now we restrict a1 = a2 = · · · = aN = a 
and b1 = b2 = · · · = bN = b to simplify the following computation. 

3 The outer approximation and the unperturbed solution 

One can rewrite the map ( 1) into the second order difference equation 

(4) 

where t.~q(t) = {q(t + f) - 2q(t) + q(t- E)}/£2, fo(q;) = - a~(q;) and J;,1@ = - ai (q). The 
qj Qj 

stable and unstable manifolds qf=(t; E) is asymptotic to the origin as t ~ ±oo, respectively. Hence 
the boundary condition with which we solve the difference equation (4) is given as qf=(t; E) ~ 

oo (±E)l dlq · 
· 0 (t ~ ±oo). Expanding qj(t ± €) = 1:-l,- d /, one obtains 

l=O . t 

(5) 

which we call the outer equation. In general, although the infinite summation in the r.h.s. of 
the equation ( 5) does not converge, the equation gives a good approximation of the map { 1). 

As the outer approximation, we construct the solution to the outer equation by expanding 
qj(t; E) into the power series of E2, i.e., qj(t; E) = q;,o(t) + E2Qj,1(t) + · · ·. In the same way, the 
stable and unstable manifolds 1 is expanded as 1 = 1o + E211 + · · ·. 

t We shall use the subscript j as meaning j = 1, 2, · · ·, N without further comment. 
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By substituting the expansion into the outer equation (5), one gets the unperturbed equation 

(6) 

and the perturbed equation ( the linearized equation) 

(7) 

for l = 1, 2, · · ·, where the inhomogeneous term ht is a polynomial of Qj,o(t)'s and their deriva-
- 1 d4q·o 

tives, e.g., /i,1 = /j,1 (qj,o) -
12 

dt!' . In the same way the boundary condition is also ex-

panded as qft(t) ~ 0 (t ~ ±oo), l = 0, 1, · · ·. Note that the ordinary differential equations for 
qj,l, l = 0, 1, · · · form a Hamiltonian system with N degrees of freedom in order-by-order. 

The unperturbed solution Qj,o(t) is obtained as Qj,o = s(t +ti) where s(t) is written as 

s(t) = { sech(t), for DW 
4tan- 1(et), for SM (8) 

and t/s are constants of integration. Let us put s(t + tj) = Sj(t) to simplify notations. Now we 
have N free parameters, t/s. Because the map {l) is autonomous, it is translational invariant 
with respect tot. Hence one of the parameters is not essential and can be vanished. To simplify 
the further computation we transform tj 's into new variables Gj 's as 

{9) 

where to = tN, tN+l = ti, and no = O:.N = 0. These N - 1 variables, o:./s, and t span the 

N-dimensional stable and unstable manifolds. We put .:Yo k = 
8
810 

(t, 0), k = 1, .. ·, N - 1 and 
' Gk 

io,N = 8
8
~0 

( t, 0). Owing to the relation ( 9), 'Yo,k 's are orthogonal to 'Yo,N and 'Yo,k+m, m 2:: 2. 

Note that %,k (k f:. N - 1) are not orthogonal to .:Yo,k+l· 

4 The linearized equation and the intersection angles 

Next we construct the solutions to the linearized equation (7). The fundamental system of 
solutions to the homogeneous equation is given as Sj(t) = s(t + tj) and gj(t) = g(t + tj) where 

g(t) = i; J :: . Note that the Wronskian determinant W(t) = I !l!l :m I = 1. The stable and 

unstable solutions for the equation (7) can be given as 

(10) 

When ii= 0, the r.h.s. of the equation (10) is easily integrated. The result does not depend 
on j and the sign ±, hence putting Q1 (t) = qf 1 (t, 0), 

{ 

!sech3 (t) - 2-sech(t) + t
4

sinh(t)sech2 (t), for DW 
Ql ( t) = t 24 t 2 

4sinh(t)sech2 (t) -
12

sech(t). for SM 
(11) 
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The solution q[(t, 0; €) = s(t) + E2q1 (t) + 0(€4 ) stands for the 1-dimensional stable and unstable 
sub-manifolds. 

To compute the intersection angles at -y(t, 0), we shall analyze the neighborhood of the sub­
manifold as a perturbation problem with respect to Oj's. We expand qr,1 (t, o) with respect to 
a/s as 

N-1 

qr, 1 (t, o) = q1 (t) + L akiiT,k(t) + O(a;), {12) 
k=O 

where ii[k( t) = Bqfi (t, ti) I . By using (10), straightforwardly computation gives ii[k(t) as 
, ak a=O ' 

(13) 

8t· 
where ti k = 

8 
3 • The functions Ff=(t) and Ff (t) is explicitly written by using the functions 

' ak 
s(t) and g(t) as 

Ff=(t) = <i1 (t) ± a/3g(t) - a6s(t) sinh2{t), 
1 

Ff(t) = =r= 2a(lg(t), {14) 

where /3 = 1-: S(t)2dt = ~ (DW), 8 (SM), and"/= i (DW), 1 (SM). Note that the expression 

(14) contains the parameter a, which determines the strength of the linear coupling. 
By using the perturbed solution {13) we asymp-

totically compute the intersection angles between 
the stable and unstable manifolds. For this pur­
pose, let us define ll-?i(t, o) = -Yt(t, o) - -Yt(t, 0), l = 
0, 1, and fl-y±(t, o) = fl'?o(t, o) + €2A-yf(t, &) (see 
Fig. 1). We expand flr(t, o) into the power series 
of ak as 

N-1 
A -v±(t, ;::,) " (- 2-±) 

L..l I I,.(. = L..., <l!k 'YO,k + € 'Yk ' {15) 
k=l 

up to O(al). We put 
Figure 1: The stable and unstable mani-

k folds -y±(t, a) and the submanifold -y(t, 0). 
0k = (0, · · ·, O, ak, O, · · ·, O), (lfi) A')'±(t, a) stands for the vectors from 

fork= l, · · ·, N -1. Let us suppose that the stable 'Y(t, 0) to 'Y±(t, a). 
and unstable manifolds intersect at (to, 0). We can 
define the intersection angles at the point (to, 0) as follows. For m, n E { 1, · · · , N - l}, the angle 
Bm,n is defined as 

and 

-1 fl-y+ (to, Om) · A-y- (to, On) 
= cos lfl-y+(to, &m)llfl-y-(to, &n)I' 

_ 1 ~+ (to, 0) ·~-(to, 0) 
= cos ·+ . - ' 

I-? (to, o) 11-? (to, o) I 
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(18) 



where · stands for the inner product. Straightforward computation gives 

= S(to):
2~L

0
)2 [9 + (g(to) 2 + 9(to)

2
)(S(to)

2 + S(t0)2) J½, 
21r 2 = 3 + O(e ), 

= i + O(e2
) (m ~ 2), (19) 

for k = I,···, N - 1. BN,N is exponentially small with respect to e(2-4, 7], i.e., there exist 
Ci, C2 > 0 such that 

J Ci exp (- ,r
2

) for DW 

10N,Ni ~ l ;exp (-:2): for SM 
(20) 

5 Summary and discussion 

We successfully compute the intersection angles between the N-dimensional stable and unsta­
ble manifolds. In 2N-dimensional phase space, there exist N independent intersection angles 
between two N-dimensional manifolds. The results {19) and (20) imply that in the set of the in­
tersection angles between the N-dimensional stable and unstable manifolds, one is exponentially 
small and the others are power of E. 

The reason why one angle is exponentially small is that the outer equation is a Hamiltonian 
system, i.e., there exists an energy integral in order-by-order, and therefore the I-dimensional 
homoclinic trajectory can exist under the outer approximation. This homoclinic trajectory 
in reality splits into two different manifolds, the stable and unstable sub-manifolds, and the 
splitting angle is exponentially small with respect to the perturbation parameter. 

The intersection angles are related to phase space flux. We suppose that escape rate of tra­
jectories gets large as N increases because the number of the angles in the power of e dominates 
overwhelmingly. ·we would like to confirm this supposition with numerical experiments in the 
future work. 
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2 ffi:O)~tft'li~ b ~JITJJJff?t¥f~* ~= J3 ~t ~ m.J1Jt~?t$ 
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The distribution of periodic point in nearly 
integrable maps with dual symmetries 
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abstract 
-~~O)PJ~~flJM: -::>v'--C, --c-O)*O)~fliP; ~%~fl (Involution) c v' '? t 0) 

t :tftfflZ"t" ~ ~ c ~, *0)1~t§~ra, ~: iHt ~ ilfJJO)*'f~'l:i-? OOW:L¢.(O)J};fp~ c~ ~ J!lli 
w\t ~ ~ c i}t ~O ; tL --C v' ~ o ~ ; ~: , v' < -::> ~'l 0) 2 *JC '1/ :.,, 7° v 7 T 1 ':J 7 ~ft, ~ 
~=~$~flt: .:J3tt,--r {;J:, 2 f.fi~O)'?L,g.~ftiJtf.flJJ£"t" ~ ~ ~ c iJr~a; n --C v' ~ o A,@, 

2 ff!ffi0)'?1%~1l~ifftnx:"t" ~ ~ 2 *JCili:1iJffi:5t~fl*~:J3t,,--c, OOM n O)#U.~ffi~ 
~: ~ ~ n J.IM,¢.(iJt 4n 1mt~J:.~1:E L ~ itntt~; ~ v'tJ!%iJt2b ~ ~ c iJr5t~'l 0 t::. 0) 
"t", --c-O)ffii5- :a:- ff 1 o it::., ~1:E~; n --c '-', ~ 7' 17° 0)~%~ft c ,i ~ ~ ~ , *~a 
0) 7' 17° O)'?L%~1tiJr~tET ~ 1iJn~'li~:-::> v' --r t :iz!!~ ~ o 

In general, if a invertible map has involution: we can find out a symmetry of the 

map and periodic point. Further: it is known that some two-dimensional symplectic 

maps1 such as standard map: have two kinds of involution. In this paper: it is shown 
that in two-dimension nearly integrable maps the number of points of period n in 

a resonance must be not less than 4n. And we also offer possibility that unknown 

type of involution exists. 

1 Introduction 

~ ~ -r-ii t-r, *M~~:J3tt ~ keyword c ~ ~fSl:ffl~raiO):iq-~tL 1e1,g..~ft.:J3 J: 
rf*t~tl~ c~ 0)~)3)] ~ L --c .t3 < o 

2b ~ 1iJ i!E~fl M ~: :i..t L --C, -f O)i!E~fft1Jt 

M-1 = RMR, 
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R2 = 1 (1) 



t ~-:> J: "? ~it~~ft R iJ~1f.1:E-t ~ t -t IQ o :::.. (1):::.. t t±, ~fl M-1iJt~ft M ~:~;j­
T-:> JlfJJ(l)~ra~&~i~~ ,:>:::.. t 1P C:,' &ta~~ft R t:M-t-:>~j)J,¢.((J)-~r~&ta~*7i 
t -t -:> , JlfJJ (1) a~Ha~ oc~i:i,J-ft ·It iJq¥ 1£-t IQ :::.. t ~ :f:nt-t IQ [ 1] o 

• 

/ 
• 

I 

symmetry in motion for the time inversion 

I,,= M"R (n: ~Ji) {2) 

~~:ZIQ [2]o :::..(J)t ~, (1)-/pt_; lvf = RM- 1R ~~,:>(!)~, fut± 

I,, - M"R 

- (RM- 1R)"R 

- (RM-"R)R - RM-" (3) 

11) MjJ. 
1 - Mj(lvl;R) - M(i+j)R - I+· l J 

12) J.Mj 
/, - (RA;£-i)Mj - RM-U-j) - Ii-j 

13) I.J. l J - (Mi R)(RM-j) - Mi-j 

i f.: 13) 1:' , ·i = j (1) t ~ iP ~ 

I 13') 

I,,Af I,, = I,,I,,+ 1 = M-1 (4) 

-c:-~-:>:::.. t iJ~ C:,, (1) J: ~, ~ ~ ~ ~ n t:~;j-L -Ct~ (1) I,, ?f>, ?f> t (J)jji~~ft R ~: t 
-:>:::.. t iJ~~ ~ , i~~(J):imv, ,: ~,J- L -C *~89~ :@v't± ~ v'o 

i t.: , 11 ) t 13 ~) J: ~ 
(5) 
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C ~ 0 ~ c iJfljtiJ~ oiJf ... ~ nti ... ~fl M ~ 2 00)'eJ,*~fl (I/= E,Ii+l2 = E) 0) 

ffiO)*':-'itfWr o r,mm~ ~ ~ o ~ t iJf5ttJ~o o ~ O)r,mmii1"-::17 O)ffl~ [3] ,:JJ.o 
~ c iJt~ ~ o o 

~t ... ~~~*O).t1~a*~•~O)~~~O)•* 

I' 11 = { X I J,, X = X} (6) 

~ ~ x. o o ~ nii ... -~t~: '~M**1l (symmetry line)'' c '*';f'n t v' o o ~ O)jq-*iMl 
~: ™IT o'lijf ~ ... -::k~:IFT o 

ii\ *'1-*K?lr iJ: 0) ,¢.): x (/ix = x) ~= jq- L l , Mn x = y i:' ~ o ,¢.): y ,: 0 v' l 

li+2nY - Ii+2nM11x 

- Ii+11X [ +- /2) ] 

- M 11 Iix [+-/1)] 

- M 11 x - y 

~~ ~ ... ,¢.): :l/ ii*1*~ri+2nl:t:~ o ~ c ,: ~ o o :xm,: ... ~~,:Lt ... M*iMlri+2nJ: 
0) ,¢.):ii ... ~~fl M- 11 ,: J:--:> t M*i9lriJ:,: ~~no~ c ~ tF-tr o o J:--:> t... i T * 
O)·tiWiJt~ o ~ c iJt5t,;~ o o 

SI) ,ff~O) i: 1d:}tL t, }'1-***lriii, ~fl M",: J:--:> t 
M***1lr i+211 i: ~~no o 

i t:. ' M*~r iJ: 0) ,¢.): X i: ML "'( ... Rx = :l/ i:' ~ 0 ,¢.): y ~= 0 \t \ "'( 

y = Rx 

= M-1/ix [ +- (2) ] 

= M-ix 

.t ~ , ,¢.): :lJ ti,¢.): x ~ ~1l M-i~~ L t:.,¢.):t.:-/Jf ... ~ nti s1) O)'liW,: .t ~ M**9'if.r -iJ: 
,: ~ o ~ c -!Jt 5tiJ~ o o J: --:> -r ... -*OJ~ c -/JS'~ x. o o 

S2) ,ff ~O) i ,: ML t, *'1-~Kvlriii, ~fl R ~: J: --:> t ... 
M~K?'if.r -i ,: ~~no o 

M 11 x - Mi-jx 

= X 

t ~ ~ , ,¢.): x ii n lm~fl M-n ,: ML t ~JJre ~ ~ ... *O)'tiW-JJt ~ o ~ c -/Jf 5tiJ~ o o 

S3) ff:~O)i, .1,:ML-r ... 200):kt**K?'if.ricrj(i#.i, i-.i=n)O)~,¢.):,i, 
~fl M 0) n lfil~fl (Mn) O)~J}J,~~2b o o 
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~ C~d: , 2iJ ~ ~q·f!Fk:,lf; J:. 0) ,¢.i: x iJt n m] M ,¢.i: 1: ~ ~ c T ~ o ~ 0) t ~ , 1f: ~ 0) ~~ 

n:ML -c, 

li-TuX - liM,.,, x [ ~ 12) ] 

- li(M 11
)
1x 

- X 

"'c' ~ l.;, 0)"1:', ,¢.\ X (;j: Mftk:,lf;_,11..t. 0) ,¢.\1: t 2iJ ~ , ;j(O) ::,_ t iJ{§ x_ l.;, 0 

S4) ~ 7.;, M~ ilr i ..t. 0) ,¢.i: x iJt n JaJ M ,¢.i:-c-~ 1.;, t ~ , ,¢.i: x , ;t 
1f:~O)~Jt l ~=ML -cMf*klllf ;,_,,,J::O) .¢.i:-c- t ~ 1.;, o 

~;y t: , S3) 0)'1:iW Lt ;f:f ffl 1: 2li.> ~ , @l M .~ ~ >Jt~ 7.;, ~~, 2 ;}(5t~ftJA 1: 2li.> tL(:f' 1 ;}( 
5cO)ra~imt:1*~-t ~ ~ t iJt-c- ~ ~ o Mf**9lt JaJWL¢.i:O)~,fiM: ·::)\.,,-c (;J:, DeVogelaere 

t: J: 0 -C ffl?t ~ tL -c J3 ~ [2], it.: S3) O)·J1W (;J:, ~~~t: Jl.{tqY.J ~~ft~:--:::>", -c 0) mJ 
M,¢.i:O)WHJrt:flJffl ~n -Cv'~ [4][5][6][7]o 

{ 
q' -

lvf I 
p -

q + Ep' = q + E(p + EF ( q)) 
p + EF(q) 

w = qp' + EH(q, p') 

_ dV(q) = F(q) 
dq 

I DW DW 
q =-. p=-

Dp Dq' 

-IJ.,. G, ~ft M iJtffllmt ~ n ~ o it.:, :ir!~ft M-1 : (q\ p') ....+ (q: p) (;J:, 

M-1 { q = q' - Ep' 
p = p' - EF(q) = p' - EF(q' - Ep') 

--c-~ ~ o 1,7 :J. -1-d,rJn~rliVJ-.1:ar_, ~ c ~, ~ O)~mVJ-.~=tlL±J:.O) H 'd: J\ ~ Jv 1'.::. 
7 / C -t ~ ~ ra~:Jm~ ~~ t ~ ~ 0 I\ 7 ;J. - 7' -d:- ;(:f ~.N O)fifit: t 0 t.: ::,_ O)~ft*(;J: ' 
'1/ / 7° V 7 'T 1 ·:; 7 ~ff!O)-A~E19~ 117° t L -c fflv' G n -Cv'~ 0 

~ -C, ~ 0) 7' 17" O)~ff!(;J:, i T *O) J: ~ ~ jj!B}k:~ft R 
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~ ~ "? ~ c t,t~ t:> n --C .t3 ~, ¥fl M ii, fl~¥fl R ~: J: o J!;jJO)~rai.&,iM~tt 
~ ~ L --C v' o (Fig.3) o 

~ ;~:, rffl~F(q)t,t:~H~~(F(-q) = -F(q))"t"tf)o t, -::f(O)J: "? 7lffl:~¥flR 

~ ~ t' ~ n ~= J: 0 *'J~'li ~ ffftT O (Fig.3) 0 ~ n; 2 "? 0)¥fl R, R,i,f' tffl~ F ( q) 
~:*; ~ v' t \t\ "? O)ti, ti§ -tx:: ~ }i~"t"tf) o o Fig.2 t:J:, € = 1, F(q) = Ksiu(q) 0) 

#Ji~ (fl$¥fl t v\bn o) 0) 2 00)M~'liO)fJtl"t"Gf) o o 

-~-~ci.... .;;....;:...------~/\..~a;;.._...,;,-.;....,;.....,,s;o""----~---~__._ur. 

q 

Fig.2 F(q) = Ksin(q), (K = 0.9) O)#}j~O) 2 "?O)M~'ti 
dual symmeti-y in c~i;e of F(q) = Ksin(q), (K = 0.9) 

~ 0) J: "? ~=, 1 "?0)¥fl*iJf ~"?~?lo 2 "?O)j'j~'ti ~, -f0)¥fl*t: .tdtt o •. 
2 :mJt~'ti'' t 115frf, 2 ffi:M~'t1 ~~To*~ •· 2 ffi:M~*'' t 115f ~ ~ c ~:-too t::. 
t.: L, ~ 0) t ~ 2 --?O)jt~'ti~ liv\~: n!R1L~ J ~ 0) t -to t::.cVJ, -Rt~:, 2 00) 

jj~~fl R, k,t,t H!RJL:"t" Gf) o J c ii, -::f(O)~ftj: ~ iJJt::. L --r v\ o :l:J-%1:' ~ o t -too 

\:/n R -:f M"'R (n: ~~) 

~ n ,± , l "? O)jf !!Yt¥fti6~; ~mt~ no 'e!-%~fl Iri ~: M-t o M~'li ~ , fm W 0) ~ 0) 

t Jj. ?l T t::. &1') 0) ~ 0) 1:' if) o o ~ t 0 Iv, Y ;:.; 7° v 7 r 1 'Y 7 ~fl M ~: .t3 tt o R. R 
ti, ~ O)~ftj:~ iJJt::. L --c v' o o 
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~ --C" ~ ~ 1:' "1/ ::.-- 7° v 7 T 1 'J 7 J:F.fi M (})Rt fl~: t±" *0)~1*iJt2b ~ ~ t ~: YE 
:tf:Lt.:a "ttj:b-t:~"' ;j(O)J: "'J t:JE~~n~~ftS 

(7) 

S 2 = E (E: ·l~~~ft) (8) 

1:'2f> ~ c v) "'J ~ c .. ·e2b ~ (Fig.3)o ~ (}) c ~" 
RR=RR=S (9) 

1:'2f> ~ o ~ ::.-- 7° v 7 T 1 ·J 7 ~fl M ~:;t-:Ht ~~fl St±" 

s ( ; ) = RR ( ; ) = ( =; ) 
1:' 2b VJ " ~ft (8) ~ ijj t.: L l v' ~ o it.:" ~fl S O)~jh,~t±" (q. p) = (0 1 O) 1:' 2b VJ " 

ch c O)~ft M O)~w1u~: c -Jjc Lt v) ~ o 4--@H±" ~ O),Q ch ~fl S t:M-t ~ ~ft c 
L t1-*ffl-t ~ o 

;J(jp iP C:> ti " ( 7) -r:· 1£~ ~ n ~ ~ ft S iJr" J:. (})~ft ~ iifil1 t.: T c ~ 0)-~i[~ i: ··:)l.,, 
ll~t ~o 

r 

Fig.3 2 !ltit:ft* ~: J3 tt ~ 2 "? O)Jj~~ft 
two kind:; of involution in dual symmetric i,yi,tem 
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{10) 

.. 
liy - IiSX 

- (MiR)(RR)x [ ~ (2), (7) ] 

- MiRx 

- RM-ix [ ~ (2), {3) ] 

- (SR)M-ix [ ~ (9) ] 

- SliX [ ~ {3) ] 

- Sx - y 

J: ~, -~ y i±j'1"~*1'ilriJ::O)l~r·r-~ ~, i t.:M~*1'ilAj,: --::n,\--r t fEJ1*0)~ t 1,1t~-lt o o 
J: -::> --r' *-0) ~ t 7,1t i3 ;t O 0 

I ss1) -t.,...;::_ --r 0) i, .i ~:ML --r, Mft*1'ilri, Ajii ~ft s O)::f~•,g--c--~ o o I 
~ G ~:, M~f!riJ::O) -~ x ~:ML "t", -~ :l/ ~ Rx = y-c" ~ o ,¢!. c L, ~ ttii S2) J: 

~ j'1"~*1'ilr -iJ:: 0) ,¢!.-c--~ o o ~ 0) t ~ , Rx = y'-c--~ o ,¢!. y' ~: 0 "\ --r 

y' - Rx 

= SRx [ ~ {9)] 

= Sy 

-c--~ o 1,1t, ss 1) J: ~ ,¢!. y 1,1r ~ ft s ,: J: -::> --r ~ ~ n t.: .~ ti M~*1'ilr -i J:: 0) -~ -c--~ o 0) 

-c", -~ y't;;tjtft*1'ilr -i_tO) ,¢!_--c-~ o ~ c 1,1t71ip o o it.:, M~l9'ilAj t ~ft R ~: 0 v\ 
--rtfEJe-c--~ooJ:-::>"t',:/J(O)~c#~x.oo 

S82) 13:i°:O) i ~:j,rL "t"' j,r~t9'ilri,i~ft R ~: J:-::> --Cj,r~*lr -i~:' it.: 
1f~O) j ,:j,rL "t", M~*1'ilAjti~ft R ~: J:-::> "t"M~*lA-j~:~~tLo o 

S82) ~: i3v\"t", !J;i:~: i = j = o 0) t ~ 1,1~ G, *O) ~ t 1,1t~ x. o o 

I 8S3) j,r~w,'ilro,±~fl R 0), j'1"~*9'ilAo,i~fl R O):iF~~,g---r-a;; o o I 
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i t:., ~ t; ~: '2L~~fl I,,~ J,, t± , 

I,,J,, = RM-" M" R [ +- (2): (3) ] 

= RR= S 

1: 2f.> ~ ~ c iP t;, R. R c rr.rJ;tiO)·l:i~ ~ ch--=> o J>'.:) -C, SS3) J: ~ *O) ~ c iJt i3 x. ~ 0 

SS4) ff:~:O) -i • .i ~:ML -c, Mf*w,'ilI';t± ¥ft JiO), 
Mf**9'ilAj,±¥1l JjO):iG~-,g-1:~ ~ o 

t-r, ,¢!. x :a:-, M~fi,'jlf; c MfF*9'ilAjO)X,¢!. c T ~ (IJjx = x) o "t" L -C, .¢!. y ~, 

JiJ: = y 1: ~ ~ ,¢!. c L , ~ h (± S84) J: ~ Mlt*iriJ:. 0) ,¢!.1: 2f.> ~ (I;y = y) o ~ 0) c ~ , 
,¢!_ X ~= "?v'-C 

X - f;JjX 

- Mi-j IjMj-i Ji~r, [ +- 11) ] 

- Mi-j hlJ [ +- 12) ] 

= Mi-jy 

- Mi-j J;a.: 

M i-jMi-jJ. - Jx [ f- Jl)] 

- M2":r (n=i-.i) 

c ~ ~, .~a.: t± 2n lfil~ftM2"t:ML-C:iG~-c-~ ~, ;j(O)·t1J~iJ{'2f.>~ ~ c iJt-friJ~~o 

8S5) ff::f:O) ,i~ j t: ML -C, 2 --=>O)~;j~*!ri c Aj( i # .i'. i - j = n) O)x,¢!.,±, 
~ft M 0) 2n [fil~ft (M2") O)::fjb,¢!.1:~ ~ o 

~ n (±, 211. mJ!tJJ,¢!. :a:- Yl --=>tt ~ IWJ,: ;ff ffl ~ ·ti1Jlt1-" 2f.> ~ (Fig.4) o 

it:., 'i = .i 0) c ~, T ~ b t 2 --=>O)~tltt'ilri c A;O)x,¢1. (JJ;~t = x) ~: nfl L -ct±, 

:r - IJ;.x 

- (RM-i)(M.; R)x 

- RRx = Sx 

J: ~, ~ft S O):iGJb,¢!.1: ~ IJ, .:. n,± ~ft M O)~jjJ,¢!.1:' ~ ~ o 

·tiJt SS5) t: ~ L -C, 2 --:>O):i.j-fiF*Jilr,-c AjiJ~ t; t±, -y!, f~~mJWL~ L tJ~ --~ x. ~ 
v,·· tJ~O) J: 1 ~= JLz ~iJ{', ~,±, M 2"0)::ffb.~ c v' 1 O)t±, ~ltlaJWL¢!.1:~ ~ oJff~ 
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·1:1 t ~ Z o T~ b ~, n iJt, -f Q)f.Jtt,: ~ttt t -:>~-@.--r:~ Z o :: Q)~xi£t, Pl r 
Q) J: "'J ,: ~ x_ z 0 

M~~ri t AiQ)"5e.,g_ x iJt 2n mJM,g.-Z: ~ Z t ~, ~; ,: 

n=kl (l: ~~) 

'"(: ~ z t T z O :: :: '"(:' ,g"_ X iJtz mJM,g.-Z: ~ z t 1oc5:ET z O :: Q) t ~' 84) (1 Intro­
duction) J: l'J' ,g"_ X li{£!i[Q)~~'ln ,:ML-C' *'1°~*1'-ri-m.l_tQ),g"_'"(: t ~ z:: t t: 

i - rnl = i - kl 

= i-n - .i 

J: l'J , ,g. x ,tM~klrj_tQ) ,g.-r: t ~ z:: t ,: ~ z iJf, ,g. x it M~*9'-Aj.rQ) .~-z: t ~ 
Z t.:.~, j.J-~~ri t AiQ)"5e.,g_ t ~ l'J, -ftLti, ~JJJ,¢.i: c ~,.:,-CL i --) o J:,.:, -c, .~ 
X i;t l(~ft) Ja.lM,g.-Z:ti~ l'J ti-r, c!fc~-C, :(/(Q) J: "'J ~= § "'J:: C i)t'"(: ~ ~ O 

I S86) 

0.8 

s:- 0.6 

0.4 

0.2 

-0.2 ,.__.......__ ______________________ ___, 

0.8 1.2 1.4 1.6 1.8 2 2.2 2.4 

Fig.4 2 :mJ.J-~*~: .s~t Z Mf**9'- t mJWJ,g_ 
symmetry lines and periodic points in dual symmetric system 
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2 *x;TIJfln--~ftlM:;l3tt ~mJWL~ ( r -7 .A~:Rt:miw~=Jt11n ,±, +nt:mtJJ~ 
t.m x. t~ ili TIJ fl n--lM: ;l3 v, -c , ± , fl F9 ru , ~ ltlH{!! (l) ~ J.M ~mo M ,~ ;}J J: rJ' ft~ iP ; ~ u­

~ ~ 1, 7 r ') 7 Alj:t··t,)t:,nx:~iJI:ttt:½\.~T~o ~(l)jJU~t± ~~*n,~ffi:l]X'' t v'bn~ 
[8] o :. :. -c-t±, ~ O)ili:TIJflJt-* t: ;i3 tt ~ ~P.fHJi:tt~: ~T ~~~~fr"':> o 

iliTIJfJfJtlM: ;}J v'-C, c:b ~ rnJM n (l)~~q~iJt:tt~: c:b ~ n mJM,~,±, 2 n 1fffl (ffiF9tt!! 
t ~Elilfili,LftL-t'tL n 1fffl--::>0) .L-1J:f?tET ~:.ti,{', *'7 :.--- 71 v · J'\- ::i 7 0)7-E}]! 

t L -c ~o ; n -c ", ~ o ~ 0) ;it q~ iJthx ~ , c:b ~ M~k?'ilt,tffi-w.J 0 -c v, ~ ~*, ~ (l) M~ 
~:,

1U: J: ~ iti~iP L:, <b L 0) 5EJ.I ~ JJ.M T ~ :. C i,{-c- ~ ~ O 

i T, c:fJ ~*t~~,rin{'c:b ~ OOM n (l)~q~ffitix~: c:fJ ~ n mJM,~ X _t ~:im0 "lv' ~ C 
T ~ 0 :. 0) t ~ ' S4) ( 1 Introduction) J: ~ '~ X ,± M;lt*11'ilr i+n _t 0) '~ -c- 'b ~ ~ ' M 
~itr; t M;lt~lri+,,O)x,~ t L -c, .~ x ~ [r;~ r;+,,J t It< ~ t ,: -t ~ o it~, s1) 

(1 Introduction) J: ~, *Htf:,'Jlf;,±, nlfil~flfi, M;ltk:,'ilfi+211 t:~~fL~(l)-C-, ,~ 
X ,± [ri+2n: ri+311] -c' 'f) ~ ~ o ~ h G (l) :_ C -/p L:,, _t(l);ttn,~iittt: ~ ~ OOWL~,±, '~ 
~r: O)ti n" i: *(l)~lj: ~ JaJJJL~ 

'I.,{'~~:. t t: 7j:- ~ o J: 0 -C, ~ ~ @J}tjj n (l)~P,~~Ji;bxt: ,±, jllj: < t 'b 2n 1fffl(l)@JM,~ 
i?{'ffttT ~ ~ ti?{ 5tiP ~ o 

~ -c , :. :. -c- 2 :m:i-tftfd: j:-J, t ~ , ~t;lt·11 t oo M .~ (l) r~wM: 0 v, --r ~ x. ~ o ii\ 
2 Jtktft'ti ~ jfiJ5JZT ~ 2 0(l)M;fttlr; c Aji?{', jmjjj" t 1h, ~ ~ mJM n (l)~P.~ffibx~ 

ffi-w.J 0 -C v, ~ t T ~ o ~ ~ -c- ~ Gt:, rh L mJWh1. i?r~~-c-c:b ~ t T ~ c , ~f;lt*.,'Jlf;i?{ 
~ (l)*q~jji:@XO)~ ~ n mJM.~ ~r: J: ~ :iffi 0 --C v' ~ t ~, *f***11'ilAj t±, SS6) (3-2 Jp) J: 
~ '~XL~:@ ~ ~ C ,±-c- ~ ~ V \ o J: 0 -C, ~-t;ltk:JRAjt±, ~t~*1'ilf; C ,± ~IJ (l) JalWL~9°tl 

t :Jfinx:-t ~~ti: 7j: ~ o :. (l) t ~, :. (l)~P.~ffibll*Jt: t±, M~*11'ilf;. t Ajn~ t:, -ftL-t' 
n~lj: ~ 2n 1!nl(l)mJ}tJ1,~t,{ J!l:U-tt ~ ~ c i: ~ ~ o J: 0 -c, 2 ffiJHt·l1~ rh 0:tfrTIJliUt 
-* t: ~t L -C t ± , * (l) ~ t i,{ § x. ~ o 

SS7) c:b ~ n( ~it) @Jfl:Jj(l) itP.~~Jibir*J(l) n( -&f~) mJM,~,±, 
4n1mI.L-1_t*?iET ~ o 

~ ~ -c·, n 1J{'1~it-c.~-~ ~ t ~ , J: 0) ,¢.i: ~r, J:-c- 2 0 O)Mft*9'ilr; t Aj ,± xb ~ ~ t 1J{'~f 
~ n ~ (1)-C-, m.lWL~ 0)1fmft0) TIJ~~·t1,±, ~ ,± ~ 2n 1t~U1J:-c-~ ~ o 
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M-~ ,;J:, ~~~fl M t,t 2 --:::> (J)fl!~~ft R, R:~ ~--:::> c. ~ , -f n; t,t, 

(RR,)2 = E (E: '§~~fl) (11) 

~ ~ ~ c. v' 1,f&~(J)r~:-~li;~ &Uffl L t.::t,t, ~ ~ ~*(7) J: 1 ~~~~ ~ ;t ~ o T 
~ td:h ~~~fl M t,t 2 --:::>(J)&i~~ft R, fl~ ~ 0 c. ~, -f n; t,r, 

(RR.)2 = M (12) 

T ~ ~ c.1Ji~T ~ o ~ (7) c. ~ , ~tt, lWJti c. fii.1~7j: !li'8~ tr 1 ~ c. ,: J: '? , ~ (7) c. 
~ (J)jq-~~ c. m.JWL¢.i: c. (7) J*11*'i± *(7) J: 1 ,: 7j: ~ ~ c. t,t~~t ~ o 

2 --:::>CJY~t~*,lri c. Ai(i - j = n) (7)~,¢.0i, ~fl M (7) (2n - 1) lfil~ft 
( M(2n-1>) (7):;fjJJ ,r:r_-e ~ '? , i t.::f~~mJM -~~ i± ~ v' o 

-f L --c, ~ (7)~(7) 2 ffiJt~·!i~ ~ --:::>ill:1iJffi1tlM: 0v,--c, *(7) ~ c. t,t 8 x. ~ o 

~ ~ n(f~~) JfflM(J)~P,,ffi~l*J(l) n(f~~) m!M,¢.0±, 
4n 1tm~...t~1fT ~ o 

~ n; (J)~*'j:, 1JIJ!f£~$v't.:: ~ (7),:ML -c, ~ J: 1 c.~1~~c. ~~t,t AfL~:b-? t.:: 
~ (7) ,: ~ -? --c J3 '? ' lWJti (7) ~ (7) C. j;j~B9 ~ff.a* C. 7j: -? --c V' ~ 0 -M~ ~= ~ (7) J: 1 ~ ft 
(7) 2 ffij;j~*t,t~1f T ~ t,~ c.~ 1 t,~ ,± ~1£ (7) c. ~ ~ ~~T ~ ~ t,r, ~ (J)f_m(J) 2 :ffij;J-~ 

*T~~1iJfttt(J)~~~-*~~1fT~~c.i~lliL~(J)~,*ffl~~~L-CJ3(o 

M { q' = -p + 12!:2 + Eg(q), 
tn I 

p = q 

i~ x. ~ o ~ (J)~flfi, ffil}J.1'\7 ,I. -1 € = 0 c:1iJfftn--~ftc:~ '? McMillan map c. 
v':bn~ ~ (7)~~ ~ o 

~ (J)~flt;J:, € = 0 ~*(7) J: '? 7j: 2 "?(J)fl!~~fli ~ "?o 
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n(;)=(:) ii~*Jilr : p - q = o 

R (;) = ( =:) il~*1lA : p + q = O 

~h ~ t;;t' 
(RR) 2 = E (E: t~~'JF.ft) (13) 

'i- iifiut.:: L --r i3 tJ , 3 •O)iiimI ~ ~ffl'"t:· ~ ~ o t: # o (J) c ~ , ml~ g( q) (J)f~~tt:,: J: "::> 

--r, *(J)Mft·11:,±*0) 2 00)~fr~= Jt~~n ~ o 

g(-q) = -g(q) : 2 :iJt~.* (fi~~fl : /~ J) 

g(-q) # -g(q) : ~-~t~* (il~~ft: J (J)J.J..) 

~ ~ '"t:', ~ 0) 2 0(])~%(J)~Jf lt~ ~ (J) c L -c, g(q) = q30) c ~ ( 2 ffi:M~*) c, 
g(q) = q4

(J) c ~ (¥-M~-*) 'i-~ .:t ~ o ~ (J) c ~ O)~{rnI!t•*it* 'i- J:t~L t.:: ~ (J) 

~t, Fig.5~ 6 '"t:' ~ ~ o 

Fig.5 g(q) = q30)tifr(J)~fl M,,,(J)fSLffi~ra, 
phase Hpace of the map M,,, : _q(q) = q3 
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Fig.6 g(q) = q40)~-%0)~fl MmO)ftffi~ra~ 
phase space of the map Mm : g ( q) = q4 

r 

~ ,:,±, ~/JC t;,i-fflUtP; 6, 7, 8, 9, 1 0, 1 1 @jjtijO)~q~ffibl~fmv\-C 
\,,\oo 

2 :mJtf**--c-~ ~ g(q) = q30) t ~ ,: ,;;1: n(~~) @M.¢.U;;t 4n 1@--C-~-::> t.:iJr, -jj 
O)Mf*'l:iiJt~nt.: g(q) = q4 0) c ~ ,: ,;;1: n(~~) @M.¢.i:,;;t 2n 1ml c ~-::> -c J3 l'J, 2 :m 
jq-***~: J3~t o ~JJ. S87) 0)$1Jt'tliJ1~ < ~-::> t.:::.. c ~ ,&~ L -C v' ~ o ::.. 0)::.. c ~: "?v\ 
-c t;;t=f~l*JO)*a* c ~-::> -c v\ ~iJ1 , ::.. ::.. -ei± § -t~ ~::.. c ,;;1:, JJ!!.,: n(1/Ji~) @M.¢.i: 
iJir 4n 1ml:mvn -c v' ~::.. c -e ~ o o ::.. ni;;t, t> -1:> 7:> Iv 3 -O)~JifaiJ~; i± =f!l ~ tL ~ t> 
0)--c-i;;t ~ < , -ftL~'tt,O)~q~~f~JU: J3v\-c, ~~@M.¢.i: c 1/Ji~mJM.¢.i:i;;t -f 0)1fU&O) 
2n 1ml c 4n 1ml c v'--) .11:tiiJr AtL~b-::> -c J3 l'J , ftffi~ra~ O)ffJJ!t± * ~ ~ :iiv' ~ J! -tt" 
-Cv'oo 

::.. ::.. -e, 4n 1mi:mv:ttt.:1/Ji~@M.¢.i:,: 0v\-C, ::.. niJt77lt ~ tL~ v'*a*-e ~ o c ,± 
v\;l, t> c: {; c:, *'7::.,, :1J v · 1'\'- :i 7 O);iEJJ. (3-3 Jp) ,: J: tlti', lli:i:iJff73'-7At: J3 
v\-C n OOM.~tt 2n iml~i.1¥11:-t o c: ~-::> -c J3 l'J, J:.O)n•*s*i± t -1:> 7:> Iv::.. n,: &. 
-tot> 0)-ei± ~ v'o L -/p L ~iJr;, ::.. 0) J:--) ~ .*MEB~~ mJM.¢.i:73'-~, -t~ b -1:> n(1~ 
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~) mJWL¢.i:iJt 4n 11m, n( ~~) mJWL¢.i:iJt 2n 1ml1¥ttT ~ t "' 1 O)Lt, l:t ~= iJ)ll:P*O)a;_, ~ 
2:. c 0) J: 1 ~= lLt ~ o 

~ -c, -c: ,± ~rtH: t:t ~= i)) ll:P*i)t a;,, ZJ 0) t.: t L t.: G , c~ 0) J: 1 t:t ]Jfi~·li.iJ'f ~ fJ 1 ~ 
0) t!. 7=> 1 iJ) o 2:. 2:. 1:-, fl}U'~tft'tit: J: ~ -C ~ ,l -c Jj. ~ 2:. c t: -t ~ o 

g(q) = q40) t ~ O)fSL1§~ra1 t i-O)M~·11,: J: ~ -caffl]x:: J: 1 t Lt.: t ~, ~i±, 4n 

1mJa;,, ~ n(f~~) JaJWL¢.i:O) 1 i:>~t~w,1jH: J: 0 -c~x::~ ~ c iJt-c:- ~ ~ O)t±:tlFl~:;flL~ 
O)J-i- -c: ~ fJ , ~f1iI~~tJJ,¢.i:,± tt~fi,'ilJj) G itn -c "' ~ o mtt 0) t ~ 7=>, *O) {> --:J~t~ 
ti,'iJ.tJ'f-t x:: -c 0) oo M ,¢.i: ~ t~ 1 0) Jj) t~ --) Jj) t± ~ aA-e a;,, ~ tJt, ~ ~ -c: , M~t'iliP G itn -c 
v' ~ :iFJJJ,¢.:ti, fJrt.: l:t glj O)*tft·li0)1¥1f ~ 5FPi L -C v' ~ t ~ ,l ~ ~ c i)t-C: ~ ~ t! 7=> 

1 o -c:tt, t~ 0) J: '? -/:t *t;ft'tiiJt~ ;t G n ~ t.: 7=> 1 Jj)o t L, glJO)*t~·li.JjtffttT ~ 
c Lt.: G, ~ O)_;fdi$Jrt.: l:t 2 :mJHt* c l:t ~ o t.:t! L, ~~JaJjtft~ti 2n 1mJ L iP-/:t "' 
2:. c iJ)G, ~ 2 •-c:-~.zt.: J: 11:t 211Btft*-c:,±~ fJ fl-/:tv'o ~ ~ -c: 4-1 ~n-c:~;t 
t.: 2 :mM~*1Jtf~1m t L -C*iJt ZJ ~ t ~= l:t ~ o 
~ 0) J: 1 ~=, 4-1 Jn-e~-;t t.: 2 :i:Mft*ti, g(q) = q40) t ~ O)fSL1§~raiO)~xiR.~: 

mEJJ=j ~ -9- .l ~ *11J 1:t f!J;f*m-c:- ai.> ~ nt, 4'"0) t 2:. .1::> ~r~H= ( 12) ~ iriilJ t.:-t J: 1 t:t &ta~~ft 
7Jrrt:1f-t ~ 1p t~ "J Jj),± ~aA-c: aiJ ~J , 2:. n,± A,ftO)iia-c:-a;,, ~ o 

ili:ilffibt 2 :m:kt~*': .:13 P-C, iiJ ~ n( ~ft) JaJMO)j¾~,iJinxl*JO) 
n(-&f~) mJWL¢.:,±, 4n1mJ.l,1J:.tt=1f-t ~ o 

-1J, ;¥7 /' :iJ t.,, .1,- ::i 7 O)JEJ_fil(i, i5:ilfll5t*':i;v,-c, iiJ ~ n(~~) m]WjO) 

j¾~~iJi:tt~: iiJ ~ n mJ1JL¢.:t±, 2 n 1!m.l-1J:1¥1£T ~ t "' 1 t 0)1: "&J 0 t.:1Jt ... "' < --:JJj) 
O)~ftt:i;tt ZJ~p~O)f1I1§~ra,,±, 4ft:*[~Jt-C:Jj.f_: J: 1 l:t 2 ~Jt~·ti~ t t.:1:tv' 
*~: J3 "'-Ct±... ti c Iv c~7Jt i- O)@J !iJL¢.r: O)~t± !ji~: 2 n 111:-a;,, ~ o 2:. 0) J: 1 l:t ~:RiR.~: 
Bv'-C ... 2 n 1ml-C:t± ~ < 4 n 1mJJ,1J:t¥1£ L l:t <-Ct± l:t G l:t v,tj~i)t~ ~ 2:. c i)t, ~ 
0) *O) {> --:J*t~ttt: J: 0 -c *MEB9 t: J=ll±Htt.: 2:. c ,±, Jl'*O) iiJ ~ ~ t -c: a;,,~ o 

A,fi(±, 4 •-c:Jj.t.:~tft'tiO)J:--) l:t*=tOO)~.j-ft·ti1Jt~~t:ff1±T~O)iP, it.:, 
A,@ 0)*€f J: ~ 1Jt~ L ... ~*5cJM: J3 it~~ :i:~t;ft·ti c "' 0 t.: {> 0) ~ ~ .l ~ 2:.· c -c: ~ 
*JCf1I1§~rai ~: J3tt ~ mJM,¢.:73'-1ff t it~~T ~ 2:. c t±11Jfi~7J) ... c "' ~ t.: t 2:. 7=>7J:rilW! 
C l:t ~ C 2:. 7=> 1:' a;_, ~ O 
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t1 Gtl~fti~Svt ~ KAM B±lrJRO)M~ 
Breakup of KAM curves in Twist Mappings 

Y. Yamaguchi 

Teikyo Heisei University 

yy-chaos@jb3.so-net. ne. jp 

Abstract 

K.Tanikawa 

National Astronomical Observatory 

tanikawa@cc. nao. ac. jp 

The structure of KAM( Kolmogorov-Arnold-Moser) curve at the critical situation( ac) 
that the KAM curve is destroyed is investigated in the one-parameter(a) analytical 
twist mappings. We give the numerical result showing that the KAM curve at the 
critical situation is C 1 but its derivative is not the function of bounded varitaion. 
The fractal distribution function of mapped points on such KAM curve is caused by 
the unbounded variation property. At a > ac, we can not construct the reversible 
twist mapping including the wandering intervals constructed by Den joy's procedure. 

f*:f.¥:h~* '::s l.,)'"[AJffi½'-* i::J1Il.,)~X~1:~'i KAM B±I*JJ!~'iiF'.Wi::m,; iP"Z:~ G 7)1, iJJffi½'-* 
~ tH~fU1.G i::-:Jtl--Cffl',; iJ) ~ ~'i~.lz i::~t>tl T < G c.~ j{_,; tl '"(t.,) G fl] . .tl C:tl¥{j l::~ 
l.,)-C KAM B±J~i)!Jyjffig G~~}~""E,KAM B±IlJJ!~'i c 1+'Y(Q :'.5 'Y < 1) -e~G ~ c.7)!7.1'-i))-;; T 
lt)G [2]-[5]. ~.lz ~;tt,.'.\ < -:JiJ,O).tl t;tl¥f~ T~f1Jffl L, -C~ff«e(J-C~0)*5*~1it~O)-CllH~r9 
G. ~*1HH'1 fl O] ~ J=l T t,.) t~ ti~ t~ t,. ). 

~ ,:: ~ 0)*6* ~ ~ ~ ~ ,~ -e ~'i KAM EIE lJJ!J:. 0)¥®.~ O)?J'-1nn17 5' !7 -5' Jvm~ ~ ~":J~ ~ 

~9- ti:ti°O)~~tt ~~9 G * 1:~'i Denjoy[61 O)=J=~i:: ~-;; T#ll-6¼~ tlt~ihfjE~rai ~-aUF9 
~{j ~--6¼-e~tcI.lt'.\ ;:_ c. ~~9-

1-:J0)/,77'--~ a ~<atrP1rcriffi.J:.O).t}l.;tl~fi T(x,y) [-oo<y<oo,0 :'.5 x<21r] ~i:#(0) 

~ '? i::~~~tlG. 

Yn+I - Yn + fa(Xn), 

Xn+l - Xn + 9(Yn+1)(Mod 21r) 
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(1) 

(2) 



;:_ ;::--r: Ja(x) ~:t 21r-~WH~~--r:cJ!> fJ,dg/dy > 0 (b. Ctl~flt) --r:cJ!>~. fa(x) ~t~~:t g(y) ii~ 
~~1(--r: cf> ~~,g-, T ~:t reversibility(7] ~#/?. fa( x) iJ'f~~~O)~,S-, T ~ilEti'O)~iHt 
~~?. *f:: g iJ~~~l(O)~,S-, T ~iJ::rO)M~tt~r.;?. J!t: la(x) c g(y) iJ~~t:~~ 
1(0)~,g-, T ~:tJ::"FictiO) 2 :mO)M~tt~~? [8]. ~ rO)iimt--r:~i~O) 4-:JO)tl Ctl.¥{1 

~t&-5. 

[TMl] 2 £0)M~i1~r.i? Standard Mapping: fa(x) = -asinx, g(y) = y. 
(TM2] lEti'O)M~fi0)3j.~~? Separatrix Mapping: !a(x) = -asinx, g(y) = 21rln i!i­
[TM3] J::°FO)M~f10)3j.~r.;?~{i; fa(x) = -asinx+bcos2x, g(y) =y. 
[TM4] M~tt~t.¥t::tJ:l/~~{j:fa(x) = -asinx + bcos2x, g(y) = 21r ln i!i-

flPJlffiH;:.to~t ~~~HB~~ y = F(x) cia-r. ~t::, ~~HB~lJ::O) Xn C Xn+I O)~ffi~ 

Xn+1 = G(xn) ( p:j~fjclJ¥J~) c!t'"t.F(x) C G(x) O)~t::'"t~l(Jj@j:\c, lffij~O)~f*J:t 
~i~O) J:: -5 ,:1~ r; tl~. 

F(x + F(x) + fa(x)) - F(x) + fa(x), 

G(x) + c-1(x) - 2x + fa(x), 

G(x) - x + F(x) + fa(x). 

( 3) 

( 4) 

( 5) 

ic;ti'O)M~tt~~?b.Ctl~fi(TM[l],TM[2]) '1:~:tG(x) ~fl!JIMJ~Geven(x) c~~~Godd(x) 
,:,J'-~tr;n, itr~~$JJ"~:t~O)J:: -5 i:1~ r;n-Q. 

(6) 

J,5' ~~a~ ac t:ili:ntt::c~ KAM HB~O)ffl"t;iJ)~O)~ft~wffl~~t::aoi:,G(x) .Ml'Ct 
t: n ~~Jt c<n)(x) (J)J;/7 7(1)-&~ ~m-jJ-t~. ~,g-i:~ :,-C~:t G~:ln(x)(n ~ 0) O)J;/7 7 
O)~~ ~ITTjJ l,-C~J:: \,'.\. ;:: ;:: --r:~i Standard Mapping[TMl] (J)ti,,g-0)*5* (Fig.I) ~mfr 
T ~- *6:JIH:t~O) ~ -5 1;: ~ c '6b r; il.-Q. 
[ 1] KAM liB IH:t/, 7 ~ ~ 0) m :k i:? tl -C ffl- r; '/J) ~ iJ~ ~ h tl -Q 0) --r: ~:t tJ: < , a = ac t: .to v '.\ -c 
~~ffl' r; '/J) ~ iJ'f C1 ~ c tJ.-Q. 
[2] KAM HB~~:t a= ac l:.t_H,'.\-C 1 ~~JJ"iiJiW""eN.>~iJ1, 1 ~~JJ'-(J)tl:'770)~~~:t~ff!C-9 
~- ~m~JtO) J;J 5' 7 O)~ ~ ~ fRJ~;)H:~~T ~-

J:.ic(J)*a*~ifm(J) [TM2)-[TM4) (J)~-(£U:to v'.\-C ~~ft L, -C v '.\ ~ ~ c ~i&iJ)~ t.:..(1 ],(2] ~j: 

00 l:~ L, t::*6*~~'* L, -Ct.,'.\,;,. 1 ~~JJ"tJt~ :W--~i/Jtt ~t.§:t::tJ. t., '.\ ~ c ~:t, ~{6.J~a(J i: ~i~ 
Jc G'(x) iJi~l3JU:tfrJJ t::t::*tl.t::fM~~ L,"'(t.,'.\,Q;:: c~ft'*l,"'(t.,'.\,;,. ::>~ JJ G'(x) t,tt, 
-:J##iH:t, Weierstrass ~~c'/J) Takagi ~~,:{~-Cl.,'.\,;, c~;t 1:>tl,;,. 
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'5 0 .88 l-----+---+--___,;~~--+-----t-------1 

bO 
s:::: 
<1J 0.86 l----1----+---+----+----:::11 ..... ::----f 

i-l 
0 
T"""'4 

bO 0.84 l---+---+---+----+----r----1 
0 -

0.80 L----'----'-----.L------L.---'-----..i 

-2.40 -2.20 -2.00 -1.80 -1.60 -1.40 -1.20 

..c: 
.µ 8.00 1-----+----+---~~=-+----+------t 
bO 
~ 7.00 1------,--'-""'----+---:..,__---r--~c-----1 

i-l 
O 6.00 l----+---+-----=--~~-+---+----""11111 
T"""'4 

bO 5.00 l--ll~=-+----+---:-----f-_;,,,,;:o,llllllllllla:t-:----1 
0 -

2.00 r==~~:±:t ......... r~~-;;t;:j 
1.00 '-----------....._ _ __.:., ______ _. __ _ 

-2.40 -2.20 -2.00 -1.80 -1.60 -1.40 -1.20 

log1o(ac-a) 

-+-Geven 
-c·even 

-+-G"even 
-G"'even 
___.,_ G"''even 

----G"'"even 

Fig.1 The lengths L(G~:ln(x))(O ~ n ~ 5) of graph of G~~ln(x) for the golden mean are 
shown. 

'$.. i:ii;~ ,~ ,::t:3 ~t G KAM 8±1*$J:. O)~{IJ:i, 0) ~~½'-;{ff i:-:, lt )-C~lmfu9 G. KAM 8±1~ ~!2 
izttg Q ~¥{I G(x) c¥{St~0)~~5]'-;{ff p(x) O)~,UMi, '$.,0) Frobenius-Perron ~~jjfflJ:t 
~aBizt!~ tlG. 

(7) 
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Standard Mapping t: .iJ ~t ~, lt) < '":J'/J'l (J)@J~~ t:~'"t ~ KAM EiB ~ c ~(J) .m1 JJ (J) )Ei]Wj ,~ (/) 
~rc,KAM EiB~J:.(l)l3£J&7J"1fi~ Fig.2 ,::~ l/"C ci.J~. J, 7 Jt ~ (/)fiU~ -t"tl-ttl(J) KAM 

Eth~ (J) i.atl ~ I* ..ff.ff~]::# 1it I:: ilr lt ){it~ ~jE L/-C c6 ¢. ;: tL i:, (J) ~ J: JJ ~ 0)-t.J! 7}'/J'l ~. 
[1] MJF~ x = o c KAM EiB~c(/)3e~ u -c:~-;t3t~7J";{fft.J!~P'"t ~- G'/J'l Gfm(J)~f$~c(J) 

3e~ -C: ~j:JltJ!C71' ;{ff 'IJ!tffi *'"t ~. 
[2] 3e~ u 1::~'1ffiF9~t.J1mffiG-Clt)~. 

~;ll~(J)@~~~~:11~-C:ilrf~ Gt:: c ~, ilrf~(J) G~9t,.)@~~~ ~? -Cv)~ KAM Ettll! 
~-;1:Jmffl!G~'"tlt). *f:: x-y iJl-ffiH::.t.Ht~ KAM rttl~c-tr ~Jv, ffif9~c(J)fi§]4f£'/J!il:[v) KAM 

Ettl IJiH:iIDiffl! G ~ '"t lt ). ~~ FIi-~ (1)*5 ~ ~ ~-Q ~li JJ, 00::M-(I)~" d:: JJ ff~ 0) re~ (I) :15 t.J15i lt) (J) 

-c:~'1~ v)'/J'l c~ ~ i; tt-Q. ;:n~:t~~(/)~~=m-c: d!)-Q. 

0 (a) . .: (b) 

Fig. 2 The distribution functions p( x) for several rotation numbers. The phase plot 
around the KAM curve is shown in the upper part of each figure. The horizontal axis 
shows x axis(0 ~ x < 21r). (a) golden mean(a = 0.97),(b) silver mean(a = 0.888), (c) 

( /i3 -3)/J(a = 0.888), and (d) ./7 - 2(a = 0.875). 
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::. ::.-c~'ilcti°O)M~11~ t>-:J.tl t;tL¥{i~~X.G. 

7ffl~ : F9~~ G(x) O)/;f7 7-C*0)1i.~~ffl-:J 2 ,~ P = (x_, y_), Q = (x+,Y+) ~~"'5~. 
(1) P c Q ~'i y = -x(Mod 21r) i::-:Jv)-C:,ctf:IFtJ:fft~i::~Q. 

(2) x+ = G(x_). 

::.O)c~, F9~~ffiiJ:O) P,Q ~im~9QfJL~~'i, x -y 1¥00-c~i x = o c KAM O)~li u 

~im~TQtft~""C~G1J\ *td'i x = 1r c KAM O)~~ v ~iffi~9Qtft~-C~-Q. *t-=~ 
,:: x -ySJlcffi-C x = o c KAM O)~lfi u ~imi&i9G!filt~c,x = 1r c KAM 0)°5t.~ v ~im 
~9 -Q$}t~~'if9~{ifmJ:-C y = -x(Mod 21r) t:-:Jv)-C:,ctfefFtJ:'11~-C~Q. 

IDE~: y = -x i::Mf:IFtJ:~,g-~j:,x_ = -Y+,Y- = -x+ -C~Q.y_ = G(x_) -c;;.,Q1J\6, 
Y- = X+· -:J * tJ X+ = 0. ::..tui x - y .lJZ-fiIH::.t::H)-C x = O c KAM 0)3C.li ·u ~iffi.~9 Q 
fJL~-c c6 Q ::. c ~:i:o* l -c v) -3. y = -x + 21r i:::,ct~tJ:~,g-~'i, x = 1r, y = 1r ~if l v )/JJt~ c. 
9 Q ~I'{ ( x', y') -C~~ ~ii~ jgg c AA O)~ft c. fol C: J!:: x~ = 0 ~1~ -3. -:J * tJ X+ = 1r ~ 

1~-3. ::..tui x - y .lJZ-00 i::.t3 v)-c x = 1r c KAM O))t,~ v ~iffi.~9 -3 ttL~-c;;., -3 z: c ~it 
oi L, ""(v) -3. i2!~'i, Reversibility iQ) ':> El ~-(QED) 

AEI:!: y = -x(Mod 21r) i::M~tJ:F9~{j G(x) i:::,ctl-C, *(!) 2-:J0)1i.~~ffl-:Jifl,v)f9 
¥~ ~ fl41*:-C ~ tJ: v ). 
( 1) Denjoy 0)=¥~i:: J:: "? -C;fM,6x; ~ tlt.:i1/f jEl25:rai ~#f-:J. 
(2) y = -x(Mod 21r) ,::~~-

IDE~ : tffl~ i:: J:: tJ y = -x(M od 21r) f:::,ct~tJ:fJLJi c L- -C,x - y.lJZ-00-C~'i u ~1DWL~ c 
-t -Q t,O) ~jB"'5~. u i::M,Lt-t -3 F9¥{iO)!fiJt~~j: x = o ~in~~ Xo C 9 ¢ t> O)~~ Q. 

F9¥fi G O)/;f77~ Gn(0)(n = ±1, ±2, ... ) O)fftfft-C"WJ:tl§ ~Atl-C7}frj9-Q. 5}Jrj 
~ tlt.:llII ~ Lk(k = o, ±1, ... ) c.~cg. Lk(k ~ 0) c Lk+1 O)rai i::itlfjE~ra, lk ~WA 
L-, L!..k(k ~ 0) c L-(k+1) O)rai,::ilti~~ra, Lk ~WA 9G. t.:ti.G Lk c L_k ;61, i)\ 

-:J lk c l_k tJ~ y = -x l::M~i::tJ:QJ:: :H::~lif9,Q. *t.:lf~~rai lk O)~~~'if?iJx.~t 
Gimlkl-oo lk/lk+l = 1, Lk=-oo lk < oo) 

l - 1 
±k - ( lk I + 2)( lk I + 3) 

c.'"t -3. *tdiwJ~-C~'i 1 @J~½'-iJt~~-c~ -Q J:: 5 i::tif&c~ff 5. J;CJ:.0)=¥~~fT-? t.:*6* 
;61 Fig.3 -C~-Q. £ 0 ~**~¥{i Gt.: t>(l)tJ1 Lk(k ~ 1) i::, Lo ~Jill.*~¥fi Gt.: t>O)-/J'! 
L_k(k ~ 1) f::fJ:"? -Cv)-Q. l1 ~**~¥{i L-t.: lf)O)tJ! lk(k ~ 2) f::, L1 ~~*~¥fi L-t.: lf) 
O)tJ~ l_k(k > 2) i::tJ:-? -Cv)-Q. L,i}\ L- Lo ~**~~- L-t.:{itJ~ l1 ~-a"JJ., L1 ~**~¥ 
{iL,t.:~tJ1 L0 i::~*:tlQ. -:J* tJ ::_0)-,6x;l::J::-?-C1~6:tlt.: Fig.3 i::~'i~Jffi'tJ~~-3.(QED) 
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y=-X Y=X 

Wandering l _l 
Interval Al'--+--« 

l _ 2 ".( ~~ 

L_l 

Fig.3 The construction of circle mapping including the wandering intervals 

li( i = ±1, ±2, · · ·). 

a= acl::t:H)-C~Ct= r7'\J 'IJ't, a> ac ~~i rgapJ ,:tct-Q c~Jt l:>tl-Q. -ti Aubry­
Mather -~~i Lipschitz HBILl:t:ffi£9 Q. jEf:!J:: JJ ,gap ~i;:: 0) Lipschitz EtBILl: l::lfinR ~ 
tlfctt.,);:: c'IJ~5}tr~-Q. -~~tm~~'i Birkhoff--tr ~ Jv0):tc~$-*{*=, ~:tcjE$,#JH*=tJ1 KAM HH 
IU:?ffiili G -Cv) Q. ffiiilr G -Cv)t= ;::n 6 0)$-f-l{*=~i gap ~iiiMI-t Q;:: c i::tJ:Q. ;:: 0) c ~~ 
t,; Q ~~{*O)·~~ft ~&;-fiO)~Jm~ <l> Q. 
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iJ.!ll ~' 1*'if Jil-=f 

Effects of Chaos and Noise 
in the Reproduction of Dynamical Systems 

Manabu Yua.sa 
Research Institute for Science & Technology, 
Kinki University, Higashi-Osaka 577,Japan 

Shigeko Magono 
Department of Information Science, Faculty of Science, 

Nara Women's University, Nara 690, Japan 

Abstract 
Based on the principal component analysis, reproduction of Henon-Heiles' dy­

namical system is performed using the various data sets which are prepared by the 
numerical integration of the original differential equations with diHerent initial con­
ditions. The accuracy of the reproduction seems to be strongly correlative with the 
chaotic motion. The influence of the white noise introduced into the data upon the 
accuracy of the reproduction is also investigated. 
Key Words: Henon-Heiles' dynamical system, Principal component analysis, Chaos, 
White noise 

1 Introduction 

v' < ~tp(l)~l~lt1t,c ~v ,-c OJiifflUT-~ ]jS$,~O)~fl o ffifrd1 (time) Xli~m (site) 
3t) Q V 'Ii -t:" (J) (ilij'jj{;:_ "'=> V '-C~ ~ii '"(t, 'Q ~ T Q 0 ~tL t., 0)-flj ~ 0)7-~ 'IJ~ fl-tf ~ (J) 

t ? tiff~ }&Q iP, ~~-(l)fJ60){jf(¥~"*''± c? 7J\ ttJ Q v '1±, 7-~ O)~{~~ t 
t:.; L -Cv 'Q=Ef:.Qm{~JifPJ~~QiO~~a>~ t::,;o~t~:t Q~~r.Ji, .::.t.L!::,O)-r~?';o~ 
~ .. ~J.1:lt(l)rJ.ltr.sl ~ ft-01i?t::JJffl~~~~ < .:. ~ tJStf:BfftU:f~~,~.Jiii Li)iijij ,3 
< ti i5o Unno(1995) f:t.:. (1) ~ 1¥-JOJt;:~h:U~~~- ~ ~ L,Jflv ,;;, .:. t ~~ J: ~ 
r'--1M~~~~t.rnffl~*~ffll~T-Qffi~v'h~*f#~f~~11~~t~o {-CT)~, ~ 
O)fr L.t.- '7i'~I~, lfc&~~ (Unno et a.I. 1996;Yuasa.,Unno 1996;Yuasa et al. 1997) 
~ .. ~~#~{Unno et al. 1997), i- L t~Jt~(Yuasa et al. 1998) O)Pa:H&t:JtJfl 
~tL.. v' < -0tJ:.OJffi Llt '.lt~tt*5:J!:tJiffl e,n tv, oo X.. .:. OJ1.f~(7)1E~~~--1'1" 
It,;, tc "dJ ,~, f,l7t1Jffl~ ~ 4 ;t 6ntcti¥=* ~fa:~fflJtT Q :. c lC J: ":) -c 7-'7 
tf'F.ox; G, f'F~ l, tc ::f'-? -/J"' 6 jGO) fl¥* t flt~;t -5 =. c t !Jt7t- l:>h -Cv '~ (Yua::;a, 
Magono 1997)0 -c-O)~;!f}.:._ ~k fiHenon-Heiles (l)jJ~*l~"'=>v ,-c, 1 ---:,(l)f}JW){ll~ 
-0" ,-c5c0).i.J~~~Evtt t-3•~1.f~~lt~ a *iTO)?ffffi:~~--to ~ ~ ,.:~J]JJ 
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L. t:.o Henon-Heiles O)jJ§/=*1:t :@:.:i:..:f 1v=¥-t,{,l':-ff L., fJljlO)~o * t, ,t,~ chaotic 
t ft. ,'5.::C.*Jv:¥-0) critical value i,ii'-f:(:E--t Qo ::.(l)J~Jt--ett, fflk (7).:C*/v~-{00: 
,~"":>v ,-crm t,1.fr:t:~t.J~*O)~J;xa'fiv ,m,5x Lt~f,l,-)-jj"fflit*(J)~~O)r)t~ ~ ii 
O)ffl~t,~.::c..:f1v=¥- c!:: ~,~ c!::~O)J:? i;::J8~T -5tJ~~WM~t:.o -t(J)~.:!ft .::c.:.f1v=¥­
O)!t)1Ja t: *';::f*~O)~* '? jJO)ff/tli~ < ft.'? fJL:ilt)~chaotic ft.~o "£ v '~T Q1~ 
~ t:' {*~O)jjti ~ jf(l)fflttO)~< ftQf~rti]~Z:, *~ lctffifp,{fiO)if)Q:. t: ~ Jilli L. 
t=..o *.t=.., 7e(l)~,tjj'ffl~*'~l'l{t«ffl,tTQ::. t i;::J:--:>-C{-1:~ Lt=..r-~ i;::, white 
noise a'7JD;lt:.~,z:, noise 0)-jc~ ~ c!:: ~iz:~~(7)~* ~ jJtJ~ c~O)J:? ,~~~tiQ 
7J ~ 'b affi.J""-f :_o 

2 Henon-Heiles ~ 

Henon c!:: Heiles(Henon,Heiles 1964) I±, fflM7M;:;Jo1t o·t.a !i(l)J.IIIJ~t&? tK~*jJ 
~a'ijf~ L. tt, ,f~o -t L --ctaJA*(l)JlttJ,~.to~t o, .::c.-*,v~-ffl~, PJ~ftbitfff~ 
£.l~O)ffi 3 ffi?J"~ffi L -Cv ,f::lf~, Fs:1~il~ !ii~{~ L -CtX(l)-5!1.fffi~ -e:-4*-. ~tiQ 
§ EB~ 2 <lJ 4 'IX7G <lJ tJ ~* ~ ~ x. t=o 

dq1 OH 
dt = 8p1 = Pt, 

dp1 8H - = -- = -qi - 2q1q2, 
dt 8q1 

dq2 8H 
dt = 8p2 = P2, 

dP2 8H 2 2 - = -- = -q2-Q1+Q2, 
dt aq2 

f:_t:. L .. 

(1) 

(2) 

(3) 

(4) 

(5) 

~tf.)'30 
/°'\ ~ Jv ~ =-7 ;...--H Jj:, ~ir.~r~, t ~~* ft.1-- '{l)-r!, P1jf111{l)~{~,;:~ L, t -{-{l){i«E 

a'*ffTQ (.::c.-*1v=¥-ffl~0)1¥1f)o '*f:., :_O)*~i, E < !O)~, lm.tlq1 t: q2i'i 
(q1, q2) = (o, 1 ), (± 1, -½) ~* ~ ;n{) 3 ,~{/) 5 t:,(J) 2 ,~~im {) 3 d-elffl*tLo-=­
~~ffi~O)f*Ju,~~fi l:>t'L-'5o ~ O)jJ~~tt.. rt~a'-Jfl*fl-~:nti~~ --c:iFittt-' 
otf~, -t"(l)fJLiffi:O)~Q ~ v 'fi.:i:.-*Jv~-O)tf}1JD c. #,i:.fJM,~tt. "J chaotic motion c. 
ft. '3o Henon c. Heiles f;t = O)*O)tfL5A ~ Poincare (I) surface of section rB~i:. J:,::, -CM 
tfi- L t~o ftp 1:) q1 = O -C: P1 > O -C: cfJ ~ ~-JJ~ Q2 - P'l !IZtiLl::-C:~00 t: ~i;: tX k t: t~ (J) ~ ? 
,~~-fl~n "Cv'< Z)\(Poincare mapping) ~iljAf::O)"e~Oo 

i-O)~!~t :@::r:*1v~-E:biE ~ tO)ffl-~~~ < E < &O)ti'"C'Poincare~ft:oi 
1Ettl¥.H:::k~ < att 6$~~Ji L t:.o E $ i O)ti~:lt~ 1 (a) (I) J: 5 {: Poincare ~ 
flO)ii~1Jtt, fflk O)m~~flfh:.~v ,-c-tA.-c;1ry-3 1 ~O)ffl61J~t1.dBk&J:J;:;te-30 -
l'J, ~ < E < ¾O)~,~fj:, [.81 l(b) (l)J: j ,~mM~ftf:i;::J: ,::,-Cfifflt:J;o~tt.dtr~J:J~ *{) t (7) t ~ {) ;o~, m, i:,i6~ftfiufe1Ll:{~-~ c ~-'!> (J)"t:Jift < ml{IJffl:(1) Ji i:>ntii. '7 
;...--!l .. .b. t,1. .~ ~ L -c ~1PT-Q m~~dtf:(7) t (l)-JJi tem -r -Q 0 

~ 1 (b) t'ffli:~it-0t:.iH11 00)f)JJO)~{¢tJ~~tti~ Lt:.Poincare 4ft1:'&iJ60 =(JJ 

fit~ ff---=> t:.,~ c. ft. offiJJ&J:t.. .:r.-*,v~- E O)Jl:1JD t *':tffl:1JDT o,., Henon i::. Heiles 
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l'i, .:c.-*1v=¥- E ~~*81h: c ~, ~*m,~ffl' t:, tpt,t dsklil-etilft:. ~ .no~~(l)~ffl~ 
(p~+q~ - ~~ < 2E) ~TIMit:.-tffi~) ,~~?>ffi~iJi2~ ~ ~ ~ 2 :a:~t~o ~P#{1964 
~)Henon c: Heiles I~, chaos t v' ;«~l~*"t+l'i~6ti;o~--:,fc;,ji, ~61'cf-:,f:.,~a' 
lj.;t QfJLJAJichaos t1Li9:--C:~ Q 0 X*Jv:¥=- E O)fto::6~! ~~ ~ L, t, chaos t'Lit:6~l±i 
m L, X*Jv:¥--(J)t@f:1.JD c!:: *'~' chaotic motion ~ ti. ofJJ~fiit,~Ji:1.JD L "'(1,, 'Q (J)-C: 

~;o 

P2 r---r---r--,--,i~~--.------- PJ 

0.4 0., 

O.J 

0.2 

0.1 

0 

-0.1 

-0.2 

-0.] 

0.3 

0.2 

0.1 

0 

-0.1 

•0.2 

-0.3 

...... 
•'•~'• I 

l• ~ •• : . ' .•. ·:··· 
' .. ••••II f t' • ~ 

_;_;·.~:~'·'··~··· ... _ 

: t::·:. ~ o··. 
.... ~ . 

.. • :' '',"' • •,' I O • o: 
~· .. :, ... ·::-· 
-~ :_,·.·: 

.. 

-u-0.1 -0.1-0.1 o 0.1 0.2 u u u u , 1 -o.4-0.3-0.1-0.1 o 0.1 0.1 O.l o.4 o.s u , 1 

~l{a) Poincar~ mapping ( E=0.083 ), Henon k Heiles 1964 !Mt(b) Poincare mapping ( E=0.125 ), H&non Ii Helle11964 

1.0 ...... - ........... -... 
o., 
cu 

"·' e. o., 
!! • i I o.s 
! 0,4 

o., 
D.2 

0.1 
0 ......................................... ....., 

~ I I I ! ~ ! ! ! 
:doiooddo 

~*''"'"-energy 

(112 tl?iJ,fldlJ.~t.::~tt,t.:tlitl(f.)'113-(1,).x.*,1,.,~_-,.:J:-?>ill~ 
Relative a.rea covmed by the smooth cum:e u a fwlction of energy, 
H~non &: Belles 1964 
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~->-diJU~P1:~Henon-Heiles O)jJ~*~ ... WWJ~ftf:t,i q1(0) = 0.1, p1(0) = -0.3, q2(0) = 
o.3, P2(0) = 0.1, E = o.0940 OJ~,~0i,,-c ±~~*rR~fflv,t:.ffiLv'.1J 
~*ff4~ft~~ ~ ~ f*lt~ 3 ffjO)ffllt-e ~:!J!T Q :. c ~~fit~ L --C v 'o (Yuasa, Magano 
1997)0 ~@:Hi~ C~ffiih~, Q1' PI, Q2,P2, q~, q~, q1q2 ~ 7 tXJC~flfHr.i.lbi'Ji6~-r·-;, 
0)7 1'' v A~~ 3 3 2 ,~~JE L -c .:i:..:=f1v:¥-{ttt,t~"'~7 ;il-?1-,~ L-C~-(~~ 
it .. ~wfcO)ik:n:ffi~~WM~t::o 81i)O):c.t-1v=¥-fw]~0v ,-cJ$cflffl~,~J: ~ :Y-?1 
t,fFlix: LMtlr~ff--:>f:.tJ\,. ~X-*Jv::¥-foo]~~ L -C!*ffl Lt:.f)JWJ~ftf:~~ 1 ,~~To 

* 1 f'F.sx:-r- ~ OJWMflil ~ :c.*1v:¥-fr« 
7-~#% Qi (0) P1(0) '12(0) P2(0) E 

1 0.1 -0.3 0.3 0.1 0.094 
2 0.1 -0.35 0.3 0.1 0.110 
3 0.1 -0.36 0.3 0.2 0.128 
4 0.1 -0.4 0.3 0.2 0.144 
5 0.1 -0.42 0.3 0.2 0.152 
6 0.1 -0.435 0.3 0.2 0.159 
7 0.1 -0.45 0.3 0.2 0.165 
8 0.1 -0.453 0.3 0.2 0.167 

-=th-thO)fJJWJ,Tdtn~~fl=~ Lt:.r-?ff~ L -C1Hft~~tit:.~ (1) rv (4) 
,~~J;tT,°5~,)-J5ffli\:*O):tiJll1'1, C.O rv C7~1El'fc~ L-C, 

C{) + C1Q1 + C2P1 + C3Q2 + C4p2 + C5Q~ + C6Q; + C7Q1Q2 (6) 

<7)m-e1~6n~o --JI, 7G(7)-~j;~~(l) ~ (4) (J)tiill.~, ao rv a1~ii:f&c L-C 
( t~ f;: L ao = 0) 

c"t-Qo 
~~~ .. ~~~ffi~*O)¥fWj~O)~~O)§~~~~o-~L-C,~~~~O)~ 

7 

c = = ~( Ci - as)2 

i=O 

(8) 

~ 8 f10J~.:c.-*1v::¥-11';: 0v ,-c fi,ox; Lt:: 7-~ 7Jl tl~.fit Lt:. 41i!OJ"t:'tL-'EtL 
O)~Jj'jj"f~J:t~~---:>v ,-cttJJ L,f:.o ~ (7)~*~ ... .::C.*Jv:¥-fit~-·H~ C ~... C ~­

JJm~~ c ,:,-C~ 3 (a) ~~7F Lt:.o ~ 3 (a)~ jt-Q c, dp,z/dt O)~~O) 2---:>0)Jr-A ~~ 
l,, ,-c' ~~~i1!0)fl] C li.:t:-*/v~-- ~ ;tti~fi;JJa L ... -t:"O)fi;IJO,i, jJ * AO)l:Hm-r ,'!> 
critical energy E = 1/9 = 0.11 f"tifi:iPblt~i-".)--Clt\,olJ:tJ~:bil~-oo 
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--0-- dq1/dt 

"" ...... "_" dp1/dt 

····&···· dqZ/dt 

··-6···· dpZ/dt 



~ G ,~, jts]--=r·--7 ·/p, G¥f.tl4fit L f:_dqif dt, dpif dt, dq2/dt, dp2/dt (7) 41flJ(l)fl/J.71ti 
ffl.it:ttll:v:~tioYelcl-fJJWJ~dtt:tJ~ ~g'* Lt:: 4 IJO)~~:nl~~O) c ~--tA··ctJa 
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~JiJGrEt:::.:Jot, \-Ct, chaos (l)l:Bffl.~ ;ttt:::ffil((l)i:R:d!ft,qtI;""f L, ~~ Lt::ffi~O) 
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4 11*~(7)~-nl~ Noise 
fjl,ij{q;!p6~~6titc-r-?' J-;t ~$~~~-Jjlq~~~-8tro -15:.:. "'t:f&-"J"Cv \~7-?"7 
l'±, 7eO)•~~;o~t::>f"F.&x Lt:. toYe, ~.:r.*1v:¥-t,; 1 O#rO)ffJ.l:'-e~ff~i'L --c 
v ''3o flE-"J --C{iffl Lf:.7-~ Q1 (t), Pt (t), Q2(t), 1>i(t) t l~U! 1 0 #riff< *-e-1E l-v' ~ 
1s;t 6t1'5o :. OYf--1,~ white noise t1JD;tf;:~~~, ~,fix; L,f;:-,}'jjffi~*(l) 
~~~~tJ~t~OJJ:? ,~~1~--t-~tJ'.\~WM~t~o T·--!l q1(t),p1(t),q2(t),P2(t) 1±, 10-1 

M(l)lit-e-tf.>Q:O~, ~n,~ 10-5, 10-4, 10-3 <7)white noise ~iP~itt~-r-?'tPi?:>-tn 
-tfL.7J~*O)g,5l~fi-"Jf:.0 (gJ 4 (a),{b) Ji, E = 0.1103 t E = 0.144 i~-0t,,""(O) 

dp1/dt t dP2/dt t[...-:,t,,"(O)ffllr~*'"e~{> 0 10-30)noise ~1.JD;t.Q ~, ~-l~ffl.f 
;oi,t't:,Q ~ ~ :O~~ 6tJ~,~fl-"Jf~0 

E=0.110 

5 ----------·----·--·--·--

4.5 r----------J 

4r--------1---J 
0 

... . 1 3.5 r--------i-----1 
(J 0 1 - 3 r---~L.-1-----1 

~* ---.s ~ ... di,1/dt 
.5 S 2.5 

i II 2 t-----,1......1....------J -.dp2/dt j= 
] ldf 1.5 r-------+-~---' 
::, 

Cl) 

0 ...._ _ ___.,_ __ .....i,_ _ _. 

s~ 4ffi 3m 
Noisei-1JO~t:1J,1ta 1;L 1' (I} ~-decim&l plQCe of the overlap?Qd noise 

IM4(a) dp1/dt ~ dPJ/dt (l)~ltlU!(l)fo ~ Noise f:' 
:1Ja*.*:,J,1ti\\\JJJ.r(l)ft ( E=0.110) 

Sum of the errors in the coefficient of the reproduced equation, 
aa a function of decimal pl~ of the overlapped noise (E=0.110). 
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2. . 

E=0.144 

4.5 --·--·-·-··· -----· 

4 1--------l----.l 

0.5 i-----------1 

0 .__ ____ __.___----' 

5#; 4tfr 3#r 
Noisei'1JD.it::1J,1t.« W. r 0 

. decimal plat:.'e oWh!t overlapped noise 

IM4(b) dpi/dt c dpz/dt O)f'ltlUiO)flJ !; Noise~ 
1JD;t~1NltJiJJJ.r(1)#ilt ( E=0.144) 

Sum of the errcn in the coefficient of the reproduced equation, 
as a function of decimal plqce of the overlapped noise {E=O. J44). 



5 Discussion 

1J#~O)~tf415.x: ~ f)l3f O)chaotic motion O)r~it:ff,ij a fctt§ffflfffl~i)ir#ft" o:. ~ .. lk 
V±Jft~.ffr1:ti.:.£-0< ~lr O)nf:tt.:.:Jot, '-C7e0)~~1.7ffl5:t~~IE?iii.:.¥imT -3 t:. 
~,:,-i, a.nt1J-r--?1 ti, !J;-t1. < ~ ~~~,t* 3 #r(l)ffft~~-0= ~ t,i~* Lv,.::. c: 
t)i~ 61J'l,;:ft_,-_;Jf:_o chaotic motion c:. O)~J!h:--?v'·tl~t J~]~Lorenz O)fJ~:.-*(7)~ 
'? fctffil.O) chaos ~fd~--?v '-C~~f~{g{~i)~ ~ ~ti~iPt=~ '? t,~il]~~ = t: i)~~~O)~ 
~~Qo 

Noise ~1JD ;t t.:~O)f,fgf t.:.-0t, ,-ct:± .. if~it:J: 3 #r !: t,'? O)i:± .. 4'-@1~--:, t.: J: ? 
t:, t,l5t1.iffl:tt~ ~ rigorous ,:~m--t o~~:1tfflU7-?' ~:~31{ ~tLoffl'lt-e&i:> VJ, 
fJ':if.~ ( 7·-~ ~) 0)1Et.£!¥1t.1:tt1<t~ ~ <-· -oA¥tfr,:i3v ,-c tt, t 5 & l.Attv ,ffi[t-r t 
+1tr-~~O)~ftt~flfltfj-t~ = c iJ~tlBfc.'5 tOJc ~x. 6ti~o 
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Method of constructing multi-dimensional 
exactly solvable chaos 
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Abstract 

Multi-dimensional ergodic dynamical systems with absolutely continuous 
invariant probability measures are explicitly constructed by successive use 
of skew-product transformations of parametric families of one-dimensional 
ergodic transformations. 

1 Introduction 
It was over 50 years ago that S. Ulam and J. von Neumann [1] discovered that the one­
dimensional logistic map Xn+l = 4Xn (1 - Xn) is ergodic with respect to the invariant 
measure 

dx 
µ(dx) = .j ( ) 

1r xl-x 
(1) 

over the unit interval [O, 1). Since such ergodic dynamical systems with explicit invari­
ant measures can offer us good examples of constructively explaining the microscopic 
origin of statistical mechanics, it is of great interest to investigate the following prob­
lem: To what a degree is the extension of the analytic and explicit result by Ulam 
and von Neumann made to higher-dimensional dynamical systems? As for analytical 
investigation of high-dimensional chaotic systems, so-called the curse of dimensionality 
seems to exist. The purpose of the present paper is to show that we can construct 
high-dimensional chaotic dynamical systems whose statistical characteristics (abso­
lutely continuous invariant measures) are analytically obtained. Such construction of 
high-dimensional maps with explicit invariant measures which are absolutely continu­
ous with respect to the Lebesgue measure is the first one as far as the author knows. 
The key for generating such systems is the use of skew product transformations of 
ergodic maps, which will be explained in the subsequent sections. 

2 Skew Product Transformations 
Let us consider a dynamical system Xn+t = f(xn) on the phase space X and a para­
metric family of dynamical systems {Yn+t = g,x(yn)hex on the phase space Y. We 
assume that f and g>,. are ergodic with respect to the invariant measures a(x)dx and 

1 E-mail:umeno@crl.go.jp 
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V>,.(y)dy respectively. A skew product off and {9>..hex is given by a transformation 
h : X x Y -t X x Y defined by 

h(x,y) = (f(x),9J(x)(y)) for x E X,y E Y. (2) 

This dynamical system Zn+1 = h(zn), Zn= (xn, Yn) EX x Y(= n) has the following 
remarkable property: 

Theorem 1 The absolutely continuous measure on Xx Y 

p(x,y)dxdy = vx(y)a(x)dxdy 

is invariant under the transformation h(x, y). 

(Proof of Theorem 1) 

(3) 

From the assumption that a(x)dx is the invariant measure off and v>,.(y)dy is the 
invariant measure of g>,.(y), we have the Perron-Frobenius(probability preservation) 
relations: 

~ / df(u) 
a(x) = L- a(x )/l~lx=x' 

f(x')=x 

(4) 

and 
~ ( ')/I dgx(u) I Vx(Y) = L- Vx Y du u=y'· 

9z(Y')=y 

(5) 

What we will prove here is the following Perron-Frobenius equation for skew-product 
transformation h: 

p(1Jt, Y2) = L p(x1, x2)/ldetDh(x, Y )l(x,y)=(x 1 ,x2 ) • (6) 
h(x1 ,x2)=(y1 ,y2) 

We note that 
(x',y') = h-1(x,y) = u-1(x),g;1(y)). (7) 

By using Eq.(4) and Eq. (5, we can obtain the following identities 

p(x,y) 

/ { , ~)-( ) ldctDh(x1, Yt) l(x1 ,y 1 )=(x' ,y') = 
l X ,y - X,1/ 

= 

= 

= 

= 

:E a(x')vx(Y') 

(x' ,y')=h-1 (x,y) If '(x')g~ (y') I 

L { a(x') L VJ(x')(Y') } 

x'=J-l(x) 1/'(x')I '= -1 ( ) 19/(x')(y')I 
Y 9/(z') Y 

I: 
a(x') 

{ 1/'(x')I VJ(x')(Y)} 
x'=J- 1 (x) 

{ I: a(x') 
1/'(x') I }vx(Y) 

x'=J- 1(x) 

a(x)vx(Y), (8) 
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which proves the Perron-Frobenius equation (6). 
Since we can obtain one-dimensional ergodic transformations with explicit invariant 
measures by the addition theorems of trigonometric functions and elliptic functions [3, 
4], we can apply them as basic components and construct skew-product transformations 
in this scheme. 

3 Examples 
Two-Dimensional Examples 
Two-dimensional mappings 

(9) 

are given by the skew-product transformations of Katsura-Fukuda maps [2] (a gen­
eralized model of Ulam-von Neumann map [1]). They have an absolutely continuous 
invariant measure 

dxdy 
4K(l)K(x)y'xy(l - x)(l - y)(l - lx){l - xy) 

(10) 

over the two-dimensional domain S12 = [O, 1] x [O, 1], where K(a) is the elliptic integral 
of the first kind given by K(a) = J~ du/ y'{l - u2)(1 - au2). 

Three-Dimensional Examples 
We can construct higher-dimensional maps with explicit invariant measures by succes­
sive use of skew-product transformations. Three-dimensional mappings(a) 

constructed in this way are shown to have an invariant measure 

dxdydz 
BK(l)K(x)K(y)y'xyz(l - x)(l -y)(l - z}{l - xy)(l -yz) 

over the three-dimensional domain !23 = [O, 1] x [O, 1] x [O, 1]. 

Exactly Solvable Chaos in Arbitrary Dimension 

{11) 

(12) 

In a similar way, we consider an N-dimensional mapping with explicit invariant mea­
sure by successive use of skew-product transformations. 

X (J.) _ 4Xn(j)[l - Xn(j)][l - Xn(j)Xn+t (j - 1)] for J. = l, ... N, (l3) 
.. n+l - [1 - Xn+l (j - l)Xn(j)2]2 

where the boundary condition is fixed as Xn(O) = 0 for n = 1, · · ·. This model can 
be viewed as a kind of open flow systems which were initially studied by Keneko [5]. 
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Clearly, this model is an N-dimensional generalization of the above mappings (9) and 
( 11). The above dynamical systems have explicit invariant measures 

nf=l dxj (14) 

which are absolutely continuous with respect to the Lebesgue measure over the N­
N 

dimensional cubic O.N = [0, 1) x · · · x [0, 1). 
K olmogorov-Sinai entropy We can also calculate Kolmogorov-Sinai entropy h(µ) which 
is the asymptotic rate of information creation by an iteration of F by the Pesin identity 
[7]: 

h(Jt) = L Aj = [ lnldct[DF(x)]IJt(dx) 
i=I n 

(15) 

= fn 1nldct[DF(x))lp(x1,·· · ,xN)dx1 · · ·dxN, {16) 

where J.. 1, .X2 , ···,AN are N positive Lyapunov exponents of an N-dimensional map F. 
Although the existence of the unique invariant measures (the Gibbs measures) which 
are absolutely continuous with resepect to the Lebesgue measure such as in this exam­
ple are proven by Bunimovich and Sinai[6] for generic multi-dimensional coupled map 
lattices with loose-coupling, the present method for showing multi-dimensional abso­
lutely continuous invariant measures is a constructive one. Thus, we can implement 
these multi-dimensional chaotic maps in computers and then such chaotic maps with 
explicit invariant measures can be seen as a kind of multi-dimensional random-number 
generators. 
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Fig. 1: 

Density of 2D Exactly Solvable Chaos(l=0.5,N=10"7) 
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Computer simulation of density of invariant measure of 2D exactly solvable mapping 
(9) for l = 0.5 and N = 107(=iteration number) . This is consistent with the analytic 
formula of the invariant measure in Eq. (10). 
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Abstract 

It is widely recongized that friction is associated with the energy transfromation from 
kinetic energy to thermal one. But the microscopic process of this transformation is not 
clear. 

In this paper,to understand the energy transformation mechanism which is based on the 
frictional resistance, we are analyzing the simple model which is named Friction Like Phe­
nomena by Molecular Dynamics Method with second ordered symplectic time integration. 
And we get the two typical results, one is dependency of number of particles, and the other 
is the dependency of spatial dimensionality. 

KEYWORD Frcition Like Phenomena, Energy Transformation,MD ,Number dependency 

rJiHIJ «!:: t,, 5 mtui, fxk O)J«t~il.rft~~m~0)--0-eo.>'50 =0)~'5j$t,,,;:-0t,,-c,iii 
J: '? ~ < O)i}f~t.,Vt ~tv-Cv 'Qo -~, t 5 & LIEg{fH;:"fg 5 ft G f-t~ '?-~(Sliding Friction)J 
~ ii !141¥-J ,;:~ -0 t~ itfl1J c!:: L -r, 71:" / 1-- /-? - o / O)ftlllJ t.,~ o.> Q o = tlAi~I{ ,;: ~T Q ~-0)­
*µx;, c!::tv'*.Qo -t:"nG,i, (1) ~~f.Hitt€~!himfiU;:fi~1*'l...ftv', (2) 1*ffl{JJ&i~i«mn 
,;:~f?lJTQ, (3) lblfll~.YM&,ifit.tl:1*~1*'~J: '? t,J,~1.,,, -eo.>Qo D-.tl:••0)7fi~'y'1' oft* 
,t, =nGiilbf~~~Jfl1.,,-c:Jo:toJ:-t:"~fY1~tL-rv'Q (1, 2]o L.n:\L., ~:1~ 11 o/fflltO)*~ ~ 
,;:ft'?, tt€~m{-1-0) f~J c!:: L.-CO)tfn{tt.,tmttf,;:~tL-'5*~' *1it,;:ffI-0t~ffiH;:.ftQc~fY1t.,t-e 
~ tt < ft Qo --:> * '? , ~lt~,;::J3 it Q r~~A!l@iffiJ c!:: r Jtn:\,t O)mA!IHmffJ t.,t+~~tt Q, c!:: t,, 
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M!JB-eo.> Qo J::J!J!O)~f**'l c"O)jc~ ~ ~, f'1&J 0)~!1,fflUliJ,;:. t t£;m~ L.tdWtlriJ~!-16,~ c ttoo 
Ji!dfi\ ·-O)~SJZff!rf.\jJ~* c L. -C~-0i):\O)m{lfft?vf~t.,~ N.> Q (8]o * t~, :Mt:~ill!IIJO).:r.;t.1v:¥­
t.,:\ G P'J$ilf!!liJ.v,O)imJffl ~~ t: t~~ i;: ti, Rapp 1="7 JvO)f4J*Jrt.,'.\ o.> Q (9]o 

W.J:.~E.7t-, =O) v*'- Hi, [~~mfl,;:.f~t~ffl.~] ~~T1:"-r·1v, FLP 1:"T-Jv~ff!~ L., "t" 
O)*-e0)~~-1-0)ill!!lilJ~lbh~t¥-J,::~1., ,, ilf!IIJ.:r.-*1v:¥-t.,~JmfiiJ{;:~,;:~p.-:, -Cv' < n:\? i;:01.,, 
-r O)f4ft!f ~fit.7t-Q c ;Jt{;:., *O)~-=f~t.,t*O)~tfJ{;:lj.*. Q mW~~~ t: oo 

1 Address : 1-24-8-201 Nishi-ga-Hara, Kita-ku, Tokyo 114-0024, Japan, E-mail : kharaoka@ca2.so-net.ne.jp 
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2 =ET JL, (FLP) ©StBJJ 

[fff}ra-fi? .:e-.:,t Jv {FLP .:r-r 1v) {;:0t,,-cm1Y=JT o 2a *JiP'.lffB El Ea/f a-~t=.t~t.,, 2 fjffi0)*1i:-=f 
tP t> Jj_x; 0 0 DP i:>1f ~R1'10) J\.M*1L-=f • C ~mti!ffl 0) 7 V .{ *k-=f O "e (VJ O 3 (Figurel )o .:. .:. -e fifffi lJi,O) t=. 
~,Ati*1lT~-0-e(VJOCT00AffC-=fO)&~~~lb-~~n-en,Q,P, 7v.{~T~~ 
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@cxxxOxxxO · · · Qcxxx{)xxD@) 

Figure 1: Rough Sketch of the FLP model 

n-en qi,Pi "e~~noa P, Q,p,q l±~n.:Cn** 3 t'X5c0)-"? 1'1v"ea;.,oo 7 v-1*1l-=fl;:01,,,-c 
v' o ~*-*Ji, *1£T~ffilUJIJT o t:-.~O) t (l)"'ea;., Oo 7 v-1 *1i:-=f-Ji, x fml;:~J-1.-- -CMftFl;:l:J.J < t (7) 

c L--Cv, Oo .:.nJi, 1JJM~ffi7}~ x $dJ{;:%J-~-e (VJnJ'!, MftFJ\.i-J-*1£-=f 7}~ x lfidfJ:: ~~ l;:IJJ < J:: 5 ';: 
TO t:-.~O)~ffi-ea;.,oo 7 v.{ *1£-=f-(l)JlfHi, ffi1i11=Jfl *'T 1/Y-\'" IV u (l)rt*-e,t]}~n-CPo 4

o 7 
v-1*1£-=fO)fibjf1MHi, lml~~n-Cv'o (~i:Jl@)a 7 v-1•-r~J\.M*1l-=fli, ffi1i11=Jfl*'7:..,,y-\'"Jv 
V 0)$1[ f't=Jfl ~fl? o 

.12.1.J:: a-* c ~ -C, J\.M*1l-=f-]}i-0(l)t3-~(l)~~{*O)/'\ 5: /V 1' .::=. 7:..,, 1-l Ji 

p2 P1 1 
1-l = T + 2 ~ 2 + 2 ~V(Q,qi) + 22 ~ U(qi,qj), (1) 

I I IJ 

c t~oo p, V, U O)fl:JO)ffi~O) 2 J±, 7 v-1 i?~ 2 *(VJo:fH;:i:a*Toa *1£-=fO)f{fiJi, ~-C 1 c L. 
t=.a A,(m0))1¥ffi""i;::Jot,,-CJi, 7 v-1*1!-=ffffl0).1~-*J±, ~-Cili:!1€ 2*1£-=f-lffl(l)~m-'~-* ~ L, J'!tl)E 
It~ k1, * t=. El ~:N: lo ~ lo = 1 ~ L. t=. ; 

I 

1 2 
U(qi, qi-1) = 2 k1 (lqi - qi1 I - lo) . 

7v-1m-=r-cJ\.Mm-rO)lffl~ .. ~E(l)•~ffix~m-ea;.,o; 

0.0002 ,-----------.-----------, 

o.ooou, 

-
0 ··-·-·- .. 

__ ...__ ___ ..__ ___ J...-__ ___, 

o.o -
21i*~l;:J-;t Frenkel - Kontrova -=E-71v(l)t,Lfilt"t1"a.>o 
3 =. (l) v *'- J-. "t1'li 7 v ..-( c!:: l, ' ? ct 6' Ji r ffiJ c!:: l, ' ? ~ ~ "t1' a.> 0 o 
4 =.(l)v*'- l--"t1'Ji, -~"~* l.,tJ~:pt~i.,,o 
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(0.9lo<d<l.0lo), 

(1.0lo<d). 

Figure 2: Interaction Potential be­
tween Injected particle and Array 
particle 

(2) 

(3) 



:_ :_ "T:: d = IQ - qil, A f;jJ§]i f1=Jfj 0)1m ~ ~~T / -::7 J. ~, Vo /j: d = 1 c:7J{7 /':--'-\" 1v:a:- 0 1::.-t- Q 
t-::.. lf> O) 7.i- 7-t -;,; 1-- t· ib Q 5 a ,Jf T /' :,,,-y /vO) H~tl(-/-;t Figure2 /;:.ff- ~ ;h, --C v' Q a :. 0) ~ l:.:J:!J'v '--C /"i, 
A = 1 c: iv> Q o :. 0) ,Jf T /' :,,, -\" 1 v /"i, 7 v -{ W: -=f- c A M*11 -=f-n ~ , 7 v -{ tv: -=r- 0) 13 ft* c !RJ t.::. ffi~ 
1:.* t-::.. 11# {Df§ li f'l=ffl n~m G 7.1,(;:. ijA ~ii~ ;h, Q :. c ~ ff-To 0.9lo J: VJ /-;tj[--::5 < 1JH;J: f.t v '* :a:-fimM!, LJ~ 
n~ G r.+W l"ifibh Q a *- t-::.., 2 ~IJ 0) 7 v-1 f.\i:-1-0) lffHWi l"i 1.9l0 -r:: ib VJ , :. n G l"iH3li 11=ffl :a:-11' 3 fi1 
tiili i -Q :ij:J: 7J~ f~ v '~ I:. J3+ mi: ~ ;h, Q o 

4-@ O)f1~trrl:.:to" \ --C /;J:, t = 0 {:.:to L, \ --C7 v-{ W:-1-l"i iWUJ: L, --c L, \ Q O AM~~: -1- l"i, t = 0 1:.:to" \ 
--C, 7 v-{ O):Y~tJ> G (~ --C-: l"ili:7J> G) iaI& Vo -r:t1)Hf i6 *-t1Qo an·/:), * O)~.::c._;;J,:.;v:¥-1-:t, .A!tt*11 
-yO)~f -? --CV\ Q J!l!ID}J.::c._;;J,:.;t,,:¥-f::',t--C-: iYJ VJ, f*{f ~ ;rl,Qo 

:. 0)-=E-5__.. 1Vc'{"i, .7'Mt'l'I-=f-{;:. l"ifJJHlliili& ~-9. ;t Qftl11"i, 7 v-{ c 0)1:§]i f1=ffl t:::· ,t-r: ib Q o :f:: 0) 
t-::..lf>, 7 v-{ 1:..::c._;;J,:.1v=¥-ntft VJ, 7 v-{ 17'lc:ffitll:-t Q n,, tr L, < 1-:t~il!I L,--Ciffi VJ t.tut Qi.),, *- t-::.. 
/"i 7 v-{ 1:..::c._;;J,:.1v=¥-~ .I} ;t t -::.. f~ 1:.i~Ud.:i/& ~ n Q i.),O) 3 --:>O)~:jl(f~iJ~~ ;t G n Qo .7'Mt'l'I-=f-iJ~.::c. 
_;;J,:.;v:¥- ~!k? :. c i.), G, :. O)-=E-7'1v~ r~~l:.{~t-::..miu (FLP;Friction Like Phenomena) 6 c 
llf .-&:0 

2~-r-:~~k*0)~00~~:a:-,2~0):,//'~ v? T ~-;;?~c:~Mffl0L,ko *-kAA~L,kffi,A 
Mw:-r - 7 v-{ W:-1-0)1:§]i {1=J:f:Jfj: Figure2 (;:.ff-~ ;h, --C v' Q:@ VJ c:, J:: T0)7 v-{ O) ri,i,/j: 1.9lo(z = 
± 0.95lo) c:ib VJ, lo = 1, k1 = 1 ci- Qo ti'.L-1-1£4:liHii-~--c 1 t·Ji)Q o 

3 .1 -~jr;~O)itlJ 

~~fJTO)ff~~~-{ J. --:> L,~i-< cj- Q~, *--'.I" FLP -=E-7'·1vt·O)- ~ Ji:;r,·l·1";1: 0) t#!-P:~fd1l'T Qo :. 
0)%~-frO) - ~Ji:; c /·"i, 7 v-{ t'\'i:-1-0)Jfil[~J7J~ x il~h;5[nf t::' tt {;:. ftjlJIIJi ~ ;h, --C v' 0 1]:r. ~mi-o 
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Figure 3: One Array Particle Model result. Up-Left: Distance from Neutral Position, 
Up-Right: deta il of Up-Left, Down-Left: Verocity, Down-Right: detail of Down-Left 

5 ,:, O)J~~ § {;jq;: 'bi3-'< tt -'E-T Jvi?>ai) Q ;1;, f,'t(:::,1.J, ,;: ;fm[{t-Jfl i.);y~* Q~~, a;_,* I'.) ~F~J~~~!il < LJ.: < ltt, '~- il' i:., 
:. O);/)'Rtt'J~~* v~- 1-- "('/j: Jf] l, 'f.:o 

6 r•aJ t~~tt,am•~~"('-~Qma-r:a;,,Qo *~' -=i:--r~t~t fflK~fflO)m~, ~~ttO)•~~~, 
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7 v-1*1!-1-i1I45- 100);!1~, ~ (1) 1:1, ~O)ffiw:•~ffi:~0$t1I-e~ o : 

p2 p2 
1i = 2 + 22 + 2V(Q,q) + 2k1(q - l0)

2
• (4) 

7 v-1 (l)*1£-=fl:t-0ft(l)-C-~;t*'j:~llm L.,fc.o * tc., P, Q,p, q li~-C x $mJ:(l)ff ~~T .A]J 7 c!:: 
l., -Cff,i? o A= O.OL vo = 0.002 c!:: L.,tc.~(l)afjf*li*~ Figure3 t.:~To 

Figure3 i:fl, 1-i:J:li, 7 v-1*1£-=f(l){ftft(l)~fffl~Jm~Ji -Cv'oo ti'J:li, AM*1l-=ft1Iifm~~--:> 
tc.'k> c!:: (1)7 v-1 *1L-=f0){1Ltit~ J!o~l.:, ~rdl ~~jc L, tc. t (l)-C-'k, oo 1-i:rli7 v-1 *1£-1-0)imll, ti' 
rli, .fti:,J:tl~., (l)t$7tO)~jc-C-'k,oo .:. O)afjJ-c+Ji, *i"\ 7 v-1 (l)}aJXJHi 21/ 21r O)c7t- -c,+'k,oo 
Figure3 (l) ti' J: ~ Jl o c!:: , ffi .Ji {1= Jfl ti~~ < ft--:> tdJ·-a-0) * Ii SJZtlr * c!:: ft ., , JaJ WJiD!!ilJ ~ Nm L, -C v ' 
oo 7 v-1~-1-li, .7'M*1L-rc!::ffilii1=Jfl~fi?rdJ (~fLi= 500llrill*-c+) Ii, 1'*Jallllllt~it'"lttc. 
~(1)%iffi!J~ib~fi--:, -Cv' Oo .":. (l)lt il!IIJ.:i:.-*1v:¥-~~i-Cv' o t}I, iJZflH.:,ti:,.l,, ,t:_!~(1)7 v 
-1 (l)P']$.:C.-*Jv:¥--c.+'k>oo :JJliM~ft~-C-'k>o t}I, Aif~-=ft}Smim~~-? -Cl,, 'o ;!)'.\ t>' AM~ 
-=ft}Iy v-1 *1£-=f(l);(:j'{.:'k,offl-~ c!:: 1-cl.:'k, om-~-e~rdJ~l.:M~l.:Jift ;-r, :/Jfftlj: 0 -c.+liftv 'o im 
lll.:M l.,-C t f;Ut!RJW<O)~Jl~~to•ilil:fHl~oo 

-c+,i, 7 v-1 *1£-1-~ 2 IH.: L, -c 7t-o (Figure4)o Figure3 c!:: 1Vto (l)I±, J...M~-1- c!:: (l)tl=J.li {1=.ffl 
(l)(IDl(t}S 2 @ll.:,5.x;o.c!::, 7 v-10)£*JaJW}t}S 21r t: 21r/61/ 2 l.:,5.x;o .":. c!::, -C-'&,0 0 

---
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I 
··------- 0 

I I. - ,_ 
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D a a. Ell II. a •• II .. 

Figure 4: Left: Distance from Neutral Position for each particle, 
Middle: After First Event, Right: After all Event 

NI I 
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Figure4 l.::Joi.,,-c E:(l)~J'i, 7 v-1 ti-=f(l) El ~~ii'.\ t> 0)-rti-e'k>oo :llaO)l.:jc~ ft l::0-? ~ 
~0':Jjt}I.7'if*-1L-r c!:: 9i;l.:ffi.lifFJfl ~181.:. T':Ji-C:'k>oo tpJj:, -ll 1§1 (l)ffil[ {1=Jfl t}I~b-? tc.~, • 
f!?.l~l.:SJZfi~fm c!:: ft--:, -Cv 'o ~O)W<-=f-c+'k, oo tiftlM, =It 1§1 (l)tl=J.li {'f Jfi t}I~b--:> tdf-C- '&> oo tp 
c!:: ti~ J!J;l:~o c!::, ffi.li 11=Jflt}S 2 lli81 ~ olH.: J: ., , ~l{lj,j:jc~ < ft o. ~ i.::Joi., ,-c y !lilllO)fft}SJ4 
ftolH.:ttjt l.,-C~ Lv'o L.,t}'.\ L-£*JaJllllft~jc~ < lbil'.\Tfl c!::"-C-liftv'$ili:$ttl'.\oo .:.til'iA 
Mti-=ft}I,'f,t~l,, \(1)-c,+jij~-:e-- ~--(l)DiJJ~t}ifibtiftv'~ -c,+ 'k, Oo *(l).:C.*Jv:¥-tl~-OiH¥ l., -Cl,,\ 
o $i1'.\;, AMti-=f O).:i:.-*1v:¥-0)~1J':St~ t--:> -CY v-1 tli~f tc..:i:.-*iv:¥- c!:: To $i1Itf:Bl~o; 

TransferedEnergy(Er) = Initial Kinetic Energy of Injected Partilce 

- Energy of Injected Partilce After Correlation. (5) 

~l.:A,[ill(l)jf.l.::Joi., ,-c Ii, Aif*1l-rliffi.li {1=ffl (l)ftv ,mWJ~tnM'.\ t>, 7 v-1 c!:: ffili {1=Jfl ~ff--:, 
tc.~, ii., tilt-CNOffi.li {1=ffl (l)1!iv ,~ffj,.:,ti:,~ < o 2 *1L-r*(l)m,~, 2 /Jf 1§1 (l)ffi.Ji 11=Jfl~(l) 
7v,1(l).:c.*N~-~' 1J.rl§l(l)ffi.li{'Fffla(l)7v,1(l).:c.*N~-0)~3fflc!::~oo .":.(l)·-=f~, 
1, 2, 4, 8, 1 6 *1£-=f(l)*l.::Joi.,,-caf• l.,fc_(l)t}I Table! -C-'&>0 0 

Tablet ,~:Joi., ,-c, ~#U±{iiJlal 1§1 (l)ffli~il'.\, ~~ L, -Cv' oo .::. O)~l.::Joi., ,-c f:i, ~-=f 7 v-1 ~.:r­
-0 ~ tc.., (l).:c.-*iv:¥-t.:~j'J L, -C 'k> oo * tc.-*1L-=f(l)m--a-(l)iJl8.:i:.-*1v:¥- a- ffl v ,-cffi.~1t L­
tc.o 0*., Tablet (l){f E Ji""fic(l)at•i.: J:--:, -C lj.;t t>tLo ; 

. &r, 
E = {(Number of Array Particle)(Transfer Energy of One Particle Array Model)} (

5
) 

.:. 0).-=fi)'.\ t>JB8.:i:.*Jv~-(l)jlJ~Ji, *1L-1-ft B (l)#}~,.:~t~ft1i~~T-i1I:$fi)'.\oo .:.tiii, ~ 
~P,f:,ififtffl~, ~ l., -C 161WJ(l)m,-a-J±~P,i~ftm,~-c,+(V) o c!:: ~ -*.o i}I, ~*HJfi4-~-C:'&>oo 

-96-



Table!. Transfered Energy(scaled by 1 particle Er) 
1 2 3 4 5 6 7 8 

!Particles 1.00 
2Partilces 1.50 4.50 
4Particles 1.75 9.25 17.50 18.25 
8Particles 1.25 3.75 7.62 10.12 8.25 5.25 2.88 3.45 
16Particles 2.00 15.62 55.87 140.94 288.68 507.36 793.85 1135.86 

9 10 11 12 13 14 15 16 
16Particle 1512.60 1895.42 2253.98 2563.42 2803.87 2952.59 3047.44 3087.31 

a.2 =~~-c:O)atlJ 
2 7Xjc~(l)nlf*lf*~~To .:: .:: ~(l) 2 7Xjc c Ii, 7 v-{ m-=J'-(l)Ji!ltJ~, Figurel ,~jo,t o x $lb& 
a z !Ml c To •~OJ o O 1't-tm -=r- ii, Mftr-t'.:l: t1 '.\ t;;, x ifidl 1: (1) lj. (1) i!Elb ~ OJ o o 

z ifimjjftiJ-..(l)i'llfJ~WfT c, *litlffl~~-*.o (Figure5)o 

-
1.0.-ooe 

I : 
I 

·0.-«17 

·••-000 
•1.CS.-000 

··-
Figure 5: Comparison between One dimension and Two dimension for X direction 
Left: two dimension model, Right: one dimension model(same as Figure3 Up-Left) 

Figures ,i, -~-=f(l)ffl~(l) x hfr.110)!f!I.J~ ~, =rxjc (tr:) c-~jc (;f:i) ~J;t~ l, ""(1., 'Oo fflli 
f'FJfl~, ftb,O)~flf::liT-" --C(JiJ t: "°C' OJ o ,~ t l)'.\l)'.\P t;;, i\ ffiffli)I~fc1>5 *t,I:$j-t)'.\oo Figure6 ~{'i-=t 
O)~fiJ~wAJ-"0~,~ X - Z ffijJ:~t}J~ 7<rJf!l.,\l)'.\,tt.:.7

0 

-0 04 .______._______. _ _,____,_ _ _,_____._ _ _.______. 
-a.ODO ·1-De-000 ·1•-000 -S.007 0 0.-007 l•ODCI 1.Cle ooa l•OOI 

X 

Figure 6: Trajectory of the Particle. At first, the 
particle moving toward x direction from origin. 

000110'--.....____,_____.___._____.____.__..__.....____,___, 

0 ~ - = - - - - - - -Tl~a 

Figure 7: Velocity of the Injected Particle. 
Each Array consists of four particles. 

*-r, Figure6 {±, ~O)jc~ ~ ti~ 4-i-H~t~ O $,~?'£~ 1.., t.:. I., 'o ff Pi:>, IIJ~ (l)fi C Iv c!:'f'j: z $mjjrtiJ 
~OJOo *1!-=t-li, *-r§~~O)g (~r:pm{~) t,'.\t;;, xJJfPH~~V, -.§.;f:i@J '? ~ L, --Ct1'-'t;;,ir: (x<O) 
i:. 1.,, ~, fflli f-pffl ti\~< t~ o ~ z JJJti.1-..0)* ~ t~ J.ti!!iib ~T 0 8 

o :: O)fflJO)#.J-ft, At-1"~-=f &±-=t 
0) ill! ftfrJi 0) 12% J2J. J:: ~ 7 v -{ ~ -=f I~ lJ1 L, --C :Jo '? , -=t 0) Ii c Iv t· fi z jj ltiJ (1) ~!f!b r-..3 o o 

Figure7 ,±, 7 v-{~-1-ti~ 4 0<JJffl..g-(l)Aft*1!-=f(l)jmJlO)ff#r1:ti~1~-C:OJOo 7 v-1' *1!-=fti~ 4 0 
OJ o t1'-' t;;,ffl.K f'FffHi 4 lfil OJ o l'i-rt~·ti\, 3 0 bl)0)*1!-=f c ,:1, fflli f1=ffl ~fi-? --c 1., ,t~ 1., 'o .::tu±, z 

7 ~[e]O)-=E-7 lv"eJ:17 v-1 J± X l!ilfl(;:_%j-fefr,(;:_!ftfJ < O)"e' .:. .:. "el±-z f!Jt~(;:.ibQ 7 v,10)*1t-=fO)!f!IJ~ ~~To 
S Z :n"rti.JJj:Jlt)i.it J:.Jj:t,l~~i)!1j,~\,\o 
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JJftiJ-..(7)~-(fl:l.>~jc~ <, AM*1r-=f :l.>~imifm-t o ~,:., ffili 11:ffl-t o ffi~l:.Rs-tt:1.>:.0 tc.~ -r: cVJ oo * 
tc., 4 ..,.YliJ(l)'fJL-=f c. (J)ffl]i 111:ffl (:.to"' --C 1±, 7 v-1 :I.):. bimfrjJfti] (J):r..::fJv:¥-~ l&~t L tc.Wi:.tJ: 
oo .:.n~7v-1*1l-=f-00(7)~--r:~~-to$~-r:~oo 

2 7X5c·=er 1v(J)Ml~ i=., AM~-=f(J):r..::f1v:¥- c. i13:r..::f1v:¥-(7)7 v-1 *1l-=f-lt~tt=~ Jl o 
(Figure8}o .:. (7.)af. c. J::(7.) Figure7 i=.:to" '"'C(J)]j., AM*-1L-=f-(1.)19]jmJ.lf± 0.01 "'(:cVJ 0 0 ~ifidH± 2 ~ 

I . I 
00 _____ . ·-.· ____ ___.___........___ 

....,_ 

Figure 8: Dependency of the Particle 
number. The energy is transfered from 
Injected particle to Array. 

~ c. L tc. ii~, iiE$dH±ili8 L tc.:r..::f1v:¥-(J)tiJ-fr-r: cVJ Oo *1L-=f~ 4 (7.)ff!/f±, J:Jm(l);!t~i~*:1.>tHJ{ 
~-r: tYJ '?, ~JVtfflftiJ ~~ L --C"' o :I.>~, ~1* c. L --C f±;(j J::1.>t '? (7.){lJi!Rl :l.)t~o'J boo 

* v *°- 1' i=.:to" '--Ci±, ••m~ i=.:to ~to*~ ~ (1),(:/itt=tt c. :r..::f Jv:¥-3fi (J)j4Jf)r ~ ~ a{] i=. FLP 
.::f-7/v~~~ L--C, -t"(J)J:-r:(J)f4ff)r~fr0fc.o *i\ jc~ ~ i:.mJ-toai~i±, :. :. -r:t±7 v-10) 
t(L-=f~{:titt=ttc. to~ :I.):.*. oo 1, 2 t'X5c c. t i:.~-=f~f:.M-t oll~tt{:titt=tt:1.>t Jl bhtc.o L-:1.>~ L, 
19JWJ0)7 v-1 OJ~fm~:r.-*1v:¥- o i=.-t o, AM~-=f:l.>~:/f7t~"', ~OJ*1JWl~9{:ti:f¥tti:.{'1°"'--C 
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Law of Wearless Friction in Sub-Micrometer Size Actuators 
Revealed by Molecular Dynamics Simulation 
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Law of wearless friction in sub-micrometer size machines such as motor is studied by 
means of molecular dynamics simulation based on an atomistic simplified two-dimensional 
model. A large number of simulation data obtained under various experimental conditions 
were systematically analyzed to examine frictional force as a function of load, temperature, 
and sliding velocity. Exploration of universal features lying in the function revealed unique 
dependence of the frictional force on sliding velocity and load. We discuss microscopic 
origin of the law observed under weakly coupled condition in terms of energy dissipation 
via forced vibration and subsequent energy transfer between normal phonon modes due to 
anhannonicity of inter-particle potential, laying the emphasis on effects of resonance. 
Key words: Wearless friction, Molecular dynamics method, Nano-machine 
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Fig. 2 Dependence of frictional force on sliding 
velocity. 

~2~~. ffltJimJ.i:~~fiii~fi~T~~c~-9J~ 
~- ffltJ~me~MJ:tJ~<~~Lk~~~~. 
~~-ffi-/J1i/!v)ii cl!IJ1*•n ~i!l!aMJi:~1> L, -::.. © 
oo~em:1t-eili{J:.t G mo ~Jjt~o i:51-fifi Lt a 
l,) ct&~-th~i. mo ~13t~o ©tiiSH--ellJ*lSt.J 
~~a~~~- --:Ji, mo~•e~MJ:tJ~<~ 
~Lk~~~~. ~<~~Lk~~~!t~T, ~ 
l: «tail© c ~ l: IIJ1*j$1J-/Jt1fHl(l(Jl;:!ffljc G, ~ 
k,~1*-1J©ffltJ~IJ£-#tt~~~eM~-~3 
~~. ~$lSncmm©OOfficLT, mo~IJte 
ral-ffi J: tJ ~ < ~ ~ L t:::. ~ ~ © Jfft ~ {Jlj ( V stroke = 
0.15) ~ctV im(ffltjEGt:::.4Jft©A~'1J (V11rote= 
o.3 > e ~T. m tJ iil.i: e rllfiii ct tJ ii < itjE Gt:::. 11 
-& ,: i1, ~ a •m-e ~ 1t1•• tJ n11E ©fiii e c tJ , 
Mm©m~~~?t~$j$t.J~m:•tf(J~m~T~­
~o•m~~lfJ*•n~"iE©Mec~-::..c~. ~ 
rra,~T/~~ Jl,,©ff:t.JJJi©JJ-fJ: 1:> "fi31:tJJJil:J: 
? t ~ ~1*t$JJl.-/Jf ~ -::.. -Q -::.. c e it~ Gt t, '.\ -Q. 

--:Ji, ffl tJ imflt e!llffiJ: tJ ii< mtJE G t:::.4!-&1: ~i, 
fpjlU: ~Mflt-/JlfitfT ~- raJfltJ: tJ jc~t,)1sffltli 
»t--c.iii, 7dili©ffl1JJH:~? t lb1*tlltJ~iI«.~1: 
Jff:bnT-Q. --:Ii, 1difflnt r»Hmct tJ ,1" ~ l,) c ~~i * 
~t,) c ~ l:!t~t lfb1*KttJ-/Jlfi~t ,J, ~ t,'.\flte 
c~. 

2 

i' ·1 
~ ._, 

8 1 ... 
-2 
1 e .. 
~ ·c 
~ 

0 

T (arb.units) 
a 0.12 
b. 0.10 
o 0.08 
+ 0.05 
X 0.02 

, 

Vstroke=0.3 

Vstroke=0.15 

8 16 
Load (arb.units) 

Fig. 3 Dependence of frictional force on load. 
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Fig. 4 Effect of isotope intercalation on sliding­
velocity dependence of frictional force. 
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Multiroll Structure Induced by Maxwell's Thennal Creep 

Koichiro Shida; Wm. G. Hooverf, a.nd Shin 'ichi Yama.da. 
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.. Thermal Creep" is a steady streaming mot.ion, induced by a temperature gradient parallel 
to a fluid boundary, in the absence of gravity. Thermal creep has been studied by Maxwell, 
analyzed by Kennard, and simulated by Ibsen, Soto, and Cordero. Here we report several 
two-dimensional simulations. We fiud that t.he boundary driven flow can exhibit four or more 
roll structure which is induced by the basic two roll structure. Hence the velocity of flow 
decrease exponentially from the driving wall, it. may difficult to see more than six rolls. 

1 Introduction 

Maxwell explained thermal creep using ideas from kinetic theory [l]. Consider a gas with 
a temperature gradient parallel to a confining wall. Because hotter particles impart more 
parallel momentum to the wall than do colder, a shear stress is exerted on the wall, with the 
gas flowing from colder to hot.ter as a reaction force. The resulting stationary velocity of the 
gas is the .. thermal creep" velocity, and is parallel to the wall. The flow velocity is directly 
proportional to the temperature gradient. Many works have been done from the stand point of 
Boltzmann equation [2]. Ibsen, Sot.o, and Cordero reported computer simulations of thermal 
creep for t.wo-dimensional hard-disk gases [3]. [4]. Though t.here were no gravitational forces, 
the flow patterns which they reported resemble the familiar two convect.ion rolls found in the 
Rayleigh-Benard problem [5]. 

In the previous paper [6], we found that. the creep velocity is sensit.ive to t.he imposed 
macroscopic boundary conditions and t.hat. the agreement with existing theoretical predict.ions 
is only semiquantitative. In this paper I we find t.hat. four and six convect.ion rolls in broad 
rectangle area instead of t.wo in t.he case of square area. Our simulations are described in 
sect.ion 2, and the numerical result.s are shown in sect.ion :\. 

2 Shuulations 

Our simulations were carried out. all at the same overall number density, N /\I, and wit.h the 
same hard-disk diamet.er, <T = 0.22:\6, as in ref. 2, so that. t.he dimPnsionless density, 

(1) 

provided a c.ollisional cont.ribution t.o the pressun• t.ensor of less t.han t.en percent.. The 
corresponding value of Maxwell's mean free pat.h is A = 5V2cr = 1.58. To save computer 
time, particles follow straight-line t.rajectories for a fixed t.imestep dt. If the distance between 
any pair of particles is less than er, this pair needs t.o interact during the time step. We use 

• shi<la®cs.musashi-tech .ac .jp 

-104-



f>Xad. post.-elast.iC"-collisional velocities for hard disk, interpolated to the precise time of each 
collision. 

There are two kind of boundaries. At. an insulat.ed boundary, hard-wall collisions OC"cur 
whenever the separation bet.ween t.he wall and the cent.er of a disk is less than u /2. In treating 
thermal boundaries, particles hit.ting a thermostat.t.ed wall are ejeded with a normal velocit.y 
drawn from the proper one-sided Gaussian distribution, vi./eq · 

We chose a t.imestep: 
dt = 0.1!iu(m/kT11 )

1l 2
• (2) 

The rf>sult.ing heat. flux bet.ween t.wo f>cuallf>I waJls bounding a periodic channel was accurate 
to within five percent.. For convenience we chose numerical values of Boltzmann's constant. 
k I the hard disk mass m I and the highest boundary temperature TH all equal to unity. With 
a typical value of t.he t.imest.ep the mean distance covered by a high-temperature particle 
was about. one-sixt.h the particle diameter. The finite time step reduces t.he effective collision 
rate by about one percent.. A typiral simulation consists of four handred thousand hard-disk 
collisions. The weaker inducted flows requir" such long simulation t.erm thought much shorter 
run is enough for thermal creep flow it.self. · 

We employ .. Chile" geometry, which is identical to that of ref. 2 in this paper. The 
temperature difference bet.ween t.he cold left. wall, at. TL, and the hot right wall, at. TH, causes 
uniform heat condud.ion. The top and bot.tom walls have a temperature gradient. ex .1:- 1/ 3 , 

wit.ht.he temperature continuous at. t.he side walls. These boundaries cause thermal creep flow 
from left to right., parallel t.o t.he walls, returning to the left in the cent.ral region. Another 
possiblilit.y is ··insulated" geomet.ory. which has insulated side walls, so that. the flow is only 
driven by t.he t.empNat.ure gradient. along t.he t.op and hot.tom walls. In this geometry, two 
rolls is the only possible structure because t.he particle nt"ver forget the transversal velosity 
at. hard-wall collision. 

Our computed temperature profilt"s along the t.op and bot.t.om walls differ only very slightly 
from those of ref. 2. The temperature profile on t.he boundary T ex x 213 corresponds to a 
canst.ant. heat flux with "ex: T 1l 2 . This functional form does not allow for the existence of a 
t.emperature jump bet.ween the walls and gas near. Heat. flows, roughly, parallel to the top 
and bott.om walls. The mass flow forms two rolls, with the upper clockwise, and the lower 
count.erclockwise. The mass flux is smoothed, by using a weighting funct.ion, 

w(.r = 1·/a) = (5/1ra 2 )(1- x) 3 (1 + 3x), (3) 

where a = 2( \.'/ N) 1/'2 1 computing the mean velocity at. grid points with a spacing equal to 
a/2. The fields are averaged over t.lw final half of each simulation. 

3 Results 

Wt" t riNI various Lr, which is tlw dist ancc• hetwf•«'n cold and hot walls, fixing Ly = 100, 
which is t lu, distance bet.wc>c>n t.op and hot tom walls. Flow velocity vedors are shown in 
Fig. 3. Though t.his is is tlw case of four rolls (29 x 100). the two induced rolls is weak and 
hard t.o see. Figure 2 is one dinwnsional plot. of t.hC' same case. The plots are essentially 
symnwt.ry about r = 50. Tlw pair of large positiv<> velocit.ies at. the left. and right side is 
Maxwell's thermal creep flows. Tlw next pair of moderat.J• negat.ive velocities are the return 
flows. Tiu, small posit ivP vt>locit.iPs at ct:'11tral region is t.he evidence of another pair of rolls 
induced by t.he basic t.wo rolls. This positive peak ran be ident.ified also in other runs and 
different number of partide wit.h the same aspect. ratio t.houg the graph may seem to be a 
lit.ti«~ bit. noisy. 

But. in the 30 x 100 configurations, one grid fat.t.er, only t.wo basir rolls appear. There 
are not enough space bet.ween t.hem (Fig. 3). Wt> see four roll structure also in 27 x 100. 
In 25 x 100 case, sp]it.ing the central positive peak in t.wo, six roll structure occurs (Fig. 4). 
Each roll tend to be compact to circle because the memory of velocity transversal to a wall 
is lost at. collision t.o the wall. With t.he insulated geometry, the roll becomes wider because 
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Figure 1: Flow velocity vectors 
for N = 2900 = 100 x 29 parti­
cles with .. Chile'' boundary con­
ditions. The temperature ra­
tio for the two vertical walls is 
Tn /TL = 10. The left wall 
are cold. Two apparent rolls 
are driven by t.hermal creep flows 
along wit.ht.op and bott.om walls. 
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Figure 2: Flow velocit.y components parallel to the temperature gradient. The virtical axis 
shows the velocities and thP. horizontal axis is x coordinate from bot.tom to top. Central five 
grid points ( 12 < y < 18) where the flows are significant are shown for the same case of Fig. 
1. 
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Figure 3: Flow vclocit.y component. parallt>l t.o t.lH' temperature gradient. We see only two 
rolls for l\l = 3000 = 30 x 100 r aSl'. 

t.lae transversal velocit.y is rnnsnwd by elastic collision. We don't have t.he evidence of four 
roll struct.ure upto 1 :5 aspect. ratio (25 x 125) with t.he geomet.ry yet .. 

4 Conclusion 

We found multiroll st.ruct.urc indured by thermal creep flow in wide rectangle boundary. The 
range of aspect ratio for four rolls is relat.ively narrow, and the wider aspect ratio leads six 
rolls. Though eight. or more rolls may be possiblf', it. will be hard to see because the flow 
velocit.y decays exponP.nt.ially from the wall (source of motive force) t.o t.he cent.er of t.he 
syst.em. 
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2 ~7C7 /-Y b.*mJ:P 0) 7 /-Yb. r3J ~ -7 ~:s ~t ~ 
l/ 7° 1) jJ ~t~'ti O)~~'ti 

Stability of the replica symmetry of random walks 
in 2-D random environments 

Kiyoshi Tsutsuit 

Department of Electrical Engineering, 
Keio University, Yokohama 223-8522, Japan 

Abstract 

We analyzed the asymptotic behavior of the random walks in a random environment. Interpret­
ing the trajectory of random walker as domain wall defect of a Dirac fermion thory, the Callan and 
Harvey mechanism provide the relation between the bulk randomness and the zero mode localized 
on the domain wall. We calculated the dimension of this zero-mode nonperturbatively. 

7:,, ly' b~,tti:p 0) '5:,, ?1' L. 'I~ - ~ni, ~Bt:h~-c,t:ffi'-l tJ:~:k~-CJJlt>tl.G. :. :. -eg-5 '5); ~ b.~!l c: 
,1, 7:,, ~· b ~N1~tJ\~~t.J~a{]~~-Ct1tJ: ~ \, ~ \i)'9)Q 'JI. );-f- L, t::. '5 );~ L.-* 7' ~"'a"U~~-C~G. {JiJx_ 
,t, 7:,, ly' b. r7 ?J- -'J O)iWt~JJ'~W.ifii c:JftJ:-tt~t·'5::, ly' b. '7 ?J--'J (J)jffilli:8>-.JA Jr- 1)); 'J',t, 7 );~ b.~); 

,~ Ising ffi~l:!Ht G domain wall 0)'9) i; ~~- 1'*4!!tm(J)~ G * '1:0) wetting E~'"t:O):W-ifii'9) G ~~- ~ 

,1 tJ 1'*'11!fmtJC(.:HfT GIJ&~/i l:.tHt G commensurate-incommensurate E~-CO):W-iffi'9) G ~ c~aa~i:mJi!I! 
LL~\~ L [1), * t:. 7); ?7' b. 'I ?J- - 'J O)!fiJL!Mf ~m*~ c: J.;.tJ:-tt~t. liLtl.t::. ~ -1 7° II MHii~~,:.tHt Gm 
5R~<I) depinning E~-CO)u!l*~0)'9) i; ~·c:IMJi!!T G [2]. ~ G ,:i~t '5 );?7' L. r:7 ~-'J O)ifiJL[ij)-~i9i5Jrfill 
c:J.J.tJ. Lt::. c: ~ 1: i1, '5::, ?1. L.~±}li:p (}) iNi5t-=fJ»{o)ri:i,Mc: tct. G [3]. :e, L,, non-random tJ:ffl!Jii:p 0) 7); ?7. 
b r) ?J- - 'J -C mtHt, intersection probability tct. c1c~l: fi~ ;ttJt*~,:; t1.-r1., )fJ: 1., )$,:t ~~--:J -ni ~) G 

tl•, !tm~ c: L, -r,ttJ\fJ: fJ JIM~ n--r ~ \ G (4). ri:i,M,i '5); ~ b *A O)~}J*-C:~ tJ, 7); 7'.b. *A l:J::--:J l 7 
::, 1y L. * 7' tJ{fJ: ~ \~:k~ -CO) 7- 7- 1 J ::, 'J'fl!JtJ{ c O)J:: -j 1:~{t:9 G O)t)\1)\J'Q.'*O)i-r~-C: ~ G. 

7); 1y b.*~~O)ri:i,Mc L, -r, -it /7° Jvl:J::-:J --r '5 );~ b * 7-.0) realization t;tJUct.G '9)x_, !fm!l:lt~ 
*~G c: ~ l:~:h~e>-.JljZ:t!:jO)J:J.fJ:,:; 9\ 7 );?7.b *-7-.0) realization l:fffl"t G1¥-~~ c G~'~tJt~G:. c:tJt 
?p;~f 1-:,i tlG. ff~O)ljZ~tfk11:,i, v 7° IJ 1J ~7ct-ffl ~ \""[~fr~ tl.G. 'J ::r. /7' · 7 );7'',b*~1& -j ~O)jif L, 

~ ,1, -=J:,,, 7'. 1:,.~~tJ{~:n~a'-J~~-c:tct. ~,.:. cfJ\,:; ~ c:--r 1., \ Q. -t- G --r, '5 /7'. 1:,.~~1:-:J ~, --r, 1¥-:t!:J ~ 
c:~.:. c: 7ct-~ ;t~. -5::, 9·1:,.~~li~t.J~~~-C,j:fJ:l.,\0)-C, '5 );~ b.~~l:~"tGlJZ:t-!:Jtfk11:7<t-5Jffi2m1~ 
(/)J:P-Cfi·--:> t L * -j.:. c:li-C:~tJ ~ '· l/1' IJ 1J it-Cli, El EBI. *-Jv=¥-*t::.,i n }~O)ffimJm)~O)ljZ:t-!:j~~t 
wet Q t:.MJ 1:, -:t 1J :Ji- JvO)*O) ::J t".- ( v 7" 1J 1J} ~ m~-t Q:. c: 1:J::--:) -r, 7 /7'. 1:,.~~ :e,~:n~a>-J~ 
~--r~Q J:: -3 tJ7 .=-Jv*'=~~~x. --r 7 );?7.L.¥:t!:Jil11:~~fr-t Q. fJiJx.~t. El El3::r. *Jv=¥- F O)lJLi$J 

~ gt i,:ct G .:. c: 7ct-~ ;t G c:, F = log Z -C: m G 0) '1:, 

- - 1 1(-F = log Z = lim - ( zn - 1) = lim - zn - 1) 
n-on n-on 

( 1) 

t e-mail: tsutsui«lnkmr. elec. keio. ac. jp 
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ctJ:-Q. (1) ,1EO)c:t -s tc1: = c ~it'* L- -ctt)-Q O)tJ\ c l,);t,~t El m.r.-*Jv:¥-0) -5 /~· b..lJli!:J~*«YJ-Q t.: 
~,:,1, :;¾-IJ :J-r JvO)*O) n 1ffil0) v7°1J f.JtJ\ GtJ:¢*0)5tfiafMJlt0)3JZ~~*«YJt1Jtc:tlt):. c'"c'c6¢. "J* 
f'), Hamiltonian '/J{ La 1-la '"c'c6¢c:t -jfJ:*0)5tficm1~,:-:)l,)"(7 /~ b..iJZ~~ctUtc:tlt)O)'"c'c6¢. ~ 
L -Ciifti: n--+ o O)fi~HHHF~fr ;t,tc:t lt). (1) i:pO) zn ~*«YJ¢IH:Ji, JIO)J!l!~'"t'O)-r-7.::. '1/ ?, f?iJ 
x. ,tmllitJ~lffl r:s ~t ¢ Feynman ~ 17 if '5 b. O)jj#;.~ < tJ :. JJ.ffO)jj#;. [5] ~ ffi l, \ ¢:. c 'IJ{l:iBI~¢. 

v 7" IJ t., #;.'"c'~A ~ tl.¢ ~ V 7° ') t.J i:IH-t~ ti.¢ v7° 1J tJ • 1 /7 'Y? 7-. 0) permutation i:fM]9 -Q~;j­
#f.tt'"c'c6 ¢ v 7" 1J -J:J~t*1Ftt,1, filttl.¢ = c'/Jfc6¢. 7 7 7-. t-- v-1/ 3 /O)~!il,) '5 /~ b. 7-. t:: :,.,~O).lJZi!:JJM 
m~'"c'~}Jl9 -Q 7-. t: / ij 77-.ffl'"c',iV7 1) tJ M~tt'IJfJilttl.¢ = c'IJ!~ i; tt -Cl,\¢ [6]. *t-= 7 7 A 1-- v-

1/ 3 )t'/Jt~t-UIE~l< tc1:<-Ct>, ftt*n;*'"c'c6tt,tv7° 1J -J:JM~tt'/Jt~;t'"c',1tc1:1,,)1iJfrutt'IJtc6¢ [7][8]. 

2 =f=:r JL, 

~"F"t:'ii, 2 *5r;7 :,.,~ b. '7-;t-? ,:s~t-Q v7°'J -J:JM~ttO)~ittt~- c2 + 1)-*n;-1/-:J~O)Jg!faa(})n 
i* ~mt,\ -CWH.fr"9 ¢. 7 :,., ~ b. r1J -;t --J:J-0)$Jt!Mr ~ 7:,., ~ b. Ising ffi~ i:s ~t ¢ domain wall c JJ.tJ: "9 c, 
rpim,1, ~rnm:ftffi"t ¢1(:lt~f.¥-:J Dirac 7 :r. Jv ~ :;¾-)t#Ht'JO)rpU.U:tJ:¢. domain wall ,12 *n;O) 7-. t--

1J '1/ 7°tM~~~ xt.: C ~, c6¢1i1R11:'IRJ'/J\l, )t,-j !f~i:AfJ:¢!Ji~3Rflf:, -:J * tJ Jtjj'/Jt t tJ: ':, oc:M{J{IHi .j, 

O)c:t -j tJ:iJi~~\HF~II L, t.: C ~ t:, *'/Jflffi;~,~'IJ\ i; ~ -j !Utl-Cl,)fJ:~ttHt, X jjlti)O) E = t)\ '"c'~ tJ t,:, -fj-
1 1-- O)ff2ff!'/Jt, t .J, c tJ: ¢ c :: 0 '/JflJl:btl-Q '/Jt, ~O) ct -5 tJ: t ffi~ c .J, ffi~O)~ c tJ: ¢ ,~1:' c6 ¢. ~r,,Mt 2 
~_xjf;O)JJH~,O) domain wall ,1, {,ij;t ,t, 

t t t t ..I- .J, ..I- ..I-
t t t t ..I- .J, ..I- ..I-

t ..I- (2) 

t t t t .J, -1- -1- -1-
fixed fixed 

0) I i:{iifftT¢. (2) i:~LJ.: domain wall ~i-ili<"'"c'c6-Q'/Jf, 7 /~ b.*-7-.'1Jf3;tt,t, domain wall (J) 

m~~,iil[~O)c:t -j tc1:!l!~tc1:mt~'"c'~itJ: l, ). t> L,, l'\Jv? tm5ti: 7 /~·b. * 7-. 'IJ1tJ: ~tttit domain wall <7.)tfg 
~~,17 '5 -7 '>' Jv 1:' c1.> Q = c 'IJt~ i; tt -c 1,, \ ¢ (3]. ~, lfJJ~t-= l,) = c ,11'\Jv-? tJBJtO) 7:,., -Yb.* 7-J:c:t '"'.) -c 
domain wall O)m~~ti c· (J)c:t -5 i:~ffl! ~ tl-Q1J\, cl,\ '5 :. c 1:'3; ¢. f1=Jfi ,1, 

S2+1 = / dx3 f dx1dx2¢ (-yµ8µ + ie')'µAµ + M(r)) 1/J (3) 

'1:i1.>¢. r = (x1, X2) ~1~rfJ,~-~~tJ9:t>O) CL,, X3 ~i~ra,~~'"c'i1.>¢ CT¢. 'Y rr9'Hi 2 X 2 0) Hermite 

fr 9'11:' i1.> '"'.) -c , 
{'Yµ, 'Yv} = 2dµv ( 4) 

O)c:t-5i:m*8-ft~tt-c~\¢c9¢. (3) i:JJA:t:>tl.¢3/-:JJMAµ ,1uc1) 3/-:J:f'-1'1:, 7x.Jv~:;¾-:,.,~n{-f* 
t-¥ ~ tl¢:. c i: f-t~ L -ClJlhtl.¢. 3/- :J ~, 

(5) 

O)c:t -s i:iu~ c:, -1/-:J1"~tt0)3RftJ:i1, 

8aAµ = 0, µ = 1, 2 (6) 

(})~ -5 i:ffl: < :: c '/Jf"t:~ ¢. 
domain wall nf{'¥:(:E9 ¢ t::. l'/J i: ti, Dirac itil M ( r) ,1r~ 1 J -r 1 -1"~tt ~ c6 '3 :bi: Jilt i; tJ: < -C ,ttJ: i; 

tJ: l, \ :: c I: i'.±:1:"9 -Q. ~ L, -C, domain wall ,1, 

M(r) = 0 (7) 
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-5:,, $7' Lfl±Ji(l)1}JJHi, f'Fffl (3) I: '5 / ~· LJJi 1cf:{t~t1Jo;t ~ = c '1:~!IT G. "t"O)wJ I:, 1,Jlt? i}B,tO) 7 

:,, ly'L * 7-..tJ' domain wall l:*t.: l, ""( c'O).J:. -5 i:~ffT .g0)7'J\:a:IUi.a<Ji:JMfWT ~ i:{i, Callan-Harvey 

I,. fJ =. 7~ L [9] tJq~{: t[-J. :: (I) :I- -JJ =. X'L fi, f§ij;t~;f domain wall O)J\ ,y? ?. 7 ry / ~ ii C:$5,g-T G ~~ 

2n+1 (r, E Z) ~i:n:Dirac fprmion ~~-.:z~c, l'\)l,,Q(J)l'\ 1)-r,(-7 /7 1)-~ffl~TGd:.-51:, domain 

wall tl:fJ 17 J~to.:i::- l~fJ\~~i8:!'c!.tl~, C~\-j :t(J)'"t:~~- A,-, 7 /,y ,bry~-?O)if1rjfill<Jfiiitl:!Jl! 

w(r. x3) = J ~e-"",t,,(r) (8) 

J)J:.:Sl:~rai~~-r:i 1:-1~ 1-CFourier~~L--CL*-5. (8) :a:(3) l:ftAl-C, 1/-::;~~~ftf:(5) :a:Jfl 
~ 1 -;> c.. f'FHHt. 

S2-1 = /df /dr~f(r)(,181 +in1A.1 +,282+ie,2A2+M(r)-i,3f)'l/Jf(r) (9) 

<l)J: "? l:tJ.-J l, ')'3-f-T~lj~ pauli fr~lj~~-:) l ')'3 = cr3 c~«.~;f, 

S2+1 = / df. J dr,fi((r)(Heff =i= if) 1/JE(r) 

Hefl = ,181 + ie,1A1 + 1282 + ie-y2A2 + M(r) 

(10) 

(11) 

vJJ: -SI:, ~ e nx1t,i5t~!fecj ~- J:-) --C, Hamiltonian tJ, (11) (}) Helf '1:iltJ\tt~d:. -5 fJ. 2 *n:*'ti13J""­
if1 ,tJ: ~ \:: c I: fJ. ~. ~ '~I:, Dirac fermion ~, 

,t,,(r) = ( ~: ) (12) 

- 1 ( . ) 
Z = ./2 X1 - ?.X2 (13} 

1 1 
A: = v12 (A1 - i.42), Az = ./2 {A1 + iA2) (14) 

<l)J: -5 I:~<. '°'/1 = a 1
, '°'/2 = cr2 c:9tl,{;f, Self= f dr¢e(r)Hef/1Pt(r) {i, 

S, ff = J ~: [ ,t,/ (8, - iA,) ,/,2 H! (8= - iAz) 1P1 - iM ( r) ( ,t,j ,/,1 +,t,J,t,,)] (15) 

cfJ.?;J. Callan-Harve:v ;1,.fJ=.7~-L f9] J:1') (7) (J)mro J:l:"ED,::- ~i,HJ!hti~. fermion '1:ffl:7'J\tl 
ci\~f'Fffl (15) ~*'/:,,{t:9~. A 7J 7-*'//~ cf> 'tl:J~~~'//:tJl, <PR Cti:~~*'//;ij) </>L O)f[J 

q,(z,z)+<l>L(z)+<PR(z) C~~' *'/::.,{t:JJ,,-Jl,,, 

(16) 

<l>(z, z) = <J>L(z) + </>n(z) (17) 

I 2 [ 1 i l . / d2
x Seit= dx B1r81i¢81,¢- 21fcµvOv<PAµ -i 21fM(r)cos<J> (18) 

cfJ.G. Cµv fi 2 *n:5E~&:M#F-r /'j Jvc\ Czz = i c L,t.:. 
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~~~- 5/~bffl~0)~-~8A9G. fi~M¥~5)'~b*Acl,t, 5/~b-3/-1/~T/ 
:::,, -\7 )v~$.A. 9 G. 5:,,,, ~ b · 3/-1/~T / 1/ "t' )vO),:t;{ff P(Aµ] ,1, 

(19} 

t:tt-5t>O)cgG. g ,j:5/~·b*AO)Si~~~t>L,, gnt*~t.,l~ic5/~·b*Afi~t.,'.\, (19) ~,1sdis 

~~& l t.:nt, ::.tt~ (18) O){'FJ:fH:JJax t L, a:: -5. ~f-PJ:IHi, 

S =Self+ Sdis (20} 

~~Q. ~\/:,,,,ftJv-Jl,,(16) ~,j:~\//tblO) ::i:,,,, 1,7 Ht*tI~ 1 ,:~~ L, t L a::·:Jf.:;¢t, -tO)f~h fJ ~ 

\J/:tic-3/-1/:iiO)*s-©'~~9 ~~.i\.l,t, (18) O)ti°filffi2Ji~, 

(21) 

I 2 [ 1 i 1 l · / d2x d x B1r 8µ¢81"41 - 21r/µ,JJ,A>Aµ + 27r92 AµAµ - i 27r M(r) cos¢ (22) 

if) J:: -5 l: tr:I. ~. Aµ ;¢{f~~ t / ~- Jl.,O) configuration i: f-f~g Q J:: -5 tr:I.~~tt ~~--:J t ~ )fr:J. ~ttl~t, Hodge 

5tfW 
(23) 

I ? [ 1 i 1 l · / d2x d·x 
8

1r8µ¢8,.,.</J-
2
1r/µv8v¢8,.,.A+ 

2
7r

92
8µA8,.,.A -i 27r M(r)cos¢ (24) 

ctr:I.?.dJ{, ::. tl~j: 2 -:)0) 7.. 7J 7-:ii <P c A tJ{ 1--~ D 1/7J Jvl:*s-@i l, t~) Q::. c ~~t> l, -c~) G. (24) ~­
ffO) cos-JfitJ{frJ.~ttHt, {-pJ:IHj:t/ 1--5 Jv-r-\7-::J c tJ{ c = 2 O)~~:IIJJm1uO){-pffl c-~9Q, l,t,p L, 
A,-, :ft,q- tJf~§ l, -Ct.,)GO){j:, M(r) = 0 0) 51:,,,, J:J::~:(:E l, -Ct.,)G'"eD-=E:- ~ O)~ 1 T ~ 7 A ~~G- ::. 

0) r-~D1/7JJvlmJ~~tf.>G'"eD-=E:- ~O)-=f"-v-1/Q fj:, 

Q = - f dxµeµvjv = QL - QR 

QL = 2!9 
f dz8z<PL, QR= 2!9 

f azfh</JR (25) 

(26) 

O)J:: -5 tr:I.3'.e:Jt~f1f.~fr£it.:9. ::. 0) 0.L c a:n ,j:tbl eiotL<PL+iOtn¢n O)'/,J:5r:, c uUi~{Tf- L, -ct.,) G. A 0) :1J v / 1-­
c ¢ 0) :1J v / J--O)raiO)~{~, 

f dx,,8,,A = 2!9 
f dx,,8,,tf, 

i:J: --::,-C 1~7 :J---!9- 8 ~AE~9~ c, 

1 ( 8 ) gn o.L;n=- m+-n ±-
g 21r 2 

(27) 

(28) 

ctr:I.G ~ c:~~9~ ctJitfH~G. m, n E Z ~<1.>--:J-C, ?-D )'jj A~~'1:~i-ttl-ttl~7iif, Sl7iif c:P*~;;ftl 
-Ct.,)G:11'1:~G [10]. L,;¢\L,, (28) "efiBJJtnUJhtl-Ct.,lG. ~O)JJ{O)f¥:(:E~:J::--:JL, *O)~~ttfi~c 

~ c O)~~~;J-~·tifJ\ t; fflUt~~tJ: SL(2, Z) a:: '1:fti5 G. 

-112-



;RdJt..: ~ HJ),;t. domain wall (J)?'ffiialY-JVR~ f,H\c'if.> t'.), ~tUi {24) l:.t:Ht ~ cos <I> O)*n:l:J: '? -CM=ffi 
-:-J~t G .tl?J. domain wall Cl)m~~iJ<~iH:tc:( ~ J: '3 l:, ~m~~ z ~ J (z) ~M§ [..;. domain wall n< (t, u) 

.W:mic' t = 0 Cl)jRfJiLl:i: *~ J: '3 l: 9 ~. ~ G i: folding l:J: '? -C, domain wall ~ifU:'* ~ffi" t'.) fi:U. 

Foltliug 

Fig. l Folding procedure 

q,(t,a) = 8(t)q,<+>(t,u) + 8(-t)q,C-)(t,u) (29) 

i:J:-:, -C ~ ¢<±) ~~iii-t ~. 8(t) ,1 Heviside mil&. ~ a; l:, q,± i-.tl--c.tl ~ti:IAl ~ /£7} <l>f c;f51Al ~ /£7} 

</,~ i:tNt-C. 

tpi(t,a) 

vh(t,u) 

COR ,P 

c'iY>~. <PL+ </Jn = 0 ~Bi!-:d..:. 

= (+)( ) <Pi t,u, 

= ¢~>(-t,u), 

<p(e) -
./2. = <p + <p, 

<pn(t,u) = ct,~->(-t,a) 

'PR(t,u) = <t><;·>(t,a) 

<p(o) -
./2. =<p-<p 

(30) 

{31) 

(32) 

~W.~rnli~~<YJ?J i:it, Bernard[ll] l:{q:-.J -C, 1/-1/~~l:J:-.J -C 7 /~ b~T / 1/-V Jv 8A ~~im 
n'11: 1~ffl tJ\ G tJH.H., -CL* .:S. .:. Cl) 1/-1/~ttHi, A,-(7)~€; (28) l: 8 JJiiJtf.¥(£1" ~.::. c J: f'J, tt~~~"t ~- ~* tJ. ;<+);;(-) ,1, 3/-:)~tt,:f.$-::>-C. 

A~ A+ 8¢ q,(+) - q,(-} ~ (1 + 8<1>) '{JL - (1 - 8<1>) '{JR 

21rg' J2 21rg ./2 21rg ./2 (33) 

Cl)J: -s ,:~~ ~ n~ . .;s-:;~~t:J:-.J -c1~m ,1. 
s = _!_ f. 00 

dt Ida (a ip<0 >) 2 
- iM(t, a= 0) / da cos ( (1 + _i_) '{JL(t, O) - (1 - _i_) <pn(t,O)) 

81r o µ 21T 21rg ./2 21rg ./2 
(34) 
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Cl) J::. -5 i: tJ: 7,;,. :. (7.){t:Jfl 7J\ i; cos Jfl(l)»zjc ~ ~cY.> 7,;,. ~(7) t=.?IJ V:., ~ -5 -JlU~ ~ unfolding T 7,;,. :$'i; (: 

folding LJ=. ff, </> L + </> R = 0 i: J::.-:> -r EJ EB 131: ~ *,H: L, -r ~ \ 7,;, (7) "t:, unfolding ff (7){1= J:IH1, 1-cftil ~ /jx;,r 
t.:~t-r:~~t :r;,. ~(7.){t:Jfl 7J\ i;, <I> !Jt(7)»z:rr:~~3t.> 7,;, c, ~JIH1, 

(1-(~)'r 
l + (2:u2 f (35) 

c tJ: 7,;,. :. tU;;I:, g ~ oo (7.)~~H-r:»z:rr: 1 c tJ: :r;, tJf, 0 / g tJfif=f ~HtJ: i; ~t, »z:rr:~11 J::. f'J 11' ~ ~ ). :. (7) J::. -5 
I:, /,JI,,? fffH:)-(7) 7 / ,$1 .6. * A ,1, domain wall l:l:~:f:ET 7,;,-e 0-,:-- ~ (7.)»z:rr:i:* ~<~WIT 7,;,. 

7 ';/,Y .6. • 'T-:J • ~T/1/~ Jvfflifii:f=J(l) domain wall "t:cf.>7,;, Dirac fermion (l)~O,:-- ~(l)li;Jjtf~~~ 

JHRIJJ~a(]i:*?/Jt=.. -ttH1, 7 :,.,,Y .6.*7'(7)*~~,:~-:>ti!J!~a(Jl:1Nt-t:r;,. 7 /¥ .6.*7'7'JftJ:~ttl 

it, ~X:rr:(11 "t:iY.) fJ Gaussian J.m~i:s~t7,;,~'/';/~(7)*:rr:c-Jx"t7,;,. 7 ';/,Y .6.*-A~~i< l-Cfr< c, 

~X:rr:lilliGMJf:~~l. ~!i~ -4 oo (7.)ffi~H"t:0 i:tJ:7,;,. g§~(l)i/&ffl"t:JJ!:htlt=.(7),a:, SL{2,Z) M~tJ:l.m~"t: 
<Y.> 7,;,. 

t,., 7° 1J tJ it:f11'(4,(7)1cAE:ii(7)aii6ut:·::nn:,1, Fisher[12] (7.)ilfffutJt~~,:tJ:7,;,. 7 ';/-$' b'T-1/~T / 

1/ ~ )v~~tN1=ffl (18) ~ v 7 1) n~,:~ -:>-Cmtr-tn,t, v7 1J :t.JM~m,t~~AE-C:~7,;,.:. c ~~T.:: c 

tJ{l:fHl~7,;,. SL(2, Z) M~ttc v7 1J ;JJM~m(l)~JEii(7)1MJji~il)~7,;,.:. c,;J:A,-ff(l)filUli"t:iY.)7,;,. 
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IInproveinent of the triple-encounter 
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Abstract. The criterion for classifying a triple encounter is improved in order to cover the 

so-called wide triple-encounter. Its validity is confirmed by systematic numerical observations 

of orbits in the three-body problem with zero initial-velocities and equal masses. The physical 

meaning of this criterion is discussed. 

1 Introduction 

Judging triple encounters is important for analyzing the scattering process and chaotic dy­

namics in the three-body problem. In the negative-energy system, Szebehely ( 1971) formulated 

the classification of the possible states. Agekian and Martynova {1973) divided Interplay ( one 

of the states) into two categories: Close triple-encounter and Simple interplay. Agekian and 

Anosova (1990) defined an index of triple encounter and evaluated a probability of close triple­

encounters leading to escape. Therefore, the quantification of close encounters has been paid 

attention to in the unstable three-body problem. 

On the other hand, there are chaos analyses which are indispensable for counting the fre­

quency of the approach to three masses regardless of escape or ejection. Tanikawa and U mehara 

( 1998) deduced the existence and the distribution of the oscillatory solutions in the free-fall 

problem with equal masses ( "free falf' means zero initial-velocities). They found distribution 

rules of escape orbits after the n-th triple-encounter for each positive integer n. This implies 

the importance of an accurate triple-encounter criterion that covers a state where three masses 

approaches each other at a distance. 

The following is our improvement of the triple-encounter criterion. 

Our criterion (hereafter refered as [UT99]}. Let I(t) be the moment of inertia of 

three particles with masses mi, i = 1, 2, 3. The system is said to be in a triple encounter if it 

satisfies either of the following two conditions: 
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(i) I(t) ~ Io, where 

M6 
Io= 

4
Mh2 , M = m1 + m2 + ma, M. = v'm1m2 + m2m3 + m3m1, (1) 

and h is the total energy of the system. 

(ii} i(t) > 0 and p(t) ~ po, where p is the distance between the third particle and the gravity 

center of the nearest two particles, and 

M2 
* Po=w· (2) 

Tanikawa and Umehara (1998) use [UT99]. Some criteria of a triple encounter were formulated 

by Agekian and Martynova (1973), Anosova and Zavalov (1989), and Junzo Yoshida (1997) (see 

Section 2). However, it is found that these existing definitions have erroneous results concerning 

the number of triple encounters (Section 3). The validity and the meaning of our criterion are 

discussed in Section 4. 

2 Existing definitions 

The criterion suggested by Agekian and Martynova (1973, hereafter [AM73]) detects a 

concave state of I(t), i.e., i ~ 0. The following is given by the Lagrange-Jacobi equation 

i = 2(U + 2h) with potential energy U. 

Criterion [AM73]. The system with negative energy is said to be in a triple encounter 

while U(t) > 2lhl and if i = 0 or triple collision occurs in the time interval. 

In the next section, it will be shown that [AM73] has a problem since it is too weak. In some 

cases, one particle is ejected from the others although j ~ 0. 

Anosova and Zavalov (1989) formulated another definition (hereafter [AZ89]) in terms of 

the perimeter of the configuration triangle. 

Criterio_n [AZ89]. The system with negative energy is said to be in a triple encounter if 

cr(t) ~ cro, where er is the perimeter and 

3 
cro = -po. 

2 
(3) 

We find that [AZ89] has a relationship with I(t) such that i(t) > 0 if cr(t) < cro in the equal-mass 

case (Umehara 1997). 

The following definition is developed by Yoshida (1997, hereafter [Y97]). 
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Criterion [Y97] The negative-energy system is said to be in a triple encounter if l(t) ~ [0 • 

Yoshida ( 1997) proved that I( t) > 0 if /( t) < 10 • The assumption yields U ( t) > 2lhl since 

u > /Mi -VMI (Sibahara and Yoshida, 1963). (4) 

It is noticed that [Y97] includes a corollary by Zare (1981, eq.(15)) which implies that l(t) > 0 

if I(t) < Ii, where 

(5) 

Nevertheless, [Y97] is too strong, i.e., [Y97] does not contain a case of wide triple-encounter. 

This is discussed in the next section. 

3 Numerical experiments 

Here we survey distributions of escape orbits until the third triple-encounter under the 

respective criteria in the free-fall problem with equal masses. All possible initial configurations 

with equal masses are obtained if m1, m2, and m3 are put at {(x, y)lx ~ 0, y ~ 0, (x+0.5)2+y2 ~ 

1}, (-0.5,0), and (0.5,0), respectively. The bound arc (x+0.5)2+y2 = 1 is denoted by 1(2). See 

Tanikawa et al. ( 1995 ), and U mehara. and Tanikawa ( 1997, 1999) for a precise explanation. The 

n-th-escape point is defined as the initial point of orbits satisfying the escape criterion (Yoshida, 

1972, 1974) within an ejection distance 10p0 after the n-th triple-encounter. A region formed 

with n-th-escape points will be called an n-th-escape region. 

In Figs. 1( a), (b ), ( c ), and ( d ), full-tone and half-tone squares represent grid elements of 

the first and the second-escape regions by using [AM73], [AZ89], [Y97], and [UT99], respectively. 

We will compare the distributions with each other by answering the following propositions. 

Proposition 

(I) There is a infinite sequence of band-like first-escape regions crossing 1<2> such that it accu­

mulates to the corner (0.5, 0). 

(II) Band-like escape regions which do not cross 1<2> do not have any first-escape points. 

If [AM73] is adopted, (I) is false and (II) is true. Both [AZ89] and [Y97] show that (I) is 

true and (II) is false. Only our definition [UT99] satisfies both (I) and (II). 

Proposition (I) is true since triple-collision initial-points Ti, i E N, have been found on 

1(2) by Tanikawa et al. (1995). Escape regions are distributed around each Ti (Umehara and 
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Tanikawa, 1999). Only Figure l(a) shows the contrary result. A typical orbit judged as the 

second-escape point is observed in the lower-right part of the initial-value space. See Fig. 2( a). 

The upper and the lower frames show the time-dependent Tij and I(t). Here, Tij is the distance 

between mi and mi, { i f:. j} E {1, 2, 3}. In the lower frame, a bold arc represents a time-interval 

with I( t) ~ 0. In these intervals, the time indicated by an arrow satisfies i = 0. A wrong 

interval is detected during t E (0.03, 0.05) while one particle is far from the others. From this 

result, we consider that (I) is true. Figure 2(b) shows the other example of erroneous detection 

during the ejection of one particle. 

Contrary to the results in Figs. l(b) and ( c), Proposition (II) is confirmed by the numer­

ical observations of orbits. In both figures, however, band-like first-escape region containing a 

segment l {(x, y)lx = 0.11, y < 0.1} bends around y ~ 0.32. Figure 3(a) shows that the system 

fails to satisfy both [AZ89] and [Y97] during the true first triple-encounter. The. minimal value 

is greater than 10 represented by a horizontal line. On the other hand, Figure 3(b) shows that 

the detection succeeds during the first triple-encounter. The initial point lies in the upper part 

of l. So, l should be embedded in the second-escape region, and (II) is considered to be true. 

4 Additional condition 

It is necessary to adapt [AZ89] or [Y97] for wide triple-encounters. During i > 0, the size of 

a system is considered to be smaller than the length scale p0 /2 in virial equilibrium. So, another 

larger scale of triple encounter is required. 

We consider p0 as the second smallest scale. In the negative-energy system, the distance 

between the closest two particles is less than po even if such a pair may change successively. So 

we consider that the system is also in a triple encounter when the distant particle approaches 

the nearest particle within po. 
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~ 1: Initial-value distributions of escape orbits until the second triple-encounter under various 

definitions by (a) Agekian and Martynova (1973), by (b) Anosova and Zavalov (1989), by (c) 

J.Yoshida (1997), and by (d) our criterion. 
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~ 2: Time evolution of the distances between the respective particles and the moment of inertia. 

A full-tone curve stands for r31 in the upper frame. A light-gray curve and a dark-gray curve 

represent r 12 and r 23 , respectively. In the lower frame, a bold arc shows a time interval satisfying 

/(t) > 0. An arrow indicates the time of minimal l(t). 
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~ 3: Time evolution of the distances between the respective particles and the moment of inertia. 

The initial values are located in the additional band containing the segment l. Notations are 

the same as those of the preceding figure. In a lower frame, a horizontal line represents a critical 

value Io. 
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Escape Regions near an Equilateral Triangular 
Equilibrium Point in the Free-Fall 

Three-Body Problem 

Takeshi Nakamura 
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Abstract. We give the escape regions near an equilateral triangular equilibrium point in 
the free-fall three-body problem with masses m 1 =m 2 = 1 and m 5 = 0.5, 1, 2 and 8, where all 
orbits in the escape regions have only one triple close approach. When m 9 = 3, between two 
large escape regions there exist ten kinds of very small escape regions. 

1. Introduction 
In [1], we found that there existed three kinds of very small escape regions near the 
equilateral triangular equilibrium point L 4 in the free-fall three-body problem with masses 
m 1 = 8, m 2 = 4 and ms= 5. Here we give the results for the masses m 1 =m 2 = 1 and ms= 
0.5, 1, 2 and 3. Although the case m 3 = 1 was treated by Umehara and Tanikawa [21, we give 
it for comparison. In spite of the two same masses, we get more escape regions than masses 
m1=8, m2=4and ms=5. 

2. Initial positions of the three bodies 
We use the same initial positions and the same escape condition as given in [l]. Namely, mi, 
m 2 are initially placed at the base of an equilateral triangle with side 1 and they stay there. 
The top vertex of this triangle is Lagrange point L 4 • The body m 9 is initially placed on the 
circle with center L 4 and radius 0.01 (see figure 1). We AXarnine the escape regions on this 
circle. Let the position of m 3 be ( x 1, x 2) and be measured by the angular variable 9 . Then 

m .l 
1 ./ 

-0.5 

.. ·· .. 
.. ·•· 

x 1 =O.Olcos 9 , x 2 =O.Olsin fJ + {312. 

Xa 

.. · ... ,,. 
,,.·· .. 

...• , .... 
•' I ... , . 

0 
(a) 

ms 

__ ,_. 
. ---

···.:.~----
\ -------

·,... "II, ...... 

··... ... ...... ... 
• .. .. .. .. 

\ 
·\ .. m2 

\ 

0.5 X1 
(b) 

Fig. 1. The initial positions of m 1 , m2 and ms. In (a), the circle around L 4 

is intentionally drawn extendedly. The (b) is more extension. 
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Since m 1 = m2 , it fbllows that the escape regions are symmetric with respect to the x 2 axis. 
Therefore, we consider only the right half of this Cll'Cle and the range of fJ is -90:S 8 < 90, 
where fJ is measured by degree. 

We use also the same condition oftbe triple close approach as given in [I]. NamelY, it is 

(2) 

where I is the half of the moment of inertia and I 0 = 6.1274, 6.1270, 6.1249 and 6.1251 for 
m 3= 0.5, 1, 2 and 8, respectively. All orbits in our escape regions enter into the region defined 
by the condition (2) once before they escape. 

The initial value of I is I O= 24.5. 

3. Results of the numerical .integrations 
We show here the escape regions according to ms= 0.5, 1, 2 and 8. 

m3 = 0.5 
Table 1. 

Escape regions e (degree) Escape region/ 
Esc&De bodies Half circle 

(a) Illa 90.00 - 11.35 43.7% 
(b) 1119 11.27 - 7.06 2.3% 
(c) Illa 7.00 - -4.00 6.1% 
(d) m2 -6.00 - -10.00 2.2% 
(e) m, -12.00 - -86.50 41.4% 

Fig. 2. 

Table 2. 

Escape regions e (degree) 
Escape region/ 

Escape bodies Half circle 

(a) Illa 90.00 - 34.00 31.1% 
(b) me 30.30 - 29.30 0.6% 
Cc) m, 25.50 - -85.50 61.7% 
(d) Illa -89.50 - -90.00 0.3% 

Fig.8. 
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~m2m,m2 
CaXbXc)Cd) Table 8. 

i11 
Escape regions 

6 (degree) 
Escape region/ 

Escape bodies Half circle 

Ce) m, 
(a) ms 90.00 ,..., 88.30 0.9% 
(b) m2 88.05 ,..., 81.30 3.8% 
Cc) m1 80.90 ,..., 75.34 3.1% 
(d) m2 75.30 - 67.74 4.2% 
(e) m1 67.77 - -83.00 38.8% 
(f) ms -84.50 ,..., -90.00 3.1% 

Table 4. 

Escape regions 
6 (degree) 

Escape region/ 
Escape bodies Half circle 

(a) m2 89.99 - 88.04 1.1% 
(b) m, 87.98 - 85.817 1.2% 
Cc) m2 85.814- 85.465 0.2% 
(d) m1 85.460- 33.660 1.0% 
(e) m2 83.643- 82.388 0.7% 
(f) m, 82.385- -84. 70 92.8% 

~ 
(g)ms 

(g) Illa -86.80 - -90.00 1.8% 

Fig. 5. 

Al.though when m 8 = 1, then there exists only one small escape region between two large 
escape regions, when m s = 0.5, 2 or 3, then the number of the small escape regions increase. 
In Figure 5, there exist ten kinds of small escape regions near e = 90 by symmetry. 

In Appendix, we give the orbits in the escape regions. 
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figures show this change of the orbits. 
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Abstract 
We introduced a set of new variables describing the planar three-body problem in order 

to investigate the structure of set of binary collision orbits in the neighbourhood of triple 
collision orbits in the case of "Free-Fall" initial condition. Our variables blew up the 
triple-collision singularity and continued. analytically the flow beyond singularities like 
McGehee variables. 

1 Introduction 

There are observed many interesting phenomena in the free-fall three-body problem by 
numerical integration ([4][5][61). Binary collision orbits play an important role to 
understand the mechnism to create almost interesting features. Our main putpose to 
introduce a set of new variables is to analyze the differential equations of motion 
theoretically., especially relation between binary collision and triple collision in the case of 
non-isosceles and non-collinear problem. 

Many methods for theoretical study of singularity in the three-body problem are 
well-known([l].,[2].,[3].,[71). However, tools for non-isosceles and non-collinear 
problem([3],[7]) are confusing to handle. Therefore we propose a new method for study 
of the planar three-body problem. Remarkable feature of our method is that it regularize 
triple collision and one binary collision of three ones. 

2 Canonical transformations 

Hamiltonian function in the planar three-body problem is as below. 

1 t 
H(q,p)=-pA p- U(q) 

2 
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where A=diag(-1 _1 _1 _1 _1 _1) , , , , , 
ml m1 1ni 1ni "'3 "'3 

and 

3 

[ 

2 

m.m. l U(q)= E E 1 1 
· 

j=i+l i=l (q. -q. { +(q. -q. { 
z,x J,X ,,y J,Y 

Hamiltonian equations are 

dq = ( ~HJ, dp =~H 
d I l_ap dt aq 

where q = (ql,X' q1.y, q2,X' q2.y, q3,x' q3,y) and P = (P1,x, P1.y, P2,x, P2,y, P3,X' P3,y) · In this 
system degree of freedom is 6. This system of differential equations has five integrals 
independent to Hamiltonian which are coordinate and momentum of their gravity center 
and total angular momentum. The behavior of cp : angle variable conjugate to angular 
momentum is determined by behavior of other variables, but does not contribute to 
the other's behavior. Therefore differential equation for cj> can be sepcrated from the 
remaining equations. We assume that the angular momentum is zero in this paper. Thus we 
obtain a Hamiltonian system with 3 degrees of freedom from original system through 
canonical transformations. 

Hamiltonian function is 

where 

V3 sin(8) 
A(Q)= 

1 
H(Q, P) =-P A(Q)' P- U(Q) 

2 

V1 +V3 V2 +V3 

r1 
+ 2 

\. 

V3 sin(8) 

with canonical variables Q = ( r1, 8, r2 ) and canonical momentums P =(Pr, p9, Pr ) . In 
1 2 

above expressions, V; means mass mtio ( m1 + "'2 + "'2 )/ m; , m means ,J m1 + "'2 + "'2 
5 

and r; means distance between m; and m3 • 

Next we introduce a set of variables r and 'I' defined by the following 
equations, i.e. 
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r=~ r,2 + rzz , 

r1 = r cos('lf), 

r2 = r sin('lf). 

View of these variables is given as below. 

1 

3 

Fig.I View of Variables 

If r becomes zero., then there occurs simultaneous colision with three particles., which 
we call "triple collision". If particle 3 goes far away from other particles., then r tends to 
infinity. In this meaning., r reflects size of the triangle formed by three bodies. If 'I' 
becomes zero(right angle), then there occurs collision with particles 1(2) and 3, which 
we call "binary collisoin" of 1(2) and 3. If 9 = 7t / 3 and 'If= 7t / 4 ., then the triangle is 
equilateral. 8 and 'If determines form of the triangle in this manner. We present a 
diagram in which 8 and 'I' indicates form of the triangle as below. This diagram is a 
projection of configuration space onto 9 - 'fl plane. 

1.5 

1 
psi 

0.5 

0 

1-2 

132 132 

-3 -2 -1 0 2 

theta 

Fig.2 Configuration Diagram 

Curve (cos('!')= 2 cos(8) sin('!')) near string "rl2 = r23" indicates 
isosceles subsystem when v1 = V3 • The other strigs "rij = rjk" are used in the 

same way. Segment (0 =x and O =---7t) near string "132" indicates co~ear 
subsystem in the order of m1 , m3 , m2 • The other strings "ijk" are used in the 

same way. Segment near string "l-3"('1f=1t/2), segment near string "2-3" 
(V= 0) and point (8 = o ,V= xi 4) mdi.cate binary collision respectively. 
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Canonical momentums P~ and P.., conjugate to r and 'I' can be found easily. The 
definition is as follows. 

[ 
Pr] [ cos('lf) sin('lf) ] [ Prl ] 
Pv - -r sin('I') rcos('lf) Pr

2 

Hence we obtain the following Hamiltonian , i.e. 

1 [ Pr l V( 8, 'If) 
H=-

2 
rPr Pe A11] A(r, 0, 'I') Pe - _ ( ) ( ) , 

r Stn 'If COS 'If 
Av 

where 
2 V3 sin(0) P2 

P1 r sin(2 'I') r 

2 v3 sin(9) 4p3 
A(r, 0, 'I')= - 0 

rsin(2 'If) r2 sin(2 v>2 
P2 p3 

0 
r r2 

( 

V3 sin('I') cos('lf) J 
V( 9, 'I')= m V1 COS('lf) + Vz sin('lf) + ./ , 

'V 1- cos(8) sin(2 'I') 

p1 = V 1 cos( 'I' )2 + V 2 sin( 'I' )2 + V 3 (1 + cos( 8) sin( 2 'I')) , 

(V2 -v1) sin(2 'If) 
P2 = 

2 
+ V3 cos(9) cos(2 'If), 

p3 = V 1 sin( 'If )2 + V 2 cos( 'I' )2 + V 3 ( 1 - cos( 8) sin( 2 'I')) . 

3 Regularization 

We show the last stage of transformation: McGhee-like regularization. Triple 
collision singularity and two of binary collision singularity are simultaneously blew up 
by our transformation. New variable z = (z1, z2, z3 ) and regularized time arc defined as 

below. 
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Pe 
z.i= , 

~ r sin('lf) cos('lf) 

sin(ljl) cos('lf) 

r 
( 3) 

ds = dt 4 r sin(v) cos('lf) . 

These variables are no longer canonical. We can obtain the follwing system of 
differential equations after enormous calculations. 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

dz1 1 ' - = - z Z1 z- V(8, 'If) sin('lf) cos(ljl), 
ds 2 

dz2 1 , (a ) 
d s = 2 z Zz z + aa vca, V) , 

d1.3 1 t ( d ) 2 2 -=-z~ z+ -V(8,'lf) sin(V)cos('lf)-V(8, 'lf)(cos('lf) -sin('lf) ), 
ds 2 d'lf 

( 

V3 sin('lf) cos('lf) J 
V(8, 'lf)=m V1 cos('lf)+V2 sin('lf)+ 4' , 

1-cos(8) sin(2 'I') 

p3 sin(2 'I')+ 2 v3 cos(8) 3 sin(2 \If) V3 sin(8) p2 sin(2 'If)- p4 

2 4 4 

Z1= 
3 sin(2 'If) V3 sin(8) 

- p3 sin(2 'If) 0 
4 

p2 sin(2 'If)- p4 
0 p3 sin(2 'If) 

4 
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(p3 - 2 p1 ) sin(2 'If)+ 6 V3 cos( 9) 
v3 sin(2 'If) sin(0), -----------, v3 sin(9) cos(2 'If) 

4 
(p3 - 2 p1) sin(2 'If)+ 6 V3 cos(9) 

½=-------
v3 sin(2 'If) sin(9) p4 - 3 p2 sin(2 'If) 

4 

V3 sin( 9) cos(2 'If), 

2 4 

p4 - 3 p2 sin(2 'If) 

4 
-V3 sin(2 'If) sin(0) 

-p2 sin(2 'If), -V3 sin(8) cos(2 'If), 
(2 p1 - 3 p3 ) sin(2 'If)- 2 V3 cos(8) 

4 

Z3 = -v3 sin(9) cos(2 \fl), 
p4 

p3 cos(2 'If)--, 
2 

V3 sin(9) sin(2 'If) 

4 
(2 p1 - 3 p3 ) sin{2 'lf)-2 V3 cos{8) V3 sin(8) sin(2 'If) 3 p2 sin{2 'If)+ p4 

4 4 2 

where p1 = v1 cos('lf)2 + V2 sin(v)2 + V3 ( 1 + cos(9) sin(2 'If)), 

(V2 -v1 ) sin(2 'If) 
P2 = 

2 
+V3 cos(8) cos(2 'If), 

p3 = V 1 sin( \fl )2 + V 2 cos( 'I' )2 + V 3 ( 1 - cos( 8) sin( 2 \fl)), 

p4 = 2 ((V1 +V3 ) sin{'lf>2- (V2 +V3 ) cos('lf>2) 

If value of the Hamiltonian is h, then energy relation becomes 

[ 
P1 -V3 sin(9) P2][ Z1 ] 

(2) 2 hr sin('I/) cos('lf) = [Z1 Z2 Z3] -V3 sin(8) P3 0 Zi - 2 V(9, 'If). 

P2 0 p3 Z3 

This equation define 5-dimensional manifold in the phase space for some values of h. 

4 Subsystems 
There exist some subsystems in the regularized system (1.1-6) and (2). 

4.1 Isosceles system 
The system (1.1-6) is called isosceles problem if V1 = V3 , cos('lf) = 2 cos(8) sin('lf) 

and z1 = 2 (,½ sin( 9) - z3 cos( 9)) , or if v2 = v3 , sin( 'If)= 2 cos( 9) cos( 'If) and 

z1 = 2 (z2 sin(8)-z3 cos(8)), In both case the system (1.1-6) becomes 4 order differential 

equations. If value of h is fixed, energy relation (2) and these isosceles condition restrict 
(r, 9, 'If, z1, ½, z3) to 3-manifold on which (z1, ½, z3) is a point of I-dimensional circle S 
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for each value of (r, 9) .Variable r is on a semi-infinite interval (0,oo], variable 8 is on an 

open interval (-1C/2, 'It/2). Therefore equi-energy smface is homeomorphic to the manifold 

which is a direct product of sphere S2 and (0.,00 ]. 
We omit the case v1 =V2 because there neccesarily occur binary collision between m1 

and mz which is not regularized in this work. 

4.2 Colli,near system 
The system (1.1-6) is called collinear problem if (8., z2 ) = (0, 0) or (8, z2 ) = (7t, 0), 

but we omit the case 8 = 0 because there neccesarily occur binary collision between m1 

and "'2· When (8., Zi) = (7t, 0)., 'If is on an open interval (0,11'/2). Variable r is on a 

semi-infinite interval (0,oo] . (z1, z3) is on I-dimensional circle S for each value of (r., 'If) 

which is defined by energy relation (2) restricted to a hyper-surface ( 8., z2 ) = ( 7t, 0 ). 

Therefore equi-energy sutface is homeomorphic to the manifold which is a direct product 
of circle S , (0,00] and (0,7t /2). 

4.3 Binary collsions 
The system (1.1-6) is no longer singular on binary collisions except for one between m1 

d'lf dr 
and "'2· If 'I'= 0 or n: ., then --= 0 and - = 0. In these cases the system ( 1.1-6) is 

ds ds 
reduced to a fictitious system with order 4. V(9, 'If) is constant for regularized times. 
(z1, z-i, z3) is on a 2-sphere for each value of 8. Therefore the energy relation (2) is 

reduced to equation of 3-manifold which is a direct product of 2-sphere and [-n:, 1t) . This 
manifold is called binary collision manifold. 

4.4 Triple collision 
The system (1.1-6) is no longer singular on triple collision r = 0 (except for 9 = 0) and is 

reduced to a fictitious system with order 5. The energy relation (2) is reduced to an equation 
of a 4-manifold which is called tripple collision manifold, i.e. a direct product of (0,7t 

/2),(0,2 n:) and a 2-sphere. Another manifold obtained as h = 0 is completely same as the 
triple collision manifold. 

5 Zero Velocity Manifold 

The initial condition for free-fall three-body problem is ( z1., z2., z3 ) = ( 0., 0., 0) which 

defines a 2-manifold in the phase-space. We present a view of the manifold(hereafter 
referred to as ZVM) in Fig.3. 
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Fig.3. Zero velocity manifold 
In the equi-mass case. Solid curves indicate contours. 

r goes to infinity where (0, \j/) implies binary collision. 

Let us call a set of orbits which experience binary collision between m; and m1 in the past 

or the future BiJ. Let us call a set of orbits which experience triple collision in the past or 

the future T. Our main concern is a geometrical relation between BiJ and T, especially 

in non-isosceles and non collinear region. lntuitionally it is trivial that T is an 

intersection of BiJ s. However, it is not easy to prove. Moreover, there are observed many 

odd phenomena by numerical investigations([4],[5],[6]), for instance fractal structure of 

BiJ accumulating to Ton ZVM and escape orbits observed in the fractal structure. Now we 

continue to study analytically the system of differential equations (1.1-6) in order to make 
the structure clear. 
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Symbolic dynamics in one-dimensional three-body problem 
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Abstract 
Symbolic dynamics is applied to the one-dimensional three-body problem with equal 

masses. The sequence of collisions along an orbit is expressed as a symbol sequence 
of three symbols. Triple-collision orbits are found as the boundary of sets of orbits 
with different symbol sequences in the surface of section. Orbits which start and end 
in triple collision are obtained. Triple-collision orbits turn out to form the skeleton of 
the structure of the phase space. 

1. Introduction and Idea 
One-dimensional thr~e-body problem is one of general three-body problems where 

three mass points are confined in a line fixed in space. The problem is of two degrees 
freedom and is known to be non-integrable. Triple systems exhibit chaotic behavior 
due to the existence of triple collision. The behavior of orbits near triple collision has 
been analysed via McGehee's regularizing variables (McGehee, 1974). 

One-dimensional three-body systems starting from general initial conditions have 
been extensively studied by Mikkola and Hietarinta(1989, hereafter referred to as 
MH89; 1990; 1991 ). They organized numerical results as functions of continuous time 
until escape. Here, escape means the disruption of a triple system. They obtained 
rather random than chaotic orbit structure in their surface of section. The sea of chaos 
remained unresolved(see Fig.l of MH89). 

Particles in one-dimensional three-body problem necessarily repeat binary collisions 
unless they end in triple collision. This is in contrast to higher dimensional cases(see, 
for the treatment of collision in two-dimensional cases, Tanikawa et al., 1995; Tanikawa 
& Umehara, 1998). We may classify the history of motion of three particles referring 
to the itinerary of binary collisions along orbits. If we denote collisions of pairs of 
particles by symbols, we get a symbol sequence for each orbit. Then we may apply the 
standard technique of symbolic dynamics to our problem and may get a meaningful 
result. This is the main idea. We are going to show that this is actually the case to a 
certain extent. 

One symbol sequence specifies one type of orbits which have the same sequence of 
collisions. Let us say that orbits with a symbol sequence belongs to the same topological 
type. It is obvious that an infinite number of orbits belong to a topological type. With 

1email: tanikawa@cc.nao.ac.jp 

2Permanent address: Tuorla Observatory, University of Turku, 21500 Piikkio, Finland 
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regard to the fineness of classification of orbits, topological type stands bewteen the 
finest classification of orbits as a function of continuous t and the classification of orbits 
on surface of section. This can be seen by looking at the treatment of independent 
variable t in these classifications. Both in symbol sequence and in surface of section, 
time is discrete. As we will see later, not every symbol in a sequence corresponds to a 
point in the surface of section. 

The notion of final motion itself is of topological character. So our approach is 
expected to work well because we are interested mainly in the final motion of triple 
systems. 

In Section 2, we briefly introduce the Hamiltonian and the variables to be used in 
later sections. In section 3, symbol sequences are introduced. Then the relationship 
between the surface of section and symbol sequences is discussed. In section 4, numer­
ical resutls are exhibited. Triple-collision orbits are found automatically as boundaries 
of orbits with different symbol sequences. Section 5 gives the conclusion. 

2. Formulation of the Problem 
We put three mass points m 1, m0, and m2(mo = m 1 = m 2) in this order on a line. 

Fix the masses and the gravitational constant to one. Then the Hamiltonian of the 
problem is given (MH89) by 

(1) 

where wi are momenta conjugate to the coordinates Xi on the line. We have x 1 ~ x 0 ~ 

x 2 • Introducing new coordinates by 

(2) 

we get the new Hamiltonian as 

(3) 

We fix the total energy to -1 and start the integration at q1(0) = q2 (0) = R. This 
means that two outer particles are placed in an equal distance from the central. Then 
the value of potential is fixed to 2.5 / R. The kinetic energy T is determined by 

T = 2.5/R-1. 

If we introduce a parametrization 

V3(P1 - P2) = 2v'T sin 0, 

(Pi+ P2) = 2y'T cos 0, 
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then ( 0, R) specify the initial value. Velocities are given by R and 0 as 

3. Symbolic Dynamics 

C/1 = 2p1 - P2 = 2\fi cos( 0 - rr /3) 

(]2 = 2p2 - P1 = 2\fi cos( 0 + rr /3). 

3.1. Symbol sequence and shift operator 

(6) 

There are three types of collision: binary collisions between m 1 and m 0 and between 
m 0 and m 2 and triple collision. Let us denote these collisions by symbol 1, 2, and 0, 
respectively. Let us express an orbit as a sequence of 0, 1 and 2 as follows: 

where ni, i E Z, i =f O are either 0, 1, or 2. 
We follow the orbit starting from the initial condition defined in §2 to the future and 

to the past. n 1 represents the first binary collision, n 2 the second, n 3 the third, and so 
on. Similarly, n_ 1, n_2 , n_3 , ... represent the type number of the past binary collisions. 
For triple-collision orbits, symbol sequences terminate within finite digits. Then, sym­
bol sequences corresponding to these orbits read either (0 · · · n_3n_2n_ 1.n1n 2n 3 · · · ), 

( · · · n_3n_2n_1.n1n2n3 · · · 0), or (0 · · · n_31L2n-1.n1n2n3 · · · 0). For convenience, we re­
gard that O continues to the right and/or to the left indefinitely. Then, any orbit is 
expressed as a bi-infinite symbol sequence. 

Let :E denote the set of all bi-infinite sequences s = ( ... n_3n_2n_1.n1n2n3 .. . ). We 
as usual define a metric on :E setting d( s, s) = 0 and d( s1, s 2

) = 3-lml if s 1 =f s2 and 
Im I is the least integer such that n~ =f n~. Then :E is a compact metric space. 

Let :E+ denote the set of all infinite sequences of the form s = ( .n1 n2n3 • •• ). This 
set is also a compact metric space with a metric defined on :E+ by d( s, s) = 0 and 
d(s1, s2

) = 3-m if s1 =f s2 and m is the least positive integer such that n~ =f n~. 

The shift operator a is defined by 

on E and by 

on E+. 

3.2. Surface of section and symbol sequences 
We take surface of section H defined by q1 = q2• This surface H corresponds to 

non-collision states except at q1 = q2 = 0 which is a triple collision. Our surface of 
section H has 0 as its abscissa and R as its ordinate. 

H = {(0, R): 0 5 0 5 2rr, 0 5 R 5 2.5}. 
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For O < (} < 1r, trajectories in ( q1 , q2)-plane cross the homographic line( q1 = q2 ) 

transversely to the ( q1 > q2 )-side. For 1r < (} < 21r, trajectories in ( q1 , q2 )-plane cross 
the homographic line transversely to the (q1 < q2)-side. (} = 0, 1r, and 21r correspond to 
special orbits. 0 = 0 and 21r should be identified. These are all homographic solutions: 
0 = 0 corresponds to the expanding initial condition and 0 = 1r corresponds to the 
contracting condition. 

Since three particles are of the same mass, there are kinds of degeneracy. Let H2 = 
{(0,R): 0 $ 0 < 1r,0 $ R $ 2.5}, H1 = {(0,R): 1r $ () < 21r,0 $ R $ 2.5}, and H~ = 
{(B, R) : (1r - B, R) E H2 ; names of m1 and m2 exchanged.}. First, the future of the 
orbit starting in H 1(resp. H2 ) is the past of the orbit starting in H2 (resp. H 1). Second, 
the future of the orbits starting at H~ is the past of the orbit starting at H2• In the 
words of symbol sequence, if ( .n1 n 2n 3 • • ·) E :E+ be the symbol sequence corresponding 
to the orbit starting at ( (), R) E H2 and if ( .m1 m2m3 • • ·) E :E+ be the symbol sequence 
corresponding to the orbit starting at (B, R) EH~, then(··· m3 m2m1.n1n2n3 • • ·) E :Eis 
the bi-infinite sequence corresponding to the full orbit starting in H2 • Or equivalently, 
if ( .n1 n 2n3 • • ·) E :E+ be the symbol sequence corresponding to the orbit starting at 
(B, R) E H2 and if (.m1m2m3 • • ·) E :E+ be the symbol sequence corresponding to the 
orbit starting at (1r - B, R) E H2, then(··· m~m;mt.n1n2n3 · · ·) E :Eis the bi-infinite 
sequence corresponding to the full orbit starting in H2 , where m! = 2 if mi = 1 and 
m! = 1 if mi= 2. Summarizingly, we only need to study the structure of H2 • 

Now, let us look at particular parts of H. 

(1) The line 0 = 0 and 1r. 

We have q1 = q2 for () = 0. The orbit is homographic and is always on H. Different 
points on this line correspond to different phases of the same orbit. Thus all points 
on this line correspond to a single orbit. The symbol sequence is (0.0). Similarly, 
we have q1 = q2 for 0 = 0. This gives the homographic solution. All points on 
this line correspond to a single orbit. The orbit is continuously on H. The symbol 
sequence is (0.0). 

(2) The line R = 2.5, 0 $ () $ 1r. 
On this line, we have T = 0, that is, initial zero-velocities. Strictly speaking, (} is 
not defined. This essentially is one orbit. The symbol sequence is (0.0). 

(3) The line R = 0. 
T is infinite. A triple collision. This is a triple collision manifold. The symbol 
sequence is ( · · · .0). 

(4) The Schubart orbit. 
It has been known[MH89] that a periodic orbit called the Schubart orbit exists. 
This has symbol sequence ( · · · 121.212 · · ·) and has starting point on the line () = 
1r /2. The orbit is stable and has a stable region around it. All the orbit starting 
inside the stable region has the same symbol sequence as that of the Schubart orbit. 

Next, let us consider a relation between surface of section H2 and symbol sequences. 
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Proposition 3.1. A trajectory in the (qi, q2 )-plane crosses transversely the homo­
graphic line except at (0, 0), if it does at all. 

Proof. If q1 = q2 and q1 = q_2 , the solution is homographic and always on the homo­
graphic line. So the trajectory initially outside the homographic line never become 
tangent to the line except the case of triple collision. D 

Proposition 3.2. If a trajectory crosses the homographic line on the (q1, q2 )-plane, a 
binary collision occurs before the trajectory again crosses it. 

Proof. Suppose that a trajectory crosses the homographic line from ( q1 < q2)-side to 
( q1 > q2)-side at t = t 0 , i.e., q1 = q2 and q1 > q2 at t = t 0 • Then there exists a small 
c > 0 such that q1 > q2 and q_1 > q_2 at t = t0 + c. This implies that there needs a 
finite time in order to again cross the homographic line. Suppose that the first crossing 
occurs at t = t* > t0 without binary collision during (to, t*). We can use the continuity 
argument in this case. At t = t*, we should have q1 = q2 and q1 < q2 by Proposition 
3.1. In order to have this, we should have q1 > q2 and qi = <J.2 at some t**, to < t** < t*. 
We should have in turn ij2 > ij1 at least at some time between t0 and t**. This implies 
q2 < q1 at the same instant, which is a contradiciton. D 

From Proposition 3.2, we see that if the orbit appears again on the surface H, then 
the next binary collision occurs with a different pair. Conversely, an orbit does not 
appear on H as long as binary collisions between the same particles are repeated. 

Examples. (1) A symbol sequence (. · · · 21 · · ·). The transition from symbols 2 to 1 
means the change of pair in binary collision. This in turn means that the trajectory 
on ( q1, q2)-plane passes through the homographic line, i.e., the orbit crosses H2 • 

(2) A symbol sequence(.··· 12 · · ·). By a similar reasoning, the trajectory on (q1, q2)­

plane passes through the homographic line, i.e., the orbit crosses H 1• 

(3) Periodic orbits. If periodic orbits exist, their symbolic sequence should repeat. Of 
course, the converse is not true. Consider a sequence s = ( .221221 ... ) E ~+. Then, 
(s)3 = (.221), (o-s)3 = (.212), (u2s)3 = (.122), (u3s)3 = (.221) where the suffix 3 means 
the truncation of sequence within the first 3 digits. If we look at the first three digits 
in the surface H2 , the corresponding sequences are (.221), (.212), [(.122)](this does not 
appear in H2), and ( .221 ). 

4. Numerical Results: Triple-Collision Orbts 
In this section, we are going to resolve the sea of chaos. In order to do this, we 

classify the points in surface of section H2 according to different symbol sequences. We 
will get triple-collision orbits. 

To obtain the global structure, we cover surface of section H2 with mesh of grid 
size (~R,~O) = (0.0025,0. 0 1) and integrate orbits starting at each vertices of grids 
forward until the thirty-sixth binary collision is obtained. The total number of orbits 
amounts to 1.8 x 106

• It turns out that the structure becomes quickly fine in some part 
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Fig.1. Division of surface of section H2 by symbol sequences. Symbol '2' denotes binary 
collision between m 0 and m 2, whereas symbol ' l ' denotes t he one between mo and m 1. 

Boundary curves are triple-collision curves. T he Schubart region is added for reference. 
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of H2, so we stop the analysis of the data at about the 15th digit. 
We already noted the existence of the Schubart orbit in Section 3. It has ( .21) as 

a symbol sequence where the overline indicates the infinite repetition of numbers. For 
later convenience, let us call the stable region of Schubart orbit the Schubart region. 
Let us call the area of H2 for which the symbol sequence is the same as that of the 
Schubart orbit the extended Sclw bart region. 

Figures l(a) through (f) show the process of division with increasing digits of symbol 
sequences. In Fig.I ( a) , H2 is divided into two areas by symbol sequences ( .21) and ( .22). 
Then, their boundary should correspond to (.20), i.e., the set of initial conditions for 
orbits which end in triple-collision after the binary collision between m0 and m 2 . The 
boundary forms a curve extending to the boundary of H2 • We call this a triple-collision 
curve or simply a collision curve. The triple-collision curve starts at T0 = (0, R ) = (0, 0) 
and ends at T1 = (66. 0 5 ... , 0). One sees a diamond-shaped area in the figure. This is 
the Schubart region. We added it for reference. 

In Fig.l(b), two new collision curves appear in three digits. One of them starts 
at To and ends at T1 , and the ot her starts at T1 and ends at T2 = (110. 0 9 ... , 0). In 
Fig. I ( c), three new curves appear in four digits. One of them starts at T2 and ends at 
T3 = (168.0 7 ... , 0) . Finally, in Fig.l(d), one of four new collsion curves starts at T3 

and ends at T0 . For longer digits, all collision curves start at Ti and end at 1":+1 for 
some i, 0 ~ i ~ 3 where T4 = T0 . 

2.5 
Triple collision curves and Polncare map of unstable orbits starting just outside the Schubart region 

2 

1.5 

a: 

0.5 
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Fig.2. Triple-collision curves, the Schubart region , and general orbit s. 
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For convenience, let us denote the regions of H2 related to collision curves starting 
at~ and ending at Ti+1 , i=0,1,2,3 by 'L'(left), 'C'(center), 'R'(right), and 'T'(top), 
repsectively. Table I shows how the number of triple-collision curves increases with 
increasing digits. It is interesting to note that new number appears first in 'L' and is 
transmitted in turn to 'C', 'R', and 'T'. A rule seems to exist, but it is not apparent. 

In Fig.2, a larger number of triple-collision curves are shown together with the 
Schubart region. Symbol sequences up to and including 12 digits are plotted, that 
is, triple-collision orbits which end after 11 binary collisions are shown. Here four 
blank regions bounded by red broken curves represent immediate escape regions. Cor­
responding symbol sequences are ( .2), ( .21), ( .212), and· ( .2121). Scattered points are 
orbits starting just outside the Schubart region. These points move for a while along 
the boundary of Schubart region, leave the region along the unstable manifolds of the 
unstable period-4 points at the corner of the Schubart region, and finally move almost 
randomly in H2 • Thick curves starting at each corner of the Schubart region are part 
of these scattered points. In superposing scattered points on H2 , we used a trick, i.e. 
we changed 8 into ?T-8. This is equivalent to change t to -t. So actually in the figure, 
the points start in scattered state, gradually gather into thick balck curves, and then 
come close to the boundary of the Schubart region. Black thick curves are the stable 
manifolds of period-4 unstable points. These stable manifolds seem to extend to points 
Ti, i = 0, 1, 2, 3 and divide H2 into four. 

Table I. The number of triple-collision curves newly added. L, C, R, T denote the 
regions shown in Fig.1. 

Number of digits L C R T Total 
2 1 0 0 0 1 
3 1 1 0 0 2 
4 1 1 1 0 3 
5 1 1 1 1 4 
6 3 1 1 1 6 
7 5 3 1 1 10 
8 7 5 3 1 16 
9 9 7 5 3 24 
10 15 9 7 5 36 
11 25 15 9 7 56 
12 39 25 15 9 88 
13 57 39 25 15 136 
14 87 57 39 25 208 

Now let us summarize the above observations. First, the stable manifolds of period-
4 points outside the Schubart region divide the surface except the Schubart region 
into four: regions L, C, R, and T. Each of these regions contains immediate escape 
regions. Second, the set of triple-collision curves approach both to the boundary of 
the Schubart region and to the boundary of immediate escape regions with increasing 
digits of symbol sequences. We can say that the Schubart orbit, stable manifolds of 

-148-



period-4 points accompanying the Schubart orbit, and triple-collision curves form the 
skeleton of the structure of phase space of the 1-D three-body problem. 

2.5 
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0.5 

0 L-----'---'-----'----...L......I..L-....L..---'----'-'----'-----'-----'--'-----' 

0 20 40 60 80 100 120 140 160 180 
theta 

0 ~ --~--~ --~--~ ------,__ _ _ _.__ __ _._ __ __._ __ __.. 
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Fig.3. Orbits that start and end in t riple collision. (a) Red curves: triple-collsion 
curves in the future. Green curves: triple collision curves in the past . Black marks 
correspond to orbits that end in triple collision after seven binary collisions both in the 
past and future. (b) Green points correspond to orbits that end in t riple collision after 
eleven binary collisions both in the past and future. 
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Figure 3( a) shows the superposition of H2 and H~. Curves are all triple-collision 
curves up to and including the first seven digits of symbol sequences. Green curves 
indicate triple collisions in the future, whereas red curves indicate triple collisions in 
the past. Therefore, cross points are the initial conditions of orbits which start and 
end in triple collision. Figure 3(b) shows a deeper survey of these orbits until 12 digits. 
We see quite a many of these orbits. Apparently, the distribution is fractal. 

Remark. We see how the points move on surface H2 • As an example, let us take a 
symbol sequence 21221 in Fig.l(d). We have a 2 (.21221) = (.221). This means that 
the orbits passing through '21221' will next intersect H2 in '221 '(Fig.l(b) ). Thus, in 
principle, using symbol sequences and shift operator, we can follow any orbit on the 
surface of section. 

5. Conclusions 
We have demonstrated that symbolic dynamics is effective in the one-dimensional 

three-body problem. Main results are 

(i) Triple-collision orbits are obtained systematically and automatically with the aid of 
symbolic sequences. 

(ii) The Schubart orbit, stable manifolds of the period-4 orbit, and triple-collision 
curves form the skeleton of the phase space of the 1-D three-body problem. 

There remained an important question: Does the set of symbol sequences form a 
Cantor set? To answer this question, we need a careful analysis of symbol sequences 
which are not realized. 
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Recent numerical studies indicate that so called secular orbit-orbit resonances 
which have been found in planet-satellite or satellite-ring systems can occur in sys­
tems like planetary and protoplanetary systems. In this paper, we investigate the 
dynamical character of such resonances: synchronization of eccentricities and lon­
gitudes of perihelion in terrestrial protoplanet systems perturbed by massive jovian 
planets. Orbital synchronization in protoplanet systems with plural perturbed bodies 
is qualitatively explained by using a secular disturbing function and superposition of 
"mutual shepherding" among neighboring particles. Orbital synchronization serves 
as a stabilizer of the system by preventing particles from making close encounters. 
Systems appear most stable where tidal torque by perturbers and mutual gravita­
tional interaction among particles balance; in such cases, the orbital synchronization 
is realized. 

1. Introduction 

So called orbit-orbit resonances in planet-satellite or satellite-ring systems have been 
investigated for decades (Peale, 1976). The orbital stability of several satellites around 
Jupiter, Saturn, and Uranus seems to be sustained through various types of mean motion 
commensurabilities (Allan, 1969; Sinclair, 1972; Sinclair, 1975; Greenberg, 1973; Green­
berg, 1975; Greenberg, 1976). Among the resonances, secular orbital resonances in partic­
ular are considered to play important roles in maintaining stability of systems. Some Ura­
nian rings are thought to remain elliptic through mutual gravitational interaction and/or 
through the influence of nearby shepherding satellites ( Goldreich and Tremaine, 1979b; 
Porco and Goldreich, 1987; Goldreich and Porco, 1987; Kozai, 1992; Kozai, 1993). Satur­
nian satellites Rhea and Titan are also in such a secular synchronization state (Greenberg, 
1977; Pauwels, 1983). 

Recent numerical calculations indicate that similar synchronization phenomena appear 
not only in planet-satellite or satellite-ring systems, but also in planetary and protoplan­
etary systems. Innanen et al. (1997) discovered in their numerical integrations that the 
nodes and mutual inclinations of several planets around a hypothetical primary star with a 
highly inclined secondary star show strong synchronization as if they compose a rigid disk. 
Ito and Tanikawa (1998, hereafter called Pa.per I) showed that perturbation by giant jovian 
planets could cause the coherent oscillation of eccentricities and longitudes of perihelion of 
terrestrial protoplanets. Although spatial scales and timescales of such phenomena are all 
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different, the essential mechanism of orbital synchronization is believed to be common to 
all of such planetary and protoplanetary systems. 

In this paper we emphasize that the orbital synchronization in terrestrial protoplanet 
systems discussed in Paper I is not only interesting in itself from the viewpoint of celestial 
mechanics, but also plays an important role in stability of the system. When distances 
between particles are small, strong mutual interaction renders the system unstable, causing 
rapid orbital crossings and close encounters. On the other hand, the large orbital distances 
and wide spatial range of the system also work as destabilizers of the system, provoking 
large tidal torque by perturbers. Synchronization of orbital elements occurs when mutual 
gravitational interaction and tidal torque by perturbers balance. The system's stability is 
maintained by this· orbital synchronization. 

In Section 2, we briefly review Greenberg's (1977) method of explaining the dynamical 
mechanism of orbital synchronization using a secular disturbing function. Greenberg de­
veloped his method to explain the orbital synchronization of particle systems containing 
only one perturbed body. 

Sectio~ 3 describes the dynamical characters of the terrestrial protoplanet system which 
we will base our argument on. Typical examples of the orbital synchronization in proto­
planet systems are shown. We find that the orbital synchronization in point-mass systems 
including several perturbed particles can be qualitatively explained by superposition of 
gravitational interaction among neighboring particles, "mutual shepherding". 

Section 4 is devoted to an investigation of the relationship between orbital synchroniza­
tion . and stability. We introduce a measure of the stability of protoplanet systems, a so 
called "CWB diagram" (Chambers et al. 1996, hereafter called CWB). CWB diagrams 
show that the orbital synchronization of protoplanets occurs in the most stable region, 
where mutual gravitational interaction and tidal torque by perturbers balance. We show 
that protoplanet systems having synchronized initial orbital elements remain stable longer 
than those having randomly chosen initial conditions. We remark that orbital synchroniza­
tion in the terrestrial protoplanet system is a transient process, gradually breaking down 
toward instability over a 0(106)-year timescale. 

Section 5 goes on to discuss the implications of these results. Stability of Uranian E-rings 
and a hypothetical planetary system in a binary system advocated by Innanen et al. ( 1997) 
are reconsidered in terms of orbital synchronization. 

2. Mechanisms of orbital synchronization 

In this section, we briefly explain the dynamical mechanism of orbital synchronization 
by utilizing a secular disturbing function following Greenberg (1977). Greenberg's method 
is intended to explain the orbital synchronization of a particle system containing only one 
perturbed body. In later sections we will discuss how orbital synchronization in a system 

-152-



with two or more perturbed particles can be qualitatively understood as a superposition 
of the mutual gravitational interaction between neighboring particles. 

In low eccentricity and small inclination systems, the orbital synchronization between 
a perturber and a perturbed body can be qualitatively explained by the motion of eccen­
tricity vectors (Laplace-Runge-Lentz vectors) using a secular disturbing function. Here we 
concentrate on the synchronized oscillation of eccentricities e and longitudes of perihelion 
ro in planar orbits. We can also show that inclinations I and longitudes of ascending 
node n also synchronize in low eccentricity and small inclination systems, since the secular 
equations are decoupled in similar forms into components of (e, w) pairs and (I, n) pairs 
in such systems (cf. Brouwer and Clemence 1969). 

Let us consider a system consisting of two particles on planar orbits around a central 
mass. The inner one (indicated by subscript 1) is a perturbed body, and the outer one 
(subscript 2) is a perturber. a and m denote semimajor axis and mass, respectively. Secular 
part R 1 of the disturbing function at the inner perturbed body without using higher order 
terms in eccentricity becomes 

3GMJ2R
2

e1
2 

( 1 (o) ( 2 2) ) R1 = 
8 3 + Gm2 -b112 + N12 e1 + e2 - 2Pi2e1 e2 cos( ro1 - w-2) , 

a1 2a2 
(1) 

where G is the gravitational constant, h denotes the gravitational oblateness of the central 
mass, Mand Rare the mass and equatorial radius of the central mass, b~%, b~~~' bi% are 
the Laplace coefficients, and 

a12b~~t a12b~(2 a1 
N12 = ---'-- P12 = ---'-- 012 = - < 1. (2) 

8a.2 ' 8a2 ' a2 

The first term of the right-hand side in (1) comes from the gravitational oblateness of 
the central mass. In the terrestrial protoplanet system we do not take this J2 term into 
account since the Sun's J2 does not significantly influence the terrestrial region. 

Lagrange's planetary equations are transformed into differential equations for eccentricity 
vector ( h, k) as 

dh1 1 8R1 dk1 1 8R1 (
3

) 
dt - - n1ar 8k1 ' dt = n1ar 8h1 . 

The eccentricity vector is usually defined as ( e cos w, e sin w), using the argument of per­
ihelion w. But in this paper we define the vector using the longitude of perihelion ro as 
( h, k) = ( e cos w, e sin w). 

Inserting the secular disturbing function R 1 (1) into Lagrange's planetary equations (3), 
we get 

dk1 - = Ah1 - Bh2 dt ' (4) 

where 

(5) 
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2b(2) 
B = 2Gm2P12 ~ n1m2a12 3/2 (6) 

n1a12 4M 
neglecting the term derived from the gravitational oblateness of the central mass in 'R1. 

n1 denotes the mean motion of the particle 1. Since the mass of the perturbed body m 1 is 
much smaller than that of the central mass M, we consider m2/(M + m1 ) in (5) and (6) 
as m2/M. 

As the motion of the perturber, we assume a slow variation of eccentricity vector (h2 , k2 ) 

as 
h2 = e2 cos(gt + /3), k2 = e2 sin(gt + (3), (7) 

where g is the perturber's constant precession rate and f3 is a phase constant of the ec­
centricity vector. e2 is treated as a constant here. Substituting (7) into ( 4), we obtain a 
solution to equation ( 4) as 

where 

h1 = ccos(At + o) + Kh2, k1 = csin(At + o) + Kk2, 

B 
K=--

A-g 

(8) 

(9) 

and c and '5 are arbitrary constants of integration. Solution (8) is illustrated in the ec­
centricity vector space (h, k) as in Figure 1. This solution indicates that the eccentricity 
vector of the perturbed particle (h1, k1) moves in a circle around the vector (Kh2 , Kk2 ) 

with an angular velocity A. If lcl < 1Kle2, ro2 - ro1 librates, the synchronization of per­
ihelia is achieved. Otherwise, ro2 - ro1 circulates, and no synchronization is seen. K e2 

is the amplitude of forced oscillation of (h1, k1), and c is the amplitude of free oscillation 
determined by the initial orbital elements of the perturbed particle. 

The achievement of orbital synchronization described in solution (8) does not depend 
on whether or not the perturber's orbit is fixed in inertial space. When the perihelion of 
the perturber does not move at all, the perihelion of the perturbed particle librates around 
that of the perturber if conditions for orbital synchronization (lcl < IKle2) are satisfied. 

One of the typical examples of orbital synchronization is seen in Saturnian satellites, in 
the Rhea-Titan system (Pauwels, 1983). We have to take J2 term 3J2R2 / 4a1

2 into account 
in the expression of A ( 5), since the motion of the Rhea-Titan system is strongly affected 
by the gravitational oblateness of Saturn. Substituting the actual value of the physical 
parameters of the system, we get 1Kle2/lcl rv 3.3 which leads to the synchronization of 
Rhea's perihelion with that of Titan (Greenberg, 1977). 

3. Terrestrial protoplanet systems 

In this section we briefly describe the dynamical character of the terrestrial protoplanet 
system which we will discuss further in later sections. The numerical model of terrestrial 
protoplanet systems is the same as in Paper I. 
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k=esinrn 

h=ecosrn 

Figure 1. Schematic illustration of orbital synchronization in eccentricity vector space. 
e 1 and e2 represent the eccentricity vector of the perturbed body and the perturber, re­
spectively. Adapted from Greenberg (1977). 

3.1 Model of terrestrial protoplanets and numerical method 

Protoplanets, also called "planetary embryos," are regarded as precursors of the present 
planets. Venus, Earth, and other terrestrial planets are thought to have formed via the 
collisional evolution of protopla.nets. Protoplanets themselves would have formed through 
the runaway growth of smaller planetesimals. According to the latest numerical results, 
a number of protoplanets would form separated by nearly equal distances with slightly 
eccentric orbits, through runaway growth in the swarm of planetesimals (Kokubo and 
Ida, 1996; Kokubo and Ida, 1998). Once all the planetesimals have accumulated into 
protoplanets, the typical mass of the protoplanets becomes l"V 0.2Mm at a. = lAU, and 
rv 7/vlm at a = 7AU where !V/0 is the mass of Earth. Typical separations among the 
protoplanets are around ten Hill radii, which is equivalent to 0.02AU rv 0.04AU at a= lAU. 
Orbits of protopla.nets formed through runaway growth are nearly circular due to the equi­
partition of energy ( dynamical friction), and they remain globally stable till the end of the 
formation of the cores of Jupiter and Sa.turn within 106 

l"V 107 years. The accretion of 
the cores of jovian planets, i.e. the runaway growth of the protoplanets in Jupiter-Saturn 
region, is thought to proceed in solar nebula gas. The core accretion of Jupiter and Saturn, 
especially, can almost simultaneously accompany drastic collapse of nebula gas onto the 
smfaces of the cores due to their strong gravitational attraction (Mizuno et al., 1978). 
Then these two planets acquire their present masses within 106 years, or at most 107 years 
(Pollack et al., 1996; Tajima, 1998). At this point, growth of the jovia.n planets may catch 
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up with, or even surpass, growth of the terrestrial planets. 
For the numerical model of the terrestrial protoplanet system, we distribute about ten 

to twenty particles whose total mass is about 2MffJ (which is close to the total mass of 
the present terrestrial planets) in the region of the present Venus to Earth. Jupiter and 
Saturn are assumed to possess their present masses and orbital elements outside of the 
terrestrial protoplanets. The terrestrial protoplanets we treat in this paper range upward 
from a = a1 = 0.5A U with equal separations of D. x Rn using the mutual Hill radius 
Rn, where a1 is the semimajor axis of the innermost protoplanet. A parameter .Ll controls 
the planetary separation. The semimajor axis of the i + 1-th protoplanet is determined 
by an implicit relationship ai+l = ai + Ll x R~+l, where R~+l is the mutual Hill radius 
between the i-th and the i+l-th protoplanets (Gladman 1993, CWB). Spatial distributions 
of protoplanets differ from model to model. The number of protoplanets is denoted by N. 

We utilize two kinds of numerical integration method: one is second-order symplectic 
mapping (Wisdom and Holman, 1991) with a special ''warm start" procedure (Saha and 
Tremaine, 1992; Saha and Tremaine, 1994), and the other is a fourth-order time-symmetric 
Hermite integrator (Makino and Aarseth, 1992; Kokubo et al., 1998). We employ the 
Hermite integrator when either of two bodies approaches the other within five Hill radii. 
Otherwise we use symplectic mapping. 

We assume that the eccentricities and inclinations of protoplanets obey Rayleigh dis-
1 1 1 1 

tribution with dispersions (e2)2 and (/2) 2 , and satisfy (e2)2 = 2 (/2) 2 (Ida and Makino, 
1 

1992). We mainly assume (e2) 2 ~ 0.005 according to the results of numerical N-body sim-
ulations of runaway growth of planetesimals. The initial values of the mean anomalies are 
selected randomly from a uniform distribution subject to the constraint that the longitudes 
of bodies on adjacent orbits differ by at least 20°. The initial values of the longitudes of 
ascending node n, and perihelion ro are randomly selected from 0° to 360°. Vve do not 
consider any variation of masses nor separations in protoplanet systems as we did in Paper 
I. 

3.2 Orbital synchronization in protoplanet systems 

Typical terrestrial protoplanet systems satisfy the condition of orbital synchronization 
described in the previous section, lcl < IKle2. As an example, we consider Jupiter as 
a perturber with m2 = 1.0 x 10-3 M0 , a2 = 5.2AU, and e2 = 0.049. M0 ( = 1\1) is a 
solar mass. In the following sections we use a subscript J to denote the quantity for 
Jupiter (e.g. eJ,UJJ,aJ,· . . ). We adopt g = 9J = 21r/(3 x 105

) (rad/year) as the constant 
precession rate of Jupiter's perihelion in (7), since the circulation period of the present 
Jupiter's longitude of perihelion is about 3 x 105 years. Let us take a protoplanet as the 
perturbed particle with semimajor axis a = 0.BAU and mass m = 0.11\f ffJ = 3.0 x 10-71\10 . 

The amplitude of free oscillation c in the protoplanet system is quite small, since random 
v-elocity of the system would have been reduced through dynamical friction among the 
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swarm of planetesimals. \Vhen we assume c = 0.005 and calculate the Laplace coefficients, 
A= 2.63 x 10-5 (rad/year), B = 5.36 x 10-6 (rad/year), so K = B/(A- g) rv 1.0. Thus 
lcl = 0.005 < 1Kle2 rv 0.05, which means that the orbital synchronization occurs between 
Jupiter and a perturbed protoplanet in this case. 

In addition, the orbital synchronization in protoplanet systems is characterized by the 
fact that the orbits of several perturbed protoplanets are synchronized. One of the results 
of the orbital evolution of 14 protoplanets (~ = 10.4) perturbed by Jupiter and Saturn 
is shown as Figure 2. Perihelia of protoplanets synchronize and apparently follow that of 
Jupiter. Note that apparent circulation of protoplanets' perihelia when their orbits are 
nearly circular ( e rv O) is caused by the fact that perihelia themselves are only weakly 
defined in nearly circular orbits. Synchronization of the protoplanets' eccentricities is also 

seen in Figure 2(b ). 
The orbital synchronization in terrestrial protoplanets is qualitatively reproduced by 

a first-order secular perturbation theory (Brouwer and Clemence, 1961) as in Figure 3. 
Solutions by perturbation theory well reproduce those given by numerical integration. 
Henceforward, we will use secular perturbation theory to explain the mechanism of or­
bital synchronization among several perturbed particles. Note that in Figure 3(b ), the 
circulation period of Jupiter's longitude of perihelion differs somewhat from numerical in­
tegration results in Figure 2(b ). This is because we have neglected the terms derived 
from the 5:2 mean motion commensurability between Jupiter and Saturn - called "the 
great inequality" - in the original disturbing function in our calculation of basic planetary 
frequencies ( cf. Brouwer and van \iVoerkorn 1950). 

The orbital synchronization of protoplanet systems is also seen when we specify only 
Jupiter as a perturber (Figure 4). This is a plausible condition in the terrestrial protoplanet 
system since there must be some time-lag between the formation of Jupiter and that of 
Saturn, due to the difference in their distances from the Sun. In the meantime, only 
Jupiter would exist as a perturber for the terrestrial protoplanets. In Figure 4(a), Jupiter's 
perihelion is nearly fixed in inertial space, and perihelia of the protoplanets librate around 
that of Jupiter. Synchronization of eccentricities is also apparent (Figure 4(b) ). It should 
also be noted here that apparent circulation of protoplanets' perihelia. when their orbits 
are nearly circular ( e rv O) is caused by the fact that perihelia themselves are only weakly 
defined in nearly circular orbits. 

3.3 Interaction among neighboring particles 

Even when there are several perturbed particles, we can also get linear solutions similar 
to solution (8) which express orbital synchronization among perturbed particles. But here 
our aim is to provide a simpler and more intuitive explanation of orbital synchronization. 

\i\'hen there exist more than one perturbed particle, libration frequencies of their perihelia 
around that of Jupiter are all different if there is no mutual gravitational interaction. This 

-157-



Synchronization of orbital elements and 
stability of protoplanet systems 

Takashi Ito and Kiyotaka Tanikawa 
National Astronomical Observatory, Mitaka, Tokyo 181-8588, Japan 

(E-mail) tito©cc.nao.ac.jp 

Recent numerical studies indicate that so called secular orbit-orbit resonances· 
which have been found in planet-satellite or satellite-ring systems can occur in sys­
tems like planetary and protoplanetary systems. In this paper, we investigate the 
dynamical character of such resonances: synchronization of eccentricities and lon­
gitudes of perihelion in terrestrial protoplanet systems perturbed by massive jovian 
planets. Orbital synchronization in protoplanet systems with plural perturbed bodies 
is qualitatively explained by using a secular disturbing function and superposition of 
"mutual shepherding" among neighboring particles. Orbital synchronization serves 
as a stabilizer of the system by preventing particles from making close encounters. 
Systems appear most stable where tidal torque by perturbers and mutual gravita­
tional interaction among particles balance; in such cases, the orbital synchronization 
is realized. 

1. Introduction 

So called orbit-orbit resonances in planet-satellite or satellite-ring systems have been 
investigated for decades (Peale, 1976). The orbital stability of several satellites around 
Jupiter, Saturn, and Uranus seems to be sustained through various types of mean motion 
commensurabilities (Allan, 1969; Sinclair, 1972; Sinclair, 1975; Greenberg, 1973; Green­
berg, 1975; Greenberg, 1976). Among the resonances, secular orbital resonances in partic­
ular are considered to play important roles in maintaining stability of systems. Some Ura­
nian rings are thought to remain elliptic through mutual gravitational interaction and/or 
through the influence of nearby shepherding satellites (Goldreich and Tremaine, 1979b; 
Porco and Goldreich, 1987; Goldreich and Porco, 1987; Kozai, 1992; Kozai, 1993). Satur­
nian satellites Rhea and Titan are also in such a secular synchronization state ( Greenberg, 
1977; Pauwels, 1983). 

Recent numerical calculations indicate that similar synchronization phenomena appear 
not only in planet-satellite or satellite-ring systems, but also in planetary and protoplan­
etary systems. Innanen et al. (1997) discovered in their numerical integrations that the 
nodes and mutual inclinations of several planets around a hypothetical primary star with a 
highly inclined secondary star show strong synchronization as if they compose a rigid disk. 
Ito and Tanikawa (1998, hereafter called Paper I) showed that perturbation by giant jovian 
planets could cause the coherent oscillation of eccentricities and longitudes of perihelion of 
terrestrial protoplanets. Although spatial scales and timescales of such phenomena are all 
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different, the essential mechanism of orbital synchronization is believed to be common to 
all of such planetary and protoplanetary systems. 

In this paper we emphasize that the orbital synchronization in terrestrial protoplanet 
systems discussed in Paper I is not only interesting in itself from the viewpoint of celestial 
mechanics, but also plays an important role in stability of the system. When distances 
between particles are small, strong mutual interaction renders the system unstable, causing 
rapid orbital crossings and close encounters. On the other hand, the large orbital distances 
and wide spatial range of the system also work as destabilizers of the system, provoking 
large tidal torque by perturbers. Synchronization of orbital elements occurs when mutual 
gravitational interaction and tidal torque by perturbers balance. The system's stability is 
maintained by this orbital synchronization. 

In Section 2, we briefly review Greenberg's (1977) method of explaining the dynamical 
mechanism of orbital synchronization using a secular disturbing function. Greenberg de­
veloped his method to explain the orbital synchronization of particle systems containing 
only one perturbed body. 

Section 3 describes the dynamical characters of the terrestrial protoplanet system which 
we will base our argument on. Typical examples of the orbital synchronization in proto­
planet systems are shown. \'Ve find that the orbital synchronization in point-mass systems 
including several perturbed particles can be qualitatively explained by superposition of 
gravitational interaction among neighboring particles, "mutual shepherding". 

Section 4 is devoted to an investigation of the relationship between orbital synchroniza­
tion and stability. We introduce a measure of the stability of protoplanet systems, a so 
called "C\iVB diagram" (Chambers et al. 1996, hereafter called C\i\TB). CVVB diagrams 
show that the orbital synchronization of protoplanets occurs in the most stable region, 
where mutual gravitational interaction and tidal torque by perturbers balance. We show 
that protoplanet systems having synchronized initial orbital elements remain stable longer 
than those having randomly chosen initial conditions. Vle remark that orbital synchroniza­
tion in the terrestrial protoplanet system is a transient process, gradually breaking down 
toward instability over a 0(106 )-year timescale. 

Section 5 goes on to discuss the implications of these results. Stability of Uranian €-rings 
and a hypothetical planetary system in a binary system advocated by Innanen et al. (1997) 
are reconsidered in terms of orbital synchronization. 

2. Mechanisms of orbital synchronization 

In this section, we briefly explain the dynamical mechanism of orbital synchronization 
by utilizing a secular disturbing function following Greenberg (1977). Greenberg's method 
is intended to explain the orbital synchronization of a particle system containing only one 
perturbed body. In later sections vve will discuss how orbit.al synchronization in a system 
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with two or more perturbed particles can be qualitatively understood as a superposition 
of the mutual gravitational interaction between neighboring particles. 

In low eccentricity and small inclination systems, the orbital synchronization between 
a perturber and a perturbed body can be qualitatively explained by the motion of eccen­
tricity vectors (Laplace-Runge-Lentz vectors) using a secular disturbing function. Here we 
concentrate on the synchronized oscillation of eccentricities e and longitudes of perihelion 
w in planar orbits. We can also show that inclinations I and longitudes of ascending 
node n also synchronize in low eccentricity and small inclination systems, since the secular 
equations are decoupled in similar forms into components of (e, w) pairs and (I, n) pairs 
in such systems (cf. Brouwer and Clemence 1969). 

Let us consider a system consisting of two particles on planar orbits around a central 
mass. The inner one (indicated by subscript 1) is a perturbed body, and the outer one 
(subscript 2) is a perturber. a and m denote semimajor axis and mass, respectively. Secular 
part 7?,1 of the disturbing function at the inner perturbed body without using higher order 
terms in eccentricity becomes 

3GM J2R
2ei2 ( 1 (o) ( 2 2) ) 

n1 = Bai 3 + Gm2 
2
a

2 
b112 + N12 e 1 + e2 - 2P12e1 e2 cos( w1 - w 2) , (1) 

where G is the gravitational constant, J2 denotes the gravitational oblateness of the central 
mass, M and R are the mass and equatorial radius of the central mass, b~%, b~;2 , b~% are 
the Laplace coefficients, and 

a12b~~~ a12b~f2 a1 (
2

) 
N12 = ---, P12 = ---, a12 = - < 1. 

8a2 8a2 a2 

The first term of the right-hand side in (1) comes from the gravitational oblateness of 
the central mass. In the terrestrial protoplanet system we do not take this J2 term in to 
account since the Sun's J2 does not significantly influence the terrestrial region. 

Lagrange's planetary equations are transformed into differential equations for eccentricity 

vector ( h, k) as 
dh1 1 8R1 dk1 1 8R1 
dt - - n1ar 8k1 ' dt = n1ar 8h1 . 

(3) 

The eccentricity vector is usually defined as ( e cos w, e sin w), using the argument of per­
ihelion w. But in this paper we define the vector using the ~ongitude of perihelion w as 
( h, k) = ( e cos w, e sin w). 

Inserting the secular disturbing function 7?,1 ( 1) into Lagrange's planetary equations ( 3), 

we get 

(4) 

where 

(5) 
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2b(2) 
B = 2Gm.2P12 rv n1 m2n12 3/2 ( 

6
) 

n1a.1 2 - 41\ll 
neglecting the term derived from the gravitational oblateness of the central mass in R 1. 

n1 denotes the mean motion of the particle 1. Since the mass of the perturbed body m 1 is 

much smaller than that of the central mass lvl, we consider m2/(J..;f + mi) in (5) and (6) 

as m2/ lvl. 
As the motion of the perturber, we assume a slow variation of eccentricity vector (h2 , k2 ) 

as 

h2 = e2 cos(gt + (J), k2 = e2 sin(gt + (J), (7) 

where g is the perturber's constant precession rate and /3 is a phase constant of the ec­
centricity vector. e2 is treated as a constant here. Substituting (7) into ( 4), we obtain a 
solution to equation ( 4) as 

where 

h1 = ccos(At + 6) + Kh2 , k1 = csin(At + 6) + Kk2, 

]{ = _!!_ 
A-g 

(8) 

(9) 

and c and 6 are arbitrary constants of integration. Solution (8) is illustrated in the ec­
centricity vector space (h, k) as in Figure 1. This solution indicates that the eccentricity 
vector of the perturbed particle (h 1, k1) moves in a circle around the vector (Kh2 , Kk2 ) 

with an angular velocity A. If lcl < 1Kle2 , w2 - w1 librates, the synchronization of per­
ihelia is achieved. Othenvise, w2 - w1 circulates, and no synchronization is seen. K e2 

is the amplitude of forced oscillation of ( h1, k1), and c is the amplitude of free oscillation 

determined by the initial orbital elements of the perturbed particle. 
The achievement of orbital synchronization described in solution (8) does not de:pend 

on whether or not the perturber's orbit is fixed in inertial space. ,vhen the perihelion of 
the perturber does not move at all, the perihelion of the perturbed particle librates around 
tha.t of the perturber if conditions for orbital synchronization (lcl < 1Kle2 ) are satisfied. 

One of the typical examples of orbital synchronization is seen in Saturnian satellites, in 

the Rhea-Titan system (Pauwels, 1983). "'e have to take J2 term 3hR2 /4a1
2 into account 

in the expression of A (5), since the motion of the Rhea-Titan system is strongly affected 
by the gravitational oblateness of Saturn. Substituting the actual value of the physical 

parameters of the system, we get 1Kle2/lcl rv 3.3 which leads to the synchronization of 
Rhea's perihelion ,vith that of Titan (Greenberg, 1977). 

3. Terrestrial protoplanet systems 

In this section we briefly describe the dynamical character of the terrestrial protoplanet 
system which we will discuss further in later sections. The numerical model of terrestrial 
protopla.net systems is the same as in Paper I. 
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k=esinrn 

h=ecosrn 

Figure 1. Schematic illustration of orbital synchronization in eccentricity vector space. 
e1 and e2 represent the eccentricity vector of the perturbed body and the perturber, re­
spectively. Adapted from Greenberg (1977). 

3.1 Model of terrestrial protoplanets and numerical method 

Protoplanets, also called "planetary embryos," are regarded as precursors of the present 
planets. Venus, Earth, and other terrestrial planets are thought to have formed via the 
collisional evolution of protoplanets. Protoplanets themselves would have formed through 
the runaway growth of smaller planetesimals. According to the latest numerical results, 
a number of protoplanets would form separated by nearly equal distances with slightly 
eccentric orbits, through runaway growth in the swarm of planetesimals (Kokubo and 
Ida, 1996; Kokubo and Ida, 1998). Once all the planetesimals have accumulated into 
protoplanets, the typical mass of the protoplanets becomes rv 0.2MEB at a = lAU, and 
rv 7Me at a = 7AU where MEB is the mass of Earth. Typical separations among the 
protoplanets are around ten Hill radii, which is equivalent to 0.02AU rv 0.04AU at a= lAU. 
Orbits of protoplanets formed through runaway growth are nearly circular due to the equi­
partition of energy ( dynamical friction), and they remain globally stable till the end of the 
formation of the cores of Jupiter and Saturn within 106 

rv 107 years. The accretion of 
the cores of jovian planets, i.e. the runaway growth of the protoplanets in Jupiter-Saturn 
region, is thought to proceed in solar nebula gas. The core accretion of Jupiter and Saturn, 
especially, can almost simultaneously accompany drastic collapse of nebula gas onto the 
surfaces of the cores due to their strong gravitational attraction (Mizuno et al., 1978). 
Then these two planets acquire their present masses within 106 years, or at most 107 years 
(Pollack et al., 1996; Tajima, 1998). At this point, growth of the jovian planets may catch 
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up with, or even surpass, growth of the terrestrial planets. 
For the numerical model of the terrestrial protoplanet system, we distribute about ten 

to twenty particles whose total mass is about 2M$ (which is close to the total mass of 
the present terrestrial planets) in the region of the present Venus to Earth. Jupiter and 
Saturn are assumed to possess their present masses and orbital elements outside of the 
terrestrial protoplanets. The terrestrial protoplanets we treat in this paper range upward 
from a = a1 = 0.5AU with equal separations of Li x RH using the mutual Hill radius 
Ru, where a1 is the semimajor axis of the innermost protoplanet. A parameter Li controls 
the planetary separation. The semimajor axis of the i + 1-th protoplanet is determined 
by an implicit relationship ai+l = ai + Li x RW+l, where R~+l is the mutual Hill radius 
between the i-th and the i + 1-th protoplanets (Gladman 1993, CWB). Spatial distributions 
of protoplanets differ from model to model. The number of protoplanets is denoted by N. 

\Ve utilize two kinds of numerical integration method: one is second-order symplectic 
mapping ('Visdom and Holman, 1991) with a special "warm start" procedure (Saha and 
Tremaine, 1992; Saha and Tremaine, 1994), and the other is a fourth-order time-symmetric 
Hermite integrator (Makino and Aarseth, 1992; Kokubo et al., 1998). We employ the 
Hermite integrator when either of two bodies approaches the other within five Hill radii. 
Otherwise we use symplectic mapping. 

We assume that the eccentricities and inclinations of protoplanets obey Rayleigh dis-
1 I 1 I 

tribution with dispersions (e2) 2 and (/2) 2 , and satisfy (e2 ) 2 = 2 (/2) 2 (Ida and Makino, 
1 

1992). ,ve mainly assume (e2) 2 :s; 0.005 according to the results of numerical N-body sim-
ulations of runaway growth of planetesimals. The initial values of the mean anomalies are 
selected randomly from a uniform distribution subject to the constraint that the longitudes 
of bodies on adjacent orbits differ by at least 20°. The initial values of the longitudes of 
ascending node n, and perihelion w a.re randomly selected from 0° to 360°. 1l'-le do not 
consider any variation of masses nor separations in protoplanet systems as we did in Paper 
I. 

3.2 Orbital synchronization in protoplanet systems 

Typical terrestrial protopla.net systems satisfy the condition of orbital synchronization 
described in the previous section, lcl < 1Kle2• As an example, we consider Jupiter as 
a perturber with m2 = 1.0 x 10-31\10 , a2 = 5.2AU, and e2 = 0.049. M0 (= M) is a 
solar mass. In the following sections we use a subscript J to denote the quantity for 
Jupiter (e.g. eJ,wJ,aJ, ... ). 'i\'e adopt g = gJ = 21r/(3 x 105) (rad/year) as the constant 
precession rate of Jupiter's perihelion in (7), since the circulation period of the present 
Jupiter's longitude of perihelion is about 3 x 105 years. Let us take a protoplanet as the 
perturbed particle with semima.jor a.xis a.= 0.8AU and mass m = 0.ll\1$ = 3.0 x 10-11\10 . 

The amplitude of free oscillation c in the protopla.net system is quite small, since random 
velocity of the system would have been reduced through dynamical frict.ion among the 
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swarm of planetesimals. \Vhen we assume c = 0.005 and calculate the Laplace coefficients, 
A= 2.63 x 10-5 (rad/year), B = 5.36 x 10-6 (rad/year), so I<= B /(A - g) rv 1.0. Thus 
lcl = 0.005 < 1Kle2 rv 0.05, which means that the orbital synchronization occurs between 
Jupiter and a perturbed protoplanet in this case. 

In addition, the orbital synchronization in protoplanet systems is characterized by the 
fact that the orbits of several perturbed protoplanets are synchronized. One of the results 
of the orbital evolution of 14 protoplanets (~ = 10.4) perturbed by Jupiter and Saturn 
is shown as Figure 2. Perihelia of protoplanets synchronize and apparently follow that of 
Jupiter. Note that apparent circulation of protoplanets' perihelia when their orbits are 
nearly circular ( e rv O) is caused by the fact that perihelia themselves are only weakly 
defined in nearly circular orbits. Synchronization of the protoplanets' eccentricities is also 
seen in Figure 2(b). 

The orbital synchronization in terrestrial protoplanets is qualitatively reproduced by 
a first-order secular perturbation theory (Brouwer and Clemence, 1961) as in Figure 3. 
Solutions by perturbation theory well reproduce those given by numerical integration. 
Henceforward, we will use secular perturbation theory to explain the mechanism of or­
bital synchronization among several perturbed particles. Note that in Figure 3(b), the 
circulation period of Jupiter's longitude of perihelion differs somewhat from numerical in­
tegration results in Figure 2(b). This is because we have neglected the terms derived 
from the 5:2 mean motion commensurability between Jupiter and Saturn - called "the 
great inequality" - in the original disturbing function in our calculation of basic planetary 
frequencies ( cf. Brouwer and van Woerkom 1950). 

The orbital synchronization of protoplanet systems is also seen when we specify only 
Jupiter as a perturber (Figure 4). This is a plausible condition in the terrestrial protoplanet 
system since there must be some time-lag between the formation of Jupiter and that of 
Saturn, due to the difference in their distances from the Sun. In the meantime, only 
Jupiter would exist as a perturber for the terrestrial protoplanets. In Figure 4( a), Jupiter's 
perihelion is nearly fixed in inertial space, and perihelia of the protoplanets librate around 
that of Jupiter. Synchronization of eccentricities is also apparent (Figure 4(b) ). It should 
also be noted here that apparent circulation of protoplanets' perihelia when their orbits 
are nearly circular (e rv 0) is caused by the fact that perihelia themselves are only weakly 
defined in nearly circular orbits. 

3.3 Interaction among neighboring particles 

Even when there are several perturbed particles, we can also get linear solutions similar 
to solution (8) which express orbital synchronization among perturbed particles. But here 
our aim is to provide a simpler and more intuitive explanation of orbital synchronization. 

When there exist more than one perturbed particle, libration frequencies of their perihelia 
around that of Jupiter are all different if there is no mutual gravitational interaction. This 
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F igure 2. Typical example of orbital synchronization in a terrestrial protoplanet system 

perturbed by Jupiter and Sat.u rn for t.wo million yea rs. N = 14, m. = 5 x 10- 7 Jvl0 , 
I I 

ti= 10.4, and (e2 ) 2 = 2 (!2 ) 2 = 0.005 . (a) eccent ricities and (b) longitudes of perihelion. 

The thick line in (b) denotes the variation of Jupit er 's longit ude of perihelion. All data of 

14 proto planets are plotted together. 
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is because libration frequency is basically a function of two things, mass and the semimajor 
axis of the perturbed particle in restricted cases. However in an actual system with mutual 
gravitational interaction, neighboring particles can perturb one another, acting both as 
perturbers and as perturbed bodies. Hence, given some appropriate initial parameters, 
the orbital elements of several neighboring particles can synchronize due to this "mutual 
shepherding". To confirm this, we have devised a secular disturbing function which includes 
only a limited number (ni) of mutual interactions. For example, when ni = l, the i-th 
particle interacts with only the i -1-th and i + 1-th particles, in addition to the perturber. 
Similarly, the i-th particle interacts with the i - 2-th, i - 1-th, i + 1-th, i + 2-th particles 
and the perturber when ni = 2. The perturber interacts with all the perturbed particles. 

One of the resulting orbital motions obtained by this secular disturbing function is shown 
in Figure 5. We chose an N = 9 protoplanet system, and calculated the time evolution 
of eccentricities and longitudes of the perihelia of protoplanets. Results of ni = 0, l, 2, 3, 6 
cases and a normal (fully interactive) case are plotted. A result of numerical integration 
which starts from the same initial condition is also provided for comparison. Orbital 
synchronization of the protoplanets is achieved even when ni = 1, though amplitudes and 
periods are somewhat different. When we increase ni, synchronization approaches a normal 
( fully interactive) condition. When there is no mutual interaction among perturbed bodies 
(ni = 0), we cannot recognize any synchronization. Thus mutual shepherding is found to 
play an essential role in orbital synchronization in protoplanet systems. 

Note that in Figure 5(a)"'(f) we postulate that Saturn does not interact directly with 
the protoplanets except through the motion of Jupiter. 

Another thing which should be noted about orbital synchronization in protoplanet sys­
tems is that the oscillatory amplitude of protoplanets' eccentricities is considerably reduced 
in comparison with the restricted examples ( cf. ni = 0 ( a) and fully interactive ( f) cases in 
Figure 5). This is due to migration of the secular resonance zone, especially v5 in this case, 
owing to mutual gravitational interaction among perturbed particles. This can be partly 
understood by calculating the secular precessional frequency g( a) of a massless particle 
in the terrestrial planet zone having the semimajor axis a (Paper I). Migration of secular 
resonance through mutual gravitational interaction is considered to play an important role 
in the stability of present terrestrial planets (Innanen et al., 1998). 

4. Orbital synchronization and stability 

4.1 CWB diagrams 

Orbital synchronization acts as a stabilizer of protoplanet systems, preventing close en­
counters between particles, as we can see geometrically (Figure 6). ,veakening of synchro­
nization increases the possibility of close encounters between neighboring protoplanets. 
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(a) 

(b) 

Figure 6. Schematic illustration of synchronization and stability. (a) displays an example 
in which orbital synchronization is not achieved, and (b) shows a case where it is achieved. 
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,ve estimate the instability timescale T1 of the protopla.net system by measuring the time 

elapsing till a first close encounter takes place, starting from a stable initial condition. Here, 

a system is defined a.s becoming unstable vvhen a first close encounter occurs somewhere in 

the system. We consider that a system experiences a close encounter when either of two 

bodies approaches the other within the larger Hill radius. 

The relation between the instability timescale T1 and normalized separation~ of proto­

planet systems is expressed as(~, log T1 )-plot called the C\VB diagram advocated first by 

CWB. Making a CWB diagram is merely equivalent to taking snapshots of the dynamical 

evolution of the system. Detailed numerical N-body simulations are required to describe 

the actual evolution of protoplanet systems (Levison et al., 1998; Chambers and \Vether­

ill, 1999). But it is convenient to utilize CWB diagrams to investigate some of the basic 

dynamical characteristics of protoplanet systems with fixed boundary conditions, 

,vhen no perturbers such as jovian planets are taken into account, log T1 of the terrestrial 

protoplanet system is found to be proportional to~ (Figure 7(a)). Instability timescale T1 

seems to be limitlessly longer when ~ increases. But once we introduce massive perturbers 
outside of terrestrial protoplanets, this is not the case. Figure 7(b) is a typical CWB 

diagram of 14-protoplanet systems with equal mass (5 x 10-7 M0 ) and small random velocity 
1 1 

(e2) 2 = 2 (12 ) 2 = 0.005. The instability timescale T1 is longest in the modest-~ region, 

and shorter in the small- and large-~ regions. T1 is limited to a maximum of 106 to 107 

years. 

Note that in small-~ regions such as ~ < 8, the logarithmic average of T1 is some­
what longer in perturbed protoplanet systems (Figure 7(b)) than in systems that are not 

perturbed (Figure 7(a)). This is probably because orbital synchronization occurs in the 

perturbed protoplanet system, and prevents particles from making close encounters for a 

slightly longer period than in the unperturbed protoplanet system, as we see in the next 

subsection and Figure 8( a)(b). 
The stabilizing effect of orbital synchronization is more apparent in protoplanet systems 

' 1 1 

with larger random velocity. Larger random velocities such as (e2 ) 2 = 2 (/2 )2 = 0.015 
are plausible, since the collisional evolution of protoplanet systems tends to enhance the 

1 

eccentricities and inclinations of particles. In large random velocity systems such as ( e2
) 2 = 

1 

2 (/2 ) 2 = 0.015, instability timescale T1 varies considerably depending on initial conditions 

(Figure 7(c)). V-le performed some numerical experiments in which all the orbits initially 

synchronize (ei = 0.015, wi = WJ where j = 1, ... , N). One of the resulting G\~1B diagrams 

is shown as Figure 7( d). Instability timescale T1 becomes much longer than in Figure 7( c) 

due to the initial orbital synchronization. 

4.2 Mutual interaction and tidal torque 

The relation between orbital synchronization and stability depends on the orbital sepa­

ration and spatial range of the system which is described by the parameter, ~- ~ controls 
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Figure 7. Typical examples of CWB diagrams. "Delta" in the abscissa denotes .6.. Several 
data for a .6. bin from different initial conditions are plotted by squares, together with their 
logarithmic averages by solid lines. In all panels, N = 14 and m = 5 x 10-7 M0 . (a) 

1 1 

(e2 ) 2 = 2 (12 ) 2 = 0.005 protoplanet systems which are not disturbed by any perturber 
1 1 

outside. (b) (e2 ) 2 = 2 (12) 2 = 0.005 protoplanet systems perturbed by Jupiter and Saturn. 
1 1 

( c) ~e2
) 2 = 2 fI2

) 2 = 0.015 protoplanet systems perturbed by Jupiter and Saturn. ( d) 
(e2) 2 = 2 (12 ) 2 = 0.015 protoplanet systems perturbed by Jupiter and Saturn, in which 
the initial orbital elements of all the protoplanets are synchronized. 
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not only the strength of the mutual gravitational interaction among protoplanets, but also 
the strength of disturbance by perturbers. The disturbing force on a protoplanet by outer 
perturbers is a function of distance between each protoplanet and the perturber; it is pro­
portional to the inverse cube of the distance. This means that the disturbance by the outer 
perturber serves as a tidal force ( cf. Danbby 1992). Differences in the distance from the 
perturber result in differences in the strength of the disturbing force exerted on perturbed 
bodies. These differential forces work as a kind of torque on perturbed particles. We 
hereafter refer to this differential force as "tidal torque". 

Tidal torque creates differences in the natural precession rate of each perturbed particle. 
In small-~ systems, tidal torque is small, hence the difference in the natural precession 
rate of each orbit is small. Although it can lead to the synchronization of orbital elements, 
strong mutual gravitational interaction in small-~ systems threatens their stability. In a 
small-~ system (~ = 8.2), orbital synchronization seems to be well established (Figure 
8(a)). But within 3 x 105 years, instability occurs due to too great a mutual interaction. 
On the other hand, mutual gravitational interaction in large-~ systems is weaker than in 
small-~ systems. But tidal torque produced by a perturber is stronger, and the natural 
precession rate of each protoplanet 's orbit differs a great deal. This can lead to orbital 
crossings, and finally close encounters occur. In a large-~ system (~ = 20.0), no orbital 
synchronization is seen (Figure 8(b)) since the natural precession rates are largely different 
in each particle, and the mutual interaction among particles is weak. Orbital crossing 
provokes rapid close encounters in this case. In the largest-~ area in Figure 7(b ), T1 is 
bound to several 105 years. This is a. limit imposed by the precession period of Jupiter's 
perihelion, about 3 x 105 years. This means that the stability of protoplanet systems with 
large-~ cannot be maintained even during a single circulation of Jupiter's perihelion. 

Thus the system is relatively stable in the modest-~ area where the mutual gravitational 
interaction and tidal torque balance. 

4.3 Gradual break down of orbital synchronization 

The orbital synchronization in protoplanet systems keeps them stable. However, a pro­
toplaneta.ry system would have to become unstable to evolve toward the present planetary 
system; protoplanets must collide with one another and reduce their numbers. 

The orbital synchronization, which seems to be well maintained at the modest-~ region 
such as 10 ~ ~ ~ 12 in Figure 7(b ), is a transient process having at most a 0(107)-year 
timescale. The initial configuration of the terrestrial protoplanet system (i.e. nearly equal 
masses and separations such as 8 ~ ~ ~ 10, and small random velocity) is likely to induce 
the orbits to synchronize. But the synchronization gradually breaks down due to short­
periodic or higher-order perturbation among protoplanets and/or by perturbers in 0(106 ) 

to 0(107)-year timescales. The first-order secular perturbation theory we use in this paper 
does not contain these effects. 
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Figure 8. The orbital evolution of protoplanets in a smaller- and a largcr-.6 systems. 

(a) the eccentricities and (b) longitudes of perihelion of a .6 = 8.2, N = 14, m = 5 x 
I I 

10- 7 J\10 , and (e2)2 = 2 (12) 2 = 0.005 system, and ( c) the eccentricities and ( d) longit udes 
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of perihelion of a .6 = 20 .0, N = 14, m = 5 x 10- 7 M0 , and (e2 ) 2 = 2 (12 ) 2 = 0.005 system. 
In the right side of ( c) and ( d) , the density of dots becomes higher clue to t he automatic 
change of integration method from symplectic mapping to Hermit e integrator , following 
the change of minimum distance among protoplanets. 
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\Ve define some parameters which indicate the degree of orbital synchronization using 
eccentricity vector ei == ( ei cos wi, ei sin 'wj ). The root mean square of eccentricity vectors 
of perturbed protoplanets is defined here as 

L)=:1 le - eil2 

N 
(10) 

and maximum deviation from the averaged value as 

(11) 

where N is the number of protoplanets and e is the average of their eccentricity vectors, 

_ Ef=1 ei 
e == N . (12) 

We selected a numerical example from the calculations in Figure 7(b), and showed their 
1 le212 , 8maxe, and minimum distances among all particles in Figure 9. We can see that 

orbital synchronization gradually breaks down, finally resulting in a close encounter. 

5. Implications for other celestial systems 

Finally we reconsider two other celestial systems which consist of a central mass, several 
perturbed bodies, and distant perturbers, from the viewpoint of orbital synchronization 
and stability: the first is a hypothetical planetary system in a binary star system, and the 
second is the Urania.n €-rings. 

Innanen et al. (1997) showed that in a highly inclined planetary system around the 
primary star of a binary, nodes and inclinations of the planets show strong synchronization 
as if they compose a rigid disk. This phenomenon seems to be a variant of the orbital syn­
chronization described in this paper, occurring at a region where the mutual gravitational 
interaction and the tidal torque balance. A difference is that the "dynamical rigidity" in 
Innanen et al. (1997) is a process specific to three dimensional space. In such a case, 
orbital synchronization occurs only in (J, n) pairs, not in (e, ro) pairs. We performed some 
extensional numerical calculations of Innanen and collaborators and confirmed that orbital 
synchronization in ( e, w) pairs does not occur in the system proposed by Innanen et al. 
\"\'ith the exception of this feature, this "dynamical rigidity" shows characteristics common 
with the orbital synchronization seen in protoplanet systems. \Vhen the mutual gravi­
tational interaction among planets is v{eak, planets suffer from Kozai resonance. Their 
eccentricities and inclinations oscillate at quite a. large amplitude, which can lead to insta­
bility. \i\Then the mutual gravitational interaction among planets is strong, close encounters 
among planets are likely to occur. Although getting an analytical explanation is more dif­
ficult in a highly eccentric system with a large inclination than in a system with little 
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eccentricity and inclination such as the terrestrial protoplanet system, the mechanisnis of 
orbital synchronization and "dynamical rigidity" seem to be essentially the same. Accord­
ing to Innanen 's numerical integration, "dynamical rigidity" also collapses into instability 
after a long interval such as rv 108 years ( rv 107 revolutions of Jupiter). 

If planetary rings such as Uranian E-rings consist of small ringlets having nearly equal 
mass and equal separation like the terrestrial protoplanets, they can be a typical example 
of orbital synchronization. Perturbation by shepherding satellites and the gravitational 
oblateness of Uranus causes €-ringlets to precess, whereas mutual gravitational interaction 
among ringlets helps them to synchronize. Then, the rings are assumed to remain stably 
elliptic through the orbital synchronization of ringlets. Since the width of the ring is 
quite narrow compared with the orbital radius of the ring, natural precession rates due 
to perturbers are not so different at the innermost and outermost edges of the ring; i.e. 
the tidal torque by perturbers is relatively weak. This is the biggest difference between 
Uranian E-rings and a terrestrial protoplanet system whose spatial width (such as rv lAU) 
is comparable to its orbital radius. 

However, actual Uranian ringlets are thought to have a wide range of mass distribution 
and be exposed to frequent physical collision ( Goldreich and Tremaine, 1979a; Elliot et al., 
1984; French et al., 1991; Esposito et al., 1991; Hui et al., 1991). In that case, their stability 
may not be maintained by the simple orbital synchronization described in this paper. 
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Abstract 

Formation and evolution of protoplanets from a planetesimal swarm embedded in the 
protoplanetary solar nebula are investigated, by three-dimensional N-body simulation. Ini­
tially, the planetesimal swarm is distributed in the range of0.5-1.5AU, in contrast to the local 
simulation by Kokubo & Ida (1998,1999), so that the formation of the system of multiple 
protoplanets which would evolve toward terrestrial planets is directly investigated. Finally, 
about 20 protoplanets are formed through runaway growth, whose masses almost agree with 
the isolation mass predicted by the earlier reference. The difference in semi-major axis be­
tween neighboring protoplanets are about 10 Hill's radius, which also agrees with the local 
simulation. We succeeded to scale the mass of protoplanets as a function of semi-major 
axis and time, which suggests that masses of protoplanets which have not yet reached the 
isolation mass would be distributed as Mex a-8 • 

1 INTRODUCTION 

In the standard scenario of the planetary accretion, terrestrial planets are formed from small 
bodies called planetesimals whose initial masses are ,-.J 1018g. The planetary accretion process 
have been mainly investigated by the statistical method ( e.g. Greenberg et al. 1978; Wetherill 
& Stewart 1989; Weidenschilling et al. 1997) or N-body simulation (e.g. Kokubo & Ida 1996, 
1998). According to them, there is a common stage called runaway growth where a massive 
planetesimal emerged from smaller planetesimals predominantly grows. Such a planetesimal is 
called a planetary embryo, or a protoplanet. In post-runaway stage, larger protoplanets grow 
more slowly than smaller ones, while the growth of protoplanets is still faster than that of 
planetesimals (Kokubo & Ida 1998). This type of growth is called oligarchic growth. In the 
oligarchic growth, the typical orbital separation is about lORtt, where Rtt = (2M /3M0 ) 113a 
is called Hill's radius (A10 is the solar mass, M and a is the mass and semi-major axis of the 
protoplanet). Kokubo & Ida (1998) suggested if the oligarchic growth continues, a protoplanet 
with mass about 0.lMEB is eventually formed at lAU, which is much smaller than the terrestrial 
planets like the Earth and the Venus. This ultimate mass of the protoplanet is called the 
isolation mass. The protoplanet system thus formed is considered to become unstable in time 
scale longer than that for accretion and evolve toward the terrestrial planets through mutual 
collision. This final stage is studied by several authors (e.g. Chambers & Wetherill 1998, Ito & 
Tanikawa 1999). 

However, Kokubo & Ida (1998) investigated the evolution of a planetary swarm distributed in 
narrow ring-like region around lAU whose width is comparable to or narrower than the orbital 
separation of the protoplanet with the isolation mass. On the other hand, in the final stage 
toward the terrestrial planets, the instability of the protoplanet system would be caused by the 
gravitational interaction among three or more protoplanets (e.g. Chambers et al. 1996). Thus, 
it is necessary to directly investigate the masses and orbital separations of the protoplanets in 
more wider region which contains multiple protoplanets. 

Weidenschilling et al. (1997) used multi-zoned simulation code to study the evolution of the 
planetesimal swarm in the region of terrestrial planets (0.5-1.5AU), and obtained the results 
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which is consistent with those suggested by Kokubo & Ida (1998). Their simulation is, however, 
based on the results of the local simulations. Thus, more direct and reliable approach is needed. 

In this paper, we investigated the formation of the protoplanet system by three-dimensional 
N-body simulations. N-body simulation is more reliable method since orbits of all the particles 
are directly calculated. However, this method cannot start from sufficiently small planetesimals 
due to numerical difficulty. Instead, we estimated the mass of the protoplanet as a function of 
time, the semi-major axis, and initial mass of planetesimals. This would enable us to determine 
the evolution of protoplanet mass with arbitrary initial masses of planetesimals. 

2 MODEL AND METHODS 

2.1 Basic equations and force calculation 

The equation of motion of i-th planetesimal is written as 

(1) 

where x and v are the position and velocity of planetesimals respectively, G is the gravitational 
constant, mp is the planetesimal mass, and M0 is the solar mass. The r.h.s. of Eq.(1) repre­
sents the solar gravity, the mutual gravitational interaction with other planetesimals, and the 
(hydrodynamic) gas drag force from left to right. The gas drag force /~as takes the form (Adachi 
et al. 1976) 

1 1 C 2 , ... , ... 
Jgas = --

2
- o7rr pPg u u, 
mp 

(2) 

where Co is the gas drag coefficient, Pg is the mass density of the gas component of the solar 
nebula, and rp is the radius of the planetesimal given by rp = (3mp/41rpp) 113 (Pp is the internal 
density of planetesimals). We take Pg = 2 x 10-9(a/1AU)-1114g cm-3 and Pp= 2g cm-3 , which 
are similar to the minimum-mass solar nebula model (Hayashi 1981). 

We numerically integrate Eq.(1) by using the modified fourth order Hermite scheme (Kokubo 
et al. 1998) with the individual and hierarchical timestep (Makino 1991). We reduce the calcu­
lation cost by calculating the mutual gravity among planetesimals, which is the most expensive 
part, on special-purpose computer for N-body simulation, GRAPE-4 (Makino et al. 1997). 

2.2 Accretion 

For simplicity, we let two planetesimals always accrete when they contact. In the collision 
between larger planetesimal and smaller planetesimal, this assumption would be valid since in 
most cases, relative velocity between them is small compared with the escape velocity from larger 
one. However, in the protoplanet-dominated stage (see, section 3), collision between smaller 
planetesimals would lead to disruptive fragmentation and produce large amount of fragment 
bodies in real system. The existence of fragments would accelerate the growth of protoplanets 
since smaller bodies suffer strong gas drag (e.g. Wetherill & Stewart 1993). The effect of 
fragmentation should be investigated in the future work. 

In order to save the computational time, we decrease the growth time scale by increasing a 
planetesimal's radius by amount of factor /, where / takes the value 5-10 in our simulations. As 
discussed in Kokubo & Ida (1996), moderate increment of radius makes no significant difference 
in the growth mode of planetesimals but only changes growth time scale. In our simulation, 
growth time scale is scaled as ex 1-1 (Eq.(10). 
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2.3 Initial conditions 

vVe set the surface mass density of planetesimals as ~s = 10(a/1AU)-312gcm-2 , which is about 
50% larger than the minimum-mass solar nebula model. We distribute 4000 equal-mass plan­
etesimals from 0.5 to 1..5 AU so that they satisfy the above surface mass density distribution. 
Thus, initial mass of a planetesimal is determined ac, 3.6 x 1024g. 

The initial distribution of eccentricity and inclination is given by the Rayleigh distribution 
(Ida & Makino 1992a), whose Rl\1S eccentricity and inclination are determined by the equilib­
rium between increase due to gravitational stirring among planetesimals and damping due to 
gas drag (e.g. Kokubo & Ida 1999): 

eeq = 2ieq ~ 8 1 x 10-3 ( mp ) ts (-a-) fci ( Eso ) ¼ ( PgO )-¼ 
· 3.6 x 1024g lAU lOgcm-2 2 x 10-9gcm-3 

X (2g:;-3) fs (~g )-¼ 
(3) 

where Eso and Pgo are those at lAU. In this study, we performed two simulations in which the 
value of f and Co differ. In run 1, we choose f = 10 and Co = 20, and f = 5 and C0 = 10 in 
run 2. 

3 RESULTS 

We found that the results of run 1 and 2 are qualitatively the same except that the time scale 
differs by amount of factor "-J 2 owing to our choice off and Co. Thus, in this paper, we are 
concerned with the results of run 2. Snapshots of the systems on the a-e plane in run 2 is 
shown in Fig.I, where a is the semi-major axis and e is the eccentricity. The circles represent 
planetesimals and the radii of the circles are proportional to those of planetesimals. Due to 
larger surface density and shorter orbital period, larger planetesimals are initially formed at 
the innermost part of the particle disk, and the runaway growth seems to propagate outwards . 
Almost all the small planetesimals accrete to small number of larger planetesimals in 40000 years 
around 0.5AU, while there still remain small amount of planetesimals at 160000 years around 
l.2-l.5AU. Hereafter, we simply call a larger planetesimal a protoplanet. In the snapshots, lines 
with the length of 5Rtt are drawn from the center of the protoplanets ( with mass larger than 
1/8 of the largest body in the snapshots) to both sides. After 160000 years, about 20 Mars­
sized protoplanets are formed. The orbital separation is about lORtt, which agrees with those 
obtained by Kokubo & Ida {1998,1999) and Weidenschilling et al. (1997). These results are also 
obtained by our gas-free simulations which we do not report in this paper. 

To obtain the growth rate of protoplanets, we investigate the evolution of the random ve­
locity of planetesimals, or equivalently, that of eccentricity and inclination. As shown in Fig.l, 
eccentricities ( and inclinations) remain small for protoplanets owing to the dynamical friction 
from planetesimals. On the other hand, those of planetesimals increases monotonically with 
time despite of damping due to gas drag. The increa~e of eccentricity and inclination of plan­
etesimal is responsible for the increase of the masses of the protoplanets as shown below. Figure 
2 shows the evolution of RMS eccentricity and inclination of planetesimals in the region where 
l.0AU <a< l.2AU, scaled by so-called the reduced Hill's radius of the largest body hM, which 
is defined as hM = (lvh/3M0 ) 113 where ML is the mass of the largest body in that region. 
Note that hM increases with time since ML increases. In the figure, the scaled eccentricity and 
inclination remain almost constant after 4000 years, despite e, i, and ML increase with time. 
Such a behavior is characteristic in the protoplanet-dominated stage (Ida & Makino 1993): when 
protoplanet mass exceeds some threshold Merit, e and i of planetesimals are determined by the 
equilibrium between damping of gas drag and gravitational stirring by a protoplanet, rather 
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Figure 1: Time evolution of the planetesimal system on the a-e plane in run 2, where a is the 
semi-major axis and e is the eccentricity. The circles represent planetesimals and their radii 
are proportional to the radii of planetesimals. The system initially consists of 4000 equal mass 
planetesimals (mo = 3.6 x 1024g). In run 2, we used the five times larger radii than the realistic 
ones. The number of planetesimals are 2192 (10000 years), 1036 (40000 years), and 281 (160000 
years). We draw lines from the center of the protoplanets to both sides, which have the length 
of 5Rn. The protoplanets are selected if their masses are larger than 1/8 of the maximum mass 
in the system. 
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Figure 2: The evolution of the RMS eccentricity and inclination of planetesimals in the region 
where 1.0AU < a < 1.2AU scaled by hu. The scaling factor hM is the reduced Hill's radius of 
the largest protoplanet with mass ML, defined by hM = (l\h/3Mr:;) 113 . 

than stirring among planetesimals. According to Ida & Makino (1993), Merit is given by 

3 2 

Merit = 6_2 (-a. ) Io ( mo )-s. 
mo lAU 3.6 x 1024g 

(4) 

In our simulation, Merit/mo = 8.0 at 4000 year in the region, which well agrees with Eq. ( 4). Ida 
& Makino (1993) investigated a system with a single protoplanet and equal-mass planetesimals in 
its heated region defined as twice the feeding zone within which a planetesimal on an unperturbed 
orbit can collide with the protoplanet. In our calculation, however, other protoplanets exist with 
orbital separation of about lORH thus we give width of the heated region to that extent, which 
is narrower than that given by Ida & Makino (1993). Then the equilibrium eccentricity of 
planetesimals is given by (for details, see Ida & Makino 1993). 

eeq = 4.4 ( L:U) f. C.6 xn~Q24g) ft ( ~g )-¼ hM (5) 

Figure 3 shows the comparison of the scaled eccentricity obtained by the simulation and Eq.(5). 
Equation (5) almost agrees with the result of the simulation. By using this result, we can roughly 
estimate the mass of the protoplanets. The growth rate of the protoplanet is written as ( e.g. 
Ida & Nakazawa 1989) 

dM 1mnu1.x d m n 8 (m) 2 ( v;se) 
-d f"V m, H 1rrp 1 + -2- 'Vrel, 

t mo Vrel 
(6) 

where mo and mmax are the minimum and maximum mass of the system, His the scale height 
of the planetesimal disk, ns(m) is the surface number density of planetesimal with mass m, rp 

is the radius of the protoplanet, Vese is the escape velocity from the protoplanet, Vret is relative 
velocity between the protoplanet and the planetesimals, and n is the Keplerian frequency. We 
assume n5 (m) is given by 

~ ( m )-5/2 
n 5 (m)dm = 0.5 .;...~ - dm 

mo mo 
(mo::; m::; mmax) (7) 

(Kokubo & Ida 1996, 1999). Note that equation (7) would be appropriate in relatively early stage 
of accretion and invalid if the planetesimals are depleted owing to accretion to the protoplanets. 
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Figure 3: Filled squares with error bars denote the time averaged RMS eccentricity scaled by 
hM in the region where 0.6-0.8AU, 0.8-1.0AU, 1.0-1.2AU, and 1.2-1.4AU, respectively. Error 
bars denote the lC1 deviation of time evolution. Time range for time averaging is chosen so that 
ML > 50mo and Nrem > 50, where Nrem is remaining bodies in each region. Solid line expresses 
Eq.(5). 

Now letting H ~ 2ia rv ea, Vese » Vrel, and Vrel rv ean, Eq.(6) can be easily integrated and we 
obtain 

(8) 

where we used eeq given by Eq.(5) for m = 3.6 x 1024g, since mass dependence of eeq is weak. 
In Eqs.(8), we take Merit as the onset mass of the protoplanet-dominated stage given by Eq.(4), 
since that stage begins at early epoch in our simulation (i.e. in several thousand years). When 
protoplanet mass reaches the isolation mass Mmax, where 

_ ( b ) I ( Epo ) ( a ) ¾ 
Mmax - 0.16 lORH lOgcm-2 lAU M$, (9) 

we consider the protoplanet does not grow further since there is no planetesimals around it. The 
growth time scale of protoplanet Tgrow = M ( dM / dt )-1 is determined as that in the protoplanet­
dominated stage since time scale to reach Merit for largest planetesimal is shorter (Ida & Makino 
1993, Inaba et al. 1999). Thus 

Tgrow rv ( 
M 

) 
! ( ) ! ( ~ )-1 ( ) ..a_ 4 ___ a Pp a ~po mo 1s 

9
·
3 

x 
10 

0.1M$ 2gcm-3 lOgcm-2 3.6 x 1024g 
Co -¾ f -l a N 

x ( w) Cs) (1Au) IYJ, 
(10) 

which almost agree with the simulation. Figure 4 shows the comparison between results of run 
2 with Eq.(8) and (9). Similar result is obtained for run 1, and the result of the simulations is 
well scaled by Eqs.(8) and (9) 

4 DISCUSSION AND CONCLUSION 

We investigated formation and evolution of protoplanets from a planetesimal swarm embedded 
in the solar nebula. The planetesimal swarm is distributed from 0.5 to 1.5AU, so that the 
difference of growth time scale of protoplanets can be clearly seen. 
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We directly found protoplanets which deplete surrounding planetesimals have masses pre­
dicted by Kokubo & Ida (1998), who found the oligarchic growth of protoplanets. Our results 
also agree with those obtained by Weidenschilling et al. (1997), who also investigated formation 
of the protoplanet system in the terrestrial planet region by using their own statistical method. 
However, Weidenschilling et al. (1997) did not gave quantitative argument about the evolu­
tion of the protoplanets. In contrast to Weidenschilling et al., we estimated protoplanet mass 
as function of semi-major axis and time by simple approximation, which well agrees with the 
simulation. 

Equations (8) suggest that when Merit is sufficiently smaller than M, it can be written as 
M = F 3t3 ex:: a-8·1t3 . However, the result of the simulation shows protoplanet mass distributes 
more gently, at most a-6 (Fig.4). This reflects our choice of the minimum mass in the simulation 
due to the computational limitation. In the protoplanetary solar nebula, it is considered that 
planetary accretion began with much smaller planetesimal (1018- 20g). Therefore the critical 
mass Merit is much smaller than that of the simulation (Eq. ( 4)) and the distribution of the 
protoplanets would approach Mex:: a-8·1 as the protoplanets grow. 

One may be afraid that we omit the somewhat important effect due to protoplanet-protoplanet 
interaction, since we reduce the accretion time scale while time scale of gravitational interaction 
is unchanged. Actually, protoplanets may migrate outwards substantially owing to orbital re­
pulsion among them since outer protoplanet is less massive than the inner unless it reaches the 
isolation mass. We investigated this effect with simple formula by using the result of Henon & 
Petit (1986) who investigated distant encounter between two bodies orbiting around the Sun, and 
found such a migration would not occur sensitively in the system considered in this paper, since 
masses of the protoplanets are relatively small. In a more massive disk or the region of jovian 
planets, however, this effect may play an important role on the evolution of the protoplanets. 
We will investigate this effect in detail in the forthcoming paper. 
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ABSTRACT 
Angular momentum transports in dense, self-gravitating particle systems was investi­
gated though local N-body simulations. In a Keplerian disk such as a planetary ring 
system, there exists originally velocity gradient and the interactions between parti­
cles tend to reduce the difference between their velocities. As a consequence, angular 
momentum transport occurs and the ring system evolves. 

The transport arises through local, collisional, and gravitational transports. In a 
dense ring, transport due to collisional effect dominates because the mean free path 
is smaller than the particle physical radius. Recent local N-body simulations with 
large number of self-gravitating particles showed the formation of non-axisymmetric, 
wake-like structure (e.g., Salo 1995, Daisaka and Ida 1999) so gravitational transport 
would also be significant in the transport mechanisms. Furthermore, their simulations 
indicated that particles in the wake-like structure have coherent motion. Such particle 
motion would affect local and collisional transports. 

Our numerical results show that the collisional effect in angular momentum trans­
ports is relatively reduced by the self-gravity and gravitational effect is the same order 
as local effect and is significant. The evidence of viscous instability is not found in 
r ~ 0.6 even if self-gravity is included . 

Key words: angular momentum transport - local N-body simulation - planetary 
ring. 

1 INTRODUCTION 

By the observation of the Voyager, we have obtained de­
tailed, much more informations about planetary rings, 
especially, microstructure in Saturn's 8-ring, which 
could never see from grand-based observations ( e.g., Es­
posito 1993). However, the origin of the rings itself and 
the structure have still remained as unsolved problem'i. 

A ring system is composed of a lot of particles which 
rotate around a central planet. The system would evolve 
by exchanging momentum of particles through interac­
tions such as mutual gravitational forces and direct col­
lisions. This yields angular momentum transport and 
mass flow. Therefore it is essential for considering ring 
problems to understand the process of angular momen­
tum transport. 

It is considered that Saturn's B-ring is a dense pal"­
ticle system in which ring particles are closely packed 
(the most part of volume is occupied by ring parti-

cles) and mean free path may become the same or­
der of particle physical size. Angular momentum trans­
port in such a system was studied in relation to sta­
bility of ring. Theoretical studies by solving Boltzmann 
equation were done by several authors. Goldreich and 
Tremaine (1978) studied the transport of angular mo­
mentum due to movement of particles itself crossing a 
surface which is occurred in a dilute gas, but they ne­
glected the effect that the particles have the finite size. 
Araki and Tremaine ( 1985) included the effect of par­
ticle size in the transports and they showed that this 
effect is very important in large optical depth (large 
surface density). Numerical works by performing lo­
cal N-body simulation were done by Wisdom and 
Tremaine ( 1988), Salo ( 1991 ) , and Richardson ( 1994). 
Their results showed good agreement with theoretical 
studies, especially, Araki and Tremaine ( 1985). How­
ever, in these studies the effect of self-gravity of part.i­
des was not taken into account. 
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Simulations with large number of self-gravitating 
particles showed that the formation of non­
axisymmetric, wake-like structure naturally occurs due 
to gravitational instability (Salo 1995, Daisaka and Ida 
1999). They also reported that the particles in the wake­
like structure tend to move with a similar direction at a 
similar velocity, i.e., the particles move coherently and 
have a large systematic motion. In the numerical study 
by Richardson (1994), self-gravity was included but the 
effect of inhomogeneous spatial structure on the angular 
momentum transfer was not considered because he used 
only small number of particles (N < 100) for evalua­
tion of angular momentum transport. However, it is ex­
pected that gravitational contribution in transport pro­
cess due to nQn-axisymmetric structure becomes domi­
nant effect. 

On the other hand, angular momentum transport 
due to gravitational contribution in differentially ro­
tating disk was studied in terms of generating mech­
anism of spiral structure in the galaxies (Lynden-Bell 
and Kalnajs 1972). 

Recently, Takeda (1999) studied angular momen­
tum transport by global N-body simulations in order to 
understand accretion time of proto-moon from a debris 
disk around proto-earth which is considered to be made 
in the framework of giant impact model. Global simula­
tions show that diffusion of particles occurs and surface 
density is reduced quickly dµe to angular momentum 
transport. Indeed, system would evolve through such 
mass flow and that would reflect real situation. How­
ever I it is considered that density change would affects 
angular momentum transfer. 

In this study, in order to understand basic trans­
port mechanism in a particle system, we perform local 
N-body simulations. There we adopt periodic boundary 
conditions which can keep number of particles constant. 
Both mutual gravity between ring particles and direct 
collision are included. We consider the effect of non­
axisymmetric structure on gravitational transport and 
the influence of systematic motion arising in the wake­
like structure on local and collisional transports. As a 
preliminary result, we present the comparison between 
self-gravity and no self-gravity cases for local and colli­
sional transports and the dependence of each transport 
on surface number density in this paper. 

2 ANGULAR MOMENTUM TRANSPORTS 

Interactions between ring particles in a differentially ro­
tating disk give rise to angular momentum transport 
which make mass flow and make the system evolve. In 
a ring system as well as other Keplerian disk. circular 
velocity around a central planet decreases with distance 
from the planet according to Kepler's third law, i.e., a 
velocity gradient exists in the systematic flow velocity. 
Generally, interactions between particles affects to re-

duce the velocity difference. A radially inner particle re­
volve faster than an outer particle in Keplerian disk so 
that the inner gives its momentum to the outer particle. 
As a result, the outer particle obtain angular momen­
tum and its orbit would move radially outward while 
the inner tends to fall to the central planet. 

It is critical to understand what mechanism is dom­
inant in angular momentum transport and know its rate 
for the arguments of the life time of a ring and the ori­
gin o f axisymmetric, record-like structures with a scale 
- 10km in Saturn's ring discovered by Voyager and the 
stability of a ring. If a certain condition is satisfied, vis­
cous instability could occur and a ring is divided into 
a lot of axisymmetric subrings (Lin and Bordenheimer 
1981, Ward 1981, Lukkari 1981). 

Angular momentum transports in a ring system 
could be classified as under three contributions: 

(i) local (translational, streaming) transport. 
This transport is caused by the movement of particles 
itself from one place to another across a shear sur­
face. Particles moving to new place deliver momentum 
through collisions. Random motion of particles allows 
such transfer (Goldreich and Tremaine 19781 Greenberg 
1988) 

(ii) collisional transport. 
Particles have a finite size so collision does not occur 
at a point. It is possible to transfer momentum by 
collisions which straddle the surface under considera­
tion, i.e., without movement of particles itself. This ef­
fect could not be ignored in the case where mean free 
path is the same as particle physical radius (Araki and 
Tremaine 1985). 

(iii) gravitational transport. 
Ring particles have self-gravity so gravitational ac­
celeration and deaccelaration of a particle by grav­
ity from other particles are possible. This means that 
the exchange of momentum between particles arises 
through gravitational force. In the case where parti­
cles distribute homogeneously in a space, this trans­
port should be insignificant since gravitational forces 
exerted on a particle by other particles would cancel 
out (in other words, acceleration and deacceleration due 
to mutual forces are canceled). But simulations with 
self-gravitating particles showed the formation of wake­
like structure (Salo 1995, Daisaka and Ida 1999) so in 
a such case gravitational transport seems to be fmpor­
tant process for the angular momentum transport. Note 
that collisional and gravitational transports are non­
local transports. 

Now we derive formulae of each transport from 
Boltzmann equation for local coordinate system, which 
is based on Takeda ( 1999). From a momentum equa­
tion of Boltzmann equation, we can obtain the relation 
of angular momentum and its flux as 

a a ot [21rrE(1·)(us)] = - ar[FL +Fa+ Fe+ FconvJ. (1) 
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where 

E(r) 1 12r Joo = - d() dz p, 
2,r O -oc 

{u9) 1 12r Joo = -- dB dzpu9, 
211"E(r) 0 -o.:: 

p = j mf(z, v, t) dv, 

PUa = J m/(-z, tt, t)v0 dv, 

(2) 

and /(z, v, t) is a distribution function and mis mass of 
a particle. In above equation, cylindrical coordinate ( r, 
8, z) is chosen. FL(r), Fc(r), Fo(r) and Fconv denotes 
local, collisional ,gravitational and convective flux (lu­
minosity), respectively. Each flux in the above equations 
is represented as 

12r Joo 
Fdr) = r 2 dB dz Prll 

0 -oo 

Fo(r) = Jr 12~ Joo a~ dr' 
0 

d() _:z [r' p {)()] 

Jr 12r Joo 0 (3) 
Fc(r) = - dr' 0 d8 _:,= [ at ( r'

2 
pu9 )]coll 

?r Joe 
Fconv(r) = r 2 1-d() dz UrU9P, 

0 -oo 

where~ is the gravitational potential of a central planet 
and all particles and Prll is a pressure tensor defined as 

(4) 

Fconv is related with mass flux rate ,\fdi•lc and could be 
evaluated by FL, Fe, and F0 (Takeda 1999). For later 
convenience, we define the variable as 

H(r) = F(r) 
271"r2 

(5) 

for each flux and use H(1·) instead of F(r) defined in 
Eq. (3). 

In order to evaluate the angular momentum flux 
by using the result of N-body simulations, we substi­
tute the distribution function which was represented by 
Dirac's a-function as f = ~,o(r - ri)6(11 - v,) into 
Eq. (3). Moreover, by averaging in terms of 1· in the 
range [1·. r + ~1']. and doing local approximation as 

(6) 

where we represent the coordinate of a reference point 
with .. O", and we consider Cartesian coordinate at the 
reference point (see Fig. 1 ), we can get the formulae 

(7) 

He 

where y,. = y + 3f2ozd2 is used and ri; is relative dis­
tance, r,; = ((x;-xi)2 +(y;-yd2 +(z;-zd2 ) 112 . ">" 
indicates a particle located radially outward at a colli­
sion. The "coll'' means that collisions are counted until 
interval tl.T. tiy> means the change of velocity by a 
collision. The expressions for local and collisional trans­
ports are the same as Wisdom and Tremaine ( 1988). 

In a steady state, the angular momentum flux 
H(r) (or F(r)) is related with the viscosity. Combin­
ing the equation transformed from Euler's equation of 
viscous fluid and Eq. (1) yields the relation between 
viscosity and the angular momentum flux as 

3 
H(r) = -O(r)E(r){v) 

2 
(8) 

where II is kinematic viscosity. In this study, we will 
discuss about v in stead of H (F). 

3 NUMERlCAL METHOD 

In this section, we briefly explain local N-body 
method used in the present study as well as used in 
Daisaka and Ida (1999). This local method was first ap­
plied to dense ring systems by Wisdom and Tremaine 
( 1988) and extended to include the effect of size dis­
tribution of ring particles and mutual gravity between 
particles (Salo 1991, 1992a, 1992b, 1995, Richardson 
1994. Daisaka and Ida 1999). "Local" means that we 
consider a small square region (box) with width Lz: and 
height Ly at a reference point with semimajor axis ao 
in the ring, which revolves along a circular orbit around 
a central planet with angular velocity no = JGM,/ag 
of the reference point, and pursue the motion of par­
ticles only in the small region with periodic boundary 
conditions taking into account shearing motion of boxes 
(see Fig. 1 ). As seen in Fig. l, eight copied boxes are 
considered to surround the concentrated box and ra­
dially inner and outer boxes are sliding with velocity 
+30olr/2 and -3floL,:/2 which arise from the differ­
ence of shear velocity of each reference points. When a 
particle goes out from the box at a boundary (for exam­
ple, a particle with filled square in the central box), the 
corresponding particle ( ghost particle) in the copied re­
gion comes in the box at the opposite boundary and we 
pursue the motion of this particle instead of outgoing 
particle. This procedure is the same with imposing peri­
odic boundary condition. In this local method. number 
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where mi and rij are mass of particle j and t he rela ti ve 
distance between part icle i and j, and M, is mass of a 
central planet. T his equation of mo tion is integrated by 
Hermite integrator , which is one of predictor-corrector 
integrators and is suitable to treat discontinue phe­
nomenon s uch as jumps due to periodic boundary condi­
tions and direct collisions because this in tegrator does 
not need data of past few step (Makino and Aarseth 
1992) . 

T he last te r ms on the right hand s ides of Eqs. (9) 
denote the mutual gravitational force between par ticles 
and calculation cost of these terms is the most expen­
sive in the integration because the cost is O(N 2

), where 
N is number of particles used in a simulation . Wisdom 
and Tremaine (1988) ignored self-gravity was ignored 
or only t reated as approximate manner. But several au­
thors showed that self-gravity piays an important role 
in the structure of rings (Salo 1992b , 1995, Richard­
son 1994 , Daisaka and Ida 1999). In t he present simu­
la tions, as well as Daisaka and Ida ( 1999), we take into 
account self-gravity of part icles and perform direct sum 
of force from all particles by using a special purpose 

I _1_ Q L . hardware fo r calculating gra vitational fo rce, HARP-2 
t 2 O ,\ (Makino et a l. 1993) . For efficient use of HARP-2, we 

Fig u re 1 . Schematic illustration of simulation region. Central 
box with solid line is com put a t ional area and mo tion of parti­
cles denoted by fil led symboled arc considered. Open symbols in 
boxes around the computat ional arcA denote ghost ( copied) par­
ticles. The thick and thin shade regions denot e a subregion and 
its virtual region which arc used for evaluation of mutual gravita­
t ional forces in the subregion ( detail is given in Daisaka and Ida 
1999). 

of part icles is conserved as constant and it is conve­
nient to study t he dependence of equilibrium properties 
such as radial velocity dispersion and angular momen­
tum flu x on parameters which characterize ring systems 
such as optical depth. 

Coordinat.e system we have chosen is as follow . We 
consider Cartesian coordinate at a reference point with 
semi major axis ao in ring, x-axis points radially out­
ward and y and :-axes point to t he direction of orbital 
motion and normal to the orbital plane , respectively 
(see Fig. 1 ). Since we ride on rotating system with an­
gu lar velocity 0 0 at the reference poin t and res trict the 
mot ion of particles in small region, motion of particles 
could be described by Hill 's equation as (see, e.g., Hill 
1878, Nakazawa and Ida 1988 ) 
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also use su bregion method for the evaluation of se lf­
gravity (see Daisaka and Ida 1999) . 

In this s tudy, we adopt a hard-sphere collision 
model in which velocity change of colliding particles af­
ter a coll ision is described by us ing the resti t ution coeffi­
cient of a ring particle L We assume that a ring part icle 
is smooth, i.e., impact velocity only in normal d irection 
is a ltered by collision. £ is genera lly a fu nction of im­
pact velocity as well as material property of coll iding 
particles but precise knowledge on l for a ice particle 
was not obtained in spite of many effo rts ( Bridges et 
al. 1984, Hatzcs et a l. 1988,Di lley 1993, Supulver et al. 
1995). In this simula t ion , we will t as a parameter . 

Simulations are limited to t he identical part icle sys­
tem , i.e .. all particles have the same rad ius and mass. 
In this case, particle system is characterized by two pa­
rarneters . dynamical optical depth r and ratio r·h/2rP 
where r" and rP are particle phys ical radius and Hill's 
( tidal) rad ius defined by 

(10) 

m is mass of a particle. The former is given by r = 
N rrl';/ Lr L~ and is equivalent to surface number ( mass) 
density. The la t ter is a functio n of semi-major axis ao 
at a reference point and material dens ity p and rep­
resen ts the effect of self-gravity. In the no self-gravit.y 



case, rp/21·P = 0. Simulations are done with various set 
of these parameters. 

After a few Keplerian time at the beginning of a 
simulation, particle system is relaxed and attains to a 
certain steady state in which heating due to gravita­
tional scattering and direct collision and cooling due to 
inelastic collision are balanced. Such steady state does 
not depend on the choice of initial conditions but on 
above simulation parameters. Statistical values such as 
velocity dispersions are measured and are averaged after 
time when a equilibrium state is established. 

4 RESULTS OF SIMULATIONS 

In the beginning of this study, we investigate the de­
pendence of viscosity which comes from each angular 
momentum transport on optical depth r. We performed 
simulations varying optical depth r with and without 
taking into self-gravity of particles for fixed parame­
ters of restitution coefficient t: = 0.5 and the ratio 
rh/2r,, = 0.82 (we assume a0 = 108 m, typical semi­
major axis of B-ring, and p = 900kg/m3 for material 
density of ice). Optical depth is controlled by changing 
number of particles used in a simulation. Simulation re­
gion is chosen as square with the width of L = 112m 
{self-gravity case) and L = 125m (no self-gravity case), 
respectively. Numbers of particles used in simulations, 
for example, are N = 400 (N = 500) for T = 0.1 and 
N = 2400 (N = 3000) for T = 0.6 in the self-gravity (no 
self-gravity) cases, respectively. Simulations were done 
for T ~ 0.6 in self-gravity case, r $ 2.0 in no self-gravity 
case. 

First we show typical results obtained by simula­
tions where both both self-gravity and inelastic, phys­
ical collision of particles are taken into account. Due 
to the gravitational instability, inhomogeneous, non­
axisymmetric, and wake-like structure is formed spon­
taneously even if the initial condition of the simulations 
are set to avoid the instability. Figure 2 is spatial distri­
butions of particles for r = 0.2 and r = 0.6 (self-gravity 
case) and T = 0.6 (no self-gravity case) in x-y and x-= 
plane and shows above result. In low r cases. parti­
cles distribute homogeneously as seen in no self-gravity 
case but wake-like structure is clearly seen in large T 

cases (r = 0.6 in Fig. 2). Typical scale of such struc­
t.ure is approximately given by the longest wavelength 
of axisymmetric gravitational inst.ability in a t.hin disk 
a.5 (Julian and To01nre 1966) 

.t7r:?G~ 
Acr = --.,-, 

,;_-
(11) 

where ~ and ,;. are surface density and epicyclic fre­
quency, respectively. As the formation of spatial st.ruc­
ture, co-planar components in velocity dispersion v"" 
and Vy increase with large magnitude of fluctuation 
(which represents the amplitude of oscillation observed 

in the time evolution of velocity dispersions). This thing 
could be seen in Figure 3, which shows the dependence 
of velocity dispersions on r. In no self-gravity case, ve­
locity dispersions tend to have a value of ,._ 1·PO (it 
seems that velocity dispersions slightly decrease with 
increase of r). On the other hand, in self-gravity case 
radial velocity dispersion attains surface escape veloc­
ity for small r but for large r it increases with increases 
of r, satisfying the relation of Q - 2, Q is Toomre pa­
rameter for gravitational instability defined as (Toomre 
1964) 

(12) 

where Cr denotes radial velocity dispersion. For non­
axisymmetric perturbation, system would be unstable 
if Q < 2 (Griv 1998). This is the reason why it is consid­
ered that gravitational instability is responsible for the 
formation of spatial structure. The reason of increase 
in radial velocity dispersion is the development of sys­
tematic motion of particles forced by self-gravity in the 
wake-like structure. Such a systematic motion was not 
found in no self-gravity case. Thus, in the case where 
wake-like structure forms, the behavior of particles is 
altered compared with the no self-gravity case. This ef­
fect as well as the formation of spatial structure would 
affects to the angular momentum transfers. 

First we compare local and collisional viscosities in 
the self-gravity case with these in the no self-gravity 
case. Figure 4 shows dimensionless viscosity and rv­
relation as a function of T in the self-gravity (with filled 
symbols) and no self-gravity cases (with open symbols). 
In no self-gravity case, both viscosities are increasing 
functions of r for T < 1. Viocal is larger than llcou for T ~ 
0.6 but vise versa for r ~ 0.6, Vcoll · This indicates that 
the contribution of collisional transport is important 
for large r as pointed out by Araki and Tremane ( 1985) 
and Widsom and Tremaine ( 1988). On the other hand, 
in the self-gravity case, the situation is quite different. 
Both viscosities increase for r ~ 0.4 but take almost 
constant values for r ~ 0.4 (it seems that Vcon slightly 
decreases). This behavior of v comes from the fact that 
v is normalized by velocity dispersion, which increases 
as the formation of spatial structure, i.e .. with increase 
of r. In rv-relation in Fig. 4(b), both curves of II in 
t.he self-gravity case increase wit.h r rapidly than those 
in no self-gravity case. Furthermore, v,011 becomes the 
same order of Vioul at r = 0.6 in the no self-gravity case 
but for T ~ 0.6. V1oc&.1 is always larger than Vcoll· This 
means that local contribution is still important for such 
large r. This result would be related wit.h systematic 
motion of particles which is dominant mot.ion in the 
wake-like structure. 

Next we show the significance of gravitational 
transport as well as local and collisional transports. Fig­
ure 5 shows dimensionless viscosity and rv-relation of 
gravitational contribution as a function of T in addi-
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self-gravity, c=0.5, rh/2rp=0.82, L= l 12m, rp=lm no gravity, L= l2Sm, rp= 1 m 

'l'=0.6 r=0.2 'l'=0.6 

Figure 2. Particle d is t ributions of face-on (upper panels) and edge-on views (lower p11.11els) in self-gravity and no self-gravi ty cases. 
Homogeneous distribution is observed for T = 2.0 in no self-gravity case. 

7 
self-gravity 

,' Q=2 • <v .• ,2>112 
6 • <V/>''2 I ,--.. <V,2>''2 

r-f 5 no self-gravity 
0 <V/>112 

C: 4 0 <V/>112 , . 
.: A <Vz2>1/2 l Q= I .._ t ,•' > 3 , , . f __ ... ··· 

,f .-1· v., 
••• 2 • • , , ,·[ 

,• 
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r , .I··· f i • I .. ·· a • e 

.• B ~ ti 111 ~ l! , 

0 
~:--·· 

0 0.2 0.4 0.6 0.8 
1 

Figu re 3 . Velocity dispersio ns as a fw1ctio n of optical depth r. Self-gravity and no self-gravity cases are represented by filled and 
open symbols, respectively. Error bar represents t he magnitude of Auctuation of veloci ty dispersions. Broken and dotted Lines are t hose 
obta ined by pulling Q = 2 and Q = l. where Q is Toomr e 's pa.re.meter for gravitational instability. Each velocity is scaled by rh Oo, 

tion to local and collisional contributions. For T small 
enough not to induce gravitational instability and the 
format ion of s pat.ial structure , grav itat.ional con tribu­
tion is smal l. But for T where wake structure could be 
clearly seen, v,,.v is larger than Vcotl and it becomes 
the same order of lltoc~t at. T ~ 0.5. Figure 5( b) also 
shows that gravitational contribution is import.ant in 
TV-relat ion. For T ~ 0.6, v,m normalized by veloc­
ity dispersion is an inc reasing fun ction of T since wake 
structure develops with increase of T. Tv- relations for 
all cont ributions increase with increase of T, i.e., TV of 
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total viscosity does not satisfy the condition for viscous 
instability 8(rv )/8 < 0. Ou r simulat.ions shows viscous 
instability does not occur even if gravita t iona l contri­
bution is taken in to account for T ~ O.li. 

5 CONCLUSION AND D ISCUSSION 

In t his study, we performed local N-body simulations 
and obtained each angular momen tum flux of local. 
collisional. and gravi t ational contributions as viscosi ty. 
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Figure 4. Comparison between self-gravity and no self-gravity cases of v/(v2 ) (a) and TII (b) as a function of T for local and collisional 
contributions. In no self-gravity case, a.:s well as Wisdom and Tremaine ( 1988), both local and collisional contributions a.re increasing 
functions of T so that the viscous instability does not occur. 
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Figure S. Dimensionless 11/(t•2 ) (a) and n, (b) in tenns of optical depth r for local, collisoinal. and gravitational contributions in 
self-gravity case. T11-relat.ion for total is not decreasing function of r so \'iscous instability does not occur in this case as well as no 
self-gravity case. ~ote that \'ertical axis i::. taken as logarithmic scale. 

Our numerical results show that collisional effect in the 
angular momentum transports is relatively reduced in 
self-gravity case compared with that in no self-gravity 
case and gravitational effect is the same order as local 
effect and is considerably significant. The evidence of 
viscous instability was not found in T ~ 0.6 even if self­
gravity is included . However it is insufficient for the 

argument of viscous instability because we study only 
small T region. We must study the range of at least. 
r > 1 for the argument of viscous instability. In this 
study, only optical depth is considered but the depen­
dence on another ring ·s parameters should be studied. 
This will be done immediately as future work. 
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1 Introduction 

The model of the origin of the Moon must satisfy the dynamical and geochemical characteristics of the 
present Earth/Moon system. Many models have been proposed in the past, but none of them could 
explain all the characteristics, such as large angular momentum of the system, small material density and 
iron depletion of the Moon. In past decades, the "Giant-Impact" scenario has become the most favored 
explanation of the lunar origin. This hypothesis proposes that the collision of a Mars-sized protoplanet 
with the early Earth splashed materials into the Earth's orbit to form the Moon (Hartmann and Davis 
1975, Cameron and Ward 1976). This scenario is favored because of following two reasons: 

1. It can potentially account for above major characteristics of the Earth/Moon system. 

2. In the development in the theory of solar system formation, it is considered that large scale impacts 
between protoplanets may have occurred in the last stage of solar system evolution. 

Several simulations showed that the plausible result of the impact is the formation of a circumter­
restrial protolunar disk consisting of mantle materials of the impactor (e.g. Benz, Cameron and Merosh 
1989; Cameron and Bentz 1991; Cameron 1997). After the impact with angular momentum similar to 
the present Earth/Moon system, disk materials (typically a few times of lunar mass) are distributed near 
or inside Roche limit, where the self-gravitating fluid body would be broken by tidal force. The radius 
of Roche limit is aR - 2.9Re, with material density of the Moon (PM ...., 3.3g/cm3). Since accretional 
process is restricted within the Roche limit (Ohtsuki 1993; Canup and Esposito 1995), these materials 
must spread out beyond the Roche limit to form large object(s). 

Several researchers simulated the evolution of a protolunar disk by direct N-body simulations (Ida, 
Canup and Stewart 1997; Kokubo, Canup, and Ida 1999 ; Kokubo, Makino, and Ida 1999). Their result is 
that a single moon is formed from the protolunar disk on a time scale of 102 -103 orbital period, i.e. from 
a month to a year. In this process, disk materials fall to the Earth while some materials are transfered 
outward beyond the Roche limit in compensation. With these outward transfered materials, the moon 
is formed just outside Roche limit. The very rapid formation of the Moon may have many implications 
about geochemistry of the Moon (Abe et al. 1998), such as the depletion of volatile elements. 

However, their simulations represented the disk by 1000-10000 particles due to CPU limit of N-body 
simulation. With a given total disk mass, the small particle number is compensated by the large size 
of each particle. In the case of N ,.,, 10000, the particles are of order of 100 km size. This large size of 
particles raises a question whether the results in N-body simulation of limited N is reliable. If diffusion 
process of protolunar disk or lunar accretion process have dependency on particle size, their results of 
rapid formation of the Moon may not be valid, since the details of characteristics of protolunar disk is still 
unknown. Furthermore, in a simple model neglecting self-gravitational interaction, it can be shown easily 
that a particle disk diffuses more rapidly if disk particles are larger and less numerous. We perform N-body 
simulations with several Ns (N = 1000-30000), with constant disk mass, and analyse the dependency of 
the evolution of the protolunar disk on N in detail. We conclude that the time scale of lunar formation 
does not depend on the particle size if they are sufficiently small (N ~ several thousands), and that the 
real formation of the Moon would be very rapid, from a month to a year. 

2 Angular Momentum Transport 

In a differentially rotating disk such as a protolunar disk, angular momentum is steadily transfered 
outward. Thus, inner part loses angular momentum and falls to the central body while outer part gains 
angular momentum and spreads outward (Lynden-Bell and Pringle 1974). We are interested in the mass 
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which spreads out beyond Roche Limit. The mass transport and angular momentum transport is related 
as follows. 

Let f ( r, v, m) be the number density of disk particles in phase space ( z, v, m). The density f ( r, v, m) 
satisfies the Boltzmann equation, 

~{ +vc:~ -:::~ = (~{)., (1) 

where ~( z) and ( 8 f / 8t)c are gravitational potential and the rate of change off due to collisions between 
particles respectively. Multiplying Eq. (1) by m and mvp(z) and integrating over velocity space v and 
mass m, we obtain the equation of continuity and equation of motion, 

(2) 

a a a~ ( a ) at (Pua)+ 8xp (Pap+ PUaUp) + p 8xa = atPUa c, (3) 

where p, u, and Pap are spatial density, averaged velocity vector, and pressure tensor defined by 

p = J gdv, PUa = J gv0 dv, (4) 

Pap= J g(va - Ua)(vp - up)dv = J gv0 v13dv - pu0 u13, (5) 

where g is defined as 

g(z,v) = j mf(z,v,m)dm. (6) 

In cylindrical coordinates, with equation of continuity and 8 component of equation of motion, we 
have 

8 ( 2 ) 8 ( 2 ) 8u; 2 8ueu8 
8t pr U9 + 8r r UrUe + r 88 + r a;- = { 

8 ( 2P. ) 8Pee 28Pre} 
- 8r r r9 + rao + r 8z 

( 
8 ., ) 8~ + 8tpr-ue c - pr 88. (7) 

Averaging Eq.(7) over z and 8 we have 

8 8 ., ( 8 ) 8~ 8 at (21rrE{rue)) = - Br (21rr- Pre)+ 21r 8tpr2ue c - 21rrE( 8(J) - Br (21rrE(urrue)). (8) 

where E(r), {X), and X are (averaged) surface density and averaging symbols defined by 

1 /.2ll' 100 
E(r) = -

2 
dB pdz, 

1r O -oo 
(9) 

1 12,r 100 - 1 /2"' 100 
(X) = 21rE 

O 
dB -oo pX dz, X = 2,r Jo dB -oo X dz. (10) 

The left hand side of Eq.(8) is the rate of the change of angular momentum density. Since total angular 
momentum is conserved, this term can be written as -8FAM/8r, where FAM is outward radial angular 
momentum flux, or angular momentum luminosity. Then FAM is obtained by integrating right hand side 
of Eq.(8). 

FAM= Fiocal + Fcol + Fgrav + Fconv, 

12ll' 100 
Fiocal = rd8 dzrPre(r,8,z), 

0 -oo 

Fcol = -lr dr' f 2rr r' d(J f
00 

dz (: pr' ue) , 
rmtn Jo J_oo t c 
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(11) 

(12) 

(13) 



l
r 1211' le<> 8<1> Fgrav = dr' 1·' d0 dz p 

80 
, 

rinln O -av 
(14) 

1
211' le<> 

Fconv = 1•d0 dzpurrU9, 
0 -C<> 

(15) 

where rmin is taken as inner boundary of the disk, so that FAM is O outside the edge of the disk. 
Fiocal is angular momentum transport due to pressure tensor, which comes from the difference between 

the velocity of each particle v and averaged velocity u. Fcol is angular momentum transport due to 
collisions between particles. Fgrav is angular momentum transport due to mutual gravity. Spiral structure 
(see below) which develops in a protolunar disk transfers angular momentum outward, since outer part 
of an arm is accelerated being dragged by the gravity of inner part which rotates faster, while inner part 
loses angular momentum decelerated by outer part. Finally, Fconv is convective (or advective) angular 
momentum transport due to averaged velocity u. 

Note that whole angular momentum flux due to particles' movement is Fiocal + Fconv· However, 
distribution between Fiocal and Fconv depends on the definition of averaged velocity u. Strictly speaking, 
defining u as Eq.( 4), pressure tensor is always 0, since plural particles can not occupy the same place, so 
that g(v - u) in Eq.(5) is always 0. Thus, Fiocal is always O and Fconv bears whole angular momentum 
flux due to particle' movement. To make sense of "averaged" velocity u and pressure tensor P°'/J' we 
must integrate Eqs.(4) and (5) over finite small volume and divide them by the volume. To remove 
temporal fluctuations, above "finite small volume" must contain sufficient number of particles. Since we 
are interested in radial mass flux, we average them over 0- and z-direction so that u is a function of 
r only. As for radial direction, we integrate over sufficiently small width [r, r + r0], where ro is small 
enough compared tor so that u does not depend on ro, but large enough to contain sufficient number of 
particles. With above particular definitions, radial mass flux and radial angular momentum flux can be 
correlated as follows. 

Introducing specific angular momentum h(r) = rur, Fconv is 21rrurh~, and we can write Eq.(8) as 

a a at (21rr:Eh) = - or ( Fiocat + Feat + Fgrav + Fconv) . (16) 

With the equation of continuity, eq.(16) is reduced to 

dh a 
21rrEur dr = - or (Fiocal + Fcol + Fgrav). (17) 

Then, outward mass flux Mdisk = 21rrEur is expressed by three angular momentum flu..xes F1ocal, Fcol 
and Fgrav as follows. 

. 1 a 
M disk = - dii -

0 
( .Flocat + Fcol + Fgrav) . 

Tr r 
(18) 

Thus, mass flux is determined by F1oca.l, Fcol, and Fgrav· Note that Fconv = h!vldisk and it is rather the 
result of above three fluxes. In the analogy of viscous accretion disk model, F1ocal + Fc0 1 · + Fgrav can 
be regarded as "effective" viscous angular momentum flux due to "effective" viscosity (Lynden-Bell and 
Pringle 1974). Above argument is valid if specific angular momentum h is a function of r only (and 
not depends on 0 or t), as is the case of a protolunar disk whose particles settle to nearly circular orbit 
quickly. 

As is shown in Fig. l below, most particles are composing aggregates or arms within Roche limit, and 
free particles are rather rare. This indicates that Fgrav is rather expressed as the interactions between 
spiral arms as a whole, than the summation of interactions between free particles. In this case, Fgrav must 
depends mainly on the density structure, and not oi:i the size of particles. On the other hand, F1oca1 and 
Fcol may depend on size of particles, through the change of optical depth, collision frequency, and mean 
free path or radial distance between the center of particles at collision ( e.g. Goldreich Tremaine 1978; 
Araki and Tremaine 1986). The theory of angular momentum transport in a self-gravitating particle disk 
is not well established. However, if self gravity is neglected, F1ocal + Fcol is approximately proportional to 
N-1/ 3 , if optical depth T Z: 1. Small angular momentum flux means longer diffusion time of protolunar 
disk, and longer lunar formation time. Thus, if Fioca.l and Fcol is far greater than Fgrav in simulation, the 
time scale of lunar formation may depends on the number of particles N, and the result of simulations 
with limited N may not be reliable. 
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Figure 1: a. Snapshot after 6 Kepler time, in the ca.5e of N = 30000. Kepler time here means the Kepler t ime 
at Roche limit, which is about 7 hours. The two circles at center shows the Roche limit and the radius of t he 
Earth. Spiral pattern dominates over the entire disk. No large aggregate grows yet. b . Snapshot after 24 Kepler 
time. Large aggregates grow just outside Roche limit. T hey continue to grow capturing particles diffused out. 

3 Results 

In our N-body simulation, we calculate the orbit of each particle by fourth-order Hermite scheme ( which is 
a sort of predictor-corrector scheme). we assumed that particles are spherical and their normal coefficient 
of restitute is 0.1 and tangential one is 1. We started the simulations with follow ing initial conditions: 

1. The total mass of the disk is 0.03Me - 2.5ML, 

2. Surface density distribution is I:(r) ex r-3 for 0.4RRoche < r < 1.2RRoche· 

3. Particles are distributed randomly in azimuthal direction . 

4. All particles have the same size. The highest optical depth is obtained in this case. 

Conditions 1. and 2. may be consistent with a plotolunar disk obtained by the impact simulations, 
but the particular choice is without any particular reason. Outer boundary at l.2RRoche is chosen 
since our interest is the evolution of the disk within Roche limit. Initial eccentricities and inclinations 
are not important since they settle to quasi-equilibrium values quickly. We simulated the evolution of 
several disks with the same initial density distribution but different number of particles N. In any 
case, as random velocities of particles are damped by inelastic collisions, spiral structure develops in the 
entire disk (Fig.la), due to gravitational instability (e.g. Toomre 1964). This spiral structure is rather 
material wave than density wave, and the arms are sheared apart and disappear in a time scale of period 
of a rotation, but they are constantly reformed and spiral structure remains. As angular momentum 
is transfered outward, the entire disk spreads out and large aggregates grow just outside Roche limit 
(Fig.lb). These aggregates grow capturing the particles which diffuse outside Roche limit. In the case 
of sufficiently large N .2: 10000, a single large aggregate tends to grow, rather than several comparable 
aggregates. 

We show the increase of the total mass outside Roche limit in Fig.2 We also show the total mass 
outside 0.9, 0.8, and 0.7 RRoche in this figure. The gradient of these lines in Fig.2 are the outward mass 
fluxes. In the case of larger N, the outward mass fluxes are smaller. Especially, mass fluxes th rough 
0.7 RRoche have large dependency on N. However, they are not so strongly effected by N in outer region. 
The mass fluxes through lRRoche are nearly the same in N > 3000 cases. In t he similar simulation which 
neglects self-gravity, the N = 3000 disk diffuses about two times faster than the N = 30000 disk. 

We show the radial distribution of F1ocal, Fcol and Fgrav in Fig.3. Th is figure shows that collisional 
angular momentum transport occupies rather large part of total angular momentum flux Fiocal + Fcol + 
Fgrav· The fact that N-dependent component Fcol occupies large part of total angular momentum is 
consistent with the fact that diffusion is faster in the case of smaller N (See Fig.2), since Fcol is larger 
in the case of smaller N. Collision al momentum transport mainly dominates over inner region where 
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Figure 2: Mass outside 0.7,0.8,0.9 and 1 RRoche· The unit of mass is Me and the unit of time is Kepler time 
at lRRoche· The lines which starts at 0.03 Me show mass outside lRRoche· The gradient of each line shows the 
rate with which materials diffuse outward beyond the Roche radius (or 0.7, 0.8 and 0.9RRoche). Inward mass flux 
begins at 0.7 or 0.8 RRoche after a while in small N cases, since inner region thinned out rapidly. 
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Figure 3: .fiocal ,Fcol and Fgra.v in the case of N = 30000. They are averaged from 4 Kepler time to 6 Kepler 
time. The positive inclination means that there is inward mass flux and vice versa (See Eq.{18)). They are 0 
inside the Earth radius since there is no particles there. The Earth radius is about 0.34RRoche· 

r ~ 0.6RRoche· In this region spiral structure is less apparent (Fig.l), since strong tidal force prevents 
the development of spiral structure near the Earth. The disk is nearly azimuthally uniform there, so that 
Fgrav which comes from azimuthal asymmetry is 0. Thus, in this inner region, the evolution of radial 
mass distribution depends on particle number N strongly, which is consistent with Fig.2. 

However, since mass flux through Roche limit is essential to lunar formation, outer region is more 
important. In outer region where the clearer spiral structure appears, local and gravitational angular 
momentum dominate over Fcol· This is true for all the cases in our simulation (1000 < N < 30000). In 
this range Fgrav remains in a similar value and it occupies about half to one third of the total angular 
momentum transport. This indicates that the diffusion rate of this region, where spiral structure develops 
clearly, is not strongly dependent on N. Therefore, even if the particle size is much smaller in an actual 
protolunar disk, the time sea.le of diffusion of protolunar disk can not be longer than two or three times 
of the that in N-body simulation in limited N (- 1 month). 
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4 Conclusion and Discussio11 

We find that the time scale of lunar formation is the time scale that angular momentum is transfered by 
self-gravity within a factor of 2-3, in the case of N ~ 3000. We can roughly estimate Fgrav as following. 

The angular momentum flux due to self-gravitating spiral density structure is evaluated as follows 
(Lynden-Bell and Kalnajs 1972). 

71'2Gr ,, 
Fgrav= ~mH .. , (19) 

where k and H are radial wave number of spiral pattern and the density amplitude of the pattern. Liner 
analysis gives the wave number unstable to axisymmetric perturbation ( e.g. Toomre 1984; Binney and 
Tremaine 1987). The critical wave number is, 

K,2 

kc= 71'GE' (20) 

where "'is epicyclic frequency. In Keplerian disk, it is equal to angular velocity of rotation n. This wave 
number is consistent with N-body simulations. Since the amplitude of density pattern H - E, as seen 
in Fig.l, the gravitational angular momentum flux is (e.g. Kokubo, Makino and Ida 1999; Takeda et al. 
1999), 

(21) 

From Eq.(21), we roughly evaluate the time scale that particles of mass lML diffuses out beyond Roche 
limit, which is also the time scale of lunar formation. We have typically (Takeda et al. 1999), 

1'L"' 2 (Mdisk )-3 month. 
2ML 

(22) 

This estimate is consistent with the results of N-body simulations. 
Even if particle size is infinitely small, total angular momentum flux can not be smaller than Fgrav· 

Therefore limited number of N affect the time scale of lunar formation by factor 2 at most if N ~ 3000. 
We conclude that the result of N-body simulation is reliable at least with respect to the time scale of 
lunar formation, and that the Moon is formed very rapidly in a time scale of a few months. However, 
considering a less massive protolunar disk, the radial wave length of spiral structure becomes smaller 
(Eq.(20)). With a given N, the size of particles is proportional to MJfa~, while the wave length is 
proportional to Mdisk through E. Therefore we may need larger N to express the spiral structure and to 
gain angular momentum flux due to the spiral structure properly in less massive case. 
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Abstract 

We have explained the arrangement of our planets in accordance with Titius-Bode' s 
law, by a mechanical model of coagulation and scattering of swarm of particles 
under mutual gravity. The model is simple and sti 11 realistic except for the 
assumption that al I orbits are on a plane. 

1 Introduction 

We present a dynamical model, which reproduces the evolution of a planct.a.ry system, and 

specifically Titius-l3ode's law. 
It is generally agreed that our Plc..uwtary System has evolved from a swarm of small 

particles in the process of coagulation and sca.Ucring l.Jy lllutual gravity. Studies have been 
accumulated on statistical and hydrody11amic behavior of the swarm, or on fundamental 
analysis of 2-3 body scattcring.[1)[2] 

A special purpose computer GllAPE has been developed for such problems. This project 
has grown successfully to aim at the speed of PETA FLOPS 110w .[3]['1] l3ut until today Lhc 
questions still remain: why do we have lcn planets, or why arc they arranged in a way as 
Titius and Bode correlated? 

We utilize the not.ion and l.cdmiquc of modern orLital clc111e11ts to formula.le this problem. 
The clements change drastically when the particle collic.lcs ur is sca.Ucrcd very much. Such 
drastic event turns oul to occur 2 r--.J 3 limes throughout the life of the particle. Except for 
such rare instantaneous evcuts, the orbital clements stay essentially unchanged. Discovery 
of this property lead to a new algorithm, which saves computer lime and gives insight into 
the physical process of planet formation. The model has succeeded to show clearly and 
quantitatively that our Planetary System evolved through accumulation of rather few drastic 
events of collisions and large scatterings. 

2 The model and analysis 

We assume that N small parlicles of equal mass existed on Lwo-dime11sio11a.l space initially, 
mi = pM0 / N, where 1\110 is the mass of the sun, 7,M0 is the initial masB of all particles 
and v is a parameter. They arc distributed randomly on a plane ranging from Mercury to 
Pluto (the distribution is specified later). Pa.rliclcs stay on an orbil except at collision and 
scattering. Such events arc assumed to occur when a pair of orbits crosses. We assume that 
interactions among parti~lcs whose orbits do not cross can be ignored. When particles collide, 
they coagulate. The computation continues uulil there arc nqt any orbits that cross. 

Unit We employ three units: 

mass: the mass of the sun, M (1.9891 x 1030 kg), 

length: geometric mean of the orbital radius, 

fl= /nMcrcury · llp1uto = 5.852G X 1011 m = 3.U2AU 
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thne: T = (R3/GM) 112 = 3.8873 x 107s = l.232ycar. 

For units of other quantiLies which appear in this paper, sec Appendix A. Note that 
r = 1 approximately corresponds to the location of Ura.nus (5.2 AU). 

In this unit system, G = 1 anti A10 = 1. G and M0 ( = M) have value 1, but they 
have dimensions as well as 1·, t, 1n and all quantities such a.s h, v, a, b, p, f etc. They 
arc not non-dimcusiona.lized. 

Orbital elements · We employ modern orbit.a.I elements e: (Len"' vector, ccceut.ricity) and 
h (angular momentum/mass): 

vxh 
(; = GM -e, 

I,, = 7• Xv, (2) 

where e = r /r is the unit vector directing to the particle ~rom the origin (the sun). In 
our two-dimensional case, a set of three clements kz:, fy, hz) defines an orbit. 

Condition of orbit crossing From the well known equation of orbit 

h~ 
1·i = ----ei, 

1 + €i • Ci 
(3) 

Crossing occurs at e 0 if e 0 satisfies 

ri(eo) = ri(eo), or 
1
\ -

1
\ + (,€~ -

1
E{) eo = 0. 

Li Lj Li Lj 
(4) 

Defining 

(5) 

eq.(4} is written 

b+ a· e0 = 0. (G) 

This equation has real roots when lbl < lal and 

_(Cox)_ -ba + sJa2 
- b2 k x .a 

ea - e - 2 , 
Oy a 

(7) 

where k is the unit vector (0, 0, 1). We have two cross points, which will be designated 
by a third index s, which takes two values +1 and -1. A unit vector e 0 pointing the 
cross point is designated by three suHixcs i,j, s. 

Velocity of particles at the point 1· Vccl.or product of e in cq.(2) with h yields 

v = h x (e + e)/h2GM. (8) 

Transformation upon collision When particles collide and thus coagulate at a. cross 
point P(i,j, s), new .mass and orbital clements arc generated by 

ni' = mi +mi, 
m,'h' = mihi + m)ii, 
rn'v' = 111,iVi + ?HjV j. 

The last equation, together with cq.(8), leads to an equation for <:.': 

m.'(€' + eo)/h' = I: mo(€o: + eo)/hoi. 
a=i,j 
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Timing of particle crossing Let the particles i, j pass the cross point at times Ti an<l 
Tj, We define the time difference T = Ti - Tj· Once in period TJ, the parLicle j is at the 
cross point. At this moment, probability of Ti Lo be in interval (Ti, Ti+ b..T) is assumed 
to be b..T/T:i. Therefore the probability of event per time that r is in (r, r + b..r) is 

1
t;'; (probabilit.y/t.ime) which is denot.c<l by 73(i,j, s). Herc the period of rotation is 

Ti = 21rhHl - e;)<-3l2>. 

Minimum distance of particles at au encounter We consider two particles near the 
cross point r 0 • Let the particle i pass the cross point at the time t = Ti. 

The motion is approximated by 

The distance of two particles is 

where 

Tij = 1'i - 1'j 

= (vi - Vj)l - (viTi - VjTj) 

= Vijl-C, 

The <list.a.nee l1'iil is minimum whe11 

or 

D .2 1 ij 2 -- = 2v--t - 2v.1· • C = 0 Dt ~ • ' 

Vij. C 
lmin = --2-. 

vii 

Substituting this for eq.(14), minimum of 7'ij = 1·m is dcrivc<l as follows. 

where 

T = Ti - Tj, 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(HJ) 

Probability of collision rate If the masses mi an<l m 1 arc so small that the two orbits 
fly on straight lines as cq.(13), then collision occurs when jr111 I < d = (cli+di)/2, where 

(20) 

It must be noted that p is the density of planet (a parameter, tentatively assumed to 
be that of water: 103 kg/m3 ) = 108 in our unit system. Using cq.(18), the condition of 
collision in terms of T is 

(21) 
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If we consider the effect of orbit deformation due to mutual gravity, this equation is 
revised as (see Appendix B) 

l 

d ( 2G{mi +mi)) 2 

Tc = -I -I 1 + d f. . 
Ve ViJ 

This reduces to eq.(21) when m -t 0. 

The probability of collision per time is 

_ (' . ) _ 2rc(i,j,s) 
Pc i,J,S - ~Tj . 

In other words, particles of the pair collide once in ~Tj/2rc, 

(22) 

(23) 

Analysis of scattering The impulse on i from j is Jii = - J Gmim;rii/rjidt. This is 
readily integrated (see Appendix B) 

(24) 

Ve is the unit vector directing Ve. From the impulse, .6.vi, .6.vi and hence .6.h, .6.e are 
derived: 

Change of angular momentum h and eccentricity .6.e are 

.6.hi = r 0 x .6.vi, 

Similarly, 

A . _ .6.Vi X hi + Vi X .6.hi 
uei - GM 

ro x .6.vi 
.6.v; X hj + Vj X .6.h; 

Glvf 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

Particles i, j undergo many scattering until collision occurs. The condition of collision is 
given by eq.(21). Let r play "random walk" in a range (-T/2, T/2]. As a consequence of 
random walk, particles are scattered many times. It is well known that the magnitude o·r 
the random impulse until a collision is represented by one impulse F[frn1ntlse/collisfon] 
which is the "root mean square" of J. 

(31) 

In summary this represents effects of many scattering until collision. Here 1/T -4 0 is 
used because T >> Tc· T has no effect on the result. 
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Selection of a pair (i,j, s) and time interval Cl.t 
unit time. Now we choose Cl.t by 

1:, Pc(i, j, s) is the collision rate per 

(32) 

In the interval Cl.t, we assume that one collision or one scattering occurs on one pair. 
The probability of the collision and scattering is 1/2 each. 

The choice of the pair ( i, j) and cross point s is made randomly with the probability 
proportional to Pc( i, j, s). 

Time sequence of the evolution is traced until all orbits <lo not cross, and nothing 
changes any more. 

Initial condition Initial orbital elements are randomly dctcnnincd in the range 

(33) 

(34) 

where a, f3 are parameters. For the choice of initial mass distribution, see Appendix C. 

The parameter a= 1.156 corresponds to the distance from Mercury to Pluto. 

3 Algorithm 

The algorithm is simple as outlined below. 

input input 6 parameters of the model: a, /3, --y, N 0 , JJ, p. 

initialize state table generate mi, hi, Ei (i = 1, ... No) 

initialize cross table check the crossing for all pairs of orbit. When a pair crosses, 
register i, j, Piis successively (k = 1, 2, ... K) where J( is the total number of cross 
points. 

until I<= O, repeat flt= ½ 1:, Pijs, select i, j, s with probability proportional to Piis· 

Do either collision or scattering transformation (probability 1/2 each) 

update t, t = t + flt 
update state table m,i, hi, Ei (i = 1, ... N) 

update cross table i,j,Piis (k = 1, ... K) 

4 Results and discussions 

Our model has 6 parameters. Their meaning and typical values arc: 

Table 1: Parameters of this model and standard values 

No 300 number of initial particles 
Q 1.156 range of initial distribution 
f3 0.3 range of initial eccentricity 
p 0.001 initial total mass of planets / M0 

p 103 (kg/m3] density of planet 

'"Y 2 initial distribution of particles 
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Figure 1 shows "evolution diagram" at this typical values except for No = 150. The 
horizontal axis stands for log t and the· transverse axis is log h = ½ log a. At each event, 
circles whose diameter is proportional to the mass are plotted on (t, hi). 

As time goes on, Mercury is born at first followed by Venus, Earth.... After the final 
event, the system is completed. It takes about 108 years. Final number of particles NF is 
8 in this example, and the radius of revolution ( ex h2

) is nearly equally spaced in log scale, 
namely the geometric series. 

Fig.1 shows a result of a case, which depends on the set of random numbers. Using the 
same set of parameters, we obtain different history and different final number of planets, 
because the event of collision and scattering is stochastic. In view of chaotic behavior in 
the dynamical system, this stochastic property appears even in exact Newton dynamics. 
Furthermore, the initial condition is accidental. So we cannot readily conclude that our 
stochastic model has inherent defect. Oppositely, if we find many planetary systems in the 
future, the variation may be observed. 

In any case, we calculated 100 cases of different set of random numbers and obtained 
< NF > and a NF = J < (N Fi- < NF > )2 >. As the result, in the standard condition 
Np= 7.2 ± 2.1. In the same condition, from the calculation of 1000 cases, Np= 7.1 ± 2.1 is 
obtained. We can conclude that 100 cases is enough. Fig.2 is the histogram of NF obtained 
from this 1000 cases. 

We investigate the effects of the six parameters on Np and a NF. We change one parameter 
each from the standard condition. a is changed in Fig.3. NF increase linearly to a. That is, 
Np increases by 1 every .6.a = 0.154. The radius of revolution forms geometric series which 
has a common ratio of 1.85. Fig.4 shows the actual configuration of planets. The solid line 
stands for the geometric series whose common ratio is 1.85 and the dotted line is Bode's law. 

On Figs.5,6,7,8 and 9, N0, /3, p, 1 and pare changed fr011:1 the standard condition. Np is 
independent of these parameters to the first approximation. We can conclude that Np/a is 
approximately a universal constant. 

Fig.10 shows the process of collision and scattering on the revolution diagram in the 
standard condition. The particle after collision is expressed by o and the particle scattered 
away is shown by t. The graphs 11 rv 14 show the orbits every t = 10n (n = 3, 5, 7, 9) . 

. Fig.15 is the final state of the standard condition where the effect of scattering is removed. 
In the process which has collision only, orbits get less eccentricity and less chance of crossing, 
leaving more particles in the final state. Scattering is so important to explain our solar system 
of 10 planets. 

Fig.16 shows the process of collision and scattering. A point in this figure represents the 
mass and location (h) of a particle. Two points before a collision are connected to a point 
representing the new particle. We can see the fate of all initial particles. Some remain in 
a part of a planet, and some are scattered out of the planetary system. We note that the 
masses of particles scattered away are light, and the final particles, namely planets, have 
gathered the particles that are initiallyin their neighborhood. 

Fig.17 is the graph of total mass of particles vs time. Total mass is reduced by scattering. 
In this case 1/3 of initial mass is scattered away. 

In all these cases, we have assumed that initial mass of particles are equal (= mo). 
We calculate a case where initial mass of particles has distribution 

m = Ae-(m-mo)2 /2m~. 

The statistics of the final number of stars out of 100 cases was. 

Np= 6.95 ± 2.0 .. 
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Therefore, NF neither depends on initial mass distribution of particles. 
Summing up these results, < NF > docs not change so much even if parameters are 

drastically changed around the "standard case" shown in Table 1. 
So far we have discussed number of planets NF as a representative quantity. We now show 

the location of the planets and confirm the geometric or exponential law. For this purpose 
we select 100 cases which yield Np= 7, and calculated 

6.i = log hi+1 - log hi (i = 1, 2, ... 6). (37) 

Its average < 6.i > and standard deviation is shown in Fig.18 for the standard condition and 
other cases with different initial mass distribution. < 6.i > is found to be nearly constant 
with some systematic deviation. 

5 Conclusion 

We have shown that the essential features of our planetary system can be explained by a 
simple, mechanical, two-dimensional model. From the initial standard condition, about 7 
planets evolve in 108 years in the space ranging from Mercury to Pluto. The number of final 
planets is approximately 7 for all parameters of the model for a wide range of variation. The 
location of the planets obeys Bode's law 0.4 + 0.3211 (AU) rv 1.s5(n-l) (n :planet number. 
nearth = 1). The evolution is simulated easily: formulation is simple and computer time is 
only several seconds by a present personal computer. 

The evolution could be explained by tracing a thousand particles by Newton's law for 108 

years. Even today, the lack of computing power is fatal for such an approach. The difficulty 
is common for all frontiers of computational sciences such as protein dynamics, where we can 
simulate the molecules for a period of time too short to obtain valuable practical information. 

Among the computation-intensive problems, the planetary system has a peculiar property 
that the essence of the phenomena is successive events ( of collision and large scattering). 
Other than such instantaneous events, the particles turn around the sun "without change". 
Of course they move around in the ordinary phase space, but they almost stay at fixed 
points in the 5 dimensional parameter space (the space of orbital elements e, h). Successive 
transformation in the orbital space occurs 1000 times, and the system reaches the final state. 

Even though we need 104 floating point operations for one transformation, computer 
can compute one case in a few seconds, and generate an evolution diagram. This is an 
exceptionally lucky case for a computational physicist 

We would like to acknowledge many persons for valuable discussions. To name just a few 
they are: 

Yoshitsugu Ohno (Physics, Illinois University), Daiichiro Sugimoto and Eiichiro 
Kokubo (The University of Tokyo), Hiroshi Kinoshita and Shoken Miyama (Na­
tional Astronomical Observatory), Milda Shimizu (The Institut~ of Space and 
Astronautical Science), Nobuyoshi Wakabayashi (Keio University). 

Appendix 

A Units and dimensions 

Units and dimensions employed in this paper are as follows. 
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M0 mass of the sun 1 (M) 
m mass of initial particles 1.9891 X 1030 kg [M) 
V velocity 1.5055 x l04m/s (Rr-1] 
p density 0.9921 x 10-5kg/m3 (MR-3] 

w angular velocity 2.5724 x 10-ss-1 [T-1] 
h angular momentum/mass 8.8155 x 1015m2 / s [R2r-1] 
E eccentricity [1] 

a,b auxiliary quantities 1.2880 x 10-32 s2 /m4 [R-4T2] 
d diameter of particle 5.8526 X 1011m, [R] 
p probability /time 2.5724 x 10-s s-1 (r-11 
l impulse 1.9947 x 1034kg · m/s [MRT- 1] 

G constant of gravity 1 [M-1 Rar-2] 

It must be noted that all quantities have dimensions. They are not non-dimensionalized. 
However, G = 1 and M0 = 1 wherever they appear in this paper. 

B The argument when orbits are deformed by attraction 

We consider two particles attracting by gravity 

Dividing both sides by mi, mj and subtracting, we have 

.. _ G(mi + mj) 
rii - - lriil3 rii· 

Abbreviating Tij and mi + mj by r and m, we have two conservation laws. 

1. 2 Gm 
-r -- - Eo 
2 r 

r X r - Lo. 

(38) 

(39) 

(40) 

(41) 

Let us apply these laws to our case at t = -oo and t = tmin where lrl = x and lvl = U 
(unknown). 

1 2 1 2 Gm 
Eo - -v--=-U --2 i:, 2 X 

Lo (0, 0, -rmVij) = (0, 0, -xU). 

Eliminating U from the two equalities, we obtain 

Gm 
x= --2-+ 

vij 

The condition of collision, x < d, leads to 

(Gm) 2 -2- + rm. 
vii 

( 2Gm)½ 
d l + dv2 >Tm= rvc. 
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The critical value of r is 

I 

= !!:_ (i 2Gm) 2 
Tc + d 2 • 

Ve V 
{46) 

Now let us consider the impulse on i from j 

(47) 

As in Fig.19, let us take vii as x axis. 
Let us note that Vij ·rm= 0, and rm= Ver. The motion is described by 

r = (vt, rm, 0), (48) 

and 

f - - loo Gmimi ( vt, rm, 0) 3 dt 
-oo ( v2t2 + r~) 2 

1
00 dt 

- -Gmimjrm 3 -oo ( v2t2 + r~) 2 

_ _ Gmimj (0, l, 0) = _ Gmimj 2rm (0, l, 0). 
vr r2 v 1n m 

(49) 

The magnitude can be interpreted as the force (at Tmin) lasts for the pass time ~t = 2rm/ v. 
From this observation, we can well-approximate the impulse when orbit deformation is taken 
into account 

2Gmimj _ 2Gm(nii 
xU - rmv 

(50) 

The expression of the magnitude of the impulse is common in terms of bv, although the 
direction of the impulse is no more perpendicular to Vij. We will ignore this scattering angle. 

Then in general the impulse is expressed as 

(note rm= Ver). Now 

thus 

f
- 2Gmimj ... 2Gim; ... = ---Ve = ---Ve, 

TmVij VeTVij 

lvii x (vi x vi)I 
v1. 

,3 

f, X klvi X Vjl - lvi X Vjl 

Vij 

'Ve - 'Vij X k, 
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(52) 

(53) 



C rm distribution 

Let the probability of a particle be in (r, r + dr) be 

n(r)21rrdr (54) 

where r is the distance from the origin. We assume particles are distributed from r = ro to 

r = r1• Then 

/.

r1 

n(r)21rrdr = 1. 
ro 

If we use x which has uniform distribution in range (0, 1], r' that satisfy 

!.
r' 

a n(r)21rrdr = x 

has n(r) distribution. 
Now if distribution of r' is uniform in log scale, from 

we can conclude 

J
r' 1 

n( r) 21rrdr ex: log h = 2 log r', 

1 
n(r) ex: 2 . 

r 

When we choose n( r) = Arm distribution, using 

A 21rrm+1dr = --rm+2 = 1, 
/.

r1 [ 21r A l r1 

ro m + 2 ro 

we get the value of A as 

1 _ 21r ( m+2 m+2) 
A - m + 2· r1 - ro . 

(55) 

(56) 

(57) 

(58) 

(59) 

(60) 

So from eq.(57), random number r which obeys rm distribution is made by following equation: 

where m -:/= -2. 
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Abstract 

Recently, about 130 celestial bodies are discovered outside Neptune. They 
are called Edgeworth-Kuiper Belt Objects (EKBOs), and are seemed to be 
remnants of planetesimals. The characteristics of the EKBOs is that many 
of them are in mean motion resonances with Neptune. We investigate the 
mean motion resonances with two semi-analytical methods and numerical 
integration methods. We discuss the dynamical structure of each resonance, 
and show a role of Uranus in the resonances. We also describe effect of the 118 

secular resonance on the structure. 

:t:~~(l)JA ~ r.t, ffi L \f\~£7}~~J! ~ ti, o l'C--::>tl, -C*. ! < fJ: --::>-C # fr:. c. \f\ x. o o 
1950 11!nu~tc ~ o c., Edgeworth t Kuiper ]}~)'ijj(J)~3::£fflJillK~T offi L \/\ff1¥ 
~~~~Lk: r:t:~~~~stcr.1:•atc~~#n~~"'?~•••~ff~L-c\f\otc 
il\/\~\f\Jo <'.:O)J:? ~7ifj3::£ilt~OJ9'f..fJlU(l)'fJJl~~ Edgeworth-Kuiper Belt (EKB), 
~ b tc EKB tcff;lET o ~f,$:~ Edgeworth-Kuiper Belt Objects (EKBOs) c. Pf~o 
J'i~(l)~OO~i~v-~31/(J)M*~b, EKBOsr.tmmJM9£0J~-~~oc.i 
~*- btl,-C\f\oo 

CCD -JJ J. 7 ~ c,.(J)fl!iflij~fil7}~~\f\, EKBOs (J)~--"-1 fmiflij]}~*~~Kfi:btl, 
-C\f\fcJ:P, 19921'! 8 J=J~" '7 -1 *-~(J) 2.2m ~i'j~tc J: ~ ~19)0) EKBO ?}~~J!~ tl, 
fr:.o ~(J)~b,.b!JUEi---C·(J)~j!~fir.J:*'g 130 tc(J)~oo ~Jl~ntr:. EKBOs r.t, 13,ij 
o ~ 7J,. b ~~~13 km c J!ll i b ti, i fc ~ (J)~ < r.J:i/ij:1::£ c. SJZ:lej,l!j}J~~~ (~~ 
V 1/ -J- 1/ A C. \(\ ? ) tc ~ Q O V 1/ -J- 1/ A r.t, ~-f*ra, (})~~mi AA(}) Jt 7]~ ~fi "(• ~ ~ ti, 

Q 1 C # tc~ L Q ffl Q ~~hl!JHl!-C• &!J ~, lih:W5 I~ c. ll5fr.f tl, Q .r~ 7) - ? tc J: ~ ~-"? 
r.tbtl-o 2

o 

1 fc t. *-.tf, ii3:£ t. EKBOs Q)~~NUWJQJ.ltt,~ 2 :M 3 Q) t. ! , "2:3 v '/-}-!/A" t. T Qo 
2 V '/-}-YA tc~ o;Jc{*Q)~Jf5 IIJU±, 4!J o~JlrUJNU ~ ~ffllrt Oo 
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*lvf~Q) El A~H±, f3 !XJC-=E-r .1v~~ffl L tc~f'#tli-~=PilU: ~ < Q) T 7' r 7(-f*~ 
.ffl~~~-1/i~v-1/31/Kl~EKB~Q)v1/T1/7'~~K~~t~-~~* 
~~K~mToccJ~~oa2--::>Q)~tl,~tt,Q)=¥~K~Lt, {XQ)l5~~~~ 
fi--::,tc: 

• *Mtfr~=¥~3 

&,I).~~--::, tcitfi±J[Q)tfl.3t!lffiKML t, EKBOs Ktfl.~{!1~'1~~ 
tc-ittc 3 !XJC~-r .1v~~fflT o a r. Q)-=cr .1v~~T /, ~ .1v r:::.. 7 1/ Kj:3 
~t, ltfifitBK.ifM:]{l::T o ,,.: 7 J. - ~ Q)jl~ Kl ~, Model A c Atfodel 
E Q) 2 fffiltQ)"jj~v~~ o: 

* :Model A: ~mJWJJJi~.if~{l:: L, ~ b KE¾mlAAJJi~~~T o c c--C·, 
l=J=r.m.JWPJt--c·~ 07e-f*Q)Gm;~s1~ c tfl.~~*mQ_)~{t~ J!o r. c v~--c· 
t O o L Q)"jj~--C· f±i:m~S l~Q)~ o j$~ tt H°--C• ~ <, v 1/ T 1/ 7' Q) 

fflt~ ~~~To c c v~--C· t o a 

* Model E: 7(-f*v~ Model A K l ~ >.f<~ tr:. v 1/ T 1/ 7' !fxfffl K ~ o c 
fli~ L, l\ImJAA • l=J=r mJWJJJi~.if=jey{l::T o r. c --c·~mJ~JJi~ ~ o Jc-f*Q) 
8,1). c iR 8 I.! Q)~{I:: ~ J! o c c v~--C· t o a r. tLK l ~, tfij:E~ c 
Q)j](1:p~~, (vs 7.}c1:p~~f6) Q_)ff-tf~Wffl~o LC t,~--c·t Oo Jc.f*v~ Vs 

7k~~~~ tc ~ o c, fflM'~'•v~* t < ~{l::T o "i:fJft~ttv~ ~ o a 

*M~~=P~tcloM*~~~L, ~btcvYr1/7'Q)W~~l~~ 
L < a.,g b v.,. tc T o tr:.~ tc!JZ,J!~ ~imflf(ffffl-jf:7 .1v -::i· !J x A ~ lffl~ L tc a c 
Q)T .1v-::i· !J x A f±:t:~~~7(-f*Q)tfl.~ftjf:tcJA < .ffl ~ bn t ~ o Mixed 
Variable Symplectic ffi?t~~at-6! L, :t:~v:i. bii < lfflth,tc~~ < Q)~-f* 
~~~tc~fi]Jl?tT o c c ~"i:fJ'B~K L tr:. (Fuse et al. 1998)0 

~J:.Q) 2 --::>Q)~fWtfr~=P~c!rfii1/ ~ ~ v-1/ 3 1/~~.ffl~t, 30 ,v 50 AU Q)rai 
K~o 1:2, 2:3, 5:6, 3:4, 3:5 Q) 5 --::>Q)v1/T1/7't'C--::>~tt'#tfr~fi--::,tca 

31J,:fc£ c *£0) v YT:.,, A (~lb;R.f*:a~9'f.{Jt11) OJ(Wtfitcffl ~ ~tL-C \rl fc=f:i* (Yoshikawa 1990) ~ 
jfij:E£c EKBOs OJ v ~·-j-:.,, A {flUlb;R-f*;a~J1q{Jt11) ffltcaf(~ Lfco ~,a*£•±£• ~:E£tcJ: l>~ 
l'Jt.t, !J :.,, ¥iff-W.U: L -c~lil-r o o 
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3 v~/j- / AO)tl~ 

3.1 ~m,1r~-¥5~ 
A1odel Ac Model E (l) 2 "'?(l)*Wf.:f:Jrl'f9=¥$KJ: l?fflbntdFo*K-:::>\f\--C, *1 

J;c; j- o *£ c 1J,~£ (l) v ·/-}- 1/ A (Yoshikawa 1989, 1990, 1991) c .l:t~ L tj: b~ b 'f c 
.30 Q: 

• A1odel A K J: o *'5~ 

1 :2 v ;/-)- 1/ A K ~ o EKBOs (l) ~Ws lfl r±, 180 Jj£ c ~ b K mt,r.,~ 
K~#-to2--:J(l)~/j!(l)fi3--:J(l)~~(l)~IJ~ff~-to~Mtt~~oo 
1:2 v •/-)- 1/ AK t±, 1 {lffl (l) EKBOs b~~J! ~ n--c \f\ o o 

-jj, 2:1 v '/-}- 1/ .AK (rj:,J,~£r± Vic Iv c''1¥-tE L --C .t:, bf (.:¥'~':I 7° 

c llf tf no ) , l&w;W s I fl r.t o rt (l) mJ '? (l) JJ. ~ ffmb-t o o 

2:3 v '/-}-1/ AK~ o EKBOs (l)Cm;Wslflr±, 180 ~(l)Jaj '? ~ffj)J-t 
o o 2:3 v y•-}- 1/ AK r.t, 21 {jffl(l) EKBOs b~~J! ~ n--c \f\ o o 

3:2 v '/ -J- 1/ AK 1>'1#-tE-t o ,j,~Jl r± t: Jv ~m c Jnf t.r n, ~ (l)Cm;W 
slflt± 0 jjt(l)~ '? ~ffib-t oo 

5:6 V y·-}- 1/ A K ~ Q EK BOs (l) &m;Ws I~ t 180 ~ (l) mJ lJ ~ ffj}J-t Q 0 

6:5 v 1/-J- 1/ AK d!J -o ,j,~£r±~J! ~ n --c \f\ t:l: V'o Cm;Ws lflt.t 0 ~(l) 

)EB '? ~ ff ffll.Jt" Q 0 

3:4 v '/-}- 1/ AK~ -o EKBOs (l)!fill;Ws lfl t IP]~K 180 Jjf (l)Jaj Q ~ff 
IJJ-t Q O 3:4 V '/-}- 1/ A tc t.t, 1 ,fffi](l) EKBOs b~9ej! ~ n --c \{\ Q 0 

4:3 Vy· -}-1/ A tc t.tfl{jffl(l)1j,~£b~ff-tE L, T .::i.- vr¥ C Jlftfn Q O Im 
Wsl~t.t o ~(l)~ '? ~ff!WJt"oo 

3:5 v '/-}- 1/ A tc d!J o EKBOs t la'g:Ws lfl r.t 180 ~ (I) JaJ Q ~ ffmb-t o o 
3:5 v '/-}- 1/ A K r.t, 1 {lffl (l) EKBOs b~9eJl ~ n --C \f\ o o 

fl{fllfi~K J: o c 5:3 v '/-}-1/ A tc~ ,?,,j,~£t.J:3(~ c ~nob~, \f\ 
'f tt9BJ!~ n--c\f\~ V'o ~Wslflr.t 180 ~(l)mJ '? ~ffm/J-t-oo 

c :h, b(l)ja*iO~ b~ v •/-j-1/ A (l)~~~>i<.30, 1tftiE!~*m-ft,D~Sf 
iii J ..1: tc ~ L tc ( ~ 1 (l) ,c· 1 ~ -=£- 1/ i: (l) W ~ L tc ~~ 1*J) o 2 "'? (l) fltJ tit±, 
~n~n~~£·oox£~ilic~~To~ili4 ~~~Too 

4x:E£~if1i t "5c~T Q tll.*1 = iff: B ,r.'!Jmlft;b{ 19.2 AU, ifij:EJi!ilVLiffi: t '5e~··j- Q ilifLii = ;ff B R.tli!gMffl 
tJ{ 30.1 AUo 
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Fig. 1: The structure of the five mean motion resonances by Afodel A. 

• Model E K J: o*5* 
5~(J)T~t(l)v1/71/AK~~L, ~~(l)~#(l)~c!:~t±v8 *~ 

~~(l;o~~ C ~ ~ o ;o~, ~4*89K t±Jll,u•(l)~.ftt±1J"' ~ ~o i tc c (I) J: :> 
~,-,u•(l)~.ftt±, tfl.~ftfi~~K ~ *. ~ < -{t(#T o o 

-1j, 2:1 v 1/-J- :YAK d!;> 01J"'~£ti, *£K J: o j]<~~~~(I) tc ~­
,l).;o~#'fittc *. ~ < ~.ftT o AJ'fi~tt;o~ d!;> Q o "f fc 3:2, 4:3 v 1/-J- 1/ A IC 
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3.2 ~ii~~ .:i. v-~ 3 / 
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:y A (I)" ~rai-lfl jsJ L fc 111,D." (l) ~jdf ~ -lJl jsJ L tc. tc ffi ~ T Q O i tc L. (l) ~ ""(• ti' 
4 i ""(•fit> tL t ~ tc ~AA•~ra,~ tc J: o ~""(· r.t t> ;Q"J. b jj: ;Q"J. ~ tc, ~ v 1/' -J- :Y A (I) 

ff~jj:WB~~~oo-~ v1/T:YAl'Cd!:>o7e4*ti~tL~tLv1/-J-:YAffl~~~ 
mi~!fxtc~lv""C·~ Q 0 

~rK~v1/-J-:YAtc~~LOJ~*~~T: 
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The relation between Neptune resonance and stability of the orbit 

in the Kuiper belt 
i:r#*, *r'iti (IE:ll~Xi=t) 

H. Nakai and H. Kinoshita 

National Astronomical Observatory 

Abstract 

We investigate the relation between the regions of stable orbits and the locations of the Kozai 

resonance and vis resonance near the mean motion resonance with Neptune in the Kuiper belt. 

We study these resonances by a semi-analytical method and a numerical integration. Then we 

get the following results. 

• In the 1:2 mean motion resonance with Neptune, the regions of the mean motion resonance 

and the Kozai resonance do not overlap each other. 

• In the 2:3 mean motion resonance with Neptune, the stable orbits occupy large area in 

the eccentricity-inclination plane. The region of the mean motion resonance and Kozai 

resonance overlap each other, and the region of the secondary resonance appears. But the 

region of Kozai resonance and v1s resonance do not overlap each other. 

• In each 4:5 and 3:4 mean motion resonance, the stable orbits occupy small area in the 

eccentricity-inclination plane. The region of the Kozai resonance and vis resonance overlap 

each other, and some orbits are in the multiple resonance. 

• Each single resonance with Neptune has the effect of increasing the least approach distance 

between the Kuiper belt object and Neptune. 

• In the multiple resonance, the distance between the Kuiper belt object and Neptune is 

larger than that in a single resonance, consequently the multiple resonance acts as the 

mechanism of stability. 

1. IJ: t:.~,;: 
1J -1 /{---"fv 1---fiJi:l!&,.: i:t~ 130110>1J";R !*ti~ Jt ·--:)7j~-':) -Cl,, -o (1999 ~ 3 JD o fi.ifl1Jti~~tt < , fJL 

l!l~:iE{:.lilfU,,~~SJZ.J$.J~iJ.J~ql0>~f!f:~f&~T Q.:. c: t ~ ~, ~ii~ttfJL~~~-eo., Qt,~, ijJ:1; 

t1~i.:1J'\;Rf*fi-~,.:~:m- L -n, ,ttv 'o ;/- -11/""IV J-- ,.::Jo,t ,3 ~qltM~ C: fRJ t: J:: ? ,:., jJ ,1 /{-"" 

Iv J-- ,:.:Jot,' -Cb fifJ t> tJ~O)~~l~itf/f~iJ~~ ;.t t>t'LQo 

~Mtlri¥-J=J::~~ ffl t, '-C#iEEJE.ti~ ~ O>~e!ill (n : n + 1 iJLj:~imil.J;Jtq~0>1tJt~) ~:. J::-?-C, llifU,,~­
~l!lf~f;f.~ggrdl-c:, ~(:E;tt~~' V1s;ttqi,.:ftQ1tJi~~;Jt~, ;ttq~ffl.SH:. J::-?-C jJ .{ /{--"JV J-- ;Rf* 
~ l'i:Eg}_ c: 0>~~ili~eitlftil~ ~, 5 ~1~-t Q t.J~~wm~t~o ~ t~, ¥J$.Ji!EJ!JJ*qlffi~f:.,U,t,~ .. ~mf~ 
f;J.filtJ~JVt-o~f(O>T 7- J--J(f*-a:-12~ L, 1 {.t~O>f({[i[1/ ~ :i. v-1/ :1 1/~~T\t', ¥~ffi=J::~O) 
*5* c: J;~~ L, ~jEt~ifVLJ!t c: ;Jt~r.!;O>~{*'~it'M~t;:o 

2. iif~~ c (7.)Jf¼:~ilrffilill 
jJ ,1 /'~--"IV 1-- ;Rfi.$: c: ffif3::JE.O>it~ifi]eflllJ:tiM,)!l~~~~q,O)!fx1ffiH.: J::-? -C~f~T Qo ~ 1 {:t 
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•k t~~n.1;,~ J::--:,--CM!~iffffif11i1~ c!::"(l)J:. :H~~{~-t-5 t1~~jg1~ L-t:: b(l)-C:-, ~ 1-a,b f'±-'f:'t'L-ct'L, 
;;Jt.il£~t,~ 35.0 AU (4:5 ~~ii!IJJ~P.!Mtifi:), 47.8 AU (1:2 ~~imlb~P.IMtili) (!)~-C:-3? '5o 

2-1 jitijJcl*iJ~iJZJ$Jiff!tb~P,~C7) MflM~ ti v '#!~ 
fitii:51c f*:t,~ IP] -~jij J:J~ cf.> -5 ~ (l) fitij;R f*(l);i:~m:ffi!IJfU'i;'J -1 .1 ~ -~iv 1-- ;R f*(!)JllfU,,~ c!:: ;It.:,~ 00: 

iYi!~.H~~~T o (~ 1-a,b ~-) o 
2-2 fstiiJc l*iJ~ iJZJ$J~tb:=JtP.IC7) MflM~ <f.> o ffl~ 
;'J-1 .1{-~1v l--51cf*:c!::ffif:E.Jli(l)lJZ~~J.l~-'f:'t'L~t'L, ,\, >w, ilil=L~~J.l~ w c!::-t-5 c!::, il91!-

5IIJ:f'i u = (n + 1),\- nAN - w, (n: mt£) c!::~-~t'L, ii;$i!-5lflil~'iit,~ 180/l c!:: f.t-5 J:? ,~ A, 

AN ~~~' fitij7e{*(l){ftfli)~f:>, Rl~uf:ffillit~~~t:: l)(l)i,~~ 1-a,b (l)~~-C:-3?'5o ·~ilii§JIJftf± 
rlift,C.,,~t,~,J, ~ "'<ffilffi--C:f±llit,C.,,~ c!:: ::Jt,~*JJa-t-5 t,~, i1Jl,C.,,~t,~*~ < t.t-5 c!:: ;'J -1 .1{-~1v 1-- ;Rf*(l) 

ili 13 ~t,~#IJ3:Ji!~(l)l*Jffi.lH~A '?, ifiJLil!t,~~~T-5 t::~(~, ~,~:1&:~iffffi~ftf±~~T -5o 
2-3 IRJ~l;:iJZJ$JimilJ:=JtP.i t tH'£~P,f};C7)00~l~<f.> offl,g-
;'J -1 .l~-~/V 1-- ;R{*(!)ifiJI.ii{~iW-:flJ ~ 40 J.l, ifi: f:I R-l51~~ 90 J.t,~OOJ:iET-5 c!::, tif:E::itP,!i(l)WJjH~ 

J:: '?, fitij;R{*(l);ll:~iff!§JffJ±~ 1-a,b ffil.{{9}(7) J:: ? {;::~{~T Qo :til~iff!§rftt,~*~ < fl Q (!)f±ti 

tE*P.lih: J::--:, t, i& 13 ~t,~#iJ3:J!(l)ifiJLiaimil~ f:>•tit::m,~li!ilJE ~ t'Lo t::~-C:-3? -5o 
2-4 ~~l~iJZJ$Jiff!lb:=JtP,I, 15.(£*P,I, V1s:=JtP.IC7)00,f,*'~<f.> offl~ 
J:~(!)~1fm--C:#iJ3:~(!)fJLJi{~~:fiJ ~ 5 J.l (v1s::itP.f.i(l)WJ*~*~ < T -5 t::~) c!:: L-, fitij5ic{*(l)~ 

~~~}3t(l)~~ 180}t{;::OO)~ L-t:: c!:: ~ (l)R!~iffi§fllJ±~ l-a,b (7)£fi~ c!:: f.t-5o V1s::itP.1i(!)t;MfH'i 
;'J-1 .1{-~1v 1-- :Rf*(l)fJLil!fg{f~:filtJ~~{~ L-t:::. c!:: c!:: IPJ t:. J: 5 t.tfl~ ~-t -5o 

--':)(l)fJLil!-elJZj$,J~IJJ;Jtql, tii£4tP.!i, v1s;tt.:P.(tAf, ~n~n~fl~(l)~P,li~fffiH~t~ -5 c!::, #IJ3:~ c!:: 
(!)ji~ifff®4fU'±~'iitl~*~ < t.t '?, filii;Rf*:f±*~m: t...t.t < t.t-5o t...t,~ L-, !fiJLili~~t,~-~-et.t <, 
fflliJ.J(!)ffi~jt,~ o --c:t.tt., ,t::~,~, ~~(l)1J,;Rf* c!:: mx~(l)Jl:~iffffifllfU,;tjg)(l)1iaJ:: '? ,J, ~ < f.t oo 

3 . '51£*P,', V1s ;JtP,I 
iff 13 ~ 5 I Ito~ 90 Lt* tr. J± 270 J.l (7) lfil '? ~ff lJ.J-t -5 ~ffi ~ ti?'£;itP.l c!:: '-' ''-' ', ,J, x I* c!:: #IJ3:~ (7)$JL 

iliimil~IPJ t:.JlJWJ--c:lfil~-t -5~1ftt -ttit>~, 11':~1* c!:: #iJ:EJ!(l)Jf-~~~J.l(!)~t,q~111J-t -5~~~ 
V1s*P,f-li c!:: t.,'? o 

*-f¥Mfrl¥-J-¥~ (Kozai,1983) ,~ J:--:, t, ti?£41:P,!i(l)iJt~~~60Oo jJ .-( .l'~-~/V 1-- xf*f~.&J!-t 
~~(!)~litJJ± R = fflN / 6. -e~ ~t'LQo ffi. L-, fflNfi~ib;Rf* (#jj:EJi!) (l)j(ji, 6.f±ffi1Li§Jlll-e 
cboo iJ-1 .1{-~1v l--xf*:(!)13 ,C.,,ffilfift irrf:1Ji\l:5lft, 1tiffJi\l:llll:fiJ~-'f:'t'L-ct'L, r, g, J c!::Too ~ 
lb5icf*:(l)~ffiH~~ -5 ;'J-1 .1{-~1v t-- ~f*(l)fJLili{!l,~1iJ ~ i c!:: L-, ~3'c~t1~ ~fflU--:, td~lbxPfs:(l) 

!Jl:1$J&J.l ~ AN c!:: T Q c!:: 
6. 2 = r2 + ri - 2rr N cos S, 

cos S = cos2(i/2) cos(!+ g- >w) + sin2(i/2) cos(!+ g + >w) 

~f~Qo e = -/f=e2°cosi ~-~c!:: L-, f£1i«l¥-Jl~R~~~, ~j$,J-{'l=f~J: '?, ffi:JaJWJJl~f~~T 
Q c!::' ~(l) 13 a:tllf'i 1 {;:.ti'?' ~*'71/~1" Jv:JJ-?'i)~~-1L'~c!::ifi: f:I ~51~(7)~1*i1~5tt.J~Qo 

~ 2-a f'i$Jt.ili£~ 39.4 AU (2:3 ~:1$.Ji!IIJ41:P.li), Jlll,C.,,~ 0.32, iM.ili{~jiJ 42J.l (9 = 0.704) 
(!)7 7' 1--xf*(l)~Wltfi"1¥-J-¥~--C:~~t::~~71/~1" lv7J-7--C:3?oo #.U±J:~(!)1i«~mWJ1f«c!:: L-, 
ifcfl«ffi5t l~ J:: --:> -C~ ~ t::Jff ,t,,~ c!:: iff f:I Ji\l: 5 I fl (l){ja--C: cb-5 o -~~U'iiff 13 ~ 5 I lti,I 90 l3f (l) lfil '? ~ff lb 
To mU'f. -e, iff 13 ~ 5 I ltil~ 90 l3f. (7) c!:: ~, Jll,t,,~t.,~ emin ~ e ~ e111a3: ~trMf Ji!-tt'Lfi, ti?'£~qf];(l)~ 

tm,~t.t-5o -tt.tb~, ---:,(l)9t,~~*tU:;t f}Lilit,~tr:(£::itP.!?Jif~t~,511fft,C.,,~(7)$Blffl emin ~ e ~ ema:r: 
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Figure 1. The least approach distance between Neptune and the Kuiper belt object. The 

solid line, the dotted line, the short dash line and the long dash line show non-resonant case, 

mean motion resonant case, double resonant (the mean motion and the Kozai resonant) case, 

triple resonant (the mean motion, the Kozai resonant, and the vis resonant) case, respectively . 
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Figure 2-b. The picture shows the 

Kozai resonance. The center line denoting 
its location and the side lines its width. 
The dotted line shows the case of 9 = 
0.704. 



t.,~;jt*Qo ~ 2-b J'lf)Lii~~ (a= 39.4AU) ~li!n1EL- .. e~~ft~--ltf.tt.,H~>°c!J?:E;itP,1$,;:f.tQ 
ffi~~flifl,t;,~ -ifULiif~f-4~ ffii ,;:>J< liJ tr. t (/)-c_; (V) Q O #i:E£ c!:: (l).1JZ:t$}iff!jb;J:t:P,l{;:fE) ~ -t Q fJLii~*­
~ -e.. c!J:(£:iftq' {;: t.t Q ffi~ ~ ~ li> .tu-I.. -t" (l)fJl~ f-;t SIZ:f:~ifflib::JtP.I c!:: c!Jt:E::JtP.fMitij JJ (7):iltP,l~Jm(l)ffi 
~l;:_fJ!Qo 

jjijffi f.t jJ~ -e.. 7J -1 .1 { -~,v 1--~ f* c!:: mx:m (l)Jf.~~w.t (/)~ c!:: fJLii {~t.4~ (7) 00-f* b ~ *-r :..--­
~-Y 1vjJ-7t,~;;Jtli)Q =. <!:: t.,~l±l* .. fllfU.,,~-~ili{~iW,:fqiifi-e, v18::JtP.f.H;:f.tQ~~~~Q =. c!:: iJ~ 

1::1:Bl~Q (Nakai and Kinoshita,1985)0 

4. 1$c{iilV~.::r.v-V:1/' 
'JJ .{ .1{-~1v l--ffi~(J):iJZ:t$)lff!IJJ:iltP,{MtJ!i:l;:fil,C,,~ (0.0 ~ e ~ 0.5) c!:: fJLili{~t.4~ (0 ~ i ~ 90°) 

t.,~J4f.tQ~~(l)7 A J-- ~f*~fialt L-, 1.1 {it~(J)~{rffi?t~fr-·-:>fr.o ~IJJ~f*f-j:*~ .. ±~ .. ~:E 
JJl, #i3:Jil(l) 4 :Xf*-e .. ffl?t~J'j:~~iH~~~~ (Quinlan and Tremaine,1990) ~ffll,, ,tr.0 jJ 

-1 .1{-~Jv 1' ~{*(J)J(ji~ 0 c!:: L-, !11,t,,~ c!:: ~ilt{~f-4:fq~~(/)7 A J-- ~~(l)f)Jjf}JfW]J: w = 90°, 

f2 = f2N + 180°, l = ((,\N - w)n + 180° + 360°m)/(n + 1) c!:: L-tr.0 f.[ L,, W f'j:ifi:f:I Fi.i:51~, f2 

J-j:Jl.~Fi.i:mlJl, l f'l.1JZ:t$JJ!j:,?.i:Jlil~ .. A J'j:lfl:t$)~ .. m, n J-;t§~ .. ~;l*Nf'l#i3:~~~To lt{it 
fft?t""e>l<* ..._, tr. 4 : 5, 3 : 4, 2 : 3, 1 : 2 !fZ:t$JiffltlJ;ftP,1${'1°i!r(J)~il!(J)~~~-t"t'L~.tL .. ~ 3-a,b,c,d ,;: 

~To ff!?tWJ!ffl i:p, rft,t,,~~iWLiifjf-4~ f-;t-tf-z;f-;ttii, '(/)"'e.. =f)JWJ(l)~ftb~ c!:: ifiJLiif~f-4:tq (l)fj(l) 
{1£~ ,;:. .. fJLil (l)~fl& ~ -ll (7)~ c!:: tc %-e~ v·n,, Q o ,ffl. ~ f'l 1. 1 fi~rd.1 (7) fJLii (7) ~1fm ~~ 1..,.. .Wt 
jU-;tfJLjf!t.,I~tf, JI D J'lmWird.1-eJ'l(V) Q t.,~~Jit.,Iw-t, ,Wt X f'lift'Litt.,~~~tE-e~ Q =- c!:: ~~To 
~ .. $, 1r~ .. jffi~, ~(l)~~f-;t;JtP,l(J)fjffi~~ L-, -t".fL~.fL, SIZ:f:!9iB!IJJ:iltP,l, ~:iltP,~ .. v1s::Jt 
P,li, vg;ltP,, .. ffi 2 (X;ltP,f1;';:~~ L--Clt'Qo itc%fi 1.1 {i~rd.1(J);itP,1$(7)~1fi~~ L- .. >Lf'l*1Ef.t:iltP,l 
~fl .. D J±mWJrd.1~P,,~1fji)~Jm.n, x J±~P,l~tm{;:tii,,.:. c!:: ~~To -f?U;tf:f, ~>LI± 1.1 {i&¥rrl'.I 
.lfZ:t$JimiJJ;JtP,,~~{;:;v,, '?, -~(/) 0 f± V1s;ftP,9.i~fmi)~ffi:WJrd.JJmt'Ltr. =. c!:: ~, ~ c!:: j)ft(l)x f±, -t".rL 
~n.. !JZ:t$Jll!lth:iltP.f1;, c!J:f:E::Jtq,-etii,,.:. c!:: ~~To 1)ft~(J) .. 0 .. 5l, ®l'l, -t"t'L~n .. ilr 13 ,r:a5 I~ 
t.,~J!!fffr .. i2!fr, :JoJ:.V, J!lfffr~fr~kil?~i""*~~L-, 0, rsJ, 181 f±ilrf:fk.t:sllt(l)J!IJifr, ~fr .. to 
~ a .. Jilfffi~fr(l)• l? ~ L-t.,~ffiWJrd:J-eli(V)-QiJ~~.titr.•~~To j)ft~(l) • J'li!r a Fi.i:sllct)~ 0° * 
tr.J'l 180° (l)@J l? ~fflil.JT o.:. ~ ~~ L-, w~~(J) • f'ln-1 /~-~iv 1' ~f* c!:: #i:E~(l)Jf.3°c,?.i:ff. 
Jl(l)~i)I 0° (l)@J '? ~ffiJJT Q .:_ c!:: ~~To 

5. fJLJltO)~~ttt~, 
5-1 1 :2 Ifl~ll!tb:Jt~l1tilr 
J41,t,,~t.,~ 0.1 ~J:.--e, ifiJl.ii{~~-4:flJ 20 lt~r(J)~~ttift'Ljgf-;t~t¥:t$Jift!IJJ;JtP,tl;(7)~1ffiU;:.~ l?, i!r 

13 ,?.i:5jl(J-j:Jllfffr L-"'(l,, 'Qo 'i!i:f:E*P,l(l)'ffJi~J-;t~{~~t.,I 50 Jl~J:. ""emt'L, =. (l)fjj~~J'j:~"'((J) 

fJL~tJUl2ft9ilf!iJJit:qfl;(7)~flj-C:f±fllt 'o ifVLilt{~f41fJ i)~ 0 lt{tift-C:l:t, ff'37ti¥-J{;:.v1s~~fi{;:f.to~mi)~ 
~ l?.. * tr:., fllft,t,,~t.,~ o Ni!r--c:Ji vs:iftq1$,;:ft-Qift'Lill: t cYJ Qo #i:EJiltJ~ ;r11.n ti,, Q tr.~, ~b$ 
t.,~1J, ~ ,t.tLJ-!, ~:t$J~j1J:=Jtq,t,~c!i1:E;Jtq,--e~.n,'!, #i:EJi! ~ (J);l&:~ili:ffir@J-;t 10 A Uffi/l~J:.,;:ti 

", ~m1±~ntii, 'o *M1fit¥-J-=¥~-ei'l, t.:f:E*qfiM~~>itli> Q tr.liJt;:, &;~s 1~1-l 180 Jl(l)@l 
l? 90 lf(l)t}j~i~ffit.JT o c!:: f&:tE L- -CffiJaJWJ$:~~lfltt.fJ L--er~~ L- ti,' Qo L-t)~ L-, ~~(l)~fitffi 
?f(l)*a;J!:f;: ~ o c!:: .. tif:E*qfi(l)itJt~-c_;f-;t, Sfltt.fJili/.J;ltP,'t.,~~.n .. ~~5,~(l)t}j~jf-;t 180 lt~~;t 
"'(l,, 'Qo li;~5lj((J)ffilj!jt.,l*~ l,, '~(J)'i!i:(:E;Jtqfi, V1g;ltP,!l, vg;ltP,~~{;:-0l,, \"'(f'j:~~ Q~,~ 
t.}l~Q 0 '£tr., li;~5ll(J-j:ffi~jt)I1j,~l,,,~JJ:90lf~ 270[t(J)(E] l? ~ffil.J L-, ffi~jt.,~*~ < fto 
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c!: 180 /l(l)IEJ '? (l)ffj}Jf,:~;b,0 0 .:_ (J) J:.? f,t~{~fi, ftt!,(J)i)Z.:l$jjD!IIJ;JtP.(i-efiJ! ~,tLf,t\, ', 1:2 Ifl-:l$J 
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5-2 2:3 SJZ~l!Eib~A.iftili: 
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5-4 4:51Jl~~Jrh~~,ftili: 
vis 3l:P.!i(l) i:p ,t,,Q) ifJLii f~f;j.f=lJ "/J~ * ~ < ti '? , * t~, -c-Q)~j t * ~ < ti o o c51£:=J~P.i0) i:p ,t,,Q).,t,, 
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6. 'ic:~ 
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Figure 3. The phase space structures near mean motion resonances with Neptune. The 

colors and symbols in figures denote the features of orbit from numerical integration of 110 

million years. The black filled circles, black open squares and black crosses indicate the stable 

orbits, unstable orbits for a short time and unstable orbits, respectively. Each color , that is , 

green , red, cyan, magenta and yellow is associated with the mean motion resonance, the Kozai 

resonance, the v1a resonance, the va resonance, the secondary resonance, respectively. The filled 

circles show the orbits which stay in the resonance for 110 million years, the open squares denote 

t he orbits which are temporarily captured into the resonance, and the crosses denote the orbits 
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Figure 3. (continued) 

which are not in the resonant state. For example, the filled green circles indicate the orbits 

stay in the state of the mean motion resonance with Neptune for 110 million years. The red 

symbols(0, <9) represent the motions of the argument of perihelion are direct and retrograde, 

respectively. The filled red square symbol represents w librates around 0° or 180°, and the filled 

cyan squares represent n - nN librates around 0°. The red lines and cyan lines, respectively, 

show the locations of the Kozai resonance and the vis resonance by a method of semi-analytical 

secular perturbations. 
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Abstract 

When Kozai(l962) studied the secular resonance of asteroids, he found the so-called 
Kozai resonance and expressed the analytical solution with use of Weierstrass p. Here 
we give the analytical solution of the eccentricity, the inclination and the argument of 
pericenter with use of the Jacobi elliptic functions, which are more familiar than the 
Weierstrass p. Then we derive the Fourier expansion of the longitude of node and the 
mean anomaly. The analytical expressions obtained here can be used for any value of the 
eccentricity and the inclination. Finally we applied these analytical expressions to several 
dynamical systems: Nereid, that is a highly eccentric satellite of :-lept.une. and newly 
discovered retrograde satellites of Uranus. 

Key words: Koza.i resonance - secular perturbation - Nereid 

1 Introduction 

When Kozai(l962) investigated the secular resonance of asteroids with high inclination 
and eccentricity, he found the argument of the perihelion of a.n asteroid does librate 
and even if the initial eccentricity is very small, the eccentricity does become very large. 
This phenomenon is recently called the Koza.i mechanism or the Koza.i resonance, since 
the mean motion of the perihelion longitude is equal to that of the longitude of node. 
The Kozai mechanism appears in the similar dynamical systems a..c.; the asteroidal case. 
Kinoshita and Naka.i(l991) investigated the fictitious satellites located in the region where 
the solar perturbation is dominant and found that they become highly eccentric and 
have a possibility to collide with Uranus due to the Kozai mechanism. Wiegert and 
Holman(l997) investigated the long-term orbital stability of small bodies near the central 
binary of the Alpha. Centauri system and found the region whose stability is determined 
by the Kozai mechanism. Holman, Touma, and Tremaine (1997) discm;sed the planet 
recently discovered orbiting the star 16 Cyg B, whose eccentricity is 0.67 and proposed 
its high eccentricity is caused by the Kozai mechanism from the distant companion star, 
16 Cyg A. Innanen et al.(1997) explored planetary orbits in binary systems, where the 
planetary orbit has high inclination relative to the orbital plane of the binary and found 
the Kozai mechanism is suppressed when the mutual perturbation among the planets are 
strong enough compared with the tidal force due to the companion star. Thomas and 
Morbidelli(1996) discussed the Kozai mechanism, where the disturbing body is inside of 
the disturbed body. 

Kozai(1962) obtained the analytical solution of the Kozai resonance by an elliptic 
function of Weierstrass p. Since Weierstrass pis not familiar, Kinoshita and Nakai (1991) 
expressed the solution with use of Jacobi elliptic functions. The analytical solution in the 
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paper mentioned above, however, turned out to be only applicable to the case where the 
argument of the perihelion circulates. In section 2 we derive the equations of motions 
from the averaged Hamiltonian and in section 3 we give the analytical solutions for the 
case where the argument of perihelion circulates and the case where it librates. In section 
4 avoiding the use of third kind of elliptic integrals we give the Fourier expansions of the 
longitude of node and the mean anomaly. In section 5 we applied the analytic solutions 
to the newly discovered satellites of Uranus and Nereid, which is a. satellite of Neptune 
and whose eccentricity is 0.67 at present. We numerically integrated the orbit of Nereid 
and compared our analytic solutions with the numerical integrated orbit and the analytic 
solution for Nereid by Mignard(1975) 

2 Equations of Motion 

In this paper we discuss only the system where the disturbing body is orbiting outside of 
the disturbed body. Kozai(1962) discussed a massless asteroid disturbed by the outer giant 
planets. The Hamiltonian for this system in terms of Delaunay elements (L, G, H, l, w, n) 
is 

F == F(L, G, H, l, w, n, )/), (1) 

where)..' is the longitude of the disturbing planet. The explicit expression of Fis given in 
Kozai(1962). After the elimination of short periodic terms the new Hamiltonian F* does 
not include l and )..' and also h since the disturbing potential becomes axial symmetric. 
Since the new Land H (the z-component angular momentum) a.re constant, we have the 
following relation between the eccentricity and the inclination 

H 
L == Vl - e2 cos/ == constant = Vh. 

Now we give the explicit expression the new Hamiltonian(Kozai 1962): 

F* = 1' ( (2 + 3e2)(3 cos2 I - 1) + 15e2 sin2 I cos 2w) 
+0((a/ad)2

), 

1 md n~ 2 ,- -----~-a 
- 16 md + me (1 - e~)312 

(2) 

(3) 

(4) 

where md, nd, ad, and ed are the mass, the mean motion, the semi- major axis, and the 
eccentricity of a disturbing body and me is the mass of the central body. For the asteroidal 
case the central body is the Sun and the disturbing bodies are the outer planets. Since 
the number of freedom of the system after the elimination of short periodic terms is one, 
we can draw equi-F* curves in e - w plane and can know from the e - w diagram the 
global behaivor of the system without solving the differentail equations ( see the figures 
2-5 of Kozai's paper (1962)). The topology of thee -w diagram depends on the value of 
h. When h > 0.6, the argument of pericenter circulates and the libra.tional region does 
not exist. When h < 0.6, the region, where the argument of pericenter libra.tes, does 
appear (see the figures 2-5 of Kozai's paper (1962)). 

From the Hamiltonian (3) the equations of motion take the form 

dr, = - 15 
e2 sin2 I sin 2w 

dt* 8 
(5) 
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~ = -! ( 11
2 

- 5cal I+ 5(cos2 I -11
2

) cos2w) 

with the constraint 17 cos I = constant = vii, where 

1J = v'l - e2 , 

2 

t* = ,*t, ,* = md (1 - e~t3/2 nd. 
ffid + me n 

(6) 

(7) 

(8) 

Even though these equations do not seem to be integrable, the solution can be obtained 
with use of an elliptic function. Kozai(1962) expressed the solution by a.n elliptic function 
of Weierstrass p. Kinoshita and Nakai(1991) gave the analytical expression with use of 
Jacobian elliptic functions, which a.re more familiar and easier in handling than Weier­
strassian elliptic functions. This analytical expression, however, turned out to be only 
applicable to the case where the argument of the perihelion circula.t.es. So here we give 
the analytical solution for both cases, the librational case and the circulational case. 

3 Analytical Solution of e, I, and w 

3.1 Circulational case of w 

First we discuss the case where the argument of pericenter circulates. The energy integra.1(3) 
is 

(5 - 3x)(3h/x - 1) + 15(1 - x)(l - h/x) cos 2w = C, (9) 

where x = 172
• We define x0 = 1 - e6 and I = Io at the arhrument of perihelion w = 0 

and e0 is the minimum value for the orbit with this initial value. The energy integral 
evaluated at w = 0, x = x0 is 

C = 10 - 12xo + 6h. 

From (9) and (10), we have 

Q(x) 
cos 2w = (. ) ( h) , 5 1-x x-

where 
Q(x) = -x2 + (5(1 + h) - 4xo)x - 5h. 

From (12) we have 
• 2 2(xo - x)x 

sm w = 5(1 - x)(x - h)' 

2 y 
cos w = 5(1 - x)(x - h)' 

where 
y = -3x2 + ( 5 + 5h - 2xo )x - 5h. 

The equation of motion of x from ( 5) is 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

d
dx = 217 ddrJ = - 15

17e2 sin2 / sin 2w = - 15 
x-½ (1 - :i:)(x - h) sinw cosw. (16) 

t* t 4 2 
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Substituting (13) and (14) into (16),we have 

dx 3 ---­
dt* = - 2J2(xo - x)y. 

We define x 1 , x2 (x 1 < x2 ) of the sotution of the quadratic equation y = 0: 

1 
x1 + x2 = 3(5 + 5h- 2xo), 

5 
X1X2 = 3h. 

The differential equation for x becomes 

dx 3v6 V dt* = --
2
- (x -x1)(xo - x)(x2 - x). 

(17) 

(18) 

(19) 

(20) 

Since the order of x inside of the square root is three, the solution of (20) is expressed in 
terms of Jacobian elliptic function: 

where 

0 _ 2K ( * 1r) 
--W +-

'lr 2 ' 

w* = nw•t, 

(21) 

(22) 

(23) 

(24) 

In the above expressions K is the complete elliptic integral of the first kind with the 
modulus k2 

k2 = Xo - X1. (25) 
X2 -X1 

In (22) w* is the angle variable corresponding to the argument of perihelion and nw• is 
the mean motion of w*. The maximum eccentricity is obtained from (21) as 

(26) 

The inclination corresponding to €max is 

Imin = cos-1 Vh/(1 - e~wJ for Io < 90° (27) 

or 
Imax = cos-1 Vh/(1 - e~ax) for Io > 90° (28) 

3.2 Librational case of w 

In the libration region the eccentricity has two values for w. Here we define the smaller 
eccentricity as e0 (x0 = 1 - e~) at w = 1r /2, t = 0 for the initial condition of the equations 
of motion. The energy integral at this point is 

C = 30h/ x0 - 20 + 18xo - 24h. (29) 
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From (9) and (29) we have 

cos 2w = Q(x) . 
5(1-x)(x-h)' 

where 
Q(x) = -;i;

2 + (-5(1 + h) + 10h/x0 + 6x0 )x - 5h. 

From (30) we have 

where 

. 2 2(x2 - x)x 
Sln W = -----. 

5(1 - x)(x - h)' 

2 3(xo - x)(x - xi) 
cos w = ------

5(1 - x)(x - h) 

5h 
X1=-

3Xo' 
5 5 3 3 

X2 = - + -h - -Xo - -X1 
2 2 2 2 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

Since X2 - x0 = 5/2(1 - x0 )(x0 - h)/x0 > O,x2 is larger than x0 . Finally the equation of 
motion for x becomes 

11x 3,/6 V -* = -- (x - x1)(xo - x)(x2 - x). 
dt 2 

(36) 

Since the functional form of this equation (:36) is the same as that of (20) for the circula­
tional case except that the meaning of the constant x 1 and x2 a.re different between the 
circulational and libra.tional cases, the solution of the differential equation (:{6) is 

x = xo + (x1 - xo)c1i20 ~ 

where 
'>K 

0 = :____(w*-+ ~) 
7r 2 , 

* 7r 
W = 'nw•i: + -, 

2 

4 Solution of n and l 

The equation of the longitude of node is obtained from the Hamiltonian (3): 

(37) 

(38) 

(39) 

(40) 

(41) 

Since, does depend on one of Delaunay variable L (see (4)), the equation of the mean 
anomaly is 

dL ac 01 3 * Q ( :i,-) 1 * - = -,- - -_ C = --1· (3h - x + --) - -C,· . 
dt aL aL s 1 - x 4 , 

(42) 
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4.1 circulational case 

By substituting (10) and (12) into (41) and (42),we have the equations of motion for the 
longitude of node and the mean anomaly: 

: = ~v'h-r*(l _ 2(;o_-/\ (43) 

dl = !,*(-4 + 6xo - 3h- 6(1 -xo)). 
dt 4 1 - X 

(44) 

Since the lefthand side of (43) and (44) are known functions of time, n and l are obtained 
simply by quadrature. The integrals, however, include third kind of elliptic integrals, 
which forms are not practically useful both in numerical evaluation and analytical treat­
ment. Especially the important quantities, the mean motions of n and l do not explicitly 
appear in the forms. Therefore we give the Fourier expansions of n and l in the followings, 
whose derivation is given in the Appendix. 

The longitude of node from Appendix 6.1 is 

00 

n = n· + L bmsin2mw·, (45) 
m=l 

n* = nn-t + no, (46) 

where n• is the angle variable corresponding to the longitude of node and !10 is one of 
the integral constants. The amplitude of periodic terms with arguemnts 2w* is 

2(-q)m . 7rC 

( 2 ) smhm.K, ml-qm 

where 
c = F(e, k'), 

• I: -VX2 - Xi 
Slll<:, - h, 

X2- , 

k' = J1 - k2 • 

(47) 

(48) 

(49) 

(50) 

In (48) F(e, k') is the normal elliptic integral of the first kind and q in (47)is .Jacob's 
nome, which is a function of k2• The mean motion of the longitude of n is give by 

3 r, * ( Xo - h) ( ) nn•=--
4
vh, -1+2 h -Aoe.knw•, 

X2-
(51) 

where Ao is Heuman's Lambda funtion: 

Ao(e, k) = ~(EF(e, k') + KE(e, k') - K F(e, k')). 
7r 

(52) 

Here E is the complete elliptic integral of the second kind and F(e, k') is the normal 
elliptic integral of the second kind. 

The Fourier expansion of the mean anomaly from Appendix 6.2 is given by 

00 

l = l* + E /msin2mw*, (53) 
m=l 
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l* = nz.,t + ti. 
The amplitude of a periodic term with argument 2mw is 

where 

sin(= 

c' = F((, k'), 

(x2 - 1)(1 - xo) 
(1 - x1) (x2 - xo)' 

The secular perturbatin in the mean anomaly is given by 

n1• = i-r*(-4 + 6xo - 3h) - Ao((, k')nw· · 

(54) 

(55) 

(56) 

(57) 

(58) 

When both e0 and / 0 are small, the modulus k becomes small and when e0 is large and 
his small, the modulus k also becomes small. Here we give the analytical expressions for 
small k, which is useful for rough estimations of the mean motions of w and n without 
using elliptic integrals. 

The Fourier expansion of the argument of pericenter for small k is 

b-m= -

2 . (3 ~ Xo-X1 
a = i3 (l - 2 - V 1 - (3), (3 = xo - h ' 

3 • r, JXo - h 2 
nn. = -:rr v h(-1 + 2 X1 _ h) + O(k ). 

The Fourier expansion of the mean anomaly for the case of small k is 

f,n = -

2 !31 / 
a 1 = - ( 1 + - - y 1 + !31), 

!31 2 

(3 
_ Xo - X1 

1 - . 
1-xo 

1 * {1=Xa 2 n,. = tY (-4 + 6xo -3h-6y~) + O(k ). 

4.2 Librational case 

(59) 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

By substituting (29) and (31) into (41) and (42), we have the equations of motion for the 
longitude of node and the mean anomaly for the librational case: 

dfl = ~Fh *(l _ 8(xo - h)(x1 - h)) 
dt 4 ' h(x - h) ' 

(66) 
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d[ _ l *(ll 12h 9 9 9(1 - Xo)(l - X1)) - - -, + - Xo - X1 + ------ · 
dt 4 1- X 

(67) 

In the derivation of (66) and (67), the relation (34) is used. Since the differences between 
(43) and (66) and between (44) and (67) areonlythefactorof l/(x-h) and 1/(1-x),we 
can get the Fourier expansions of the longitude of node and the mean anomaly by the 
similar procedure as for the circulational case (section 4.1). In this section the same 
symbols as those in section 4.1 are used but the parameters x 1 and x2 should be computed 
from (34) and (35) istead of (18) and (19) in the numerical evaluations . 

The longitude of node is 

00 

n = n* + E bmsin2mw*, 
m=l 

n* = nn•t + no, 

The amplitude of a periodic term with argument 2mw* is given by 

2(-q)m . 1f'C 

( 2 ) 
smhm.K, ml-qm 

c = F(e, k'), 

. /:: -VX2 Xt 
Sllle:, - h, 

X2-

k' = v'l - k2 . 

The mean motion of the longitude of n* is 

The Fourier expansion of the mean anomaly is 

00 

l = l* + E fmsin2mw*, 
m=l 

l* = nz ... t + lo, 

The periodic amplitude of argument 2mw* is 

2qm . 1rd 
fm= ( 2 )smhm.K, ml-qm 

sin(= 

d = F((, k'), 

(x2 - 1)(1 - xo) 
(1 - X1){X2 - Xo)' 

The secular perutrbation of the mean anomaly is 

n1• = ~-y*(ll + 12h - 9xo - 9x1) + Ao((, k')n.., •. 
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(70) 

(71) 

(72) 

(73) 

(74) 

(75) 

(76) 

(77) 

(78) 
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The Fourier expansion of the longitude of node for small k is 

2 . {J r,--; Xo-X1 
a = {j ( 1 - 2 - V 1 - f3)' f3 = xo - h ' 

nn• = -~v/i7*(-l + 3,/(x0 - h)(x1 - h)) + O(k2
). 

The Fourier expansion of the mean anomaly for the case of small k is 

3(1 - xo)(l - x1) ai + O(k2 ) 

2(x2 - x1) m 

2 !31 . J 
a 1 = {3

1 
( 1 + 2 - y 1 + !31), 

~ - Xo - X1 
JJl - . 

l -x0 

n1• = ~1'·( 11 + 12h - 9xo - 9x1 + 9,/(1 - xo)(l - x1)) + O(k2
) 

5 Application 

5.1 Retrograde Satellites of Uranus 

(81) 

(82) 

(83) 

(84) 

(85) 

(86) 

(87) 

The newly discovered retrograde satellites of Uranus (S/1997 Ul and S/1997 U2) are both 
located in the region where the solar perturbation is dominant. We numerically integrated 
the outer satellite S/1997 U2 over 10000 years with use of the initial elementfi that are 
given in IAUC 6869(1998 April 7):Epoch = 1998 July 6.0 TT, a = 0.081643AU, e = 
.509386, I = 152.6686, w = 18.0055, n = 255.8085, time of pericenter passage = 1997 
June 16.0390 TT. Figure 1 shows the time variations of e, I, w, fl of the first 2700 years. 
In order to evaluate the analytical solutions, we need three parameters, e0 , 10 and t0 when 
the argument of pericenter is zero. These three parameters could be determined from the 
initial elements at t = 0 by an iterative method. Instead of this rigorous procedure, we 
determine e0 and 10 from the numerically integrated orbit after removing short periodic 
variations by running means: e0 = 0.512 and /0 = 151.1. Since the argument of pericenter 
circulates, x1 and x2 are calculated from (18) and (19): x1 = 0.6365, x2 = 1.4808. The 
maximum eccentricity and the minimum inclination of the the analytical solution are 
emax = 0.603, I max = 160.5, which are computed from (26) and (28). The corresponding 
values of the numerically integrated orbit are are emax = 0.605, l 111ax = 160.8, which are 
in good agreement with those of the analytical solution. The circulation periods of w 
and n of the numerically integrated orbit are Pw• = 1350 years and Pn· = 1770 years. 
On the other hand the periods of analytical solution, which a.re computed from ( 40) and 
(51), a.re Pw• = 1220 years and P0 .. = 1780, whose relative accuraciefi with respect to the 
numerically integrated orbit are 0.1 and 0.01,respectively. The order of the disagreement 
in the secular perurbation is the ratio between the orbital periods of 1997 U2 and Uranus, 
m == P(I997 U2)/ P(Uranus)=0.04. 
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0 C (O-C)/0 
N.I. Mignard K&N Mignard K&N 

Pn 17890y 15000y 17980y 0.162 0.004 
Pw 13600y 13400y 13670y 0.015 0.005 

Table 1: secular perturbation of Nereid 

0 C (O-C)/0 
N.I. Mignard K&N Mignard K&N 

Longitude of Node 
2w 19.0 795 19.0 7 19. 0 921 0.005 0.006 
4w 3.579 3.3 3.46:-J 0.078 0.032 
6w 0.795 0.7 0.80:3 0.227 0.11 

Argument of Pericenter 
2w 19.0 326 19.0 25 19. 0 44:3 0.004 0.006 
4w 3.573 3.23 3.400 0.096 0.006 
6w 0.902 0.725 0.785 0.196 0.129 

Eccentricity 
2w 0.00546 0.0060 0.00548 0.099 0.004 

Inclination 
2w 3. 0 123 3. 0 09 3. 0 137 0.106 0.004 

Table 2: Periodic Perturbations of Nereid 

5.2 Nereid 

Nereid is the remotest satellites of Neptune and the eccentricity at present is about 0. 76, 
which is the highest in the natural satellites in the solar system. The sun is also the 
dominant disturber, whose order is m2 (m = P(Nereid)/ P(~eptune)=l/162). The next 
larger perturbation comes from the inner satellite, Triton, whose order is about 1/1000 of 
the Sun's perturbation. Mignard(1975) constructed the analytical theory of Nereid up to 
m3 with use of Von-Zeipel method. In his theory the eccentricity can take any value but 
the inclination is assumed to be small and the secular and long-periodic perturbations 
are obtained up to fourth order of the inclination. On the other hand in the theory of 
this paper both the eccentricity and the inclination can take any value but the order of 
perturbations is second order with respect to m. Mignard (1981) determine the mean 
elements of Nereid from the 44 known observations which were available at that time 
and gave the longperiodic ephemerides of Nereid. We numerically integrated the orbit of 
Nereid over 100,000 years with use of the osculating elements, which a.re given by Mignard 
(1981). Then similarly in the case of S/1997 U2 we evaluated. our analytical solution and 
compared it with the numerically integrated orbit and the theory of Mignard (1981). 
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The comparison for the secular perturbations are summarized in Table 1 and those for 
longperiodic perturbations in Table2, where the amplitudes of arguments 2w, 4w, 6w are 
given for four orbital elements, e, l,w, n. In these tables '0' stands for the numerically 
integrated orbit and 'C' stands for Mignard's theory (1981) or the theory in this paper. 
The last two columns of the tables give the relative accuracies of two theories with respect 
to the numerically integrated orbit. As for the secular perturbation the solution in this 
paper is much better than Mignar's solution. As for the long periodic perturbations the 
solution of this paper is in better agreement than Mignard's solution except the amplitudes 
of 2w for w and n. Since the disagreement in these two terms is of order m, we can expect 
the differential correction of order m3 to the solution in this paper will give much better 
solution. 

6 Appendix 

6.1 Fourier Expansion of Longitude of Node 

From (21) we have 

x - h = (x0 - h)(l - {3cn20) = (x0 - h)(l - fJ)(l + {3*sn20) (88) 

where 
f3 = Xo - Xt {3* = _p_ and f3 > 0, {3* > 0. 

Xo - h' l - {3 
(89) 

We define a constant c such that 

k2sn2ic = -(3*, i = R (90) 

With use of the formular of Jacobian elliptic functions with imaginary arguments (Byrd 
and Friedman 1971, p.24) 

sn(ic, k) = itn(c, k'), k' = v'l - k2 , 

we obtain the expression of c in real number 

c = tn-1(/j,/k, k') = F({, k'), 

sine=Jk2 ~f3• =J~2 ~. 

where Fis the normal elliptic integral of the first kind. From (90) we have 

2. 1 2. 1 /3* en ic = - sn ic = + k2 , 

(91) 

(92) 

(93) 

(94) 

dn2ic = 1 - k2sn2ic = 1 + {3*. (95) 

With use of (90), (94), (95), the second term of the right-hand side of equation (43) is 
transformed in the following expression: 

Xo-h 
x-h 

1 1 1 f3*sn20 
1 - {31 + {3*sn20 = 1- fj(l - 1 + {3*sn20) 

1 ( k2sn iccn icdn icsn20) 
-l---{3l-p--l---k-2-sn_2_i_c_sn_2_0_ 
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/3* 
p = -----;=======-

i j /3* ( 1 + /3*) ( k2 + /3*) 
(97) 

The second term of (96) can be expressed in terms of Jacobian Zeta functiom; (\i\Thittaker 
and Watson 1965, p.522) 

k
2
sn iccn icdn icsn

2
0 = ~(Z(B _: ) _ Z(B : ) 2Z(. )) 

1 k2 2 · 29 2 l,C + 1,C + tC . - sn icsn 

The Fourier expansion of Z(u) (Byrd and Friedman 1971,p.:ml) is 

21r oo qm . m1T 

Z(u) = K L - 2m sm K u. 
m=l l q 

(98) 

(99) 

where K is the complete elliptic integral of the first kind and q is .Jacobi's nome, and they 
are fuctions of k2

• By applying the expansion (99) to (98), the fburier expansion of (97) 
is 

Xo - h 00 
1T 

= a0 + ~ am cos rnK0, 
X- h 1n=l 

(100) 

where 
1 1 /3* 

ao = 1 - ,B ( 1 - i ( 1 + ,B*) ( k2 + ,B*) z (-ic)), (101) 

21T ,8* qm . 1TC 
a ---- ---------smhm-. 

m - K(l - /3) (1 + ,B*)(k2 + ,B*) 1 - q2m K 
(102) 

Z(ic) can be expressed in term of Heuman's Lambda function Ao as 

(103) 

(see Byrd and Friedman 1971,pp.318-319), 

Ao(~, k) = ~(EF(e, k') + K E(e, k') - K F(e! k'))~ 
1T 

(104) 

where E and E(e, k') are the complete and normal elliptic integral of the second kind, 
respectively. Substituting (103) into (101) we have 

1 ( k
2 

1T ,B* ) 
ao = 1 - ,B k2 + /3* + 2K (1 + /3*)(k2 + f:J*) Ao(e, k) . (105) 

Now the equation of n takes the following form with use of (43): 

(106) 

and is integrated as 
00 

n = n* + ~ bmsin2mw*, (107) 
1n=1 

where 
(108) 
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no• = ~-y*Vh(l - 2ao), 

bm = -~,*v'h(-l)mam. 
4 mnw• 

(109) 

(110) 

The variable 0* is the angle variable corresponding to the longitude of node and !10 is 
one of integral constants. With use of (18) and (19) we have 

1 /3* 
1 - /3 (1 + {3*)(k2 + /3*) 

(111) 

and with help of the expression of mean motion of perihelion nw• (24),we finally get the 
expression of the perturbed mean motion of n and the amplitudes of arguments of 2mw* 

2(-q)m . 7rC 

( 2 ) smhmK. ml-qm 

6.2 Fourier Expansion of Mean Anomaly 

From(21) we have 

(112) 

(113) 

1 - x = (1 - xo)(l + /31cn20) = (1 - xo)(l + /31)(1 - f3;sn20), (114) 

where 
f.l _ Xo - X1 f.l* _ /31 _ Xo - X1 k2 
/Jl - ---,/Jl - -- - --- > . 

1 - Xo 1 + /31 1 - X1 
(115) 

and then we get from (44) the equation for the mean anomaly: 

dl 1 * ( 6 
dt = 4-Y - 4 + Gxo - 3h- (l + ,81)(1 - /Jjsn28)). (116) 

From the formula (434.01) of the elliptic integrals of the third kind (Byrd and Friedman 
1971, p.235). 

[ 8 d0 vlff1r(OA0((, k) - !16) 

Jo 1 - /3isn20 - 2K /(/3i - k2)(1 - /3i), 
(117) 

where 
K 0a(v - iw) 1r 

!15 = -:- ln 0 ( . ) ' v = 2K 0. 
1,7r 3 V + 1,W 

(118) 

and 

Ao((, k) = ~(EF((, k') + KE((, k') - K F((, k')), 
7r 

(119) 

which is Heuman 's Lambda function. In the expressions of ( 118) and ( 119), the parameters 
wand ( are 

and 

sin(= 

w = 
2
~F((, k'), 

/3i - k2 

/3i k12 
-

(x2 - 1)(1 - xo) 
(1 - x1)(x2 - xo) · 
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For the Fourier expansion of f26 we use the formula (1050.02) of the Theta functions (Byrd 
and Friedman 1971, p.316) 

oo (-l)m-lqm 
ln 03(v) = ln CE+ 2 E C 2m) cos 2rnv, 

m=,1 rn l - q 
(122) 

where CE is Euler's number(0.577216). Substituting (122) into (118) we have the partial 
derivative of n6 with respect to 0: 

an OO ( r 
£l
0

6 = -4 E -q 
2

m sinh 2rnw cos 2mv 
u m=l 1 - q 

(123) 

then by differentiating (117) with respect to 0 we get the following Fourier expansion: 

1 00 

(3* 20 = Co + L Cm cos 2mv, 
l - . 1 sn m= 1 

(124) 

rr /3i A 
Co = 2K (/3i - k2)(1 - {3i) O, (125) 

21r(-q)1n 
C -----
m - K(l - q2m,) 

/3i . h 2 
(f3i - k2)(1 - /3i) sm mw. (126) 

Finally substituting (124) into (116) we have the equation for the mean anomaly: 

dl l *( 6 
00 

) -d = -, - 4 + 6xo - 3h - . {3 ( Co + E Cm cos 2rn:v) , 
t 4 1 + 1 m.=1 

(127) 

where v == w* + rr/2,w* = nw.f (see (2~3)and (24)), and get the Fourier expansion of the 
mean anomaly in the following form: 

where 

00 

l = l* + L .fmsin2mw*, 
m.-1 

l* = n1~ t + l~, 

n,. = ~,*(-4 + 6x0 -3h-. 
6 

c0 ), 
4 1 + /31 

3 ,,* (-l)mcm. 
fm = -41 + /31 mnw• 

(128) 

(129) 

(130) 

(131) 

The variable l* is the angle variable and 10 is one of the integral constants. With help of 
(18) and (19), we have 

/3i /3 
(f3i - k2)(1 - ,an = V 2 

and we obtain the following much simpler exppressions of n,. and fm.: 

n1• = !,* (-4 + 6xo - 3h) - Aonw•, 
4 

2 m 

/,.. = - ( q 2 ) sinh2mw. 
ml-qm 
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Abstract. In this pa.per, we offer an analytical theory for the motion of a satellite with highly 
eccentric orbit and zero inclination. The solution of the equations of motion is given using 
Lie transformations approach in Hori's version. The solar perturbations effects are taken 
into account. The disturbing function is developed in powers of the ratio of the semima.jor 
axes of the satellite and the sun and put in a closed form with respect to the eccentricity. 
An application on the second satellite of Neptune is considered. The secular and periodic 
perturbations are obtained up to the fifth and fourth order respectively. The comparison 
with the numerical integration of the equations of motion gives an accuracy on the level of 
300 m for the semi-major axis, 3 x 10-8 for the eccentricity and 0.004 arc second for the 
angular variables. 

Keywords: Satellite theory, Rori's perturbation method, Nereid. 

1. Inrod uction 

In the present paper, we construct an analytical theory for the motion of a 
satellite with high eccentricity and zero inclination using Rori's method 
(1966). The perturbing forces considerd are only due to the sun. For 
the verification of the theory, an application to the second Neptunian 
satellite is performed. The results of the analytical solution are compared 
with those of the numerical integration of the equations of motion. The 
disturbing function is developed in powers of the ratio between the smei­
major axis of the satellite and the semi-major axis of the sun, and put 
in a closed form with respect to the eccentricity. A similar theory on 
the lunar motion was investigated by Hori(l963) based on Von Zeipel's 
method. 

Rori's method has many advantages over the usual Von Zeipel's method: 
(i) it is based on Poisson brackets, (ii) all the formulae are canonical­
ly invariant, and (iii) the perturbations in any element are given in an 
explicit and simple form. The method introduced by Deprit(1969) based 
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on Lie approach is equivalent to that by Hori(Campbell and Jefferys, 
1970; Henrard and Roels, 1974). 

Nereid has little been studied analyticaly as well as observationally 
since its discovery by Kuiper in 1949. Perhaps, because of its unusually 
large eccentricity and faintness. Mignard (1975, 1981) introduced a sec­
ond order theory on Nereid using Von Zeipel's method. He determined the 
mean elements of Nereid from 44 Earth-based observations (van Bries­
broek, 1951,1957; Rose, 1974). Segerman and Richardson (1997) offered 
an analytical theory for the orbit of Nereid. In their theory the perturba­
tions ( due to the sun, Triton and the oblateness of Neptune) are treated 
as a first-order effects, and a first order transformation using Deprit 's 
method is obtained. 

The orbital determination of Nereid is carried out by Rose(1974) using 
Keplerian elements and by Veillet(1882, 1988) using Mignard's theory. 
Although these models are adequate for orbital fit to the Earth-based 
observations, they are not sufficiently complete nor precise enough to 
support Voyager navigation(Jacobso~, 1990, 1991). For a better under­
standing the motion of Nereid we extended our theory up to fifth order 
for secular perturbations and up to fourth order for periodic. In Section 2 
we give the equations of motion and the desturbing function. In Section 
3 we introduce briefly the method of solution, while Section 4 is devoted 
to the analytical results for the short-periodic, long periodic and secu­
lar terms respectively. In Section 5 we offer a comparison between the 
numerical and the analytical results, then our conclusions. 

2. Formulations 

The equations of motion of a satellite disturbed by the sun are given in 
Delaunay's elements as follows: 

d(L, G, H, K) _ 8F 
dt - 8(1, g, h, k)' 

d(l,g,h,k) 
dt 

8F 
8(L, G, H, I<). 

with the Hamiltonian 

µ2 
F= --vK+R 

2L2 
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where µ = n2a3 (n and a define the mean motion and the semimajor­
axis of the satellite respectively), vis the mean motion of the sun, k (the 
mean longitqde of the sun) is given by 

k = vt + const. 

J( is a conjucate momentum of k which is introduced for the Hamil­
tonian to be independent of time (Brouwer and Clemence, 1961 ). 

R: is the disturbing function due to the sun 

R = v2a2
( .!:. )2(a0 

)3 
{(-~ + ~ cos2(i)) + ~(1 + cos{i))2 cos(2/ - 2/0 + 2g + 2h) + 

a r0 8 8 16 

+~(l-cos2
( i) )[cos(2/ +2g)+cos(2/ 0 -2h)]+~(l-cos( i) )2 cos(2/ +2/ 0 +2g-2h) }. (2.3) 

8 16 

Here, R2 is neglected by considering the ratio a/ a0 equal to zero. Delau­
nay elements are given by: 

L= vfia, l 

G=Lv'l-e2 , g 

H = G cos(i), h 

cos(i) = H 
G 

Considering the case of zero inclination and the circular motiom of the 
sun, the Hamiltonian is reduced to the following form 

F= ;;2 -vK+¼v2a2 
[:: +3::cos(2/+2g+2h-2k)]. (2.4) 

Following Rori's approach(1963), we consider the canonical transforma­
tion of the variables 
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The new Hamiltonian does not depend on y3 or y4 , consequently x 3 and 
x 4 are constants, then we have the new equations of motion 

dx1 8F dy1 8F 
-=-,-=--, 
dt 8y1 dt 8x1 

(2.5) 

dx2 8F dy2 8F 
-=-,-=--. 
dt 8y2 dt 8x2 

and the associated Hamiltonian 

F = ::2 + vx2 + } v 2
a

2 
[ ~ 2 + 3 :: cos(2f + 2y2)] . (2.6) 

where 

F=Fo+F1+F2+ ... 

µ2 
Fo=-2 2' 

X1 

3. Hori's Perturbation Method 

(2.7) 

(2.8) 

In this section we introduce briefly Hori's perturbation method(1966). 
To solve the dynamical system equations (2.5) we consider the canonical 
transformation 

I I • 

Xj, Yi -+- Xj, Yj, J=l,2 

The perturbations of any quantity Xj, and Yi can be given by the series 
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Y; = y;-{Y;,s} + ½ {{Y;,s} ,s} + ... (3.1) 

where, the braces are the Poissn brackets, 

is the determining function of the new variables, Sk has a factor Ek, where 
f.k is a small parameter. 
Any function of xi, Yi can be expressed on the form 

f(x, y) = f(x', y') + {f, S} + ½ {{J, S}, S} + ... (3.2) 

The new canonical equations take the form 

(3.3) 

dx; 8F* dy; 8F* 
- = --, ' - = ---, . 
dt 8y2 dt 8x2 

where F* is the new Hamiltonian. Since F is free from the time, we have 
the energy integral: 

~ * I I I I ~ 
~ Fk (x1, X2, Y1, Y2) = ~ Fk(x1, X2, Y1, Y2). (3.4) 
k=O k=O 

Fk has the factor Ek. 
In order to obtain the determining function Sk and the new Hamilto­

nian F;, a new parameter t* is introduced to get what called an auxilary 
equation 

dx: 8F0 dy: 8Fo 
dt· = ay'·' dt* = - ax'.. (3-5) 

J J 

The averaging with respect to the parameter t* eliminates this parameter 
from the new Hamiltonian F*. Equations (3.1), (3.4) and (3.5) are used 
together to get the determining function and the new Hamiltonian by 
the following algorithm. 
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0-order 

first-order 

second-order 

third-order 

and so on. 

The subscripts s and p stand for the secular and periodic parts respec­
tively. This process can be repeated to another set of variables x;, y; 
with introducing a new parameter t**. The new determining function SZ 
and the new Hamiltonian F;* can be obtained using the algorithm 

0-order 

first-order 

F.** F.* 0 = o, 
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Second-order 

F.** F.* 2 = 2s, 

S* = I F.* dt** 1 2p , 

third-order 

and so on. 

4. Results 

4.1. SHORT PERIODIC TERMS 

To remove the short periodic terms(yI), we average on the mean anomaly 
l = YI by considering the canonical transformation 

Then, F will be 

F(x1, x2, Y1, Y2)---+ F*(x~, x;, - , y;) 

with the determining function S = S(x~, x;, y~,. y;), where the new 
Hamiltonian and the determining function are 

The averaging is performed such that the new Hamiltonian F* does not 
include YI. Applying the first algorithm in section 3, the new Hamiltonian 
and the determining function have the forms 
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(4.1.1) 

( 4.1.2) 

( 4.1.3) 

It is convenient to express the formulae in terms of the eccentric anomaly 
u instead of the mean anomaly l' ( = y~) 

l' = u' - e' sin( u'). 

The dashed orbital elements a', e', n', and r,' obtained after the elimina­
tion of short periodic terms are computed from 

xl2 
a' _ _ 1 e' _ - ' -µ 

I 2 I 

( 
X2 )2 / µ I X2 

1 - -, , n = ~' r, = -, . 
X1 X1 X1 

Hereafter in this section for simplicity the superscript dash attached to 
a, e, n, 'T/, u and y2 are omitted, which will not cause confusion. 

(4.1.4) 

(4.1.5) 

F* = _!__ v
4
a

2 
{-49 + 873 e2 _ 4347 e4 + (333 e2 _ 237 e4)* 

4 16 n2 4 4 32 4 8 

615 
* cos(2y2) + 

32 
e4 cos( 4y2)}, (4.1.6) 
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1 v4a2 

S4 = 
16 
~ {[S4]0 + [S4bc cos(2y2) + (S4]28 sin(2y2)+ 

+(S4]4c cos( 4y2)+[S4]48 sin( 4y2) }, ( 4.1. 7) 

* 1 v
5
a

2 
[ 97 2335 2 1545 4 2 2 ] 

F5 = ---,,, -- + --e - --e + e (101 - l 7e ) cos(2y2) 
16 n 3 2 4 8 · 

( 4.1.8) 
Where 

A1 = (-2e + ~e3
) sin(u) + ~e2 sin(2u) - _!_e3 sin{3u), 

4 4 12 

(
-15 15 3 3 1 ) 

C1 = 'r/ -
4
-e2 - 2 e cos(u) + (2 + 2e2) cos(2u) - 2e cos(3u) , 

33 2 27 4 33 27 3 -3 19 2 4) ( ) B2= 8 e -
16

e +(4 e- 8 e)cos(u)+(4 - 8 e +e cos2u+ 

15 1 -1 1 
+(-e + -e3 cos(3u) + (-e2 + -e4

) cos(4u), 
2 24 16 32 

[ 
-33 . 3 11 . -15 1 

C2 = 'r/ (-
4
-e + 3e3

) sm(u) + (4 + 4 e2) sm(2u) + ( 12e - 4e3 )* 

* sin( 3u) + _!_e2 sin{ 4u )] , 
16 

127 857 3 8383 5 • 427 2 7739 4) • ( ) 
[S4]0 = (-4e- Te + 96e )sm(u) + (-16e + 96e sm 2u, 

+(-
19 

e3 
-

547 
e5

) sin(3u) - _2_e4 sin(4u) + 2-es sin(5u), 
24 96 384 24 
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( 7 5 3 21 5) • ( ) ( 21 2 25 4 • 1 3 1 5 • + -e--e --e sm 3u + --e +-e ) sm(4u)+(-e --e ) sm{5u) 
2 2 .8 16 32 20 40 ' 

[ ] { 
61 2 35 4 ( 35 3) 37 2 37 4 S4 28 =TJ - 2 e + 4 e + 61e+ 2 e cos(u)+{-4- 8 e - 4 e)* 

7 3 21 1 1 
* cos(2u) + (-2e + 4e3

) cos(3u) + ( 
16

e2 
- 8e4

) cos(4u) -
20 

e3 cos(5u) }, 

99 675 . 219 459 . 
[S4)4c = (-2 e3 + 

32 
e5

) sm(u) + ( -16e2 + 
32 

e4
) sm(2u)+ 

(83 147 3 45 5) . ( ) ( 9 69 2 369 4) . + -e - -e + -e sm 3u + - - -e + -e sm( 4u) 
4 8 32 16 16 128 ' 

{ 
99 99 219 15 

[S4)4., = TJ - 4 e4 + 2 e3 cos(u) + ( Tcfe2 
- 2 e4

) cos(2u)+ 

83 9 129 +(-4 e + 8e3
) cos(3u) - ( 

16 
+ 32e2 

- 1516e4
) cos{4u) }. 

T/ = Vl - e2 

The expressions up to S3 and F; are identical to those derived from 
the von Zeipel's method(Hori 1963). The expressions S4 and F; in this 
theory are diferent from those of Hori's method due to the different meth­
ods. It is shown, however, that they are mathematically equivalent with 
use of the relationships which are given in Hori(1970) and Yuasa(1970). 
The explicit expressions of Xj and Yi in terms of xi and Yj are obtained 
from equation (3.1 ). · 

4.2. LONG PERIODIC TERMS 

Removal of long periodic terms(y2 ) from the Hamiltonian F* requires 
another canonical transformation 

and the new Hamiltonian will be free from y1 and Y2 as follows 
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where 

S* - S* + S* + S* + S* - 1 2 3 4• 

In this subsection the orbital elements a", e", n", and r,'' after elimination 
of the long periodic term are computed 

112 II 2 // 

all= .:.l_ e" = 1 - (X2 )2 II - ..!:!:__ II - X2 
' II ' n - 113 ' T/ - fl " µ X1 X1 X1 

As in subsection 4.1 for simplicity we omit the superscript " from the 
orbital elements a, e, n, T/ and y2 in this section. 

Following the second algorithm in Section 3 concerned with the long 
periodic terms, we can get the new Hamiltonian and the determining 
function in the following forms 

2 

F.** - _!!:.._ - F.* 0 - - 0 
2x1 2 

F ** F* 1 = VX2 = 1 

F.** = !v2a2 (1 + ~e2
) 2 4 2 

S1 * = -l
5 

v2a 2e2 sin(2y2) 
16 

225 v3a 2 
2 F.** 3 = ---e T/ 

64 n 

S * -45 v2a2 2 . (2 ) 
2 = 64-;;-e r,sm y2 

F** 1 v
4
a

2 
[ 4167 2 12069 4] = --- -98 + --e - --e 4 128 n 2 2 8 

* 1 v
3
a

2 
[ 2 4119 4] • ) 1905 4 • ( ) S3 = --

2
- -963e + --e sm(2Y2 - --e sm 4y2 

128 n 2 32 
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F,** _ v
5 
a

2 
[-97 288085 e2 _ 872625 4] 

5 - n3 1/ 32 + 4096 16384 e (4.2.9) 

S * = v4
a

2 
[(-87275 e2 826975 4) • ( 2 ) _ 292185 e4 s· (4 )] 

4 n3 11 2048 + 16384 e sm Y2 65536 m Y2 

(4.2.10) 
The perturbations of x: and y: can be obtained using the forms: 

, " { 11 S*} 1 {{ " S*} S*} Xj = Xj + X;, + 2 Xj, , + ••• 

, 11 { 11 S*} 1 { { 11 *} *} Y;=Y;- Yj, +2 Yj,S ,S + ... 

4.3. SECULAR TERMS 

The Hamiltonian remaining after the second transformation determines 
the secular terms. The equations of motion have the form 

dx; aF** dy~' aF** 
dt = ay; ' dt = - ax; ' 

( 4.3.1) 

dx; aF** dy; aF** 
dt = ay; ' dt = - ax; ( 4.3.2) 

where 

µ 2 1 3 225 v3 a"2 1 v 4 a"2 

F** = -- + vx11 + -v2a"2(1 + -e'12
) + ---e1121l' + ---* 

2xf2 2 4 2 64 n" ·, 128 n112 

* [-98 4167 e'12 _ 12069 e"4] v
5
a'

12 
11 [- 97 288085 e'12 _ 872625 e"4] ( 4.3_3) 

+ 2 8 + n"3 1/ 32 + 4096 16384 

- 8F:,* = n"-! v2 (7+3e112)- 225 v3 TJ"(1+2e"2) __ 1_ v4 (3187+ 21267 e"2_ 
8x1 4 n" 32 n"2 128 n'13 2 

_ 36207 e"4 ) __ 1_ v 5 
11 (213589 2008225 e'12 _ 872625 e"4) 

4 1024 n11411 2 + 4 2 ' 
(4.3.4) 
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8F** _ 3 v2 
11 225 v3 

( 3 ,,2 1 v4 
,, ( 12069 ,12) 

ax; +v - 4 n11 T/ + 32 n"2 l- 2 e )+ 128 n"3 T/ 4167 - -2-e + 

1 v5 (294293 112 4363125 114 ) 
+ 1024 n"4 2 - 434220e + 16 e ( 4.3.5). 

Equations ( 4.3.4) and ( 4.3.5) define the mean motions of the mean anoma­
ly and the longitude of perigee respectively. Since F** is free from y~' and 
y;, then x;· and x; are constants, and we have the mean elements 

z" = 10 + i"t, (g + h )'' = (g + h )o + (g + hf t 

where/" and (g + hf' are given by equations (4.3.4) and (4.3.5) respec­
tively, 10 and (g + h)0 are mean elements at the epoch(t = 0). Table I 
gives the secular perturbations in the mean anomaly and the longitude 
of perigee using the mean elements in Table II. 

TABLE I 
Secular perturbations are given in radians per day 

O(~) Mean an. Peri. 

2 -7. 7364E-005 1. 7623E-005 

3 -2.0983E-006 2.2930E-007 

4 -6.2423E-008 4.9778E-009 

5 -l .2242E-009 -8.1582E-11 

If two quantities A and B that are functions of orbital elements sat­
isfiy the d' Alembert characteristics, the Poisson bracket { A, B} keeps 
the d'Alembert characteristics. The original Hamiltonian F(2.4) satisfies 
d'Alembert characteristics and the operation appeared in Rori's algo­
rithm is only the Poisson bracket. The transformed Hamiltonians F* and 
the determining functions S, S*, therefore, should satisfy the d' Alembert 
characteristics. In fact this is easily verified after F*, S, S* are changed 
in the form of the argument i u + j y~. 
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5. Comparison of The Analytical Solution 

We compare the analytical solution obtained in this paper with the 
numerical integration by applying the analytical solution to a fictitious 
Nereid( the second satellite of Neptune) with zero inclination. The mean 
elements of the fictitious Nereid are given in the second column of the 
Table II. The orbital elements of the sun used in this integration are 
a0 = 30.1104AU, e0 = 0.0, k(t = 0) = 10°.0. The small parameter in the 
theory, the ratio between the mean motions of the sun and the fictitious 
Nereid is v /n = 5.98 x 10-3

• The osculating elements that are the initial 
conditions for the numerical integration are computed from the analyti­
cal solution( Section 4) are given in the third column of the Table II. We 
used for the numerical integration the extrapolation method, which has 
a capability of highly accurate orbital computation. 

TABLE II 
Mean and osculating elements 

orbital elements mean elements osculating elements 

semi-major axis(km) 5513413.256 5513226.872 

eccentricity 0.751201525 0. 751270690 
long. of pericenter( deg) 254.809177 254.385293 

mean anomaly( deg) 359.34112 0.362199662 

Figures 1 and 2 show the osculating orbital elements of the fictitious 
Nereid over 5 years and 500 years, respectively, which are obtained from 
the analytical solution. Figures 1.3 and 2.3 show the periodic variation 
of the mean anomaly, which is obtained by subtracting the secular part 
of the osculating mean anomaly. Figures 3 and 4 show the differences 
of the osculating elements between the analytical solution and the orbit 
obtained by the numerical integration. The secular error in the mean 
anomaly is -1° .6 x 10-5 /year. Figure 3.5 and 4.5 show the periodic resid­
uals after taking away the secular error. This secular error is removed by 
the orbital adjustment which increases the semi-major axis by 160m. 
From this comparison the present theory has the accuracy of the lev­
el of 300 m for the semi-major axis , 3 x 10-s for the eccentricity, and 
about 0.004 arc second for angle variable. The relative accuracy of them 
is about 4 x 10-8

, which is between (v/n)3 and (v/n) 4
• 

Now we can say the present theory with zero inclination has an accuracy 
up to the fourth order, ( v / n )4

, in periodic perturbations. 
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Figure 3. Difference between analytical 
and numerical results for the osculat­
ing orbital elements of Nereid during 5 
years: 
( 1) eccentricity, 
(2) semi-major axis, 
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(4) longitude of pericenter, 
( 5) periodic part of the residuals in the 
mean anomaly. 
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kluwer style file 

In concluding the present paper, an analytical theory on the motion of 
a satellite with large eccentricity and zero inclination is constructed. The 
theory is applied to a fictitious Neptune's satellite Nereid. A comparison 
to the numerical integration indicates the accuracy 300 m, 3 x 10-s, and 
0.004 arc second for the semi-major axis, eccentricity and the angular 
variables respectively. 
In order to apply the present analytical theory to actual Nereid, we have 
to take into account of the inclination and other perturbations such as 
Triton and the oblateness of Neptune, which are now in construction. 
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Intrinsic vertical distribution of Kuiper-belt 
objects 

Tsuko Nakamura 

National Astronomical Observatory, Osawa, Mikata, Tokyo 181-8588, Japan 

Since the discovery in 1992 of the first member of the Kuiper belt[l] a 

supposedly vast reservoir of short~period comets located beyond Neptune's 

orbit -, nearly 90 Kuiper-belt objects have already been found[2]. With 

the number, we are now in a stage that a quantitative analysis in orbital 

statistics for the objects is feasible. As search of the Kuiper-belt objects has 

generally been done through narrow observation windows near the ecliptic, 

the apparent distributions are sometimes heavily affected by observational 

selections. The effects must thus be corrected to derive the intrinsic distri­

butions, from which the origin and subsequent evolution of the Kuiper belt 

can rightly be discussed. Here we report the results from realistic simula­

tions for observational selections of the bodies based on a detailed analysis 

of the discovery data. We find that the intrinsic number of the Kuiper-belt 

objects with orbital inclinations of 20-30 degrees is 5-10 times larger than 

the observed number. This implies that extent of the Kuiper belt verti­

cal to the ecliptic plane is substantially denser and thicker than previously 

believed. 

According to Minor Planet Center, International Astronomical Union[2], orbital 

elements for 88 Kuiper-belt objects (KBOs) are listed as of January 1999. Their dis­

covery situations are also reported in Minor Planet Electronic Circulars (MPEC) i_ssued 

from the same organization. Since the sky coverage by now available charge-coupled 

device (CCD) chips is limited to less than 30' square[3,4], it is a common practice for 

KBO surveys to be made very near the ecliptic, aiming at captures of both low- and 

high-inclination KBOs there. 

Figure 1 represents the distribution of discovery points on the sky, which was· cal-

-271-



20 
(a) 

..---. . 
10 C) 

Q) 
"C 0 ........, 
Q) 0 

"C 0) 0 Q, 
0 e 

::J 
<o o0 & mo<cQP OQ) 

+,,II 0 o>~ g 15 
...J 0 

0 -10---------------------~ ........ 100 300 
Longitude (deg.) 

20 
(b) 

..---. . 
10 C) 

Q) 

oEP "C ..__.. 
Q) 0 o Ooo 

"C 
~ogo?, ::J 

+,,II 

0 QOQ) 15 0 <Wg 0 
_J 0 0 

0 
-10----_.. ______________________ __ 

100 120 140 160 180 

Elongation (deg.) 

Fig.I 

(a) Heliocentric longitude vs. latitude plot for discovery positions on the sky for the 

88 known KBOs. The positions were calculated with a two-body ephemeris generator 

using MPC orbital elements in the J2000 coordinate system. The longitude is measured 

from the vernal equinox point and the latitude of zero represents the ecliptic plane. 

(b) Elongation angle vs. latitude plot. Elongation is meant by the Sun-Earth­

Object angle. 
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culated from MPEC data. Figure l(a) is the heliocentric longitude vs. latitude plot 

for the 88 KBOs, with zero latitude denoting the ecliptic. One can see that discovery 

longitudes span all over the sky, except the Milky Way crossings where high star density 

hampers detection of faint objects. Figure l(b) shows the elongation vs. latitude dia­

gram for the discovered KBOs, where elongation is the Sun-Earth-Object angle. That 

the angle scatters over the sky as large as ±60° means the KBOs are not necessarily 

observed near opposition unlike the belt asteroids, because of remote distances. We 

also see from Figure 1 that discovery latitudes are confined in the region of ±5°; only 

four KBOs were found outside this region. Such localization in discovery causes an ob­

servational selection heavily biased toward apparent predominance of low-inclination 

orbits. 

In order to grasp quantitatively such selection effects, we simulated observing condi­

tions for the KBOs rigorously; this is a byproduct from more extensive simulations for 

our planed survey observations of sub-km main belt asteroids with Sm-class telescopes. 

Considering distributions in orbital elements for the known KBOs, hypothetical KBOs 

were produced, using a uniform random-number generator, with the semi-major axis 

(a) of 42±2 AU, the eccentricity of 0.1 ±0.1, and angular elements (except inclination) 

of O - 360°. Inclination was varied within ±1° around a specified value for a run. We 

calculated exact "astrometric" sky positions seen from the Earth center in the J2000.0 

coordinate system, by modifying a computer program which had long been used by 

us for ephemeris calculations of asteroids and comets. It is assumed that observations 

are made on the ecliptic at opposition of March 20, through a rectangular observation 

window. In accordance with the observing situations given in Figure l(b), we set up a 

window of 120° x 10° centered at opposition. For each hypothetical KBO, the positional 

calculation was made for March 20 and this process was repeated until the number of 

"in-window" objects amounts to 500 in typical cases, and the ratio between the total 

number of generated KBOs and the in-window number was regarded as a detection 

probability (or observational bias). Magnitude effects due to size distribution were not 

taken into account here. 
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(a) Relative detection probability for the KBOs as a function of inclination. The 

ordinate is normalized to the probability at I = 1 ° where the absolute probability was 

0.30. Probabilities were estimated as observed through a window of 120° x 10° on the 

ecliptic centered at opposition of March 20. 

(b) Observed (solid curve) and corrected (dashed curve) inclination distributions 
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Figure 2(a) represents the relative detection probability as a function of inclination 

(I) for the above assumed window. The ordinate is normalized at I = l O , whose 

absolute probability was found to be 0.30. One can see that the probability sharply 

decreases at about I = 5° toward larger inclinations; this is due to the window size 

of ±5° in latitude. It is also seen that probabilities at I = 20 - 30° are 1/6-1/10 

smaller than that for I = l O • This implies that if there were the same number of 

objects in orbits with I = l O and I = 20 - 30°, the latter objects will be detected less 

than the former by the above factor, at least statistically. To check robustness of the 

results, calculations were also made for different reasonable ranges in elongation angle, 

eccentricity, and for a = 70 and 100 AU, resulting essentially in the same values as 

figure 2(a). 

We show in figure 2(b) the observed /-distribution for the observed 88 KBOs as 

a solid curve. Inclinations are divided into 5°-interval bins and mid-values for each 

bin are indicated as filled circles. The observed distribution is characterized by (i) a 

strong concentration to low-inclination orbits, with FWHM of 6 - 7° (although a few 

additional discoveries of low-inclination KBOs was reported as of this writing, they 

do not affect much the overall trend of the distribution; see MPECs), and (ii) relative 

abundance of the KBOs with I~ 30°. The fact (ii) is fairly certain, because inclination 

is one of orbital elements most easily determined only from apparent motions on the 

sky at opposition. Since our simulations reveal that high- inclination KB Os have much 

less chance of detection than low-inclination ones in the current KBO-survey scheme, 

this effect must be considered to obtain the true /-distribution. The dashed curve in 

figure 2(b) is the intrinsic distribution corrected by dividing by probabilities shown 

in figure 2(a). The corrected curve in figure 2(b) seems to suggest that the intrinsic 

/-distribution of the KBOs can be roughly flat up to 30°, as reality of a dip seen in 

25 - 30° range will still be highly uncertain because of small sample number of only 

one there. 

An approximate analytical form for inclination bias had already been discussed in 

papers by Jewitt and Luu[5,6]. we confirm that their formula gives basically correct 
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probabilities, except for the range in which inclination is approximately equal to half the 

latitude width of the observation window, where numerical estimates are indispensable. 

However, seemingly they were satisfied by applying their formula, with their CCD-chip 

size (e.g., 0.12°)[5) instead of our adopted ±5° as the window height, for the purpose 

of comparing the /-distribution for the KBOs with that for short-period comets, hence 

without showing the corrected distribution concretely. 

The dashed curve in figure 2(b) indicates that the actual Kuiper belt will extend in 

the direction perpendicular to the ecliptic plane much thicker than previously believed, 

with the depth of 2 x 40tan(rv 300) =rv 46AU. Some recent theoretical studies seem 

to allow the existence of such high-inclination KBOs, in addition to the primordial 

near-ecliptic members. Through orbital integrations of many hypothetical KBOs over 

4 billion years, Duncan and Levison[7) could obtain a group of the KBOs scattered by 

Neptune into the orbits with inclinations of as high as "'30 - 40°. They refer to the 

KBO member 1996 RQ20 as such a candidate. 

Finally we note that a similar bias may affect the inclination distribution of the 

faint main belt asteroids more seriously than usually recognized, since they will be 

observed more or less near the ecliptic. 
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Sub-km Belt Asteroid Swvey Observations with SUBARU Telescope 

- Estimation of the Intrinsic Distnbution -
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Fumi YOSIDDA 

(Dept. of Earth Science and Astronomy, Fukuoka University of Education, Japan) 

cpff ±(00 .ll~Xii') 
Tsuko NAKAMURA (National Astronomical Observatory, Tokyo) 

Abstract 

Past asteroids survey could determine the size distribution down to 1km in diameter. We propose here an 

asteroid survey plan with 8.2m SUBARU telescope. We estimate that this survey can detect as many as 

4000-10000 new asteroids whose limiting magnitude ( in H) is about 21 from observations of a few nights. 

H=21 correspond to about D=200m for S-class and D=400m for C-class asteroids respectively. That is our 

survey results allow providing us a new view in siz.e distribution of asteroids. 

This report discusses observational strategy, expected results, and correction methods of observational 

bias for our proposed survey plan. 

Here are the tht:ee main points of this study: 

1) From apparent motion vectors of asteroids, the siz.e distributions can be statistically determined as 

function of semi-major axis and inclination. 

2) In order to estimate the intrinsic distribution from the observational data, bias correction ftmctions were 

calculated by Monte Carlo simulation. 

3) Our calculation takes account of non-uniform distribution in angular variables and light variation of 

faint asteroids. These results give considerably different bias corrections from the previous similar 

researches that treated only uniform distribution. 
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Orbit Integration of Small Celestial Bodies in the Interstellar Space 
around the Solar System 
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Abstract 

The recent development of the study of the outer heliosphere is quickly reviewed and the orbit 

of small celestial bodies in the interstellar space around the solar system with a scale of a few 

tens light year is studied by the 4th order Runge-Kutta method. It is shown by some of 

examples how the small bodies wander in the interst.ellar space under the complicated 

gravitational potential due to many nearby stars, before they come into the int.erplanetary 

space of our solar system. 
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Fig. 1 Distribution of stars around the solar syst.em 
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y 
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X 

Fig. 2 Orbit example No. I - An orbit which is located in the sun- a Cen area 
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Fig. 3 Orbit example No. 2 -An orbit which traces in the int.erst.ellar space of 

a scale of - 13 light year 
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Fig. 4 Orbit example No. 8 -An orbit which traces· in the interstellar space of 

a scale of-18 lightyear 
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Abstract 

We study statistical mechanics of the self-gravitating system applying the cluster expansion 
method developed in solid state physics. By summing infinite series of diagrams, we derive a complex 
free energy whose imaginary part is related to the relaxation time of the system, and a two-point 
correlation function. 

Introduction One of the most important subject in modern cosmology is to study how the structures 
found in the present Universe have been formed. Though there would be several aspects in the study 
of the structure formation, we believe that the self-gravity is one of the most intrinsic aspects. Then, 
it is important to study fundamental properties of the self-gravitating system {SGS) from a view point 
of statistical mechanics. There are many statistical approaches to SGS [1, 2, 3, 4). In particular, in the 
structure formation .of the Universe, the standard analysis based on the BBGKY hierarchy with an initial 
power-law spectrum of density fluctuations is important. The reduction of the BBGKY hierarchy with 
scaling ansatz and additional assumptions has yielded many relevant results, especially some reasonable 
explanation of the observed two-point correlation function, although the stability of such a similarity 
solution is not yet confirmed [1, 2]. 

There is another way to study statistical properties of SGS, in which "thermal equilibrium" is assumed[3, 
4]. This would be complimentary to the above standard analysis of the structure formation. In this ap­
proach, we specify SGS as a mass distribution which consists of discrete mass points mutually interacting 
through the force of Newtonian gravity. The contact collisions of the ingredients will be neglected. The 
SGS is well known to be unstable and eventually collapses. Then it is widely believed that there is no 
thermal equilibrium in SGS. However relevant structures would be observed in the intermediate stage 
of its evolution well before the collapse. Especially we are interested in the initiation stage of the grav­
itational instabiljty associated with the cooperative interaction of the self-gravitating system, which is 
caused by the long-range property of the force. Therefore we may have a room to construct statistical 
mechanics of SGS. This approach would, we believe, reveal some physics that reflects intrinsic properties 
of the gravity free from initial conditions. Recently, we found the approach by de Vega et al.[5] seems 
to be interesting; they consider canonical/ grand canonical ensemble of SGS in order to explain a scaling 
relation in interstellar medium. In the thermodynamic limit, thermodynamic quantities of SGS diverge 
and SGS becomes unstable. De Vega et al. introduced another thermodynamic limit and studied the 
stable region of SGS in their work. Here we would like to circumvent this infrared divergence allowing a 
complex free energy, whose imaginary part provides dynamical information of the system. 

We shall construct statistical mechanics of SGS after the model of classical electron-gas system on 
uniform ion background. It has the same square-inverse law of force but with opposite signature to SGS. 
Contrary to the ordinary belief, the correspondence, i.e. the replacement e2 ---+ -Gm'l, where e is the 
charge of electron and G is the Newton's constant, is quite suggestive if we identify the temperature 
T as the velocity dispersion of SGS. For example, the Debye wavelength ~D corresponds to the Jeans 
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6 tatckawa@gravity. phys. wascda.ac .jp 
7 macda@gravity.phys.wascda.ac.jp 
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wavelength ~J, and the plasma frequency is related to the inverse of the free fall time, w2 := -4,rGmn = 
-1/-r]J' We believe that these correspondences are not merely appearance. Actually, we ~an calculate the 
free energy of SGS in the same way as the classical electron gas system by applying the cluster expansion 
method [6, 7, 8). Moreover, n-point correlation functions are similarly obtained. 

Cluster expansion method We consider a non-relativistic gas system of N particles with the same 
mass m in a box of size L. We work in the canonical ensemble with the Hamiltonian of the system: 

N -2 

H = L 2Pi + L <Pij, 
. 1 m 
i= IS:i<fSN 

(1) 

where <Pii is a potential between i-th and j-th particles. The gas is in thermal equilibrium at T, where 
the temperature Tis related to the velocity dispersion (v 2) of the system, i.e. kBT = m(v 2)/3, where 
kB is the Boltzmann's constant. Fixing particle number N, volume V = L3 , and temperature T, the 
partition function is given by 

Z(u) Tr 
[
-/3H + ~ (-·)] - (21rm//3)3N/2y.¥ W(u) 

exp !-' u Xi - N!h3N e ' 
i=l 

(2) 

f dN - [ N ] J1i N VNx exp ~ u(ii) + ~ 'Pii ' 
V t=l l$i<35'N 

(3) 

where /3 = (kBT)- 1
, his the Planck's constant, and 'Pii := -/3</>ij· We have introduced a source function 

u( ii) for convenience of calculation and integrated over the momenta. By using functional derivative 
with respect to the source u( ii), k-point correlation functions are given by 

G(
- _) 

1
. ~klnZ(u) 

X1, · · · 1 Xk = Im ~ ( _, ) ~ ( _ ) 
u~O OU :Z:t • • • OU Xk 

(4) 

We introduce the logarithm of the average of the configurational sum setting u ~ 0: 

Wo := W(O) In / exp ( L 'Pii) ) , 
\ l5:i<j5'N 

(5) 

where(···)= y-N f-··dNi. 
The cumulant expansion of Wo is possible: 

Wo / exp ( L, 'Pij) - 1) 
\ 15:i<JSN C ( 

"I ''.'\! ) 
~xcrpt 1'11 "i :0 

(6) 

where ( · · ·) c is a cumulant and 1, 2, · · · , M = N ( N - I) /2 are all the possible pairs of N-particles. 
It is convenient to use graphical representations in order to calculate Wo. An each term in Eq.(6) 

corresponds to a graph which consists of vertices and lines. Each line terminates at two distinct vertices. 
A vertex ii simply represents an integration position and a line connecting ii and ii represents an 
interaction 'Pii. All the elements in a graph are multiplied with each other and integrated over all 
vertices. This is the cluster expansion method. All the graph which contributes to In Z is connected and 
does not include articulation points which divide the graph into plural pieces, because of the character 
of the cumulant and the translational invariance of the system. 

By expanding with respect to the number density n = N /V, Wo is reduced to the following form[6, 7, 8]: 

Wo (7) 

where Vii is the number of interaction lines between the vertices i and j. The "irreducible" means that 
the graph cannot be separated by cutting a point in the graph. 
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Application to the self-gravitating system Let us consider a non-relativistic self-gravitating sys­
tem where <Pii = -Gm2 

/rij with Tij = Iii - i; I, 

Free energy We shall include the higher orders in n for calculating Wo, Here we choose a series 
of graphs which is the lowest order of cp in each set of graphs containing k internal vertices. They are 
dominant terms at the large scale. This is equivalent to a sum of all graph which has the topology of 
a ring (ring approximation shown Fig.1-(a)). This approximation will not be valid for short distances 
where cp grows without bound. 

%0 + ~~ + 1 D + ½ 0 + ···· + ~ 0 + ···· 
(a) 

(b) 

l<:> l~ ;.@ ............. =-+- +- +- +···· 
1 ~ 1 : 2h ! 3!, : 4!J ! 

(c) 

Figure 1: A series of cluster expansion: (a) ring graphs. (b) chain graphs. (c) multi-lines of the chain 
graphs. A symmetric factor is written in the left side of each graph. 

A ring graph which contains k vertices in Eq.(7) corresponds to 

(8) 

where cp(q) = 41r/3Gm2 /q 2 is the Fourier transform of cp(i). (k -1)!/2 terms of this kind for each k yield 

Wo= 
V l. dq 

00 

[ni(q)t 
2 lql>2,r/L (21r)3 ~ k 

~ 100 

dq. q2 
[- "'

2 

- In (1- "'2 )] 
41r2 21r/L q2 q2 

= 12~ 2 [21rK.
2 
L

2 + K.
3 
L

3 
Inj :~:~=I+ 81r

8 
lnll - "':~

2 

j + i1r ("'
3 
L

8 + 81r
8

) 0 (K.L - 2rr)], (9) 

where 9 is the Heaviside function and K.2 := 41r/3Gm2n = 121r2 /AJ with AJ = J1r(v2)/(Gmn) being the 
Jeans wavelength. For the integration in Eq.(9), we analytically continue e2 to -Gm2 from the above 
complex e2 plane by the reason under Eq.(10). 

We notice that the imaginary part appears for L > 21r / K. = AJ / v'3. This originates from the negative 
argument in the logarithm for small wavenumber q. The appearance of it apparently indicates the Jeans 
instability. The thermodynamic limit N --+ oo, V --+ oo with fixed number density n, yields the free 
energy: 

F = -/3- 1 In Z(O) 

= - ; rn In ( ~::) + 1 - Inn - 1~:] . (10) 

The above choice of analytical continuation guarantees the positivity of the imaginary part of F: The 
system is truly dissipative rather than anti-dissipative. 
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In general, the imaginary part of a free energy is related with the decay strength of the system r[9, 10]: 
r = (w/3/1r)ImF, where -w2 is the negative eigenvalue at the saddle point dividing a metastable region 
from a stable region. Identifying w with the inverse of the free fall time, i.e. w = r

1
-/ = J 41rGmn, we 

find the decay strength r as 
4,/3NG2m 2n r------- (v2)3/2 I 

(11) 

which is essentially the inverse of the binary relaxation time[3, 11], 

( v2) 3/2 
Tbc = -------, 

321rG2m2nln(N/2) 
(12) 

except replacing In N with N. Then, we have derived this relation between the decay rate Eq.(11) and 
the binary relaxation time Eq.(12) based on the analogy of the Langer' work[9]. Deeper understanding 
of this relation, beyond our present phenomenological argument, requires the proper consideration of 
dynamics. 

It is worth noting that the imaginary part (ImF ex: n312) is related to the fluctuation of the system 
through the fluctuation-dissipation theorem. In this context, it seems interesting to notice that the 
number 3 in the above n312 comes from the spatial dimensionality and 2 from the inverse-square law of 
the gravitational force. This reminds us of the Holtsmark distribution of the gravitational force acting 
in the uniform self-gravitating system [11] or the stable distribution of index 3/2 [12]. 

Two-point correlation function Let us now turn our attention to the correlation functions. The 
normalized two-point correlation function which is usually used in astrophysics is 

(13) 

where r = li1 - i2I and one-point correlation function G(i) = N. A similar cluster expansion for 
G( i1, i2) would be 

We shall include higher orders in n as previous calculation. Therefore, among each set of graphs which 
contain k internal vertices ( excluding both i1 and i2), we choose the lowest order skeleton graph in 'Pij · 

This is equivalent to a sum of all the graph which has the topology of a chain shown in Fig.1-(b). 

So12 <p12 + r <p13<p32di3 + r <p13y)34<p42diadi4 + ... lv lv 2 

I dij ip( q) [. ;::{ - ... )] 
(21r)3 1 _ nip(q) exp iq\xl - :r2 

2/3Gm2 f 00 
d>-. >-.sin>-. 

1rr Jo )..2 - K2r2 

f3Gm2 cos(Kr). (15) 
T 

Since we have analytically continued from the above complex e2 plane in Eq.(9), we should choose the 
pole at -Kr for the integration. Summing over multi-lines of chain graphs shown in Fig.1-(c), we obtain 
the following function: 

1 1 1 
'Pl2 = y;l2 + 2! (yj12)

2 + 3! (yj12)
3 + 4! (yj12)

4 + · · · 
= exp(yj12) - 1. (16) 

This form results from the summation over all the possible dominant graphs at the large scale. Moreover, 
we should consider mass renormalization for the external Yertex. In principle, this is given by sum of all 
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the graph which consists of a cluster around the external vertex i1. Since infinite summation of this class 
of graphs at present is technically impossible, we phenomenologically introduce an effective mass. Since 
the gravitational attractive force balances with the stirring force arising from the velocity dispersion at 
the length scale K-1 , the mass inside of this scale is thought to behave collectively. Thus we estimate the 
effective mass m· = (41r/3)(K-1)3nm, which should be replaced with the mass mat i1 or at i2 but not 
both. Strictly speaking, m· is a parameter in the present phenomenological argument. By replacing mat 
i 1 in Eq.(15) with m· at i 1, the two-point correlation function becomes G(i1, i2) = N 2 <p12lm -+m• . 

l\t.P.1 at.fl 

Finally we obtain the normalized two-point correlation function: 

t( ) _ [cos(Kr)] _ 1 ~r-exp 
3 

. 
Kr 

(17) 

The scaling property is manifest: Small scale SGS with large K has the same correlation function as that 
of large SGS with small K. 

This function {(r) has interesting features. As a function of s = Kr, it has a unique inflection point at 
s = 0.440 when plotted in the Log-Log graph. The slope at s = 0.44 is -1.667 and the magnitude there 
is 0.986. Therefore, the inflection point re _, 0.441t-1 _, 0.04AJ is regarded as the correlation length of 
SGS. 

This two-point correlation function is shown in Fig.2 with typical observational results[13, 14] on 
top of it. The observation does not exclude our correlation function except small scale region where 
the interaction cp exceeds 1 and our approximation is no longer valid. However this comparison with 
observation is not intended as the demonstration of our approach but simply as an illustration. Actually, 
a cluster of galaxies is an extended object and the treatment of it as a point mass, in the strict sense, is 
a crude approximation. 

1000 

100 

-~ 
)J.J' 

0.1 

0.01 

0.02 0.1 1 
s 

Figure 2: A Log-Log graph of two-pint correlation function: e(s) = exp (cos(s)/(3s)] - 1 (solid line), 
(s/0.45)-1.77 (broken line), observational data of galaxies [13) (open circle), and observational data of 
clusters of galaxies (14] (filled circle). These correlation lengths of the observational data are rescaled. 
The error bars ignored here are found in [14]. · 

From the observational data[13, 14], the correlation lengths of galaxies and of clusters of galaxies 
directly read off as r:01

°"'1' ,.., 6.2h-1Mpc and r:•u,tcr _, 15h-1Mpc respectively. Since Tc - 0.44K-l 
for the two-point correlation function we obtained, we rescaled the observational data: r -r s = 
Kr with K = 1/14 hMpc- 1 for galaxies and K = 1/34 hMpc- 1 for clusters of galaxies, where h = 
Ho/ {100kms-1Mpc-1

) with Ho being the Hubble constant at the present time. These values of K cor­
respond to A~alGCJf -152h-1 Mpc and A~u,tcr - 370h- 1Mpc from the relation given immediately after 
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Eq.(9). On the other hand, typical Jeans lengths calculating from the standard observations for galaxies 
and for clusters of galaxies are respectively 

Ar'·'"= 123Mpc [ 

A1'"'"' = 450Mpc [ 

(18) 

(19) 

Here, we have used typical values for the normalization though there are some amount of ambiguity 
especially in the mass estimation which comes from unknown dark matter contributions. The above 
values of the Jeans lengths are not so far from the above values through two-point correlation function 
we obtained. 

summary and outlook Studying the canonical ensemble of the self-gravitating system (SGS), we 
obtained the complex free energy by summing an infinite series of graph in the cluster expansion method 
for SGS, Eq.(10). The imaginary part of the free energy yields the decay strength of SGS, Eq.(11). Similar 
summation of an infinite series of graph yields the universal two-point correlation function Eq.( 17) which 
scales essentially with the Jeans wavelength. The correlation length is linearly proportional to the mean 
separation of ingredients. 

We would like to report. further development soon, including ( a) the higher-point correlation functions, 
(b) much profound calculation on the complex free energy in relation with the dynamics, ( c) systematic 
argument on the mass renormalization m", (d) the observational tests of our arguments, and (e) the 
effects of the cosmic expansion and of the Dark matter. 
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~7)1 ~ ~, ffl.~(l) 7 7? ? JvB9~7dUJUM:@:,.:.rvt~ L. t.:iiffi~tt~ ~~-t Q o ~ ~ --c:-tl · ~n*eH.: !Ht Q_ 7 7 7 -7 Jv 
~~tf 13f~; ~ 7)\; .rvt~ t.. t:.ffl~(l) 7 7 ? ? Jvt'.:t, ~,.: 7 7 ? ? Jv-:k5c(l)~rdJ~it,.:-::,1,,\ -rM~i" 1., o A,!QH:t tlff ¥~ -=c 
r Jv c L. -r .. --:k5c ~ - ~ *'.:J-3£t Q DJ~~,£~~~ t&-) o 

According to recent observations of the 2-point correlation function of galaxy distribution, the structure of the 
present Universe shows a scaling law. Further more, E. M. de Gouveia Dal Pino et al.(1995) reported that temperature 
fluctuation of Cosmic Microwave Background Radiation(CMBR) may have fractality. This analysis implies primordial 
density fluctuations would be fractal. Then such small fractal perturbation may develop the present large scale 
structure with a scaling law. We analyze fractal structure developed from primordial fractal density fluctuation in 
homogeneous and isotropi~ Universe. In particular we analyze time variation of fractal dimension. In this paper, we 
study only 1-D sheet model. 

I. INTRODUCTION 

ffl.tt(l)fliiif 5t~(l)ffllffldil\; .. ~(l)=,aafflmJOOti:l:t, ffliiif-ffliiifm A 'r- }v ,:: .t:; "" 1: ffiM(l)~ ~ ,.:Jtf§!Ji" Q $-t1rm; n 
"'C It\ Q (8) (23)o ~ (l)=.iaffilfflO)~ ~ QIH:tffliiifilt 7 7 7 ? Jv5t~~ L. 't" ltl Q iiJli~tt~ ~Pi-t Qi)t, COBE ,.: J: 1., $'mff' 
:litCM(l)flifldil\; ,;t, **~~(!)A 'r- Jv--c+!:j::W,;U;Uf-tl~n--c: i>-:, t:.$-ilt5ti)\-:, -r 1,,, Q o --c+tt, ffl.if (l)ffliiif 5t~ilr 
1b t., *~ ,:: 7 7? -7 Jv~--c+~ Q c i" o c , ~(!) J: -) ~~$,:t-,fl~!:j::fiil\; ~ (l) J: ? ,.: L. -r~mt ~nt:.(l)--C-iPJ 1J -:, il\ 0 

~ (l)rA,""':: 00 t., -r .. tr/.t~; ~ t,r~1:-m-,.:,J, ~ l,,\-~ffl~--c:,:t, ffiltbt .Jfl l,,\f.: WHJri,fiiJ~'t' i> Qi){, ~1=-~m~,::-:>1,,, 
-r li-t5t~fr#fi~il1~Jt ~ n '(It\~ lt\o Davis c Peebles{1977) ,;t, *1cU~::lt~il\ ;-;tl~n$m--C:(l)~f:-~ffin.x,.: .t:;,t 
o=.¢.i:fflfflllfflft(l) El cAflftlM~ lj.i -r i.,, Q (B)o ~JJM~f4c L. --c~WJ:A~~ 7' 'r- )v ~ 1b t:. ~ "'*ll~; ~· ~lj.i, ~ O)* 
If~;~ ,.:~t L. "( t .,.~ffi~,:: j-31,,,-r Mtli'B9,:: =.sffirJOlfflti:~ ;JtcVJ Q O ~F-~ffln.xi:: .t:;1,,,-r b, A 'r- Jv ,:: J:; ~ I,,\ 
fWi)ffJ=ttT Q c I,,\-) fli5E(l) b c ,::,W~jjj~, MWJ(l)ti/l~; ~ (l) 7' ~ 7 ~ Jv ,.:iltir=-t Q m-e .. ~ ~ (l)ffi~ ;jtcV) "(l_.\ Q c 

t:.t!., ~ (l) fWi)t:t.J ~~ ,.: 1(5E ~ fr#il\ t· "J i)\ ,;t 5t1)\-? '(I,,\~ V \ O 

~; ~ (l)~flll~~ c L.1: l:t, $ii*JJM(l)ft&1;~*/.t~; ~iltffi::JJif'~~,:: J: ~ mt~ L. 1: f!UiiJ~ t· (l)ffl~tffimt t., t:. c 
~iQm~,-:>t~•tt .. ~$~~ffliftJBJ£~'t'i,Q,ffi:1.Jif'~5Em~•.Jfl-tQo~1.7if'~5Em~'hc~<1WficL-r 
Ii, N ~~ ~ :i. v - ~ 3 :;..,t,r J: ()flit\; tt, ~ i ~· i ~ -=er Jld.:~t L. 't", ~l=-~ffihli:: J-3,t Q =.rafflffflffflti:ilt A 7- Jv 
fllj c ~ Qm b ~; n "'CI,,\ Q {7] (20] i)f, *~~"'(+~ i '( l_.\ o 7 7 7 ? )v*5ci WHJrT Q tl;-8-,: U-t5t~ 11¥ftlfilt~; n 
~"\ c .\!U:>tt Qo ~ ~ --c+*i}f~--C:lijij1t\Mft/l~flQ t.:cVJi.: f.fW~~~ 77 a-f-i .Jfl1,, .. 7., o 

~1,,\fWfl/.t~ffQMtli'~~n~c L. 't"l;t Zel'dovich lliftl~ Jfl1,,\1.>o Zel'dovich i!i:ftt--c:i;t~; ~·(l)=Mtn1t\~, ~ 7' r t1 
=f(l) Lagrange ~fflH::J-3,t 1.,ffi,J,~flit L. -rt; ;l, ~ (l)f,;t,J,~fil(l)•ffiilift.J.~ .Jfll,,\Q t:.cVJ, *It~;~·~(!) 1b O)';;J:ifl 
~lliWJ.:1;t ~-? 1: i3; f' .. ~t=•%(l)ffi~--c: t J: 1,,lifi:ftt t ~ 1., ~ t iltftlf f.~tJJ;-8-0)~*Mc (l)Jt~,:: J:-? -r ~; n -r "\ Q 
(24)o ~,.:, ~flll-*5c-=E-rJv,::J-31t\-r ~(!)7-,ta-f-t.Jfl1t\t.:f&-8-, fr#tt~ffiMc ~Qo 

-n-e~JJM~i4c L. -r;Jti Q~WJ(l)fflfflU, $mff:ffl:f&t,f(l)lffi'i/.t~; ~·il\; ff; n Q o $ii1fiUiU.t,:t, Pensiaz t 
Wilson i.: J: ~ 1,,,f.: Q n~il\; 1b t:.; ~n 1.> 71 7 a ii c L. -r ~Jl ~ n, ~i.,,flll-ll~n~ b (l) c Ji; n 1: i.,,t.: 0 t!.ilt, 
flJUIUw:r£ COBE ,.: J: ~ ~ (l)-JfiUlHf(l)ilft\Jf,:: 10-5 ti/.t(l):bf'7)\~$; ~t,tffifT Q.: t 7}t3£.Ji ~nt:.o 

• E-mail: tatekawa@gravity.phys.waseda.ac.jp 
t E-mail: maeda@gravity.phys.waseda.ac.jp 
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::..rl) COBE ,: J: ,?, $'mi=rfUU.J-Q)ilfil.Jt~ ~ &' ,: ·::n,, "C, ~Milffi.JJtQ)~jlfil.w)jlQ) JaJ lffi!U:: , -f Q) l*J$Q) iiiifff t Q) DO-ffi,: 
7 7 7 -7 Jv 89~~ ~ ttHUJilt fl v'ili ~ ttt.: c v'-) WHJr 1b ffli!r ~ tt --r v',?, [5)o *JJMQ)mJt~; ~ .. c L --r WT~~;~·~~ .l,?, 
t .. ilffi.Jt~ '=> ~ t mJJt~ '=> &' tt.ltf§!JmJ~,: a;;,,?, o *'m~fUiU-ti: 7 7 7 -7 Jvag~ ml~ilt J!v'ili ~ ttt.:t.-:; l;C Wr~~ l'::> 
~· a-~ll: L- t.:tJJ.,fti: ,iM*aft~i: mJt~ ~ ~· ilt 7 7 7 -7 Jv A9-c: a;;,--:> t.:.:. t ~ ~~;-,?, o ... 

*if,e-c:,i i.llinf 1t:$Q) 7- 7- )v ~IJil!~ l.: t.:---?Q) uJfj~·ti c L "C, *JJMQ)*f.l~ C:> ~· ,: 7 7 7 -7 Jvttilta;;,,?, tiftQ)ffl.:@ 
mnx:r1:1,ma-:1t~-t Q o -tJ~ · ~1J-c:·-¥t.H~1;~*m,:J:>1.-,--r .. *JJMQ)~Jt~; ~· ,: .t ,?,1fi:1J~!:fi:5Eil\'=> m:@ilt~nx: ~n 
t.: t ~ i .. Mllr A9 t.-: 1J i~ ,: .t ,?, ~ JUHe ~ a- :iii -) o 

.::. .::. -c:iifffil1!t.-:,:--rJv t L "C .. ~fffl-;,_xjc;,:-rJv~t&"? o 7 7 7 -7 Jvl¥-J~MM~ G ~· t L-C, •7ta--5EQ)Jt$1:7t 
ii, ~~i",?, Cantor~-fra-Jflv',?,o ~~ag,:i;t.::.Q)~f'J:~~mt@< tJ:il&~~,ttt,tt.-:G~v'if, ~~Q)$'m-C:,i777 
-7 Jv 1¥-Jt.: c ii :'Jt i ~ ,?, 7- 7 - Jv ,: ii r ~lil{ff if i",?, Q) -c: , * '*1-c:.::. Q)~f'F a- tr~ WJ--:> -c ffl v,,?, o 

a~oo t t 1b ,: 1fi:1J~!:f;:5Ei: J: t'J ' jJljnf' jJhiifl]:) ~ t· Q)~pifijfiff/l:@ilrmnx: ~ tL Q ilt' ~JtQ) ~1,,,ffinxi:.::. Q) J: '? ~ ff&J:i! 
ilfl:fB*"Cv',?, c l-J.~ L, -~Q)*ijtJ.j._tJ.: tj:--:, t.:iJbx,.:i;J-L, 7 7 7 -7 Jv-:k5ct =.¢.t:ffi™100~Q)U.a-fi--:, t.:o £ t.:tfil 
~#mnx:~tt~~MQ)~•m•:@Q)757-7~-:kxt,MM~#cL--r~t~mJt~G~Q)757-7~*xcQ)Jt•t 
fi--:, t.: o it.:, +1ti:~rrt.liltff.!~T,?, t ~F-~fflmQ) 7 7 7 -7 Jv-:kxii~fDHe~,:i;J-L -C-:i:EfilH: ?i~~v'"Cv',?, J: -) 
,.: J!i, -fQ)fitHiiJJM~f.l~ l'::> ~ .. Q) 7 7 7 -7 Jv;_xxi: ifi:1,,,~ t ~--:> t.:o £ t.: =.¢.t:ffimlmJ~Q)gt~i: 00 L "C iifflfllJl'Jgtj: 1{ 
'? - :,, 'd': ~;l,?, Cantor •1t'd': ,:-7 Jv t L "C ffl v' t.: t.: l6 i:, amffib.t-C:ii 1~ -7 - :,, Q) JaJMagtj: ~ffitilt~tt "CL i "', "' 
~ fllJil!:(fl':E L ~ "'ilt .. +1ti:~F*1'1l:1fi~ i1:t.ex1:,;1:m:iEf,:J: 1.-, < --?il\Q)•5fH: £ t £--:> --r .t:> t'J , .::. Q)•ffiQ) 7- 7- Jv w. r-c:,i 
=.¢.t:ffiffflmlti'i"'~fllH:tt--:,f.:o ,:_Q)~~tt, ~FaJfiffl:@Q)7 7 7-7 Jv-:XJCa-Jxej!;i",?,fl!t ~--:,f.:o 

JJU£Q)J.f{jnf J}:;fpQ)ttillJ-C:(i, Geller G Q)fijjfllj [11) ~ Las Campanas Redshift Survey (16) t: J:,?, f.llinfffiQ);Rf;Jtr. "'r'Q) 
7}$" a- Ji Q t ' !ffl:t: lff.fl--:, t.: JJ-:;fp Q) w~ t') ilf ~J.) tt ~ V' 0 *'m'i fflj.llMffi a- ffl;l Q J: -) ~ ~F'itt: *~"'A 7- )v 1: ii .. 
-;tj~jj-c:-a;;,?, ch. ~-tt o c ~ .:z; tL o o -f.::. -c:, ~~Q)ffi,?, t¥v' a- Ji,?, ~t.: ,;1: ~--t:! o -:Xifi:fJ;J. t L- --r, -;fj~JJ~ -=er 
Jv a-~ i ,?, .::. t ilt-c: ~ ,?, o .::. Q)-=£- -r Jv i:J: Robertson-Walked't:ii-C: ~ .:z l'::> tL,?, o 

(1) 

.:. .::.-c:J].btlt.: a(t) .aJ:U' K ,i~r»J~ffi (r,0,¢) t: J: l'::> ~v,1{7 ;J.- -7-1:, .::.Q) 2--?Q)1~7 ;<- '?-t: J: ~ *'mQ),: 
-rJvilr!ffl:5E~tL,?,o a(t) 'i*'m·Q):J.7-Jv7, 7 -7-tufittt, *'mQ):k~ ~'d':~bi"o K(i~lfflQ)rJb*Q)f.f-ij-'d':~t> 
i" 1 { 7 ;J. - -7 --c: a;;,,?, o *ffl~-c:-ii Nf li!Q) t.: &"J ¥ffltj: $'ma-~ i,?, o .:. Q)tl}ifi:J: K = o t T,?, o ~~Q)ffi,?, tltv' a- Ji,?, 
~,:ii, $'mt: ffi±T Q !fmW-c:-c~ Q) J: "J 7'j: !fmfiilqi~-C: a;;, Q ii\ a'~ i ~ ,tn(! ~ G ~ v' 0 .::. .::. -c:,i ~~fflinf 'd': fftJocT Q 
.t -) ~, ilfJp:. :.f, Jv-¥-Q)* ~ ~ ilti1J 11:Jt:fii ;r, Jv-¥- t: .lt~ --r mH~.-c: ~,?, !fm~ a-~ i,?, $t: T,?, o .:. Q) .t -) t.-:!fm~ilr 
Ht~-c:a;;, ,?,:i,;,g-, 7-. 7- Jv 7 7 7 ~ -i:J: 

a <X t2/3 (2) 

t ic.i!li-C:- ~,?, o --? i t'J *'m'i 7kJit:JmHii" o i,t, -f (l) JHl~J.t,i ~~ L --r v' < t "'-) .::. t -c: a;;,?, o .:. Q) J: 1 ~ ~~t: .a 
,t Q fft:@Q):Jfinx: 'd: ~ i Q 0 

~-Ii O ifi:fJ:j-C:*m'i-~ . ~nth.~ T.::. t ilf-C:- ~ 0 t ~~t.: 0 tffljff!J L "( h. 0 t iiinf(i$'mt: -tt1H:: JJ-:;fp L, "( V' Q J: 
-) t: ~ i ,?, ilt, *xit Ag -=f-it ~ ffl v' "C JJ-:;fp Q) !fl= fa~ ~ltJr L "C l-J. ,?, t -~-c: ii ~ "' o 

j,liinJQ)J}:;fpa-*1fgtt¥-J,: ~l1fi"-t,?, =f:.it t L "C =:.~ffir~r~tiilt)fl v'; tl,?, o .::. ni;ta;;, ,?,ff,J,ffiisx dVi c dV2 ilrffi~ rt!. ,t 
~tt "C v',?, ~t.:, ~JJt: f.llinfif Jiv'ili ~tl ,?,ff.$~ 

dP = n(l + e(r))dVidV2 (3) 

t jc~T,?, o n ii fflinf Q)-!f~OOti*It-c: a;;,,?, a .::. Q)-!f:t1.JJJ-:$il\ G Q)-rn e(r) a- =.¢.t:ffllfflmltt t v'-) o i.llinf'i1t~ < 7:,, ¥ 
.Ld: JJ-:;fp L, -c v~ Q t e = 0 t tj: Q 0 

fflinJJJ-:;fpt: ~v' "C (i, il\--?-C ii f.li7nf Q)JJ-:$,:J: ;RfitJ:Q) =-:kxl'Jgtj: JJ-:;fp L il\{f I'.:> tl tj: ii\--:> t.: t.: l6, il 4 Q)J!fi ~ Q)fflffl 
#~l'::>tt.tj:~?~o J:--:,--C;R•ffi~~M~~tt~=*jc;7J-:;fp~;-~Q)=-:XJC7J-:$a-•m-t,?,t.,~~~--:>~o~effii-c: 
O)=.e.Q)1fJJJEfHr~il\ l'::> =;_xjc;-c:-Q)JJ-:$ a- ~i ,?,-=f-~ilr~ t m ~n, 11til: t *mt [23J ,i=.?.t:ffioor~~'i1r 

(4) 

C v'-) Bf!MQ)~ ~ t:Jtf§IJT Q.:. C 'd: aJ1 C_)"l,pt,: L f..:o 

ftjfi:Q)tffljllJt:.-av'"C 1b, =.e.ffilfflr~ttiltHa~O).---:~ t:{:E -)$-ilt~~tl "Cv',?, (11] (13) [14]o Davis c Peebles{1977) ii, 
Mc!tlY-J~~il\ t:>-~~n*'m-C:Q)~J:-~ffihlt: .t:>,t,?, =.¢.t:ffiOOr~tiQ) 13 EA1HJ;J.fWa-;Jtl6, .:. Q).---: ~ fllJ a- ~v'-C "',?, [8]o 
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~}it;, Q)1JijHi .. t-r-~~1J*W-C:- Newton B9f.c ffi::t.Jfflli:{~Jfl a- i3 J: £fTJUi m Q)'Jl.,¢1.'IP· t;, t.t 7.>!l'mfla- ~;(. ~ tL t;, Q)!J'm 
Jt,:ou L "'C .. ffl~lffl"f:'Q)J{,¢i.Q)~:ffi'Q)~flfj~1ta-ic~T Q BBGKY 1Jff~a-$W L .. ~tt.i:t-ti" Q .A,;- - 1J ::,, ~Ma-;Jt 
t.> 7.> o ~Q)*IHR:a-il 1 c .. 6 = p- (p} / (p} c "\ 1 ~Ji:tit.:> ~ a-~~L t.:IH: .. 6 > 1 c \,\ '? !Jimfit,t.q:J L t.:ffiiit--C:- .. = 
.r'J. ffl ml OHt 

e(r) ex r--Y 

Q)~ ~ 'Y t,t .. WM\tfl.l~ t;, ~ Q)1~17 - ,A./'{ 7 1' Jv P(k) 

P(k) ex kn 

Q) ~ ~ n ,: J: -:> "'C * Q) J: '? t.t ml iffi -c:- lj- :l t;, tL 7.> c " \ 1 t Q) "t:' ~ 7.> o 

9+3n 
"'f = 5+n 

(5) 

(6) 

(7) 

t.:t!.. L .. ~ Q),Wa-;Jtbl.> 7.> MH: "\ < -?i,~Q)-fli~a- ffl'-'\"'C "\ 7.> o iJi5;EQ) q:J--c."r.±El T~ ~ t Q) ,i .. fft:@:Q) ffiJ1f iliWJ c *W~~ 
,: J: 7.> ~f.lt,t-:::> tJ -€t-:> "'C .. ~-f*c L "'C ~J.lt,r o ,: t.,: 7.> c "\ 1 b Q)"'C:' ~ 7.> o ~ Q)iJiJEt,r~~ t.t t Q)i,~t,r~t,~ t.:>-r .. ~ Q)j(R 
t,r~JE,:fi=tti" 7.> t,~t,rt,t,~-? "'C "\ t.t "\o -t6 ~ -c:-:t.J~~i: ~00~.!ta-fr'-'\ .. =.~fflm11JH!ci11~ ~ JIU i::t:E '? t,~ a-WA1~o 1Z-~ 
i,f~ Q 0 

1965 $,: Penzias c Wilson,:: J:-? "'C .. ¥iH:,i71? a7iQ)::1i=fftfflj.j-t,t~J! ~tL .. -t6Q)ffl:7[t,ifflifif* .. :i:11-*t.tt" 
'/pt;, Q)4it-J-~¥'mffffl:tH.J-,:j-t-t oJ&~Q)laJ1filiJJQ)fjfl~lOC t'J I*< c ¥Jl:11t,:~1J~--c:-~ tJ .. 2.7K Q)-/7::,, ?~$a-~ 
L "'C'-'\o ~ c i,fbiP-? t.:o ~ Q)1,ffU~H.J-ti COBE i: J:-? "'Cffl~,:j]1f~tL1Ei\.JJfi,t 2.725 ± 0.020K -c:-~ tJ, i t.:lal1fil 
I/JQ):J3f§a-JOC tJ l*\i\t.: CMB Q):X};JU:.--c."Q)iN!Jl~ t;, t! ,:t .. xf"J<J:.Q) 7 Jlf~Q)~fffli~£: J3\il"'C 6T /T ~ 10-5 c \.tl '? b Q)'1: 
~-? t.: c \,\ '? ~ c t,tijg t;, t,~ i: ~ tL t.: o 

~ Q)-l=J'ftfflMQ)7g13t~ t;, t! i:j.j-l.., .. E. M. de Gouveia Dal Pino t;, [5] ';t*Q) J: '? f.tfWtfra-fi-? f.:o WiJ:fflj.J-Q)iAJlf~ 
t;, t! i:t fflififiiit.t ~ Q)-~a- '*"\ "'C .. i;1ii~iii:: ill-? "'CUilU ~ tL "'C "\ o o ~ Q)IJliJi!J*a~H:: J: tJ .. x~J:.£.: ~i:Llt a-~ I < .:. 
c t,r--c:, ~ o o ~ Q)~iN!itQ)-B{: ~ c ~?N!*l'1:fffl i tL o fflMQ) iiifft c Q) fffl~i::-?\i'"'C twtff Lt.: o -? t tJ ~:X ~ ~l:1't,::ffllt,~"' 
;< -;, ~ .:i. --C:-IR W tJ .. ~ o ~ill!IU: 1f § L "'C.. ~iAit ~ 13"u ;< -;, ~ .:i. Q)ti: c ~ilffr.fl-e II t tL 7.> ffijiQ) ml~ a-WA]~ "'C "\-? t:. o 
~iN!·Q)~fffl~c~$Q)jjjfflQ)m),ffi~-~~o 

a1/2 = Fpl/D 

a : ~7Ei.'1:lffl itL o ffl~Q)jjjffl 
p : ~i!l*'itQ)~ ~ 
F : .It f§IJ 5;Elt 

(8) 

E. M. de Gouveia Dal Pino t;, Q),Wtfj-Q)*ii='=, D = 1.43 ± 0.07 c "' '? flf!i,1{f t;, tL .. iAJJf~ t;, ~· i:: 7 7 7? Jvttt,rfi=ifT 
Q$°-a-3:.~L "'C'-'\o o 

*ffiWMQ)~JJf~t:>t!cL"'C~~~t;,tf~-fliJEToc 

6T 16p 
r=3p (9) 

f.t O fffl,ffii,f@t tJ JL."?o ~ Q)m),ffii;t, 11£S7Jl C ffll[{~JflT Q !J'mj('1: ~ QI~ 1) * / i:: j1 l.., "'C Q)~fflc: f'J JL -?o .:. .:. i,~ t;, , ff'ffl"fl 
Mt}t7 7 7? Jvl39-e~-? t::. c i" 7.> c *iiWNJQ)1~ 1J * ~Q)~JJf~ t;, ~ ib 7 5 7? Jv89f.t~;ffi-C:-~-?t.::. c t,t~~~tL7.>o 

IV. 7 7? 1r JI, 

7 7?? Jv c ,1 .. ~lt®t.t~ ~ ~1ft.: f.t\,\~~~-~ .. ffl.•t.t t· ~tt~ Lt.: i Q)-r, .. EI cffl-W.ttt1r11t~t.c~1tc L -c 
~f t.:>tL7.> o 1it ~ L "'C "' 7.>ffl:@:,:-?'-''"'C .. ~ 7.>-&IS~t~;tt J: tJ 1h * ~ \.t\$~ .. t t::.li~-f*c fllfJ;J.mJffi,:~ 7.> c "' '?.:. 
c --c:-~ 7.> o 13 ~ffl.$J:: J3\.ll "'C 7 7 7 ? 1vtta-ii&t.Pt.> 7.> ,: ,17 7 7 ? Jv*5c t-tt~i" o 1Z·l!ilt~ 7.> o 

7 5?? Jv*5c,:tti:~®,::•~t.tJE•ilt~J.>ilr, 13~ffl.-~Mtfrt"otH::,:t~1=-m-,::m"\': < "\o -t6~ '1:*5GQ)5;E~~ 
~Jfll39t.c t Q),:: at& i" 7.>1Z-~t,t~ 7.> o at&~ tLt.:~5GQ)5;E~li "'<-?ii~~ 7.> t,t .. .:. ~ -e,:t*iiJF~-e Jfi v\t.: ib Q)t..:it ~ ~ 
ftT 7.> [10], (22]o 
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a. Box- counting (7)1Jit:. : ~~s91: (j:M ~!lm ~ JiJ Q -*"ff(l)f;)t-C-ffi'.v'--::> < l , :: O)f10)-*"ff ~ ~mVH: l t.::t..ii. l!N -C-0) 
fJ(l)i@~ t ~f.f(l) r~1*1.1• !:) 7 ':7 7 7 Jv ;jzft ~ %:~T Q o i"tl t ~~.:(19 t: frrl~;,j: %:~ t V-C, d ;jzft Euclid ~ rdJ f:ff-:(f-9 
Q ~:ff~~ -:i!l(l) ·OC ~ iJ{ r (7) d ;ji:5c3tn1*-r:·5ttU l, ~ x.. -C "' Q ~;lf~(l) - i-J!S~ -@;-tr .J: "? tj 3tn1*0)~ N(r) ~ ~:z _Uf t 
"' < n$iJ-·0Q o r ~+5t1J,~ < J&Q t 

N(r ) ex r- 0 (10) 

tj Q ™1-f*iJtir,tlJt.:: ~ fl Q ~*' :: (7) ~1~0) 7 7 7 7 Jv*5f:lj: D *5f:-r:· JiJ Q c: v' "? o :: O)ntt:.~ Box- counting (l)Jj$ t v' 
"? o :: (7) :n$,j: tll:J~-'{=> :st-f~;,j: t·· 1: j@ffl ~ tL Qt.: lt-C- !j: ;,j: < , {?1J :z IJ JI I (7) .J: "? f: 5til!t~ t.:: < ~Iv-@;- tr J: "? ;,j: ~%0)~HJrl:: 
1b j@ffl-C- ti Q o *frJfo/E-C- 1b:: (7) Box- counting (1)11$~ fflv,-c 7 7 7 7 Jv*5f:(l) gft):~ fi 1 o ~ 1 -C-lj: 7 7 7 7 Jv~% 
-C-JiJ Q Sierpinski gasket ~ 5tWIJ l, t.:: 1b (7) ~ f§U c: l -C ff-i" o 

(aj ~ ) 

FIG. l. (a) N(½) = 8 (b) N(t) = 64 

b. ffl r~;_x5c : = .12.tfHJIJ r~~1.)' !:) 1b 7 7 7 7 Jv ;ji:5f:i)f5E1t-C- ti O O t lH\/J fm~i){:j'§'~~ (exp( - r f ro) ) -'{=> tf r'J A~ 

( exp( - r 2 /2r5)) -r:· 0 Q #JJ*lj:!J'!i:~89 tj ReJllho iJf::{f.:(f-9 Qt.:: .lt'J 1: 7 ':7 7 '>' Jv 1: !j: ;,j: !:) 7J: "' o tl31Vil l~~1.1{Re_~(l)-"' ::\=- f: ;,j: -? 
-c "' ~ ~*'HWl(j{]tj Re:~![1.l'Htt L. 7j: "\ t.:: .It'),: tAl~(l) 7&-S JJ1./' "' "".) 1b rm t. 1lill*f: 7j: ~ 0 t.:: t :z Ii 

(11) 

t 7J: -? -C v, t.:: t Th Lf, Re:~!t1.1t = -ffi't: ;,j: fU f t§ l~if 1 /2-Y 1-l:\'(: 7J: ~ t v' "? IM:J f;f:il' c:' (7) J:: "? ;,j: Re.~!t-C- 1b iOO t.:: ~ tL ~ o -"' ::\=- (7) 
t§'f{ 'Y t 7 ':7 7 7 Jv ;_x5c D t (7) Fa91: /j: ;_x(l) J:: 1 tj IJIJ1JiJ{ JiJ ~ [10] [22] o 

"f= d - D (12) 

d : ~ ft:] (7) ;.7;: 5c 

'.:j::93(l)t1/fi§:O)f'Jc~ ~ :t.J ;-f-7 ;.,:,, "1' Jvil'~l=t lHt ~fili (J(J -C- , !lfJ.J'.l11iJf7t~11iE1* -C- 0 Qt ~tj l., t.:: 1ey1j:, Newton :t.J~~ 1b t ,: 
L. t.:: ;_x(l) =: -::>(l) :nf!l~iJ'l~i:i§:(l) J!{t l: ~t-t Q ~li1:nl:'E:i:\:(: 7J'. ~ 0 

( 8;;) ,. + v' ,. · (pu ) = 0 

(8u) 1 f ex 
!:l + (u · v')r u = - - v',.P + -
<A ,. p p 

f ex = - v',.<J?, v'2 <J? = 41rGp 

(13) 

(14) 

(15) 

JeyfUJ~5J'O)~'.:f'.li, !!m~(Jg:,j: )fil~,;r~-c- 0)11~rait~5J'--C- 0 o o Hubble 0)$_~1] J: ~, '.:j::93lj:~* l -C v' o 0)1:, '.:j::ruMH!H: * -? t.:: ffi l " , !fil tl ,;v~ ( 1=r ~J: '.:j:: ru (7) * 11i1J ffiH~ lf:: ) 

-303-



r 
x = a(t), a(t) : scale factor (16) 

-e1ittAa-fF~ mtt" c .. *Q) J: '? ~£e!1itt:ttt,rttt.>tto o 
88 1 at + ~ V · { v(l + 8)} = 0 (17) 

8v + !_(v · V)v + ~v = _!_V</>- ]._C2 pbv'8 
8t a a a ap 8 

{18) 

V2 </> = 41rGpba28 (19) 
- p-pb d=--

Pb 
2 1 

</> = ~ - frrGa2x 2 Pb + 6 Aa2x2 

.: tt 1:> Q) 1itt:tt* i: Jo"\"( .. *Q) J: '? ~ ffilb a-~~ 0 0 

x = q + S(t, q) (20) 

X : ~lbm• (Eular ~ffl) 
q : tiTQ) Lagrange ~.ffl, (V x S = 0) 

-? i tJ., ~TQ)-~~;(pt,~ t.> Q)ffi1J,~1lla-ffilib c L "C -9-~., ;IJJJjj,iiCa-fW < o .: Q)ffiJ}Ji: J: o i!i:1tJ.~a- Lagrange i!i:1tJ. 
c "\"\" ~i:-*i"t"'ffil/Ja-~~ oi!i:ftl~a- Zel'dovich i!i:-ftlc v\ '? o *ffl~Q) J: '? ~~OO-*JG1/ - r *-e,;;1: .. Lagrange 
i!i:-ftlQ)-*Q)ili:-ft.J.-e ~ o Zel'dovich i!i:-ft.J.(l),Wt,tJJi.tfM c ~ o o -Iffflf.t 1f:Wc*'mQ):tl;,g-.. JlitfWH;;t 

X = q + a(t)S1(q) + a(t)-3l2s2(q) (21) 

-e~~ t.>ttoo S1 .. S2 ,i1JJM~ftj:t,~t.>#ci -=>o 
c .:-?-e Lagrange i!i:ftl-e,;;1: shell crossing c "\ '? ri:iUiit,r~t. oo .:tt,;;t*.13f~ t.> ~ft,rmt:a:L "Cl.t\ < c mJ.l~~i*Q).~ 

t,tffl.t>tt .. J;J.~Q)lfifDl~Mti1r*~ ~ < ~ o c "\ '? ri:i,m-e~ o o -t"Q)fiQ)ffl.ti a-t& '? t.:6'Ji.: ,;;1: .. A,~~"(\,,\ o-*5GQ) 1/-
1-- *-e,;;1:., -~i.: N,tf.1/ ~ .:z.v-1/ 3 ;,,i.:J: tJ-t"Q)~- r liiJ±Q)ffl1f.f'FJfla-~!lt"o'.JZ,fMt~oo *ffl~-c:,;;t(tffll!Q)f.: 
6'Jffi~i:~ L "C ~ - l- lii.l±,it" tJ ~,to 1b Q) c L "C!Ui tJ 1.& '? o .: Q) J: '?~-=er Jv i.: ,a1,.,\ "C ,;;1:.. 1/ - r t,r~~ L t.:tfii.: m 
13f~~Jl*Q) ,¢[.a-~ l:. ,?,i,f., -t"Q)fi 1b M~tY-J,::JUi tJ t& '? lJMt-C: ~., +~~ ~fHj~J.ia-fi '? $i,t"'(+ ~ o [12)o 

*ffl~--c:-,iM"lti~ tA,g-t L -c-*5G~ - "-=er Jv a-iui tJ 1.& ·:>t.: o "'.) t tJ .. 1/ - 1-- ;jj(Q)~J!it,r 1/ - 1-- c ~mr1irnH: Q)h. 
ilfWt" o-=Er Jv-e~ o o $'m~ftil~U.J-Q)iN!.13f1Bi t.> ~ ,:t,t-t o 1W11ri1~; ,;;1: .. ,~ 1J :t;,, Q)m.13ft&; ~· t!Jtt,r7 7 7 -1 Jva>.J-c: 
~ o c "\ '?.: c ,: ~ ,?,t,t .. *ffl~-e,itl:ila-~ffltt" o ~"C Q)~JH:: "'.)\,,\"( 7 7 7 -1 JvA>.J~mJ.l~ t.> ~{t,qt=;(f Lt.: c 1Ji~ 
t" o o WWH:: 7 7 7 -1 JviY-J~ml3f~; ~ a-lj.it.:tl.r~·i:: .. Wilffl~J.i-z.c~Q) J: '? ~ff/l~t,r~nx:~tt "C1.t\ < t,~i:: "'.)\,,\"( .. ~I: 
-~fl~Q)7 7 7 -7 Jv*5cc =.¢.(fflffflfJHta->ltcVJt.:o 

l!J.l~ t.> ~ c L "C(;;t., 7 7 7 -7 JvlY-]~ bQ)a-lj.i o'..IZ-~t,r~oo -t".: "t'*ffl~-e,i1JJM~f~c L "C Cantor •,g-a-r.r; 
Jfl Lt.: 1b (l) a- Jfl \,,\f.: o t.: t!. L., ti:~MH:: 5;E~ ~ ttt.: Cantor •,g--z.,;;1:~~Ji,J, i '"'C:' 7 7 7 -7 Jvttt,r+F(ft" o t,r., :5t~Q)* 
m-e,i-t"Q)J: '?~$,t~ tJ{i~1.t\c~~ T~la-l}it.:o -=ErJv~~(l)7'7-Jva- L c Lt.:~i::., T~ic ~o7'7-Jvt,r 
10-3 L tt.13fi: ~ o J: '? 1i -=ET. Jv a-~~ t.: o -? i tJ Cantor •,g-a- ~fflti" o ~f'Fa-fi '? ~~:: .. •~a-~ tJ ~ < lrulta-1:f~Jl 
"'(+ C ~ ~ 0 0 J;J.f& .. .: Q) 7'7-}v L 'i*ltiQ)Jj~JU:*---=>f.:~liJJ~ffia-~bt"JJ,::-t O O -f '? -ttt,! .. ~oo~~Q)fit~,: 
J: tJ 7' 7-Ji.-t,r~1tL -c b~ffi~ti:Q)ffia-*~ < ~t o'..IZ-~t,t1i < ~ o o *ffl~-e,;;1: 1;10 -r--:>•~a-!Ui tJ ~ < ~11:a- 1 
lru*'ltJ~Lt.:•,g-a-}fll.t\f.:o .:Q) Cantodl-fs-0)7 7 7 '7 Jv*5G'i 

log2 
D = log 2o/g ~ 0.868 (22) 

"'(+~ Q 0 

ill~a- lUi tJ ~l.t\f.:ffiijta-tf.13f~; ~t,tjrt (L)., *&~tJt-:>f.:ffiijta-tf J.l~ t.> ~t,ri£. ('5+) c L t.:-=Er Jv a-lj.i t.: o <5+, L 
C;;t -~ ffi}::: L "C " 1 -o o .: Q) iMl;t ~ lUt tJ I* < :Jif'F ~ 7 lfil fl tJ ~ L t.:. _,g.,;1 ., A,~~ "C \t \ -o Cantor ~,g.Q) ffifllj ,: fff.-::> -C Jt 
;(p L "C \t\ o c ~~ o o -? i tJ, -Et~ L Q).,g-t,tfHjifM 2£/9 t.!.,tltttt "C1H'£ L "C Jo tJ ., .: tt; Q)~-;., r t,r it.: (2/9)2 Lt.!. 
~t*tt "C~i'± L "C "\ o c "\ '?.: c ,: t" o o .: Q)~,: L PJ...tQ) 7' 7- JvQ)1~ -1 - ;,, fiJJ±Q) JfflQ)tf J.fffl t.> ~ li o ct" o o ~ 
llO~~Q)WWJi: ii-t"tt~tl..0)1~ -7 - ;,, t,q!l{.1Li:ffl:ila-%nt L "C "\ < t,r .. +~,:ifif18i,t*f~t" o c 1iftQ)1~? - ;,, t,r1s--tf. 
t"o-$,i,f~oo 

-304-



IO 0 -

-0.0012 c___ -i .___-~~-~~~ 

00012 r -~-. ~ 
IO O 1--'tlnl l++++lf!Hf,H,fffl!H---!Hf++f+l!++--W,!-1-IHffl---l 

I 
I 

: 
-0.0012 

0 

0.0012 

l 
IO 0 

' ' 
~ 

-0.0012 L~-
0 0.Q2 0.04 0.06 0.08 0.1 

x (/L] 

FIG. 2. Primordia l density fluctua ion 

*lHtllt a = l t Lt::. o -::.fltfl}i'ffl%~t -tJ.i t , :mt£(;!: a = 103 i:Mr.t--tJ.i o ;$:1Vfo/E"t.'l;!::@:tO)~~iJ{7 '7 7 7 Jva':J 
;,j:,$/jJ9> G ~{ t ;,j: l -z-1,,,f::. t ~k., it::. a = 103 1.'Wiiff!J ~fl J.i J:-) ;,j:ffl:@iJtffinx: ~fl 7.> t::.nl:£-~;>j:,$-ff~ G ~· O):;k~ 
~ t ~!\i\l , 

<>+ = 1.0434062 X 10- 3 

J_ = -9.565938 X 10- 4 

t ..!} k. t::. o .:: 0) *JJJl1l ~ 1tj: t 4-k. t::. t~,g-, shell crossing iJ':m,fl J., fl~~ IHi 

a* = 958.3994 

(23) 

(24) 

(25) 

(26) 

t 7j: J., o a = 103 0) ~ (: shell crossing ;IJ{~~ l , fil'linJ, i.&inJEl:l ;,j: c' 0) ~1=*~%;,j: ff4'.:@iJr%nx; ~ fl J., o ;$:iVfo/E"t:l;I: ~ G 1: ~ 
rJJ~J.i t TT~, a = 2 X 104 £ -z'· ~ ffij t :ii§~ f::. o 

1.-r' tf/i::@O) 7 7 7 7 )v .:J.::fc t UU-t J., 0 7 7 7 7 )V .:j.::fcO)~i-tt1f'i:E t L, t Ii' WIJE~ G ~· ;IJ{ 0 ~ 1 1: ifJ J., ffi~t 
Box- count ing O)"jjf.E"{::j:g-1,,,~<11') J., 1f $_ t ffl 1,,' t::. o +5tl: fl~ Fd17'J"M,t If i.&inJ, i.fliliJEJ:l ;,j: t·· 0)1Jif:@iJ{%nx: ~ fl J., 1J', .:: 0) J: 
-) ;,j:;f'11't:@iJ'ffilil ~flt::. ffi~li t\~:@ffinx:O) JM\~1.' 1,,, -) ~1=~%iJi~"t.' ifJ J.> t::. .itJ, J ~ 1 O)iJi~I:~ El l t::. o *JJM (a = 1) 0)1[; 
ff~ G ~ ,i l<>ol ~ 10- 3 1: ifJ J., 0)-(:·' J ~ 1 1: ifJ J., ffi:f'.9,x;IJ{~~-r J., U~WHi a ~ 5 X 102 1: ifJ J., 0 J: --::, t' a ~ 5 X 102 "{:O) 
J;. 7 7 7 7 )v .:J.::fc t attt l t::. 0 

Box- count ing 0)1ff.Et Jf.11,,,J.,~, shell crossing i "t: liWJ:@0)/&1],0)7-.lr - Jv, "t;>j:b1:J-'E-T Jv t l t ..!}.it::. Cantor~ 
,;s-O)f1i!:JJ,0)~51'0)~ ~ 'r T~R t l t~tzt l t::. o -=. 0)**51'0) -N; ~ ,;1: El C:1R:1JI: J: 1.:i ~31-*frH: J: IJ ~fllJ~1t-t 1.:i o shell crossing 
f~lifi/i:@7?'~~H:A 1J *11.tl'J:-) 1: ~ 1.:iO)"C", fti;J, 0)-7. Jr-Jv t l t ,i 2- 16 L :rTIIRt l t~i·tt l t::.o J:JIRl;I: Box O)~i)t 

:'.J,'~ < 7j: J., t::. ~ 1: ~ t J., ~.Mt: 'r ~ It J., t::. Ii")' 10- 1 L l.3\/JE t L., t::. 0 T ~ td:> -'E-T Jv :@:1* :r 10 1l~H!EJJJ: [R-!l.J 1.:i A '7 - )v 1: 
ifJr.i o .::.n1;1:~ 31:ff--r~l=~%tllt:i!-t:·, l -::>O)~El:J0)7-.Jr-1v1: 11,:r;J:§~-t1.:io 

-305-



~ 3 i- J!o c , shell crossing ntr-e ~ o a = 500 (J)~li*1JM~itt:-e ~ o Cantor ~,g.(7)1ft{~i" Ji L "C .t3 I',> , shell crossing 
~f&""e-~ o a= 1000 "'e- ~ ~(J)fl~,j:~ oo Lt,~ L shell crossing J:.J.~,j: Cantod'* J: t) f'l:t.,ttt.:-=ETJv(J)ft/J,-A ?"-Jv 
(J)ffl,lt,t]iv,&::ffi:~ tJ ~--:> "Cffl1if'l:Jfl i-fi '? t.:aol:, f* . .1d: Cantor •,g.(J)jfflW]ll(J~.1~ ~ - ;;..- ,;t}!ijtt "C "' < o shell crossing 
t-e-i;t~fl{Ci:IJD~ L ~t,t t., ffl~i-~nlt L "Cv' (t,t, shell crossing f&ii~~ L t.:~f{fa.l±(J)ffl]i f'l:Jfl (J)f.:ab ,: , ~~ L "C 
"' < t.:ao,:t!.lvt!. Iv c ~-~-~t,t--:> < t., tt "C"C\i' < 0 mHil~\t'A 7-Jv(J)ffll~';t*/:t c ,g.{*L, "Cv' ~, a= 5000 @~-e 
"' < --:>t,~(J)e*~4iBJJ,: J: o ffl~t,r~,&: ~tt o o fl~t,r~J&: ~ttt.: c li v':l, ~Jjf,;t o i: li ~--:> "C "' ~ v'(J)"e, ,t(J)% 
i- ~:l ~t,r t., ~HI L "C "' < o 

100 

10 

1 ----------

100'­

IO 

I ---------- -- • •-· 

0.1 .......__.___._ ............ ___.-... ......... MJ,UL..J 0.1 .......__.___.__.....---u.&LJUL........wJUIJL,......J 

-0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2 

t.O 10 

X 
(a) 

0. 1 IL.....L.Jc...........J........J.,...IIUJ....~__,_........._ia,.i 

-0.2 -0.1 0 0.1 0.2 

(cf 

t.O 10 

0.1 .......... .__._._......_._....s-.... ............ __.___ 
-0.2 -0.1 0 0.1 0.2 

X 
(b) 

10 

0.1 ..................................... ~~ 
-0.2 -0.1 0 0.1 0.2 

X 
(d) 

10 

0.1 
-0.2 -0.1 0 0.1 0.2 

X X 
(e) (f) 

FIG. 3. Time evolution of density fluctuation. (In this figure, part of model is shown.) (a)a = 500, (b)a = 1000, 
(c)a = 6000 (d)a = 10000, (e)a = 15000, (f)a = 20000 

0.8 0.8 

8 0.6 

J 
0.6 

:1 
Q 0.4 0.4 

0.2 0.2 

0 0 
500 600 700 800 900 1000 0 5000 

Scale Factor a 

FIG. 4. Fractal dimension of nonlinear structure 

10000 
Scale Factor a 

15000 20000 

-=. (1)*5:W:i- J!o c, i-f shell crossing wJli~llO~!U: J: I',) 7 7 7 ~ Jv*5ct,rm; < ~--:> "Cv' < fbH:J!;l ,0t,r, ~~t,r~~ 
-m-,:*~ v't.:abfflifti- 7 7 7 ~ Jvll(J-C:~o c Jj.~-ti: lir~Ulit,r~o c ,l,t>tto o shell crossing f&liffitbi- L ~t,r t.,~ .1.t 

-306-



,: 7 7 7 ,, )v *xt,t,a; < ~ -? -r V \ ~ ' a = 15000 J;J.~,;J: ';f ,:-~,: ~-? -r V \ Q .t '? -C: ~ Q O *JGQ) ~~ b ~Fiit ,: ,j, ~ < 
~ -::, -r '-' \ .o Q)-C:, 7 7 7 ,, Jv a>.;~ ~F~~ffl:©:t,r l±BI~ --c i., \ -o c JJ. ~ -tt -o o .: Q) ~Q) 7 7 7 -, ,i.-*5c';J: *JJM• Jl~ i;, ~ Q) 7 
7 7-, Jv*5c D = 0.868 ,:iff:i.,\-frgt c -oo t-Jt,:~PUt,tft~L t.:f&'1J~-~ffl~Q)7 7 7,, Jv*x,;J:, WWH!fll~ &;, ~ 
'1J77 7-, Jv*5ct&~T-oi1'"c~ 1t1'",;t, v\ (--::>t,'"Q)MWJ~f~-c:at$iL-rvl.oo 

£ t.:., ~l:*i~ffl:it'1J =-~ffimHfflfi: t U~t" -o o =-~ffilffllfflti e '1J~~';J: (3) '1JifJPJ, ffiM r t.: ~tM:ttt.:.=.~,: iUiiJt,t 
1ti£T .o ~*t,'" &;, *&"J .o o *M;t-c:,;J: 6 ~ 1 -c: ~ o tJJ,P.Jri:ffl;itt,t lfB~-r v' -o c ;1f .¾.., .:: Q) .t 1 ~ ffin.lQ)Jt:.(fji,'"; =.~ffi 
001fflfi:~ffai".oo.::'1J~&"J&Jf~t:>~8~)Q)=~ffl0000fi: 

e6(r) = J 8(x)8(x + r)dx (27) 

c i;t~~.o*s*~l}.¾.. .oo 
~~~U"'C'Q)ffl:©:Q)~:.(fH:it L -r, ~-t,'"; =,gf~fffllfflfi:~ ;Jtao o o shell crossing rnH&-e ~ -o a= 1000 -e,;J:, Cantor 

#!~'1J!Q.ff1JttQ)f.:. ab i: r Q)~1Ja,: i;J-L -r-_§Ji~,:~-::, t.:=.~fflmJt,qq:rriE,: ~ -o c v' 1 iif~iJt m.!Ma>.;,:J! &;, :tL .o o -f 
Q)ft,;J: Cantor •itQ)ffl.fflJttt,t~ 4 ,: Jt;j:tt -r v' < t.:. tVJ t:, =.~fflml m)ftQ) m.!Mtt,;J: J! t:> :tL ~ < ~-::, -r '-'' < o 

-f:tt -c:+1n:~ID]t,tft~ L t.:.fiQ)=.~ffilfflfffl~t~t-=T -o c, 00 3 -C:7FL t.:. J: '? ,: , .:: Q).ffiQ) A 'T-Jv P.J. r-e,iDO 
Jit,tiE'1Jffi~ ~.¾.. -o 1Jt,t~t,'"-::, t.: o IV -e:it~t.:. .t 1 ,: , 7 7 7 -, Jv~:.(fj~ L -r i.,, -o ffl:t§:Q)=,~fflOOfffllUi*Q) J: 1· ~ G&l 
~t,tij\t ~ "fl..-?i}l i;, 

e(r) ex r-(d-D) {28) 
d : 7 7 7-, Jvfflmt,tft=i'fi" o ~lffl'1Jfltffl*5c 

D : 7 7 7-, Jvffi:it'1J*5c 

.:: '1J A 'T- ,i.- ,:J:3i.,, -r ~ ~ ff1Jt,tft=1ft" -o t,'"c~ 1 iP~~t.:. o -f9IJ~-'i*M~'1J J: 1 ,: ~lffl-*x-=cr ,i, (d = 1) ,:J:3i.,,-r, ffl 
~'1J 7 7 7-, Jv*5ct,t*JJM*ll~ &;, ~ Q) 7 7 7-, Jv-*5c (D = 0.868) ~ -fQ) ii &~Lt.:. c T -o c, =.~ffilfflmJlt,i 

~(r) ex r-0.132 {29) 

c 7j: .o o *M;tQ) .:c r ,i.- Q) =.l;?>t~ r~ lfflfi:Q) 7· 7 7 i;J: oo s '1J .t 1 ,: ~ .o o 

O.lL··············I 
0.01 ..... L------1------4------+---,! 

,. 

X 

FIG. 5. 2-point correlation function of nonlinear structure (a= 10000) 
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Abstract 

We reformulate the scattering problem so that the time change of the cross section due 
to cosmic expansion can be taken into account in evaluating scattering cross section and re­
laxation time of galaxies. We calculate numerically the orbits of encounters to various sets 
of orbital parameters while specifying the initial states of the encounters: initial separation, 
impact parameter, and initial relative velocity between two galaxies. Combining the results 
of these studies, we obtain the two-body relaxation time as a function of the relative ve­
locity v0 at the initial epoch and the number density n of galaxies within proto-clusters 
of galaxies. The relaxation time is roughly the free-fall time for a small relative velocity, 
v0 $ 300 km s-1(m/1011 M0 )

113[11/(1 + z)]112 , while it is proportion~! to v0
3 for a high rela­

tive velocity. The effects of the cosmic expansion make the relaxation time longer than that 
in non-expanding systems, especially for proto-clusters of galaxies with the number density 
n < 3 x 103 Mpc3 (1011 M0 /m)[(l + z)/11]3, where m is the mass of a galaxy and z is its 
redshift. 

1. Introduction 

There have been many studies devoted to determining the relaxation time in non-expanding 
systems (Chandrasekhar 1942, Spitzer 1969, Spitzer and Hart 1971). However, they cannot 
be applied to study the relaxation time of large-scale expanding systems because the effects 
of cosmic expansion are not taken into account. The aim of this paper is to examine the 
fundamental physics of the effects of cosmic expansion on a gravitationally clustered system 
which is initially started from a random distribution of galaxies. 

A previous study on the distribution of stochastic forces during the formation of a cluster 
of galaxies (Ardi, Inagaki 1997) showed that the force from the nearest-neighbor galaxy is 
the dominant one acting on each galaxy. Therefore, in this paper we discuss the two-body 
relaxation time in the expanding universe. 

We start by studying only large-angle scattering for the following reasons. First, the equation 
of motion cannot be solved analytically, so that statistical examin~tion of the cumulative effect 
of small-angle scattering becomes more difficult in the expanding case. Second, in the non­
expanding case the relaxation time determined by large-angle scattering is longer than that 
determined by the small-angle one only by some logarithmic factors. Hence, the large-angle 
scattering does not give a very bad estimate of the relaxation time. We also know that in the 
non-expanding case, the relative importance of large-angle scattering on the relaxation time 
increases with a decrease in N. In a cluster of galaxies N ~ 103

, which is smaller than N ~ 105 

in globular clusters. Thus, neglecting small-angle scattering may not be so bad compared with 
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in the non-expanding case. Third, because expansion decreases the relative velocities between 

particles, a test particle tends to be scattered by a large-angle in the expanding case. We 

really found that some encounters form binaries, although in the non-expanding case they are 

not formed with the same collision parameters. This suggests that in the expanding case, the 

contribution of large-angle scattering on the relaxation time is higher than in the non-expanding 
case. 

2. Reformulation of the Scattering Problem 

In the case of static stellar systems, the relaxation time is represented by the mean free time 
of a typical particle (i.e. star) which is moving through the medium, and is given by 

1 
trelax = -Q , n V 

(1) 

where n, Q, and v denote the number density of the field particles, the cross section of scattering 

by a field particle, and the relative velocity between a test particle and the field particle, 
respectively. In the expanding universe, however, this formula should be modified because the 
velocity of a test particle decreases with time, even for free motion. Consequently, the scattering 
cross section changes with time. \Ve thus need to reformulate the scattering problem so that 
the effects of expansion of the medium can be taken into account in evaluating the scattering 

cross section and the relaxation time. 
In an ordinary scattering problem, the volume in which a test particle is scattered by a field 

particle is Qvt, and increases linearly with time, except for cases of extremely low velocity (free­
fall) and of short time t. In the expanding universe, however, the corresponding volume, which is 
referred to hereafter as the scattered volume Vscat, no longer has the same parameter dependence 
as that in the non-expanding case, because the velocity of the test particle approaching the 
field parti~le changes with time due to expansion of the medium (see below for more details). 
The mean free time is given by the time when the volume ½cat becomes large enough to contain 
one field particle. Determination of the scattered volume is as follows. 

V·le consider two identical point masses which move in the expanding universe under mutual 
gravitational interaction. Let re 1 , re 2 , and m denote the positions and masses of the two 
particles. The equation of motion describing the relative motion of these two particles is given 

by ( e.g. Peebles 1980) 
.. 2 a . 2Gm re (2) 
re + -re = -----, 

a a3 lrel3 

where re = re 2 - z1, G is the gravitational constant and a is the scale factor of the expansion 
of universe. We assume the matter-dominant Einstein-de Sitter universe as the model of the 

expanding universe. 
Particle 2 is initially (at t = t0 ) located at (x0 , y0 ) with velocity x = -v0 , y = 0. If it moves 

freely without feeling the gravitational force of particle 1, the solution of equation (2) is 

xr,...(t) - Xo - 3v0t0 { 1 - (~ )113
}, 

Yfree(t) - Yo, (3) 
Vx,free(t) x(t) = Vo(~ )413

, 

Vy,free(i) - y(t) = 0. 
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With the gravitational force·of the particle 1, however, the actual orbit of particle 2 deviates 
from that of the free motion described by equations (3). Once the deviation becomes large 
enough (we will give a numerical criterion below), particle 2 is called scattered and that time 

is referred to as the scattering time tsc, which is a function of xo, Yo, and Vo. 
The scattered volume ¥scat at an arbitrary time t is defined such that any particle ( with a 

given v0 ) in ¼cat is scattered in a time tsc (which depends on xo and Yo) less than t, and any 
particle outside the volume cannot be scattered in a time less than t : 

Yscat( Vo, t) = f 2 1r Yo dyo dxo, 
ltac<t 

(4) 

This volume increases with time, and the relaxation time trelax can be evaluated as the time 
when the scattered volume contains one field particle, i.e., 

n 'Vacat( Vo, trelax) = 1. 

3. Analytic Evaluation of the Scattered Volume 

3.1.High-Speed Approximation 

(5) 

Consider the orbit of particle 2 relative to particle 1. Particle 2 moves freely on a straight 
line [equations (3)] until it reaches a point (x R:: 0) very close to particle 1, and is then scattered 
instantly. Time tsc and velocity Vsc of particle 2 at this moment are given by 

(
to) t/3 1 Xo 
tsc = - 3voto ' 

and ( 
to )4/3 

Vsc = Vo - • 
tsc 

(6) 

The gravitational scattering after this moment is supposed to be the same as that of the 
Rutherford scattering. This gives an initial separation of x 0 and the largest impact parameter 
Ymax of particles which are scattered larger than 90° in angle at t = tsc as 

(7) 

Following formula ( 4), the scattered volume is 

Lt 2 dxo 41rG2m 2 

Yscat(vo, t) = 1l"Ymax(tsc) -d dtsc = 6 3 (t - to). 
to isc aoVo 

(8) 

3.2.Free-Fall Approximation 

In the expanding universe, even when the relative velocity in the comoving coordinates is 
zero, there is the Hubble recession velocity in the proper coordinates. Therefore, the free-fall 
approximation is valid only in the vicinity of the nearest field particle, where the kinetic energy 
of the recession is much smaller than the gravitational energy between two particles, 

1 . 2 1 ( 2 a0 ) 
2 

2Gm -(aoxo) = - --xo < --. 
2 2 3 to aoxo 

(9) 
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The free-fall time tff is given approximately by 

(10) 

Therefore, when the free-fall approximation is adequate, the scattered volume Vscat becomes 

( ) 
4,rx~ 64Gm 2 

Yscat Vo, t = -
3

- ~ 
3 3 ( t - to) . 

,rao 

4. Numerical Determination of Relaxation Time 

(11) 

We discuss our numerical integration of the equation of motion (2) using the fourth-order 
Runge-Kutta method with adaptive step-size control (Press et al. 1992). The initial parameters 
for calculating orbits of a test particle are three, i.e. x 0 , y0 , and v0 at t0 • First we give a value 
of vo, then thousands of pairs of (x0 , y0 ) are taken from mesh points in x-y plane and the 
integration is performed for each case. 

In our calculation, ~11 quantities were normalized by setting G = 2m = t0 = l as units of 
simulations. Assuming that the unit of time is 2.74 x 108 yr (the redshift z = 10) and a typical 
galaxy with mass m = 1011 M0 , the units of length and velocity are 40 kpc and 147 km s-1 , 

respectively. 
In order to specify numerically the condition of "strong scattering", we introduce a velocity 

deviation dv(t) and a position deviation dr(t): 

~v2 (t) 
Vfree 

~r2 (t) -
rfree 

[vx(t) - Vx,free(t)J2 + Vy(t) 2 
2 

vx,free 

[x(t) - Xfree(t)] 2 + [y(t) - Yfree(t)] 2 

2 + 2 Xfree Yrree 

where Vx,free, Xfree, and Yfree are the solutions of the free motion given by equations (3). 

(12) 

The deviations increase with time, and when both of them become as large as unity, the 
particle is regarded as scattered. Hence, the time of scattering tsc is determined by 

min [ ( ~v)(tsc), 2 ( ~r)(tsc)] = 1. (13) 

In the case of a high-speed encounter, the criterion of the velocity deviation is crucial: the 
condition dv/v = l discriminates large-angle scattering (x ~ 45°). When the velocity is small, 
on the other hand, the relative change of the velocity quickly becomes large, because of the 
small denominator [see equation (12)]. In that case the criterion of the position deviation is 
employed. Factor 2 of the position deviation in equation (13) is introduced to define the free-fall 
time as the time when the particle falls to half of the initial radius. 

Figure 1 shows three examples of orbits with the same initial velocity, v0 = 4, but with 
different initial positions (x0 , y0 ). Since orbit 1 has a small impact parameter, it is scattered by 
an angle larger than 45°. On the other hand, orbit 2 is not close enough to experience large­
angle scattering. Orbit 3 has a larger impact parameter and a larger initial separation, thus 
the particle takes longer time to reach x = 0 than do the others. Owing to cosmic expansion, 
the velocity decreases considerably with time. If there is no gravitational force of particle 1, 
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the incident particle 2 stops near x = 0, keeping y rv y0• The gravity of particle 1, however, 
attracts particle 2, and finally particle 2 is caught in a bound orbit. For this orbit, the criterion 

of the position deviation is satisfied when the particle reaches near x = 0. 
The growth of velocity and position deviations is shown, respectively, in figures 2 and 3. 

Orbit 1 reaches both l:l.v/v = 1 and 26.r/r = 1 at a very early epoch; i.e., tsc ~ 10 in our 
simulation units. At this moment the particle reaches x ~ 0 and is strongly scattered. On the 
other hand, orbit 2 never satisfies both criteria. The particle is scattered only in a small-angle, 
and then moves away in a straight line. Orbit 3 satisfies the condition l:l.v/v = 1 at t ~ 160, 
which is long before the time when the condition 2t1r/r = 1 is satisfied at t ~ 180. The reason 
why l:l.v/v = 1 is realized much earlier than 26.r/r = 1 is because as long as the gravitational 
force of particle 1 is negligible, particle 2 moves in free-motion. During that time, the velocity 
suffers the effect of cosmic expansion. The velocity of the free-motion thus tends to zero, so 
that the velocity deviation increases rapidly, although, the actual orbit of particle 2 does not 
change much from that of free-motion. 

Figure 4 shows the loci of constant scattering time on the initial separation versus the impact 
parameter plane when the relative velocity v0 is fixed. From the top to the bottom panels vo = 
1, 4, and 8. They represent, in turn, typical cases of small, medium and high relative velocities. 
In the case v0 = I [panel (a)], the initial relative velocity is small, and thus the test particles 
are 'scattered' through free-fall motion. Test particles which are initially located in negative 
separations need a longer time to be scattered than those located at positive separation. For 
example, a particle with the initial position (-1.5, 0) needs the same 'scattered' time (tsc = 
512) as that of a particle whose initial position is (5,0). This is because the test particle moves 
away from its nearest particle (particle 1) first, until it loses its relative velocity, and is then 
pulled back by the gravitational force of particle 1 through free-fall motion. From panel (b ), 
we notice that the initial velocity v0 = 4.0 is large enough for test particles with small initial 
separations and small impact parameters to be strongly scattered within a short time. We also 
notice that test particles which are initially located at negative separation do not interact with 
the nearest field particles because the initial velocity, v0 = 4.0, is large enough to escape from 
the gravitational force of their nearest particles. Panel ( c) shows that initial relative velocity v0 

= 8.0 is so large that particles are scattered before they suffer the effect of cosmic expansion. 
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Fig 4. Loci of constant scattering time in initial separation-impact parameter { x0 -yo) plane 
for (a) low (v0 =LO) (b) intermediate (v 0 =4.0) and (c) high (v0 =8.0) relative velocities. 

The time dependence of the scattering volume Yscat is presented in figure 5 for some given 
initial velocities. The numerical results of simulations agree well with those derived analytically 
in for limiting cases: for an extremely high relative velocity, Yscat ex: t, and Yscat ex: t2 for free-fall 
motion. When v0 is small, Vscat grows as Yscat oc t2

• This is because for small t the particles 
contributing to Yscat are only those with small x0 and they make free-falls. The scattering 
volume increases with time, but the rate of increase decreases for large t, which is especially 
prominent in cases of small v0 • This is an effect of expansion of the universe and can be 
understood as follows. Ast increases, the contribution of particles with large separation on the 
scattering volume Yscat increases. Owing to the effects of expansion, however, the approaches of 
such test particles toward the nearest field particle are delayed. It takes a very long time before 
the test particle approaches the nearest field particle in the comoving coordinates. This leads 
to a decrease in the increasing rate of Yscat· This trend begins to appear at an earlier epoch 
when Vo is small. For a comparison, the Vscat-t relations in non-expanding cases are shown by 
the parallel dotted lines. 
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Fig 5. Scattered volume as a function of time for various relative velocities. The dotted line 
on the most upper-left side is the analytical results obtained under the approximation of free­
fall motion. Other dotted lines show the scattered volume calculated in the non-expanding 
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systems. 

By using the results shown in figure 5, we derive the relation between the relaxation time 
and the relative velocities for various number densities. The results are shown in figure 6. The 

lowest line is produced for the highest number density n = 6.4, followed upward by the number 
densities, decreasing by factor 0.25 in turn. For low relative velocities, v0 . ::5; 2, the relaxation 
time is roughly equal to the free-fall time. The free-fall time, which is on the order of the 
dynamical time of the system, can be expressed as ttr R:: 0.4n-1!2 when n > O.l. As the velocity 

becomes higher, the relaxation time grows as trelax R:: 0.064vln-1 • Here, the relaxation time 
behaves the same as in a non-expanding system. 

We should pay attention to the fact that the increase in the relaxation time along with a 
decrease in the number density is especially prominent when the number density is low, say 
n ::5; 0.1. This can be explained as follows. Following the equation of motion (2), the condition 
when the kinetic energy of the expansion is much greater than the gravitational energy between 

two particles is 
3 9Gmt5 

Xo > 3 
ao 

(14) 

This is the opposite condition of the free-fall approximation. The above mean separation gives 
the number density n < 0.2. Therefore, effect of expansion becomes dominant when n < 0.2 in 
our simulation unit or n < 3 x 103 Mpc-3 (1011 M0 /m) [(1 + z)/11]3. Here, m is the mass of 
a galaxy and z is it.s redshift. 
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Fig 6. Relation between relaxation time and relative velocity for vario1_1s number densities. 

From upper to lower curves, the number density in adjacent curves increases by factor 4. 
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5. Discussion and Conclusions 

The effects of expansion are clearly shown especially when the relative velocities are small: 

the increase of Yscat with t is suppressed. As t increases, particles with a large separation 
contribute to Vscat, but approaches of such particles to a field particle are decelerat~d by the 

cosmic expansion, leading to a slow increase in Yscat· 
We find that for low relative velocities v0 ~ 300 km s-1(m/1O11 M0)113[11/(1 + z)]112 and for 

a high number density, n > 3 x 103 Mpc-3 (1011 M0 / m) [(1 + z)/11]3, the relaxation time can 
be regarded as the free-fall time and is independent of vo, The free-fall time, which is shorter 

than the age of the universe, can be expressed as 

(
3 x l03MpC3)1/2(l011M0)1/2( 11 )3/2 

tff = 0.11 Gyr ----- --- -1 + · n m z 
(15) 

As the relative velocity becomes higher, the relaxation time increases as trelax ~ 0.064vo3n-1
, 

which is the same as in the non-expanding case. We compare this, for example, with the 
relaxation time determined by Spitzer and Hart (1971). When N = 100, it leads to trelax = 
O.O7Ova3n-1. 

In usual Rutherford scattering, the relaxation time is in proportion to n-1 , where n is the 
number density of the field particles. In this paper, however, we find that the relaxation time 
in the expanding universe increases along with a decrease in n with a higher power than n-1 

when n < 3 x 103 Mpc-3 (1011 M0 /m) [(1 + z)/11]3. This means that the relaxation time 
becomes longer for a system of particles with a large mean separation. 

Let us apply our results to proto-clusters of galaxies at a redshift of z ~ 10, as an example. A 
present typical rich cluster has a central number density of 103 Mpc3. Thus, the proto-cluster 
of galaxies may have a number density 8-times smaller at the begining and n ~ 125 Mpc3 • 

Assuming that the model of our universe is the Einstein-de Sitter one, and taking the age of 
the universe tage to be 1O10yr (Peebles et.al. 1989), we have the unit of time t0 = 2.74 x 108 yr 

as the age of the universe at z = 10. Substituting the values of the gravitational constant and 
the mass of galaxies, we find that the units of length and velocity are 40 kpc and 14 7 km s-1, 

respectively. The number density of the galaxies is about 0.008 in our simulation units. 
Since it is difficult to predict the typical relative velocity between galaxies in a pre-collapsing 

cluster both observationally and theoretically, we employ, as a typical value of the large-scale 
velocity field, 600 km s-1 {see Bahcall et al. 1994), which is about 4.0 in our simulation units, 
as the highest extreme case. In this case, the effect of expansion is noticeable if the density 
of the sytems is much smaller than 0.2 (see figure 7), and for a number density of 0.008 the 
relaxation time in the expanding universe is one magnitude longer than that in the case of the 
expansion being neglected. Therefore, the cosmic expansion delays the relaxation very much. 
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Fig 7. Relation between relaxation time and number density for an intermediate relative 
velocity v0 = 4. For comparison, the results in the non-expanding case is shown by dashed 
curve. 

A realistic local velocity dispersion is probably smaller than the above velocity. If the velocity 
is less than 150 km s-1 , which means that it is less than 1.0 in the simulation units, our results in 
figure 6 show that the relaxation time for the system can be regarded as the free-fall time. The 
free-fall time in a non-expanding universe can be evaluated as 0.54 Gyr. Hence, the system 
could relax during the collapse of the cluster. On the other hand, the free-fall time in the 
expanding universe is found about 12 Gyr from figure 6. Therefore, the cosmic expansion is 
crucial for the relaxation of rich clusters in the early epoch. If we consider poorer clusters, the 
effect of cosmic expansion becomes bigger. 
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Barnes-Hut (BH) treecode and Fast multipole method (FMM) are algorithms which can 
calculate the gravitational interaction between N particles in O(N log N) or O(N) time. 
Both methods were proposed in 1980s and the treecode has become commonly used in 
cosomlogical simulations and simulations of galactic dynamics, where required accracy was 
low. For simulations which require high accuracy, however, the treecode has not been used 
because the implementation of high-order treecode is complex and calculation cost is high. 

In this paper, we describe a new approach to implement high-order treecode and FMM, 
which we call Pseudoparticle Multipole Method (P2M2). In this method, we represent the 
multipole expansion back again by particles. As a result, the translation formulae for expan­
sion coefficients are greatly simplified. Moreover, with this new method we can use GRAPE 
to accelerate the evaluation of the multipole expansion. Compat,ed to the program on a 
workstation, the P2M2 treecode with GRAPE can achieve up to 100 times speedup. 
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p = 1 L -IJ),tlk;t ~ "'o .: O)f.: B'J t:, ffl/f a-~ if o 0) i±mil--r-~-:> t.: :b ,t"r' ~ Q o 

1ilj*O)JJi a-flk 10) ,: GRAPE a-151! 1 :nrJH± ~\,,li}\ c ~ ;l Q c, r tbitli~lffl a-tL-r~~JJ!T Q J 
c "' '? .: c -1Jt-z;- ~ tt ,! J: "'o i c 1b c tbffi:ffi!UJH±~~,O)fJL.'.ft}*1 O)f'J: ¢ti~ ilr1t,J. Lt v\ ¢ :b tt t.: 
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1)\ ; .. ~ ~H: m -f- ( J,J r.. .:: t t> t * ~ (7) f1 r c IB]JIJ-t o t.:. cYJ ,: ~ fJ;U1 r c nt ~) t i, < .:: c --c: ~ :i: 
ffililffl t ~JJ! L ,j: J3-t c "' '? .:: c ,± IJUl.e<J t: ,± nTfi~ ~ ,±-f'-Z: i:b o o .:: (7) ~ ,: .. jc(J) f1-=f J: tJ b ~ ~ ", 
ft"t"'(7)~ffJ.f1-r1: .. i:b o *ti i --r-i±Jf;(J)f.ilr c JP] t: ~ ffi:~!Uffl t~t.:.--tt o.:: c t,tt±Hf~:n,! .. if.> c i±-t 

:rtt>(7)~,fJ.JJ1-=fiJq:>(7):ffi:1J ttt:iffi(7)11-f-c lliJ t: J: 1 t:fiUf-t o.:: c-r:--:; 1J -itiJt~}Jl"t"' ~ o.:: c i:~ 
oo 

:i: 1J (7) tJl;~.. " ' < -'_) -/J\ (7) fl -=f-(7) !IA.,' i p = l i 1: J.i fffl t,r ~ -:> c " , '? ~ P* -z: -t (7) J: -:, ,j: fil -f-(7) !3 ~ n 
(l)f§tl ,: 7j: 0 -c" \ 0 0 

* ,: 4 m ~Jl ~ ~ ;t -c J.J. ~ 0 ffiA., lliJl'J (7) 4 lfi>tllJl ~ - ;( / r T / 'J Jldi r V - A V A ~ (7) --r-.. MPJ 
1t-t:n,!!'R.3t ~ ~*'i 211--C: if.> o o §"v,m.:t tt,!, ~fJJJ1r,±~-$11J c ~=$11J(J)~j o ~ffiLtJ:!3 ttfi' 
J: <, 3 fffl(J)~~:l:(J)lt=ft 2 t/f.ill 3 jij~,:i, <.:: c 1:1: 41B:l!JJt,±~~lfB*oo 

b 0 c iflj* (J)ti,;{t-Z: b , .:: (7) J: '? t:fk-1-f!i~ii ~ tf4nx:-t ~ (7) b mtJ!l'J<J t: i± nTfi~ ~ Lt-f' t! i,{, Lt,\ L, 
*It 'i-if.> tf-C "' < c ~¥ < x:: ~ nf.btt,r t~ Iv c~ Iv~~.:: L < ~ o L, t! Iv t! Iv c~ '? ~ 0 -Cj\ t .3t-C ttfi' 
", ", t,\ t & < n tp ~ 7j: < ~ o < n iP o A,± Rk ~r ~ 0 --c J.J. -c ~ L ",) o fJE 0 -c , J..:J. r -z: , i t 1 t J: 0 c 
1cm[~ 7 7°0- -f-'i-:ll .:t O 0 

*!Jai ~ tJ t.:. v'.:: c (i ~ Iv "t"' if.> 0 t.:. iJ" c v, 1 c, ~.m:~J.irffl(J),f;t;fii,{~fft-=[-(7)7}:;fp c t/f. L < ,j: o J: -:, 

~~,fJ.;JJ1-=fQ)'lt1'1 t Jl-'_) it t!-t C \.,' '? .:: C: 1: if)~ 0 .:: .:: 1:' ~ftUftr t !3 < m:t1 t };jffij J:,: ~R 0 -c L 
i-:> t, IUW..fJLrQ)n(J)7t1fj(J)~:f!fiiilitffl ,±, t t-? lv~1tJ..fJL-=f(7)i(:IH};;fp(J)J,jffijltffijfD!fflttlifffli:-(7) 
t (7)"'('-if.> o tp e;, .. ~IJ ,: .:: 1 '-'' 1 f#IJ~R t ...-_J ,t -ct ifftJ..tJL:r·(J)J.3 ~ 1i t ~i:> o.:: c tif~~ t L --cnr,m-r: if.> 
o o b t -? A.,, 1~ ffi: (7) 13 El3 Ji (7) -:> t (l) l ...-_J t fl L --C v , o (l) 1:, i:- (l) 1;} t.:. < ~ Iv tft-=f-i,{ v' o .:: t t: ~ o 
t,r, c tJ i:b .:t -f' x L t.:. rrU! 1: l ;t ~ v , t 1~ t: J: -:> o .: (l) ~ t: , ± , *lf m3 J;Jt ffii ~ fa I~ ttl.i rffl (7) ~ ~ ffi: --c: I;lt mi 
J: (l) fl I: 7t :mi,{ ;Jt i tJ , i:- n t if! ~H: PIUi A9 ~ ~ -~ -r: i6: ffJ. -t o .:: c: -z: ~ ffJ.t1-=f t i~ cYJ o t " ' '? .: c , : 
~oo 

~ l, f~~ C L l rnnl! l"' if.> 0 (l) ,±, t~ 'J ~ 0 l J;jfiffi J:J: ft °T ~ j:3 < 1.P "'(:' if.> 0 o _: :rL tt, L "'(:' * i 0 

t.:. f;Jt ffii J: Q) ~ I: Jt ;ffi Q) , ~ Iv t;, ir- (l) ~ P-*---C: (l) ft fl ilr ft). --C: if.> o J: '? ~ b (l) 'i- ;ff ~R fffl (l) t1 r "t"' &JJ! T o t 
v , '? Pnn!i t: ,j: o o .:: .:: -r: il: %t. L -c W( L " , (l) , ± , tfl -f- - 0 (l) ~ :i: I!~ r,M , i 1~ ffit t: ~-t L --C , i ~I: *i ~ ~ 00 ti 
-z: ~ o t,r, ~ ii i: ~-j L -c , HU~~ f MJ tl --r· ~ o .: c -r: c:b o o fJE 0 --c, 1~ Mt ~ 1515£ L --c ~ .m. t.: t t t ~ .:t o 
J: 1 t: L --c, p2 1ffl (l)fJL-r t ~~ t: J:3 v, --c ~:lit! ,t t ~ .:t --c ~ o .:: c -e, £,-r p2 1ffl (l) J.ilfflf,-f;fi(l){if[ t 
1:tb--tto.: c t,rtJ:BI~~ li-f'-Z:i:boo 

t,r, ff} t ~ v, --c~ .:t -c J.J. o c .:: ttii i t.:v, 7:) 1.-, 0 ufiff!J i:-1 --c: ~ o o Ilf-jf.Q)JllfHJriJ{, i -rJ.ifffl-f*~ t 
;JtcYJ-ct,-.;, i:°(7)/.tUJJHitttt~t.:.-t J: 11jJUii:1;}1ff'i-iJtcYJo c '-''-:>.: c t:~oo {> t-?!vft~~(l)~fjf. 
1:li,W ( x:: ~ fJUfi nfi~(7)1*tt(± v \-'_) b In] t: f.t (l) 1:, LU Jt~ft L -C !3 ( 1.PJ2!fi9°U t ;RcYJ-C !3 v' --C, i:­

ttt,\ ~ ~tjt:-t ttli'-rir.~,i 1.,,1.,,.:: c 1: ~ o o .:: .: "t"' ,i, .~(l)ttt,r~ .:to.:: c Ii~ i l'J 'Ai: L ,j: v'l"'~j\ 
ft~7°o ~7 A i)tfffi]P-.i: ~ Z> JJ(nl-Z:~· ;too 

~AB~,: Ii, -to x:: ~ .: c Ii ~f.il 1-7};ffi t ~ fil!JlUffl L, i:-Q)f*'tt t ~LiUmWUll mt ttJ.ilffl L --C foc~ 
f~-=f(l)Jliit:m-t c "'-:,.: c --C:i:boo {li:mf1-=f(l)ttt,r~mH:~i.,,ji~~~R"t"'tt, JiAB~H:li~~~(l) 
Al±titJ --c,mw.-z: 

00 l 
~ ~ my*-ni 

P = LJ LJ 0:1 l (5) 
l=Om=-l 

cffl:,too .: .: -z: o1 ,if!ffiif1fi\JfDr~ttJ.tlfffl(l),f;t;fx:1:a; tJ, mttt ~m(O,</>) lif*iiiiffllffl!fflfx:--C:i:boo M 
1iu: t.t 1a> (l) 1;U-JtiiLt -r:~miilfAlffl m1tttJ{7i:~IE1i@:~* ~ ft 0 --c v, o t,\ ~ -c-if) o o 1=1 ~111 (l) foc~;f-1-=f---c: 
""9 i T ~ b , b l., b "t:" (7) L l"' .fj ffiiwHn r~ fl 'S:- fl Ii* tt-r:-llJ 0 t.:. b (l) i,fm[ ~* 'i- 7j: l., l \., \ fL 'f, L (1) j\ 

c * ~ l'J<J t: IP} t: fm -!ii ,j: ~ffi:At,r0 t,\ .:t o .: t t: ~ o o 
P * t --C:Q)f!iffiiffiJfD oottt,r;ff mHm (l) 1oc~Jft-,-(l) •;. tJ{f'J: o ~rJJ (l) J: --c:m:~* t ~ -t t.:.i:> ,: 1i, i:-(7) 

~00 (l) ~ i,\--C:l*Jffiil$f t,r~~ ~ tL --c i:- tt1Jrm[~·lt 'S:-it4t.:. L --C v' n,t J: v'o i:- (l) t.:. tJ ,: ii, *a ffli 2p * 
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O)j,lj5:tO)ff~h)tJJffH.: ;JtB'J t., tt.tt.,i' J: "'o ~O) J: ") i.:1&mtt-=f ~ti< 7Jri,:t "' 7:> "' 7:> ~ f'J x. "C, fJll 
x. lf 8 jjftiJ ,;1: p ~Jv ~ -r :;., 1' .. Jvj,lj5:t0)*,¢.i: ,.: 11 ~, </> jjftiJ,i 2p + 1 11 ~~IBJIJH.: fflt < c "' 1 1b 0) 

-e 1b ~m-e ~ o o -/Jf, ~ O)fi,g., 1&mt:tff0)1ih.0,t-1Jf 8 0)-fl«,.: J:-? "C~vo o 
b '? -t ~ Li L f.liR ~ jj'lj: f.l \,\i}\ C ,w, '? vitt.:-/Jt, ~ tt.li~,;t~J:'iit,.: =:;rt,\ t., ut••fPJ~O)l! '? "r'ffl 

,e-/Jt~ "J, spherical designs c '-'''? ~frJ"r'~t.:>tl."C\.t'oo ~tt.,;ti ~ ,.:~k-/Jf1l,~~ L "C\.t'o, 

• ~ o *Iii -e 0) j, JJtst 0) J;Jtiffi J: 0) ffl7l-~ JJUW i: l} x. o o 

• ltffilf J}-0) :ffl: h. t,t-t ~ "C 0) ,¢.i: -e~ L "' 

c "' ") tt~ ~ fr&jt.:-t i O)"t: ~ o o "? i tJ , t *O) spherical design c '-'' ") 0) ,;tft~A{J ,: liP...l r 0) J: '? 
,:~• ~ tt.o o 

!ii1li:~iffi S J:(l)m~.¢.i: ri(l ~ i ~ K) O)#!it"r'... t *J,l r 0)1f ~O)~ljj\ g( r) ,.:j,J- L "C 

f 4,r K 
J~ g(r)ds = ]( ~g(r) 

S i=1 

(6) 

-/Jff£. tJ "JI.-:) J: "J t.l i 0) 0 

~ n,: lii!r AB9f.lffl,e [10] c, fti!r ,.: t.t-? tnF*HU.:JHilli L f.l .a Lt.: 1b 0) [6] -/Jf~-? t, ;a=-=f*1i*-/Jt 
ii'? -/Jf 20 *ff/JfO) b 0) i "t:;ltB'J i:, tL "(\.,\ 0 0 it.:, mffltili~O) b O)l;t WWW J:2 ,:~rm ~ tL "( "'O 

O)"t:, 7 7 11v i.:1&-t0),i~F1ti.: M¥-r-~ o o *lt p t,t,J, ~ "'~'.: ,:t, :iE~iffi'f*O)Jlt¢.i: t "'-? t.: 1b (J) 

,: t.l-? t "' o iJt, ~tt.PJJ: "r' ,;1:£*09 t: ,:t-Wffi1£jj~O)ffl,ft-tt t "'-? t.: 7Jti"r'tf/Jlvt ~ tt "C"' o o ,ra. 0) 

ltli*aJai Jv ~ -r:;., r Jv~JJiA~-N! 1 ti-ft c ~ i tJ ~b t., f.t1.,,,-1Jt, lt11Uf1t0)1i:h.-/Jt-t~"C O),~-e~ L 

"' t.: 8'J i: 7' a ~ 7 A -!Jtfffl lt1 "r'l!c1itIB9 ,: 1b tt•-/Jt J: '-' 'o 
~ "C, spherical design ~ff")~ c i.:iJcB'Jo c, *1i1ai~f1l-=f-/J\ t.:>-timt1l-=f-"'O)~~';tJ:Xf(J) J: ") t: 

!tjt:--r- ~ o ~ c i.: t.l o o 

i i\ J;Jtiffi jj ta ml ltnl M O)ffi ~ a i l ;t , 

N 

at = E mir~Yi-m<oi, <l>i) (7) 
i=l 

"t"l}x. t.:>ttoo ~ ~ 1: mi litt-=f i O)J(ii:1:~ "J, (ri,Bi,</>i) li~(J){li:flO)fi~ffi~~'t"~oo mltt 
Yr ( 8, </>) li f;JriffillUD 00 fi:1: ~ f'J , 

y;m = (-l)m 21 + 1 (l - lml)! nm( ()) imq, 
l 4,r (l + lml)!r1 cos e (8) 

"t:l}x.t.:>:tL¢o ~~1:' Pt liJv~-r:;.t r"Jv~fffll!t:1:"~¢0 ~ttcfalt:§lrfflffil!c~ib-?¥-tf a O)J;Jnfff 
J: 1:0)i'f:m:Jtiffi" p( 8, </>) li 

a)"= fsp(fJ,<f,)Y,-m(fJ,<f,)dS, 

~ijgt.:-t1l,~iJ{~ ¢ 0 ~iffiitffil®fffltt(J)fR3Cfii,\ t.,, ~ (J)j{i:l:Jtiffl p l;t 

00 l 

P = E L ajY*,m 
l=O m=-l 

(9) 

(10) 

1:'l}x. t;, fl¢~ c i.: t.t o o ~ ~ 't"fil7t~:9cti '/:.~(I) K iJ(J)-focffl*fl-=f J: 1:0)ft{tUiU}'t"tl ~ W!;<. tt,!, 
1&m*lt-=r i (I) Jc :li-tJt 

l p l 

fflj = 4,r K L L ajY*,m 
l=O m=-l 

(11) 

2http://vvv.research.att.com/,..,njas/sphdesigns/index.html 
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-e~t.:x. i:dtQ ~ c i.:t.tQo ~ ~ -e .. ~lfflt,{ p :j("efT-1:>ID;tt"Cv'Q ~ c i:tl:t:L "Cii Lv'
0 

~ "C.. ~ tt "e1l-~f.t~#Hil}x.; ttt.:t,f,. v' -1:> v' tffitt~>Jtcf') "CtJ\; i-tt~ t 1 -ffil~~;- Q O),;t 
~ L < f.tv'o ~~-=fO).itt,\; ia:fl-1&~*1£-=fO)J{:l:~;JtN')Q ~ c ~~x. "C JJ.o c .. ~ tt,;t i, l, m 0) 3 
11:0)~llH: f.t--:, "C-~BUitJf:k~t.t J: '? t.t~t,r;-- Q o Lt,, L .. ~'i=1fJ Mlt c iaJ~i:l;JUffiwUDMfti.: 
b1JD~~J.! 

41r l 
P1 ( cos 'i') = 

21 
+ l I: Yr ( (}, </>) Y,-m ( fJ', <jl) ( 12) 

m=-l 

cv''? bO)tJf~"J [~~-e, ,infAJ(fJ,</>) c (fJ',<l>')O)fflJO)fiJJl], ~tt~~x.,tm i:0v,"CO)ffiliiij 
X. "( .. *6Nu 

(13) 

c v, 1 ~ c t: f.t o o 

~ ~ "etl:i": L "C ,i L "' ~ c ,;1:.. A (13) tt ~*1z-=f t,,; focmtilr""-0)~~ t.: £t 1: f.t < , 'J ') - 0) J:.O) 
v~,i, ,:_tt,{--:, "C "' < flimtil-=ft,,; -toc~*ilr-"O)~#H.: b 1a1~i:1tx. '°' ~ c -r:~ '°' o 0 i "J .. :tt (13) 
1:1l-~f.t~~';t;-x:: "C ~~ ~ tL "C '-'' o ~ c -r: ~ o o b '? U- c 01t~ t.t ~ c ,;t, l O)~ffiO)=ttli*arni 
ri/r c cos, 0) l :j(~JJi~f.tO)"t"', i c b ,:Bt.Ttt,f 0(12), iffi1t~~1tx.,! O(l), IRJtifi:fJ:.l 
~Jl:tt~~lf L "C:J3£t,f 0(1) -eat•--r- ~ o c v' '? ~ c "t:~oo 

t.t :Jo, 'J 1J -~O)ijj~l.: ,;1: ~ tt "t"'i5(;t* "J 1:iJ;J tJ .. ~ c (;t--l! 11,,t,,; ~tL-=f-"O)J.1 ~at•-t o c ~ i: 
~W.*1£-=f t,\; O)jJ O)ffi c L "Cet•-t o c '-"' 1 t.:£t -e ~ o o t'f--:, "C, fiE*O) 'J 1J -~,: v-rt,, f.t=J=-mt L 
~;- o t.:it--r-1£•:j(ttO) b O)t,ff'l:ttoo 

FMM[4, 5] i: "?v'"C 1h !aJf;lt.t ~ct,{~ x.; tto t,t, ~ ~ -e,;t~IB&T o o -f O)Jl[IH;t, ~1£ i -ei: 
~~~ ttt.:ii c Iv c~O)~Jt"t"' .. itt.fflf.ft,tiaJ;filt~; ,t'J 1J -~O)ii '? t,{ FMM J: "J 1h ~ .. ,::i!'-'' c 
\,,' '? *s*tJ{lF ~ *1 "C \,,' 0 f:_ cV) '1: iJ;J O [3]o 

'J ') - (iat•il:t,t O(N log N) 1: FMM ,;1: O(N) f.tO)f_:t,,;, FMM 0) ii'? t,t~.f '? t.t b 0)'1:~ 

o t,t, ~~ i: ,;ti- 1 ,;t t.t; t.t '-''o ~ ~ -r- ,;t ~ O)JlEIH: ~A tJ ,;1: L t.t t.,,t,t.. trti 1ii i.: '-'' 1 c 'J 1J - -r-,;1: ~ 
ii~ ~~frlfiT o c ~ 7::> t.:£t"t:~£t,r).. o (7) ,.:~,t L, FMM -r-,;t~11:ti~~~ ffiiji}j-~#H:~ffi. L "C .. ~ 
; ,.: i-ttlifb L "Cc v' 1 k 1 i:~l{it,{!it x... i-tt-f'tl.O)~l{i-r-wt£t,t A--::> "C < o t.: cf') 1: ~ o o 

_t0)~~1ti.:£--::5v't.: P2M2 ~ FORTRAN "et!ft,,ttt.: 'J 1J -~i.:*-6.JJ.:ib/v't"' .. Bt1i'*ffll, aUf 
fl Ji (J) ~fiffi ~ fr f.t --:, "C Ji. t.: o i i\ tfL.ffl A :-11 7 -Jt~-1: (J) *a*~ lF L.. :j( i: G RAPE-4 1: (J) *6 * 
~lFTo 

4.1 5.R.ffiitWfl~O)~:I: 

oo 2i.:~:ibJJ.'1 8 c 3t#~£0)mJffi ~lFT o ~ ~ -r-,;tat-~£,i1Ja~/.l(J)ffl:,t-t~£(7) 2 *-¥J!J c L 
"C~• ~ tto o ~ tt,;t ~fflJftH·}O)fflJl ,: ,;1: ~;fl-? t.tt,r; t.t '-'' c v' '? i!'*"e~ i tJ J: v'iii-r-,;t f.t v,t,r, 
,f&O)j, < (J)~Jt--C- ~ ttt,t b -1:> v'; tt "Cv' o 0)1: ~ ~ -e,±i-tti.:tt '? o t1-=f7}4'JH;t3*0) f.t t,,0)-·f;l)}i(p 
-r: .. tt-1-tti:1 262,144 -r-~ o o 
~ 2t,\; t;t,,o J: 1 ,: .. :j(fi:t,tjijv,ti t~ntffflJt,;t_tt,too BUU1ff.f(J)Jl:i6:JJ.jtj-"(J)~ffttl;tjc~ 

re,:\.,\--:,"( e roJ lJP+t.5 O)l.i/l ,.: t.,: Jo, 0 ~t•• C ~:ibJJ.'10) Mffi ~~Lt.: b 0)1){00 3't"'.. '-'' '? i ~ b t.,: 
< 8 t,t,J, ~ "''i c\ i t.::j(ftt,tjijv' ii c~Jt#iil±iit x. o o ~ :J3.. .: ~ -r-tt•:IU: L "C\tf v' "C '-'' o 0) ,;t 
tt#~rdJ-ec;t ~ < .. ~ otf:-=ft,rt., ~~,t"C "' o*-'1:-=f <~ti-=r c ~iW-til-=f ~ ~ t>-tt"C) O)fflfi:O)~~flti 

--r"~oo 
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10-2 

10-3 

10-4 

10-5 

(.\) 10-6 

10-7 

10-8 

10-9 

10-10 -

10
3 

3xl0
3 

00 4: P2M2 ii"t"O)jtjUi C jfif*j1lJlO)fffl~o ~-- ~;.., 7FJl,,O)~'*tiOO 2 C (ii] t.o 

~ --r .. 9G ~.::i?ti~t.: J: 1 ~.: .. 1l·~ t.tat•fff Jl ~ i*ct> n,tm:~ t.t <at•:S: ~ l1VM.:-t '°) -:ktt c .J!:rbih­
JfJ 0)*1I.-ft-ttiJfff;{f L --r"" -:di'"f-r-;P; o o -: n,;1:, et$):ii c iUUff Jf O)fffl~ ~ .J!n,tvtJ~o 0) -r- .. -f ti 
~ooi.:Lt.:tO)iJf004"t"iP;oo ~~-toit•ffJl~..tJf"Cv"( c, tii:ifM-:kft,;1:J:t,t-::>--Cv"(-:ciJ{tJ 
iJ\oo :im,: .. .J!:rbih-frJ ,;1:i~Uf-~O) ii "t";P; o-: c ~:tl::1: L "CW( Lv"o 

t.tJ:3, P = 1 O)t1;,g-,;1: ¥ -1 *'- Jv-£ -r-£<m ~ n "C'-'"o-: c ,.: t.t tJ .. -: n,;1:~*0)-;; 1; -rt-r-,;1::m:,i: ... 
t.: ~t ~ {Y!-::> "C"" o tl115" i.: ffHM Too tltjiii ti ~f!J.t1-1- ~ 4 001l·~ c -tot.: cY> ,.: 4 1-& c t.t-? "C "' "C, -: 
O):tJ}{s-~ .. -f0)-:9(0) p = 2 O)#j;{t (~1PJ.f1-1-1211MiJt1Z,~) i.:-::>v"--r,±, iJifflat•fflt-r-et•-t-oiJ\~· 
tJ rfE*O)o/ 1J-1*i.:Jt~"(\.,\\.,\-: C ,±t.tv"o 

4.2 GRAPE-4 ~O)~~ 

GRAPE :a:1t '? tl;{s-O)n• :i - "_. 1b .. fjf*O) 1b 0) :a:1,- L,.f-it[ L-T Q t.:it-r-mnx:--r- ~ 0 0 GRAPE 
~1t 1 tJl{s-0)£*09 t.t~ it.,±.. * A r -c-- -y 1J - ~ t.: c"-? --r"" < 0) ~ if;; o 1,. Jv- -:1,:i-t L --err t.t '-'', -f 
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~F-~ Schrodinger /Jfiit~:MT ~ symplectic fiffi1!¥1! 
Symplectic Integrators for Nonlinear Schrodinger Equation 

:gEB 1'1c (~1l.~Jta), {ir:4 JvZIE ( B *rn{-=f1Jflff~p)j-) 
H. Yoshida {NAOJ) and N. Sasa {JAERI CCSE) 

1 

~!=-% Schrodinger 1.fllht {NLS) c tt 2 ~~ 
Q)jW• u = u(x, t) ,:MT Q 

~Ji:-~tLQ. Jl=-~Schrodinger1.fff~ {1) ,± 
JJ]"fftJt* ~ ~ tJ, t = 0 ~Q)fJJMfl§ u(x, 0) iJUf 

x. t., tLt::.~, ff:,l.~~j~(J)jgl u = u(x, t) i}t I ml 
~09J t:tif!¥Jr09,:;Jti Q. LiJ~ L 'J 1J t- :.,,fW 

{l) (7) J: 1 ~ !W~MW.91-~ ,± ~ i tJ ~ffl ,: ,± ~ t., ~ 
"' t \.,\ 1 =3l~iJ{~ o. -1,f~ff{k Q)~t,,J;i$Jfli,t 
~ Q ~ t iJ~ t.,, ~F-fi Schrodinger 1.ftt~,:M 
L --c ~ < (J)l(Mfft;t*iJtfffi~~ tt~ffl ~ tL --c ~ t::.. 

f§IJ x. ii [6) ~ ~Jm-tt J:. 

(J)fi(J)ffl.~1.fft~~~Q. ~Q)~-% 
Schrodinger 1.f ft~ tt~~R*jc(J) Hamilton * c 
fff'1{ ~ tt, ~ t., ,:PTfft~*~~ Q ~ t iJf¾J t., tL 
--Cv'Q. it::.~< (J)~~:3l1l~ac.mT Q ~ t t 
~t.,tt--Cv'Q. 1§1J;Ui[l] ~~!ffl-ttJ:. ~~~PT 
flt~t,± 

• N-soliton f!¥i}tffl±T Q 

mt ~R* JC (7) Hamilton * i: :J3 v' --C ,± i t!. mt v' J: 
1 ~~ o. ~~~Hamilton* c L--CQ)Ji:~1t 
t;t1, ~ Jv 1-- =- 7:.,, 

H = -if (lu2 12 
- lul4)dx 

= -if (u2 u: - (uu*)2)dx 

tJ~ t., Hamilton 1.f ff~ 

£,H * E,H 
Ut = bu* ' ut = - bu (2) 

c L --C (1) iJf$t:11 ~ tLo ~ t ~ ff:'*i" o. ~ ~ 
TE%~~fi~tt-~T, -ft(J)fi~aI= 

J f (u, Uz, Uzz, •• • )dx ,:ML --C 

E, I _ of _ d ( fJ f ) + d
2 

( of ) 
6u - OU dx OU:,: dx2 OUzz • • • 

*ffl~,±Jl=•fi Schrodinger 1.ftt~ (1) t:M 
-to•~~••m~tL--cw.a~t.,~t.,tt--c~ 
t::. split-step Fourier ~t,t Hamilton *~:MT o 
symplectic ( "1/ :.,, 7 v 7 T 1 'Y 7 ) Mi*,: 1& ~ t., 
~v'~ t ~~ L, ~ t., ,: symplectic f!R~t:--::>v' 
"'C(J)refffQ)~iiii,~t_, J: tJ •* (jijffjJt) (7) split­
step Fourier 7*t,tfjij!jii:1tnx:~ ~ o ~ c ~~T. 
~ tL t., ,± t,,-f tL b ••m~ t L --c ti~egfW~~ 
~ Q. ~ L --Clifi,:~~(J)ttffi1§1J ~ 1 1/ 1J t- :.,, , 

2 Split-step Fourier ~ 

~l=*'ilfi Schroclinger 1.ftt~ {1) ~ ~ < 1, ~ Jv 
t-=-7/~ 

H=H1 +H2, 

H1 = -if luz l2dx, H2 = i / lul4dx 

t ~MT o. ~k (7)1, ~ Jv 1-- =- 7:.,, iJ~ t., ~iJ~tt 
o Hamilton 1.f@~ {2) ,i~tLi-1'tL 

(i) iut + Uzz = 0 (3) 

(ii) iut + 2lul2u = 0 (4) 
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--c: ii) o . ~ 1 0) n ff A,± 1rni(J) m fin-- nttA--c: 
iP;, ~ Fourier ~~ ~ :M1rt .: c ,: J: -? -C fif 1fi ,: M 
< .: c -/J{--c: ~ o. ~ 2 (l)nfiA,i'M°~n--nfiA 
--c:.: tL ~ fmliit:Mtt o. (3) O)fff ,±~~~~O)t#! 
'5", u(x, t) 0) Fourier ~~u(k, t) ~ 

u(x, t) = j it(k, t) exp(ikx)dk 

--c:5Efi-tntf'u(k, t) O)iiMJt:.-t'it1Wfn--nttA 

it(k, t) = exp(-ik2t)u(k, 0) 

-/J{{l C:, tL, .: tL ,j~ C:, 

u(x, t) = j exp(-ik2t + ikx )u( k, 0)dk 

,j{-f O)fW c 7j: o. 1 t:.'/it~n--nfiJ:t ( 4) O)M-/J{ 

u(x, t) = u(x, 0) exp(2ilu(x, 0) l2t) 

u(x, t) = (u1 (t), u2(t), ... , UN(t)) (5) 

u(k,t) = (u1(t),u2(t), ... ,uN(t)) 

c -to. -f Lt J11tt Fourier ~~ F ~ 

"t:5Eft-t o. iH:JJltt.~O)~~ N = 2n c -th 
,fj@j~ Fourier~~ (FFT) 0)7 Jv :tJJ ;( A -/J{m 
m --c: ~, ~fl,j{Jf:il...t-t o. .: n e:, •ttft ~ nt:. 
~tt--c:(l)~fHJ~!Ui (3) ,:tt Lt,± 

Uj(t +At)= F[exp(-ik;At)F-1(u(t))] 

.t3 J: r1 (4) ,:tt L -c,± 

Uj(t +At)= u;(t) exp(2ilu;(t)l2 At) 

--c:iP;,o . .:tt.e:,2~0)~~(/)lfi~o~~cL-c 
split-step Fourier it&±5Eft ~no. Taha and 

Ablowitz[6] ,: ,± split-step Fourier it~ ftf!(l)ft 
~~~••m~c~ftL~c~O)~-~*ffill 
,::t-t-t oit•~rdJ0)~'5(-/J{~ ~ n -c,..,,o. -t-tt.i: 
J: tlti' 1984 ~(1)~-~1: split-step Fourier~,± 
ii~~O)fffi*"t: ii)-? t:.. ~,±.: O)~~tt,± split­
step Fourier i*-/J{Hamilton lM:tt-t o.WfflftM 
fff ~ --c: iP;, o symplectic tfcMfff 7:t --c: iP;, o .: c -/J{-f 
O)~JI,: ii;, o. ~~ split-step Fourier j;t(l) sym­
plectic tt1ll!M7:t c L -C O)ffffHi Herbst, Va.radi 

and Ablowitz[3] t: J:-? -C ~ ~ ~ tL -Cv'o. 

3 Symplectic ltiifiM~ 

Hamilton 1J~* 
dq 8H dp 8H 
dt = {)p ' dt = - {)q 

(I) 1£ xf: 0) ~ tlJ rtlJ 0) 1W (I) ll;f raHe ~ ( q, p) ~ ( q', p') 
,±.:r. t, Jv.:¥- ( J\ ~ Jv ~ .::. 7;.;) ~f*f?-t o, ~ 
i~ 

dp /\ dq = dp' /\ dq' 

c ~ o .:. c -/J{jf] t:, ;f'L -C v' o . .: (I) symplectic 2 
;,7ofij\,±ffl~fHJ (!)~~ ~ ~ (pi, qi) -¥00 ,:t-t~ 
L ttt; tt.o rttJ ~ 0~t t::> nt:.ffiiffi~~O)fn ~~ 
-t. ~fi(J) symplectic tt,± El mil 1 (/)* ( 2 * 
Jt~ft) ,: i::> v, -c ,±oofflf*f? c ~flffi--c: ~ o. -
ni 0) I\ ~ }v ~ / * ': M L l H (p' q) = const. C 
dp /\ dq = const. ~ ~H;f ,:jJIJJi To ~MMr:t,±ff 
tE L x. ~ v '. symplectic tfcfiliMi* c ,± ~-" T 'Y '1' 
(qm,Pm) _. (qm+1,Pm+1) -/J{~~t: symplectic 
~~c~o~(l)cLt5Eft~tt.o. -fLti~ 
Jv.:f-0)-f*ff ,:ML -c ~ 11tLt:.*1tt ~fl°T o. 
symplectic ~ffiM~ t: ~ v' -C O)-fft89 7j: ~~Jt 
ifocc Lt,± [2], [5], [9], [10] ~~P.«itJ:. 

-fti (I) Hamilton * t: M L -C , 'M' t: ~ 139 7j: 

symplectic fff~,jff11*:'"C" ~ o. f§!Jx. ,f 1 *(!)~ 

~m~,±At ~TC .v,--r 

(8H) 1 ({)H) q' = q + r -a ,P = P - r 8q 
p q=q' q=q' 
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-e~m.~tto. iili*Q)~tf9Wti:*,.:--?v\··n;J:f91JxJi -tt, *'.: H2'/a::1, ~ Jv t- =-7 ":/ c L -r 7'-r -;,-fr 

[9] 'la:~Jffl-tt J:. --Ji, *1Jl~ 7 7 7'Q) Hamilton t.:,t~tDH~~ ~-ttt:. t Q)Q)fj.GJt ( ~ o v\,i~Q) 
*'.:ML t 'j:j,j_tQ)~B9M7*,.::J.mi t, 11;89~ :im:) c Lt 1 7' .:;- -;, -j'i){~- ~ tL --Cv\ o. .::. tL 
symplectic fft7*i,rnffi~"t:'~Q . .::. .::. 1:' f~,lJ c iilf.v\,.:~~PJ~~f'l=Jfl~ A,BQ)ffit{cRQtt,.:RQ-t 
i;t,, ~ Jv t- =-7 ":/ t,t o P:4~~ 

(6) exp[r(A+B)] = exp[rA]exp(rB]+O(r2
) (8) 

Q)~H.:i!f,t Hi, H2iJ1~,.:1t1~-r:,iPJfft,t (K;if iJt~ Q)~fU.: ~-::> t v\ o. .::. .::. 1: A, Bii*1,.: 
fjfj 1J ,.: it=&t o ) c ~ o t Q) 1: ~ o . .::. (I) ~(I) 1' Hi, H 2 c (I) Poisson f5'~11i 'la: "'? ( o ~7t1'F )fl* 
~ Jv 1' =- 7 ":/ (l)ft~tl9 ~f§IJ ,i 

H = T(p) + V(q) (7) 

"e~ tJ, H = T(p) i:Lt rf H = V(q) '/a::1, ~ Jv 
1' =- 7 ":/ c -t o*(l)fft,ilJfJ; iJ\i.:ffi~tlfJQ)iti• 
iltb'la:~-t. ~Lt-* (7) £.:M-t o 1 *(1)1i;t19 
symplectic Wt7*i±, 2 "'?Q)jR.ilt}J(l)lf!~o~ 
JvtcL--C 

q' = q + r ( oTa ) ,p' = P - r ( :v) 
'P p=p vq q=q' 

, (av) , (8T) p =p-r ~ ,q =q+r -
8 vq q=q 'P p=p' 

-e~~~ tto. 
(7) J;l~(l)~(I) (6) Q)~Q) Hamilton *£:.av\ 

"'C i;t, Hi .a J: rf H2i±1tt~1:i±PJfft,t"t:~ o iJ't, 
~4(/)~rdJ~Bl'la:sc~-t o11Fm · '1~~,±•~ 
o .::. c iJ1-fttl9--C.:-~ o. 1911 i ,;rmtJJ 'la: ~,t t:. 'r 
-t' 7 - r,um < 2 ~r~uu 

1 2 1 
H1 = 2P - ;, H2 = R(x,y,z) 

£:t;~v\t,±, Hi-*,.:M-t of'J:Jfl · ftJ~tt,± De­
launey ~ftc~,!tto.t Q)"t:, H2.*£:M-to t 
(1),±;m,m-(l)mr~mm-r:~o. ~(l)t:.~.::. (I) J: '? 
~*£.:M-t o symplectic M7*,± Mixed Variable 
Symplectic(MVS) m7*Q)~ -r:IJJ!i!tto .::. c iJt~ 
\.,\ [4]. 

£L_t,;J:ttffi:M1*c L --c 1 *Q)fW7*-e~oiJ1, 2 
*J;L_t Q) Symplectic M~ t ~~ £.: 11Fo .::. c iJt-e 
~ o. (6) £.:M-t o 1 *Q)li;(l9fffjtH± if H 1 'la: 
1, ~ Jv t- =-7 ":/ c L --c 7' .:;- -;, -t' r t.:,t 11:ij:IDJ ~.@ ~ 

A:= {·,Hi}, B := { · ,H2} 

'la::~-t. (8) (l)*/r_if1(1) exp[r(A + B)] i±.(l)K;Q) 
~rdJ~.@, ;(ji!J.(I) exp(r A] exp[r B] i;t Hi c H2 
,: J: o 7 a-Q)f;Jvt'la:~ L, ~(l)~iJt O(r2) "t: 
~o.::. c -/J\;, 

S1 ( r) := exp[r A] exp[r B] 

-/Jf 1 *(l)ffl/l (M7*) -e~ o.::. c iJ11*IDE ~ tLo. 
it:..::. Q)5E• El JjJ,, f.f:~(I),, ~ Jv 1' :::.. 7 ":/ (l)ffft 
.aJ: rf~(l)..g-Jvt,± symplectic °t:'~Q.::. c-/J\;, 
J:.t:~x:::t:. 1 *Q)fW-i*iJt Symplectic Mi:*c ~ o 
.::. c (l)fl~t-9-i tv\Q. 

.::. (l)ffittM~~ic'li:~x-'i 2 *Q)liimi*,± 

exp[r(A + B)] 
T T = exp[2A] exp(r B] exp[2A] + O(r3

) 

= S2(r) + O(r3
) 

1:1:~o. ,::Q)j:'*'±H11:(r/2), H2"t:(r), ~ 
L "'C Hi 1: (r /2) 11:ij:IDJ~.@ ~-tt--C 1 7' r -;,-j' 'la::fft 
mt-to c \,\ 1 ~'*-e~ Q. .::. (I) 2 *Q)~,r;~,;t 
Symplectic '-'¥7* c ~ o (I) Jj. ~ t:, -f', 11:ij:fUJ li~M 
~f£'/a::~"'?fW7* 

c ~ Q .::. c t it• L --c .a <. 
4 *J,jJ:.(l)~tlfjJi~M~~ Symplectic M~,;t 

J:.(1)2*Q)fW7*Q)M~89~..g-.GJt-e~;ttQ.::.c 
iJffflC:JtL "'(\,\Q [8]. 191J.:t,! 4*(J)K;7*,;t 3--?Q) 

2 * Q) M 7* Q) fi 1£ 
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lu(a ,1) 1 

--c:1!;,G tt~ . .:. .:. --c: X = 1/(2 - 2113 ) 1:' 2V.)~. 

fAl:mi: 6 *O)M$1i 

S6(r) := S2(y3r)S2(y2r)S2(y1r)S2(yor) 

x S2 (Y1 T )S2(Y2r)S2(y3r) 

Y1 = - 1.1776 79984 17887 

Y2 = 0.23557 32133 59357 

y3 = 0.78451 36104 77560 

Yo = 1 - 2 ( Y1 + Y2 + Y3) 

--c: 4 .z G tt ~ 1b 0)-Z:·, 2V> ~ j!.ft~l'=**JFHt~nf! 
A:O)~flf!/!f,H: L t;J<:~ Gtt tv'~ . 8 * 0)/!f,f.$ 

Ii [8] --c: 4 .z G tt t 1.,, ~ 1b 0) li~~5E~iJ{* ~ < 
2V>i l'.)iffJ~Gtttj1.,,_ 

·a .. 1· -
•a.a• .. .. 

Ii Poisson M'~J11i){ 

.- L (OUn OU~_ OU: oui) 
i oui 8ui 8ui oui 

1 = N ~ exp(-iknXj) exp( ik1xi) 
] 

ttj~.:.t~GK~~--Z:2V>~.:.t#~~n~. 
-:::ii I'.) (un, u~) bK~3¾f9'.lj~~O)W.-Z:2V>~ . 
J:-::> -Cll$llx1t ~ ttt.:~~t= J:-::> -r J\ ~ JL, I- =- 7 

/'Ii 

H = H1 +H2 

H1 = -i L k~lunl2 <= -i J lu:i,12dx 
n 

H2 = i ~ Juil4 <= i j JuJ 4
dx 

] 

4 Split-step Fourier ~"ts.(}) sym- t ff tt ~ · HiffiO)J\ ~ Jt, I-=- 7:::,, 

plectic m~t t_ L, l (J)M ,R t_ ~ H 1 = - i L k~lunl
2 

~Wl$ n 

~rain!QJ!:llllllx1t Lt.:~~ (5) 1:M L -Ctt$ 
*f9'./j~~O)w_ (uj,Vj) ~ 

--C:5E~-t ~. ~ G i:~1Ux7 - 1J .:i:. ~ ~ 

1 
Uj = l1lT L Un exp(iknxj) 

vN n 

21r L 
kn = -n, Xj = -j 

L N 
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0005 o 10 20 :,o ..o 60 oo 10 eo lilO 100 

@ 3: S12 c SI4 /,: J: o 120)~~ 

~· ..... 
-.·;t 
··:. 
-i . \ 
•\ ... .. 

@ 4: SI4 c SI6 /:: J: o 12 0)~~ 

Uj(t + ~t) = Uj(t) exp(2i/uj(t)/2~t) 

c*~Gno . meO)aa~G. ~n GO)•~ 
o fi-nti:: J:-::> -C 1 ;.jz, 2 *· 4 ;.jz, 6 *· ... 0) 

symplectic fif,f.jtiJ{ffli.J'&"f' ~ o b1t-ei:b o. t:. t:. L 
H1 c H20)1l~HE!i3£~~ic~-t o ~~ii~~ o i.P 
G Mixed Variable Symplectic Wti*"f'i:b o. !tf/,: 

1 *O) 1b O)/irel3;00) split-step Fourier it"f'i:bo. 

1!1, G nt.: symplectic Wt-l* ~ W. r O)~f!fO)r1:­
~~ t=~I=**% Schroclinger :;fj~~O)~-([gffj',f.fi;; c 
L -c ft-::> t.: ttf: ~ J:J r 1::: 7.F--t. 
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Abstract 

The use time transformations for constructing efficient symplectic methods for com­
puting the long term behavior of perturbed two-body systems are discussed. Main ap­
plications a.re for artificial satellite orbits. The suggested methods are efficient for all 
eccentricities. 

Key words: symplectic integration - satellite orbits 

1 Introduction 
Since the publication of the Wisdom-Holman mapping method (Wisdom and Holman 
1991, Kinoshita, Yoshida and Nakai 1991 ), symplectic methods have gained increasing 
popularity. Recently Mikkola (1997) suggested the use of time transformation to improve 
the treatment of highly eccentric orbits. This has been further studied by Rauch and 
Holman ( 1999) and found to be a.n essential improvement in some respects. Recently 
interest has arisen in the application of symplectic methods for artificial satellite orbits 
(Mikkola., Palmer and Rashida. 1999). 

The problem of computing satellite orbits differ in some respects from Solar System 
calculations. The oblateness potential is usually the most important perturbation and this 
is strong near the Earth. Also air drag may be present. Drag forces are non-canonical 
and the equations of motion are not syrnplectic any more, but this is inconsequential if 

-337-



the drag is weak (Mikkola 1998). Thus the most important new feature in the problem is 
the presence of strong perturbation near pericentre. 

2 Time transformations 

Recently I considered (Mikkola 1997) the use of time transformation in constructing sym­
plectic integration methods for the few body problem. For the two-body problem the 
suggested transformation takes the form dt = rds, where s is the new independent vari­
able, r the distance and t the physical time. This is approximately equivalent to using the 
eccentric anomaly as the independent variable. However, if we consider eccentric orbits 
of artificial satellites, then almost all the perturbation occurs near pericentre. Since in 
symplectic integration the steplenght in the independent variable must be kept constant, 
the use of the true anomaly as an independent variable concentrates the perturbation 
evaluations near pericentre and thus improves precision. 

It is possible to parameterize the time transformation so as to include all the alterna­
tives, mean, eccentric and true anomaly, as well as any linear combination of them in one 
expression: 

ds = dt/µ(r) 

µ(r) = 1/(Bo + Bi/r + B2/r2
), 

(1) 

(2) 

where Bo, B1, B2 are adjustable parameters (constants). Let us consider the Hamiltonian 
H = J( +R, where J( = p 2/2-m/r is the Keplerian part and R = R(r, t) is the perturbing 
potential. Following Mikkola ( 1997) we apply the Poincare transformation to obtain the 
time transformed Hamiltonian r in the form 

r = µ(r)(K +Po+ R) = µ(r)(K +Po)+ µ(r)R(r,t), (3) 

where Po is the momentum conjugate to the physical time, which now is a coordinate 
while s is the independent variable. For Po the initial value Po = -(1( + R)Jt=O must 
be used to make the Hamiltonian f(t) = 0 along the orbit and consequently ensure the 
correctness of the Hamiltonian equations of motion: 

r' = ar/8p, p' = -8r/8r, t' = ar /8po and p~ = -ar /8t, 
(prime denoting derivative with respect to the new independent variables). 

If the generalized leapfrog method is used an integration step may be written as 

f o( hs/2)f 1 ( hs )f o( hs/2), (4) 

where fo = µ(r)(p 2 /2 - m/r + p0 ) represents the motion of the system according to the 
'unperturbed' part of the Hamiltonian (3) and f 1 = JL(r)R(r, t) represents the kick of the 
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momenta due to the perturbation. The argument tells the length of the motion in terms 
of the independent. variable step h8 • 

The r 1 step here is simple, but the motio11 under the Hamiltonian r0 is not completely 
trivial. To find the solution it is convenient to transform back to the physical time system. 
The result is 

Ho= -(
1 

)[Jt(r)(l( + Po)- ,o] =I(+ Po - '(
0

), 
µ 1· I" r 

(5) 

where ,o is the constant ( over one step) numerical value of r O computed a.t the beginning 
of the step. When we now substitute the suggested expression for the time transformation 
function p.( r) we get 

Ho p 2/2- 1n/r + Po - ,·o(Bo + B2/r + Bi/r2
) 

p 2 /2 - ( m + ,oBt)/r - 1oB2/r2 + Po - ,oBo, (6) 

We note that if B2 = 0, this has the form of a two-body Hamiltonian with a modified 
mass. However, when B2 =p O a small extra term with 1/r2 dependence appears. In polar 
coordinates (r, 0) the above Hamiltonian can be written 

(7) 

where the unnecessary constant term has been dropped and in= m+,oB1 is the modified 
mass. The genera.ting function S = 'lf'JJ~, transforms the Hamiltonian again into the two­
body form 

l 2 2; 2 -; JI o = 2 ( A· + Pv, r ) - m , .. 

After defining a special function at 1 ( z) by the expression 

a.ti ( z) = a.t.an( vz) 
Jz 

l 1+ Fz 
- log(--)/Fz 
2 1-Fz 

I - z/3 + z2 /5 - z3 /7 + z4 /9 - z5 /11 + - .. , 

(8) 

(9) 

[where the series expansion is used when the argument z is small (the normal situation), 
and for larger absolute values of z the dosed form expressions a.re chosen] we can list the 
equations needed for computing the solution. 
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3 Collection of formulae 
Let r0 , v0 and t0 be the values of position vector, velocity vector and time in the beginning 
of a fo step, then the equations below can be used to obtain new values of these quantities 
at the end of the step, which has the length hs in the independent variable. Note that 
the variable p0 does not chance during this step. The special function at1 is defined in 
(9), and the c11 's are the Stumpff (1962) functions. 

µ = 1/(Bo + Bi/ro + B2/r~) (10) 

,o = (v~/2 - m/ro + Po)µ (11) 

in = m +,0B1 (12) 
€ = ,0B2 (13) 

Pe = r0 x v0 (14) 
p~ = 1Pel2 (15) 

T/ = ro ·Vo (16) 
ro = TJ/ro (17) 
p~ = p~ - 2€ (18) 
w2 = r~ + P!/r~ (19) 

/3 = 2m/ro - w2 (20) 
( = in - ro/3 (21) 

Starting value for h 

h = hs/(Boro + B1 + B2/ro) (22) 
Beginning of iteration loop (!or h) 

Gv = h11 Cv(f3h2) (23) 
r :::;:: ro + TJG1 + (G2 (24) 
f = 1 - mG2/ro (25) 
g = roG1 + TJG2 (26) 
e g/(r~f + rJg) (27) 

Y1/J = atan(p1/J{)/P1/J = { at1(P!e2) (28) 
t:..t = roh + TJG2 + (G3 (29) 

d = Bor + B1 + B2/r (30) 
h = h - (Bot:..t + B1h + B2Y1/J - hs)/d (31) 

End of iteration loop ( exit at convergen_ce) 

r = (TJGo + (G1)/r (32) 
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Figure 1: Energy errors for the different time transformations over one satellite period. The 
perturbing potential used was .5 x 10-3 /r3

• For this potential the true anomaly is clearly the 
most efficient transformation. Units are those of the example orbit given in the main text. 

92 = P~Y! (33) 
r 2 2 (34) r = -(co(O )ro + YtJ;C1(8 )Po x ro) 
ro 
f 1 (35) V = -r +-pox r 
r r2 

t = t0 + flt (36) 

Finally, what remains to be explained here is the advancement of the system under the 
perturbation part µ(r)R(r, t) of the Hamiltonian. Since this depends only on coordinates 
(time is also a coordinate now), the motion is linear in momentum space and coordinates 
remain constant. We thus have the momentum jumps 

fJv = -hh 8(µ( r )R(r, t)), 
8r 

6 
_ -h lJ(µ(r)R(r, t)) 

Po - s at , 
which are to be added to the most recent values of v and Po· 

4 Experiments in a toy model 

(37) 

Here we demonstrate in a simple way the effect of various time transformations to the 
computing accuracy. In Figure 1 we plot the energy errors in an equatorial satellite orbit 
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with eccentricity e = 0.69, and the perigee distance q = l, computed over (approximately) 
one period. 'An improved leapfrog was used in the computation (Mikkola 1999). Only the 
so called J2 term was taken into account. Thus in this case the perturbing potential was 
simply J2 /(2r3 ) (J2 = 0.001).· The stepsizes in the different computations were adjusted 
so as to get roughly similar error levels, this resulted into the values: 5000 jumps for 
using no time transformation (labeled Mean anomaly), 640 jumps for dt = rds (labeled 
Eccentric anomaly) and only 100 jumps for dt = r2ds (labeled True anomaly). 

5 Conclusion 

The use of time transformations, other than the traditional eccentric anomaly, are promis­
ing alternatives in the symplectic integration of eccentric orbits of satellites. In the case 
of Ji perturbations only, the true anomaly offers the highest efficiency, while in very 
elongated orbits with tidal perturbation the ecce~tric anomaly or a mixed anomaly ( sev­
eral of the B-coefficients nonzero) is likely to be a better alternative. Finally it must be 
stressed that in real satellite orbit int~grations the perturbing force is complicated and 
computationally costly. Thus the possibility of decreasing the necessary number of force 
evaluations ( velocity jumps) is important. 
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ABSTRACT 

We developed a new type of implicit formulas of linear multistep methods to 
integrate ordinary differential equations (ODE) numerically. The formulas, 
which we call to be super-implicit, are of more implicitness than the so-called 
implicit formulas in the sense that they require the knowledge of functions not 
only at the past and present timesteps but also at the future ones. By using the 
operator formalism, we derived the expressions of generating functions of Cowell­
and Adams-type super-implicit formulas of arbitrary degree of implicitness 
together with those of some auxiliary formulas such as to be used in the starting 
procedures and to evaluate derivatives numerically. By combining some of these 
formulas, we created several sets of implicit formulas to integrate ODEs for an 
interval of finite length. We adapted the Picard method (Fukushima 1997a) 
to solve these nonlinear equations. The resulting method works as a one-step 
method integrating a large ( say, a few to some tens orbital periods) time interval 
as a whole. As an example, we developed a series of schemes to integrate a 
special second order ODE by using the symmetric form of Cowell-type formulas. 
The resulting schemes are of high order, up to 12th, and are of the same 
properties that the integration error grows linearly with respect to time as the 
symmetric multistep methods have ( Quinlan & Tremaine 1990; Fukushima 1998, 
1999). 

1. Introduction 

The symmetric multistep methods (Lambert & Watson 1976; Quinlan & Tremaine 1990; 
Fukushima 1998) are known to be of a good property that orbital integration errors 
grow more slowly with respect to time than the case of ordinary integrators such as the 
Runge-Kutta formulas, extrapolation methods, and asymmetric multistep methods like 
Adams- and Stormer-Cowell formuals. Unfortunately, high 1 order symmetric formulas 

18th and higher for explicit formulas, and 10th and higher for implicit formulas 
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seem to suffer numerical instabilities caused by the resonances among the frequencies 
embbeded in the integration formulas and/ dr the frequencies proper to the problem to be 
integrated (Fukushima 1998; Fukushima 1999; Quinlan 1999). The frequencies embbeded 
in the symmetric formulas come from the spurious roots of the characteristic polynomial for 
position, o-(z). 

One remedy is to explore the symmetric formulas whose o-(z) containing the principal 
(double} root, +1, only. However, the order of such formulas are limited; 2 for the explicit, 

Xn+1 = 2Xn - Xn-1 + h2 f n (1) 

and 4 for the implicit formulas; 

(2) 

In order to overcome this order barrier, we consider here a new extension of multistep 
methods; super-implicit formulas. The super-implicit formulas are the formulas requiring 
the knowledge ( the /-value in this case) of not only the past and present timesteps but also 
the future ones. On the other hand, the explicit formulas require the knowledge of past 
only while the implicit formulas do those of past and present. An example of super-implicit 
formula is 

2 (-1 1 97 1 -1 ) 
Xn+1 = 2Xn - Xn-1 + h 240 Jn+2 + 

10
/ n+l + 

120
/n + 

10
/n-1 + 

240
/n-2 (3) 

which is of 6th order. Remark that, in this formula, the /-value at a future timestep, fn+2, 

is necessary to compute the position at the present timestep, Xn+1. 

In this short article, we report that the super-implicit formulas are of the same good 
property as the explicit and implicit symmetric formulas. First, in Section 2, we will 
describe the general formulas by using the operator formalism of difference method. Next, 
in Section 3, we will present how the Picard method solves the super-implicit formulas. 
Then, in Section 4, we will show some numerical tests; numerical integrations of Keplerian 
orbits. Finally, in Section 5, we will conclude the new method and state its future issues. 

2. Formulas 

The super-implicit formulas are a kind of generalization of explicit and implicit formulas. 
Therefore, we derive them here for special second order ODEs by extending the operator 
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formalism to develop general explicit and implicit formulas. Of course, the concept of 
super-implicitness is not proper to the integration of special second order ODEs. Their 
applications to the formulas to evaluate velocities and the integration formulas for general 
first order ODEs will be described in Appendices. 

2.1. Running Formulas of Cowell Methods 

Let's begin by the formulas for a special second-order ordinary differential equation 

d2x 
dt2 = J(t, x). 

A truely general linear multistep method to solve this is expressed as 

k l 

Xn+l = - L OjXn+1-j + h2 L /3;/n+l+m-j, 
j=l j=O 

where his the stepsize and we assume that 

(4) 

(5) 

(6) 

We call the formula to be explicit when m < 0, implicit when m = 0, and super-implicit 
when m > 0. Also we name m the degree of implicitness. Once a-coefficients are given, the 
corresponding /3-coefficients are automatically determined if the parameters m and £ are 
fixed and if one requires that the maximum order is achieved by the method. In this sense, 
the /3-coefficients are additionally indexed by the pair (m, £) as f3)m,t). The order of the 
method is equal to the number of free coefficients plus one2• Therefore the order becomes 
the number of /3-coefficients plus one, £ + 2. 

For the moment, we concentrate ourselves with the Stormer-Cowell type formulas. 
Namely k = 2 and a-coefficients are 

01 = -2, (7) 

Thus Eq.(5) becomes 

2This additional order comes from the property of the a-coefficients such that Eq.(5) satisfies a linear 
solution, Xn = xo + nhvo. 
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l 
2 h2 '°' {J( m,t.) f Xn+l - Xn + Xn-1 = ~ j n+l+m-j, (8) 

j=O 

Now, the {J-coefficients are derived by the operator formalism. Let us introduce the shift 
operator E, the backward difference operator V, and the derivative operator D; 

Vfn = fn - fn-1, (9) 

The relations among these operators are symbolically written as 

V=l-E-1 , or hD = - log(l - V). (10) 

Then we learn the following translations 

which transform Eq.(8) in the language of operators as 

I, 

v2 = (hD)2 L fJ)m,l) Em-j. (12) 
j=O 

We interprete this as an £-th order truncation of the expansion series with respect to Vas 

/. 00 

LfJ)m,l)Em-j ~ (1-v)-mL"')m)vj. (13) 
j=O j=O 

If we introduce the generating function of the expansion coefficients "-)m) as 

00 

Km(z) = L K)m) zi, (14) 
j=O 

then Eq.(12) is rewritten as 

(15) 

Thus the generating function is written explicitly as 
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(16) 

The case m = -1 corresponds to the explicit formula, namely Stormer formulas. While the 
case m = 0 does to the implicit formula, i.e. Cowell formulas (Hairer et al. 1993). To obtain 
the K-coeflicients explicitly, we recommend the usage of Mathematica or other software of 
formula processing3

• After the K-coefficients are obtained, the ,B-coeflicients are computed 
as 

(22) 

2.2. Boundary Formulas of Cowell Methods 

Consider how to start Cowell Methods. One option is, of course, to prepare some starting 
values by using one of one-step methods such as Runge-Kutta methods or the extrapolation 
methods. Another way is to provide the formulas deriving necessary starting values. In the 
case of Cowell methods, we should consider how to find x1 from the given initial condition, 
x0 and v0 . Once x 1 is known, it is easy to construct the formulas to obtain x2 and the 
following values; just using the running formula of the form, Eq.(5). 

3 Of course, we may obtain them by the recurence relations (Hairer et al. 1993). The generating functions 
for non-zero mare easily derived from K0 (z) as 

Km(z) = Ko(z)(l - zr. (17) 

This is rewritten in the recurrence form as 

Km(z} = Km-1 (z}(l - z), (18} 

which follows the following recurrence formula for coefficients 

(m) _ (m-1) _ l 
"o - "o - , (j > 0). (19) 

Remark that there exist symmetric relations as 

(m) _ (2j-3-m) 
K2j - K2j , 

(m) (2j-2-m) 
K2j+l = -K2j+l , (m ~ j -1). (20} 

As a result 

(m) 0 
K2m+3 = ' (21) 
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To do this task by means of super-implicit approach, let us seek for formulas of the 
form 

I. 

x1 = xo + hvo + h2 L "Yy> I; 
i=O 

By using the operator D, we rewrite this as 

I. 

ehD -1- hD = (hD)2 E "Yy>eihD_ 
j=O 

{23} 

(24} 

We interprete this as a truncation of the expansion series with respect to the forward 
difference operator 

as 

00 

a - hD = (hD) 2 E b;a; 
j=O 

By using the rewriting 

hD = log {1 + a) 

we know that the corresponding generating function is given as 

G( ) = ~ . ; _ z - log{l + z} 
z -LJ91Z - 2 

i=O [log{l + z)] 

1 1 1 2 1 3 7 4 107 5 199 6 

= 2 + 6z - 24z + 45z - 480z + 10080z - 24192z 

6031 7 57 41 8 1129981 9 435569 10 

+ 907200z - 1036800z + 239500800z - 106444800z + · · · 

After the g-coefficients are obtained, the corresponding boundary 7-coefficients are 
computed as 

1'11.) = t{-l)(j-k) ( j ) 9; 
i=k k 
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3. Method 

3.1. Set of Formulas 

Let us construct a self-consistent set of (implicit and) super-implicit formulas for a special 
second order ODE. To do this, we consider a long time interval (to, t0 + H) and name it as 
a block. Then we divide the block into N equal-length subintervals (to, t1 , · · ·, tN) as 

t; =to+ jh, 

where 

H 
h=­

N 

Then such set must be of the form 

Xn = Xn (xo, Vo; X1, X2, · • ·, XN; lo, Ii,···, IN), 

where we assume that the initial conditions are given as 

x (to)= xo, v (to)= Vo. 

(30) 

{31) 

(n = 1, · · ·, N) (32) 

(33) 

By (1) fixing the (even) order asp= l + 2 = 2m + 4, (2) requiring no usage of one-step 
methods as the starting procedure, (3) aiming to use the symmetric form in the running 
mode, and (4) trying to make the whole set symmetric, we prepare such set as follows; 

1. First Step (n = 0) 

We rewrite the boundary formula, Eq.(23), as 

l 

xi = Xo + hvo + h2 L b;0) I; 
j=O 

2. Starting Steps (n = 1, · · ·, m) 

We rewrite the asymmetric Cowell-type running formulas, Eq.(8), as 

l 

Xn+1 = 2Xn - Xn-1 + h2 L bt) /;, 
j=O 
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(n= 1,···,m). 
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Table 1: Coefficients of Super-Implicit Cowell Method 

m n bo b1 b2 b3 b4 b5 b6 

0 0 7 1 -1 
24 4 24 

1 1 5 1 
12 6 12 

1 0 367 3 -47 29 -7 
1440 8 240 360 480 

1 19 17 7 1 -1 
240 20 120 60 240 

2 -1 1 97 1 -1 
240 10 120 10 240 

2 0 28549 275 -5717 10621 -7703 403 -199 
120960 576 13440 30240 40320 6720 24192 

1 863 8999 -769 1987 -1609 263 -221 
12096 10080 20160 15120 20160 10080 60480 

2 -221 977 16451 1357 71 -31 . 31 
60480 10080 20160 15120 20160 10080 60480 

3 31 -73 2171 12067 2171 -73 31 
60480 10080 20160 15120 20160 10080 60480 

3 0 324901 8183 -653203 50689 -196277 92473 -95167 
1451520 14400 907200 56700 241920 181440 453600 

1 33953 424759 -81629 11143 -27533 110563 -23017 
518400 453600 453600 28350 72576 453600 226800 

2 -9829 81533 761057 43151 3757 -34549 14717 
3628800 907200 907200 907200 72576 907200 907200 

3 1571 -107 11959 364033 7411 -631 -779 
362880 16200 113400 453600 72576 226800 453600 

4 -289 149 -8593 101741 57517 101741 -8593 
3628800 129600 907200 907200 72576 907200 907200 

4 0 41198923 4671 -342968359 14221079 -13395017 170469863 -5199599 
191600640 7168 319334400 7983360 5913600 79833600 3548160 

1 3250433 3124027 -57128921 16745741 -88645069 42375577 -2342533 
53222400 3193344 159667200 19958400 79833600 39916800 3193344 

2 -330157 6691513 27608543 -331627 12507059 -6189401 8484887 
159667200 79833600 31933440 19958400 79833600 39916800 79833600 

3 45911 -417589 15908131 93191 6248807 950809 -1773361 
159667200 79833600 159667200 114048 79833600 39916800 79833600 

4 -3499 11527 -1412513 2205017 12700339 4336807 -523189 
53222400 11404800 159667200 19958400 15966720 39916800 79833600 

5 317 -17453 40489 -222331 9186203 31494553 9186203 
22809600 79833600 22809600 19958400 79833600 39916800 79833600 
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Table 2: Coefficients of Super-Implicit Cowell Method (Contd.) 

m n b1 b8 b9 b10 

3 0 7703 -5741 
151200 1036800 

1 5627 -9829 
226800 3628800 

2 -3607 1571 
907200 3628800 

3 289 -289 
453600 3628800 

4 149 -289 
129600 3628800 

4 0 9471361 -14825963 21860567 -435569 
13305600 63866880 479001600 106444800 

1 7139837 -18674153 1838819 -330157 
19958400 159667200 79833600 159667200 

2 -204371 2642791 -257759 45911 
3991680 159667200 79833600 159667200 

3 227393 -23981 58843 -3499 
19958400 6386688 79833600 53222400 

4 -1477 87139 -317 317 
2851200 159667200 2280960 22809600 

5 -222331 40489 -17453 317 
19958400 22809600 79833600 22809600 
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Remark that the index of /-values required runs only in the range (0, i). 

3. Middle Steps (n = m+ 1,· ·· ,N-m-1) 

We rewrite the symmetric Cowell-type running formula, Eq.(A2), as 

(n = m+ 1,···,N-m-1). (36) 

4. Ending Steps ( n = N - m, · · · , N - 1) 

We rewrite the asymmetric Cowell-type running formulas, Eq.(8), in the reverse form 
as 

l 
2 h2 ~ b(N-n)f 

Xn+t = Xn - Xn-1 + L.,, j N-j, (n = N - m, · · ·, N - 1). (37) 
j=O 

5. End Velocity 

In order to derive the formula to obtain the end velocity, VN, we solved the boundary 
formula, Eq.(23), with respect to the velocity as 

l 
_ XN - XN-1 h ~ b(O)f 

VN - h - L.,, j N-j 
i=O 

(38) 

Here the new coefficients, b}n), are expressed as 

b(O) = ,v(2m+2) 
J IJ ' 

b(n) _ a{2m+l-n,2m+2) 
j - JJ2m+2-j , (n= 1,···,m+l). (39) 

The b-coefficients are shown for m = 0, 1, 2, 3, 4 in Tables 1 and 2. As an example, we 
illustrate the set of 6th order ( m = 1) super implicit formulas; 

2 ( 367 3 4 7 29 7 ) 
XI = Xo + hvo + h 1440/o + 8/i - 240'2 + 360'3 - 480'4 ' 

2 [ 97 1 1 ] 
Xn+I = 2Xn - Xn-1 + h 

120
/n + 10 Un-1 + fn+1) -

240 
Un-2 + fn+2) , 
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(n= 2,···,N - 2) 

(40) 

Similar symmetric sets of formulas of higher orders up to 12th are easily computed from the 
tables shown in this article. 

3.2. Technique to Reduce Round-Off Error 

The formulas described in the previous subsection suffer round-off errors since they contain 
the differences, V2. A common technique to reduce the round-off errors is to introduce 
intermediate variables corresponding to V Xn and to let them convey the information of 
lower bits, which would be lost if using the raw values Xn only (Hairer et al. 1993). 

Let us follow the technique and introduce the intermediate variables 

(41) 

Then the formulas are rewritten in term of the u-variables as 

l 
~ (0) 

U1 =Vo+ h ~ bi /;, (42) 
i=O 

i 

Un+l =Un+ h :Ebt) f;, (n - 1 · · · m) - , ' ' (43) 
i=O 

l 

h ~b(m+l)f 
Un+l = Un + ~ j n-m-l+j, (n = m+ 1,···,N-m-1), (44) 

j=O 

l 

h ~b(N-n)f 
Un+l =Un+ ~ j N-j, (n = N-m,···,N-1), (45) 

i=O 

while the x-variables are derived from a simple summation of the u-variables as 
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Xn = Xn-1 + hun, (n = 1, · · · ,N). 

and the end-velocity formula is expressed as 

l 
~ (0) 

VN = UN - h Li bj fN-j· 
j=O 

Remark that this last expression contains no small divisor 1/h, which maginifies the 
round-off errors appear in the difference XN - XN-l significantly. 

3.3. Picard Method 

(46) 

(47) 

Consider how to solve the self-consistent set of (implicit and) super-implicit formulas 
obtained in the previous subsection. Remark that, except the last one, the end-velocity 
formula, they can be finally written in a vector mapping form as 

x = X(f (t,x)), (48) 

where 

X = (x1, X2, · · ·, XN), (49) 

and f is the vector notation of /-values as 

(50) 

The mapping is regarded as a large set of nonlinear equation with respect to x. We solve 
this set by a simple fixed-point iteration; 

(51) 

from a certain initial guess xC0). This is the Picard method (Fukushima 1997a). As for 
the initial guess of the Picard iteration, we adopted the integrated result of the explicit 
symmetric Cowell method, 

Xn+1 = 2Xn - Xn-1 + h2 fn• (52) 
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with the starter based on Taylor's expansion, 

h h2fo 
X1 = Xo + Vo+ -, 

2 (53) 

which coresponds to the similar end-velocity formula 

XN - Xn-1 hfN 
VN = h + 2· (54) 

This method is of 2nd order. 

Once the solution is obtained, the end-velocity is calculated from the end-velocity 
formula. This whole process, the combination of Picard method and the end-velocity. 
formula, is considered as a transformation from the initial state, (x0 , v0 ), to the end 
state, (xN, VN ). Then, by the symmetries of the formulas adopted, this transformation is 
symmetric. Namely the reverse process, (xN, VN) ---+ (x0, v0) is identical with the original 
one, (xo, vo) ---+ (xN, VN ). 

4. Numerical Tests 

In order to test the Picard method of super-implicit Cowell formulas of the order 4, 6, 8, 
10, and 12, we did a basic test; to integrate Keplerian orbits. 

First comes the question of the convergence of Picard iterations. Experiments showed 
us that the number of iterations required are (1) hardly dependent on the order of methods, 
p, (2) weakly dependent on the stepsize h, and (3) strongly dependent on the blocksize H. 
Figure 1 illustrates the H-dependence of the number of iterations required for the 12th 
order method to integrate a Keplerian orbit with the eccentricity e = 0.2 where his fixed as 
21r /(256). Remark the the case with the blocksize of 16 orbital periods did not converge at 
all. For the blocksize of one orbital period, the number of iterations required is around 20. 
This means that 20 x 256 rv 5000 function evaluations are required in integrating one orbital 
period. One may be surprised at this large computational cost. This is true if one sticks to 
use the scalar computers. In this sense, the super-implicit methods are less practical in the 
scalar computers. 

However, we remark that each Picard iteration can be done parallely, or more precisely 
speaking, in vector form (Fukushima 1997b). This means that if one uses a parallel and/or 
vector computer, the wall-clock time required will be greatly reduced. The expected 
wall-clock time would be proportional to the number of iterations. Thus, if ignoring 
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overhead times, we anticipate that a parallel/vector computing will cost around 20 function 
evaluation times per orbit in this case. 

Figure 2 shows the maximum of the positional error in a single block as a function of 
number of Picard iterations. Here we define the positional error as 

ll.r = lrNumerical Integration - r Analytical Solution I (55) 

and took the parameters as It is quite interesting that, for the first several iterations, the 
error rather increases. This is independent with the order of methods. Then it turns to 
decrease and asymptotes to some fixed values depending on the order of methods. At the 
same time the convergence error which we defined as difference between subsequent two 
solutions in the Picard iteration, 

(56) 

does continuously decreases independently with the order of the methods. 

Next, let us investigate the integration error in a single block, (to, t0 + H). Figure 
3 shows the positional error as a function of time in the first block. Here we integrated 
a Keplerian orbit of e = 0.2 started from the pericenter passage by means of the 
6th order super-implicit multistep method described previously for the parameters 
h = ;~ rv 2.454 x 10-2 and H = 41r. It is interesting that the positional error seems to 
vary like a periodic function plus a linear trend. Namely the error after averaging over one 
orbital period seems to grow linearly as < /l.r >~ c0t where the magnitude of the linear 
trend per one orbital period is estimated as c0 rv 1.32 x 10-s. 

Figure 4 illustrates how this integration error grows for a longer time span; 20 orbital 
periods. This figure shows that the amplitude of the period term also grows linearly. As a 
result, one can aproximate the integration error as 

ll.r ~ c0t - c1t sin M (57) 

where Mis the mean anomaly and the linear trend of the amplitude of the periodic term 
per one orbital period is estimated as c1 rv 0.28 x 10-s. 

Figure 5 shows the order dependence of integration error for a longer integration 
period; 128 orbital periods. There shown are the results for the 4th, 6th, 8th, 10th, and 
12th order super-implicit lienar multistep methods. This time the parameters are taken as 
h = ;:C, rv 6.28 x 10-2 and H = 41r. Remark that the error of the 12th order method are of 
the same order as that of the 10th order method. 
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Finally Figure 6 illustrates the h-dependence of integration errors for the 12th order 
method. This shows that the super-implicit methods suffer no stepsize resonance/instability. 

5. Conclusion 

We created a new concept in the theory of linear multistep methods to integrate ODEs 
numerically; the super-implicit formulas. The formulas have more implicitness than the 
existing implicit formuals in the sense they require the information of not only the present 
timesteps but also those of future ones. By means of operator formalisms, we introduced 
the general expressions of Cowell-type super-implicit formulas for special second order 
OD Es, as well as the starting ( or boundary) formulas and the formulas to evaluate velocities 
at intermediary steps. Also we derived the general formulas of Adams-type super-implicit 
formulas for general first order ODEs. By combining some of these formulas symmetrically, 
we developed the sets of self-consistent formulas of the order of 6, 8, 10, and 12 for special 
second order ODEs. We stated clearly how these nonlinear equations are solved by the 
Picard method. These methods are considered as one-step integrators of large stepsize such 
as a few to some tens orbital periods. As a result the method is expected to be accelerated 
by the factor of some to several tens by using parallel/vector computers. The methods are 
time-symmetric in the sense that they transform the final state vector obtained back to 
the initial one exactly. As a result, the truncation errors produced by these integrators for 
orbital dynamics are expected to grow only linearly with respect time. Also, by its nature, 
these integrators are expected to suffer no stepsize-dependent resonance/instabilities. We 
confirmed this through test integrations of Kepler motions for long periods. 

REFERENCES 

Hairer, E., N</>rsett, S.P., and Wanner, G., 1993, Solving Ordinary Differential Equations I 
-(2nd ed.}, Springer-Verlag, Berlin. 

Henrici, P., 1962, Discrete Variable Methods in Ordinary Differential Equations, Wiley, 
New York. 

Fukushima, T.: 1997a, AJ, 113, 1909-1914. 

Fukushima, T.: 1997b, AJ, 113, 2325-2328. 

Fukushima, T.: 1998, in Proc. 90th Symp. on Cele. Mech. (Fukushima et al. eds}, 229-247. 

Fukushima, T.: 1999, in Proc. IAU Coll. No.179, to be printed. 

-359-



L.. 

0 
L.. 
L.. 

w 
cu 
C 
0 
E 
(/) 

0 
a.. 

L.. 

0 
L.. 
L.. 

w 
cu 
C 
0 
:e 
(/) 

0 
a.. 

Figure 5. Long-Term Behavior of Integration Error 

0.1 

0.01 Keplerian Motion: e=0.2, 2pi/h=10l-CO~~------· 

0.001 

0.0001 

1e-005 

1e-006 

1e-007 

1e-008 

1e-009 

1e-010 'L--~~~~~.....,_- ~~~~~.___.__,__--~~~~~_,_ _ _; 

0.1 

0.01 

0.0001 

1e-006 

1 10 

Orbital Periods 

100 

Figure 6. Step-Size Dependence of Long-Term Behavior 

Keplerian Motion: e=0.2, 12th O~~rd:e~r ('fffei¢,i//l!li ____ _ 

2pi/h=40 

"' -' ' 

1e-012 '---~~~~~.....1--~~~~~'-'--'--~-~~~~-'-------' 

0.1 1 10 

Orbital Periods 

-360-

100 



Lambert, J.D., .and Watson, I.A., 1976, J. Inst. Maths Applies, 18, 189-202. 

Quinlan, G.D., 1999, submitted to AJ. 

Quinlan, G.D., and Tremaine, S., 1990, AJ, 100, 1694-1700. 

APPENDICES 

A. Symmetric Running Formulas of Cowell Methods 

Consider a situation where ,B-coefficients are symmetric. In this case, l = 2m + 2 and 

,B(m,2m+2) _ /3(m,2m+2) 
k - 2m+2-k , (k=0,···,m) 

and therefore, Eq.(5) becomes 

[ 

m+l ] _ 2 (m,2m+2) (m,2m+2) 
Xn+l - 2Xn - Xn-1 + h ,Bm+l In+ ~ ,Bm+l-j Un+j + In-;) 

3=1 

(Al) 

(A2) 

Of course, the symmetric ,B-coefficients can be calculated by the formulation given in the 
main text. However, by using the symmetry, we can derive them in a different and smarter 
way. 

Let's begin by introducing the central difference operator 

Y = E - 2 + E-1 = 2(cosh hD - 1). (A3) 

By using Y, we rewrite Eq.(A2) in the form of operators as 

(A4) 

We interprete this as a truncation of the expansion series with respect to Y as 

This preprint was prepared with the AAS 15\.'JEX macros v4.0. 
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m oo 
a(m,2m+2) + ~ a(m,2m":""2) (Ei + E-i) l"'oJ ~ 'T}. yi 
1-'m+l L.,, 1-'m+l-J l"'oJ L.,, 3 

j=l j=O 

(A5) 

Then the corresponding generating function is given as 

1 1 2 31 3 289 4 

= 1 + 12z - 240z + 60480z - 3628800z + · · · (A6) 

After the 77-coeflicients are obtained, the symmetric ,B-coeflicients are computed as 

f.l(m,2m+2) = ~(-l)(k-i) ( 2(m + 1 - i) ) . 
1-'k L.,, k _ . 17m+1-1, 

i=O i 
(k = 0, · · ·, m + 1) (A7) 

B. Velocity Formulas 

Although the information on velocities are not needed in the numerical integration based on 
Cowell Methods, it is quite useful to obtain the velocities at the intermediate steps where 
the position and accelerations have been already obtained. One possibility to realize this is 
to use Adams-type integration formula 

Vn+1 = Vn + hFn (/o, Ji,···) (Bl) 

Unfortunately, this type of integrtion formulas suffer the accumulation of truncation errors. 
Rather, a difference-type formula like 

1 
Vn = hXn (xo, X1, · · ·) + hFn (Jo, /1, · · ·) (B2) 

is preferrable although the first part Xn must contain differences, Vx;, which causes 
round-off errors. To avoid this as much as possible, we must minimize the number of 
differences; to reduce it to one. Namely 

(B3) 

Then, the resulting form is generally expressed as 
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k 
_ Xn - Xn-1 ~ (m,k) 

Vn - h + h L.J ).'j fn+m-j 
j=O 

(B4) 

By using the difference and other operators, we rewrite this as 

D = ~ + hD2 t At·kl Em-;_ 
j=O 

(B5) 

We interprete this as a truncation of the expansion series with respect to the backward 
difference operator, V, as 

D = ~ + hD2Em f: p_~mlv;. 
j=O 

By using the relations among the operators again, we obtain the generating function 
corresponding to the £-coefficients as 

After the £-coefficients are obtained, the corresponding A-coefficients are computed as 

C. Symmetric Velocity Formulas 

(B6) 

(B7) 

(B8) 

Consider symmetric formulas for evaluating velocities. Among such formulas, one option to 
minimize the number of differences is to take the central difference once as 

(Cl) 

Further, we assume that Fn takes the symmetric form, which minimizes the truncation 
error if the order is specified. Then, the resulting form is 

_ Xn+t - Xn-1 !!:_ ~ <5(m) (f . _ f ·) 
Vn - 2 + 2 ~ :, n+:, n-:, 

:,=1 

(C2) 
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By using the difference operator, D, we rewrite this as 

hD -hD m 
D = e - e + hD2 La~m) (eihD - e-jhD). 

2h j=l 
(C3) 

We interprete this as a truncation of the expansion series with respect to the central 
difference operator, Y, as 

By using the relation 

hD = cosh-1 (1 + ~), CY2 
sinhhD =yr+ 4 , 

we know that the generating function corresponding to the d-coefficients is given as 

00 • J z + z
2 

- cosh-1 
( 1 + ! ) 

D(z) = L d;z' = 4 2 2 

;=o [cosh-1 (1 + ~)] Jz + ~ 

1 7 37 2 199 3 

= 6 - 360z + lOOBOZ - 25920oz + ... 

After the d-coefficients are obtained, the corresponding a-coefficients are computed as 

D. Running Formulas of Adams Methods 

Consider the formulas for a general first-order ordinary differential equation 

dy 
dt = J(t, y). 

A truely general linear multistep method to solve this is expressed as 
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·k l 

Yn+l = - L a;Yn+l-j + h L /3;/n+t+m-j, (D2) 
j=l j=O 

where we assume again that akf3of3t # 0. The order of the method is equal to the number 
of free coefficients. Therefore the order becomes the number of {3-coefficients, i + 1. 

For the moment, we concentrate ourselves with the Adams type formulas. Namely 
k = 1 and a-coefficients are a 1 = -1. Thus Eq.(D2) becomes 

l 
- h""""' f3(m,l)f Yn+l - Yn - LJ j n+l+m-j, (D3) 

i=O 

By using the operators, we learn the following translations 

(D4) 

which transform Eq.(D3) in the language of operators as 

l 
V = hDL/3Jm,l)Em-i. (D5) 

j=O 

We interprete this as an £-th order truncation of the expansion series with respect to V as 

l 00 

Lf3)m,l) Em-j ~ (1 - v)-m L o-;m>vi. (D6) 
j=O j=O 

If we introduce the generating function of the expansion coefficients o-;m) as 

00 

Bm(z) = Lo-;m>zi, (D7) 
j=O 

then it is written explicitly as 

-z 
Sm(z) = log(l - z) (1 - z)m. (DB) 

The case m = -1 corresponds to the explicit formula, namely the Adams-Bashforth 
formulas. While the case m = 0 does to the implicit formula, i.e. the Adams-Moulton 
formulas (Hairer et al. 1993). To obtain the a-coefficients explicitly, we again recommend 
the usage of Mathematica or other formula processors. After the u-coefficients are obtained, 
the /3-coefficients are computed as 
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E. Symmetric Running Formulas of Adams Methods 

Consider a situation where ,8-coefficients are symmetric. In this case, i = 2m + 1 and 

/3(m,2m+l) _ 1-1(m12m+l) 
k - ,u2m+l-k , (k = 0, · .. , m) 

and therefore, Eq.(D2) becomes 

m 
_ h ~ a(m,2m+l} (f f ) Yn+l - Yn + L ,Um-j n+l+j + n-j 

j=O 

(D9) 

(El) 

(E2) 

Of course, the symmetric ,8-coefficients are calculated by the formulation given in the 
previous section. However, by using the symmetry, we can derive them in a different and 
smarter way. 

Let's consider a following expansion 

h ( ) ~ 2·+1 ( ) Yn+l = Yn + 2 fn+i + fn + h L T;V 3 fn+2+j - fn+j · 
j=O 

(E3) 

Then its truncation is easily shown to be of the same form as Eq.(E2). We rewrite this 
expansion form in the form of operators as 

hD hD hD 00 
( hD)

2
;+1 

sinh 2 = -
2 

cash-+ (hD)sinhhD~r; 2sinh 2 2 J=O 
(E4) 

Then the corresponding generating function is given as 

oo CL - sinh-1 lfi. 
( ) - ~ ; V 4+z 2 

T Z = L TjZ = . -1 lfi_ 
i=O 2zsmh 2 

-1 11 191 2 2497 3 14797 4 
= 24 + 1440z - 120960z + 725760oz - 191600640z + ... (E5) 
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Abstract 

We have solved trajectories of point mass by using high order B-spline approx­
imation functions. This method is equivalent to arbitral order implicit differential 
method. The order of approximation function is 3 "'45-th order in practical use. 
We have also estimated an upper limit of numerical (and truncation ) errors. 
This method is useful in the case of stiff equations. 
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1 Introduction 
In this paper, we propose a high accuracy method to solve the trajectories of 
particles with B-spline functions. This· higher order B-spline approximation func­
tion (the term "B"means "basis") is made with linear summation of piecewise 
polynomial basis functions, and it is different from the well known cubic inter­
polation function. We use, as basis functions, le-th order piecewise polynomials 
(k = 3 rv 32). By using de Boor-Coa:'s recurrence formula, we can generate these 
basis functions with high. accuracy and e:fficiency[l]. 

N-th particles are given by interacting with gravity The equation of motion 
is, 

.. G'°' rii ri = - LJ fflj 3 , 
i#:j rij 

(if=j), (1) 

where, ri is a trajectory of i-th particles, ffli is a math of particles, and 

i\ means second derivative of i-th trajectory of particles. The 3-rd derivative of 
equation of motions are 

d
3
ri _ -G '°' m · { i-ij _ 3 rijTi,j} 

dt3- LJ 3 3 4 
i:/:i rij rij 

(if= j), (2) 

where, 

(3) 

(i =¥= j), (4) 

where, 

(5) 

and as so on. ~tti are also existing. Especially in the case that rij decreases, 

the value of~ increase. ff we require high accuracy numerical solutions, it is 

KEYWORDS: B-Spline, ordinary differential equations, collocation, high accuracy 
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necessary to use higher order approximation functions. We can obtain approxi­
mation function that agree with ~sj by using k-1-th order spline approximation 
functions. 

2 Spline approximation functions 

We define the approximation function for each i-th trajectory ri(t) of particles by 
n spline basis functions Bi{il},k(l = x, y, z) with k - 1-th order, and n expansion 
coefficients cj{il}, 

n 

r{il}(t) = I: Bi{il},kci{il} 
j=l 

i = 1, · · ·, N l = x, y, z. (6) 

(We write Bn,k as Bn after this.) Cj{il} is obtained uniquely by giving n conditions 
for trajectory of i-th particles for each x, y, z. In matrix form, at some discrete 
time ti, 

( 

~l{il}.k(t1) ) 

Tn{il},k(tn) 

(7) 
The derivative of trajectories by time is obtained by 

i = 1, · · ·, N l = x, y, z m ~ k. (8) 

From equation of motions (1), i-th approximation function r(tn) attn should 
satisfy the following equations 

(9) 

at all tn. 

In order to satisfy initial position r{il}(t = 0) and initial velocity r{il}(t = 0), 
the following relation are required. 

n 

E Bj{il}(t = 0)Cj{il} = Tj{il}(t = 0) i = 1, · · · ,N,l = x,y,z, (10) 
j=l 

and 

n 

E Bj{il}(t = 0)Cj{il} = 1'j{il}(t = 0) i = 1, ·· · ,N,l = x,y,z. (11) 
j=l 
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Therefore 

n 

F1{il} = I: B;{il}(t = O)C;{il}-T{il}(t = 0) = 0 i = 1, · · · , N, l = x, y, z ( 12) 
j=l 

n 

F2{i1} = I: B;{i1}(t = o)c;{i1}-r{i1}(t = o) = o i = 1, · · · , N, l = x, y, z ( 13) 
j=l 

should also be satisfied. 
The derivative of F at tn by Cj{il} in equation (9) are, 

a F{ ii} dF{ ii} a,;. dF{ ii} a:f. { ii} 
Jn{il}=a --- a +-.. - ac i=3,···,N,l=x,y,z. 

Cn{il} dr{il} Cn{il} dr{il} n{il} .__.--, .__.--, 
=Bn{il}(tn) =.Bn{il}(tn) 

(14) 
We obtain expansion coefficient by multi dimensional Newton method with equa­
tion (14). In practice, Jacobi matrix for N-body system is 

From equation(12), 

J 1 { ii} = B j ( t = 0)' i = 1, ... ' N' l = X' y' z 

should be required. And from equation (13), 

J 2{ ii} = iJ j ( t = 0), i = 1, ... ' N' k = X' y' z 

i = 1, · · · ,N,l = x,y,z. 

(15) 

(16) 

(17) 

should be required to obtain initial conditions. We define CJ'[il} as expansion 
coefficients after M times iteration, then M + 1-th coefficients are obtained by 

( 
~nJ>

1 

)- ( ~Mil} ) _1 ( ~{i1}C t1) ) 
. - . - J.{ .. } . . • • J 1J . 

C~t} C~il} F{il}(tn) 

Then we can obtain expansion coefficients by iteration of 

where, 

( 

~l{il} )- ( ~{il}(t1) ) 
J.{.l} . - - • J 1 • • , 

hn{il} F{it}(tn) 

C M+i CM -h 
j{il} - j{il} - j{il} 
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If h are converged, expansion coefficients are obtained. 
Convergence of expansion coefficients depends on initial value of trajectories. 

In this case, we propose to use 2-nd order functions, 

(20) 

We obtain expansion coefficients Cn{il} for initial values by 

l [ 
C1{il} l [ r{i1}(t1) l 
C2{il} r{il}(t2) 

Bn{il}(tn) ~n{il} - ~{il}(tn) . 

{21) 

If we use k-1-th order approximation function, the simultaneous convergence of 
0 1 , · · ·, Cn are not required. We should obtain first k-th expansion coefficients. 
We can obtain expansion coefficients one after another by using Gauss-seidel like 
iteration methods. 

Bj,k(t) are (k - 1)-th piecewise polynomials, given by the iteration formula, 
called de Boor-Cox's recurrence formula [1] 

Bj,k(t) = t - qi Bj,k-1(t) + qi+k - t Bj+1,k-1(t) (k > 1), {22) 
qj+k-1 - qj qj+k - qj+l 

where qj{ qJ ~ qi+t are knot points which define the spline basis functions. The 
initial basis functions, corresponding to k = 1, are given by 

(23) 

Collocation points t; are ordered as tn < t;+i (j = 1, · · ·, n - 1) There is a 
freedom in taking the sequence oft; and q; subject to the Schoenberg-Whitney 
condition, 

q; <ti< qi+k (j = 1, .. ·,n). (24) 

It is known that one can approximate the solution well when this condition is 
satisfied [1]. When the knot point q; are monotonically increasing, a good ap­
proximation is obtained by choosing collocation points ti according to 

(25) 

This satisfies the Schoenberg-Whitney condition (24). 
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In this pa.per, we adopt equidistant point at the beginning, for example, 

tn - ti 
q1 = q2 = · · · = qk = tmin - ( n _ k + l }k, 

tn - ti ( . k) ( . k ) qi = k l i - + tmin i = + 1, n , n- + 
tn - ti 

(26) 

qn+l = qn+2 = ... = qn+k = tma:c + ( n - k + 1 )k, 

for fixed boundary problem, where tmin a.nd tmaz are the boundary points. We 
locate the first k knot points on this side of these boundaries, and k knot points 
on the other side of last boundary points. In this case, we can get k-th order 
extrapolation functions from tm= to tm= + c .. '...\~l~- In this method, we can 
easily obtain the k-th order extrapolation function etween the time tma:c and 
tma:c + (n:1f~l)k, and this is very useful as initial condition after tma:c· Some basis 
functions are shown in figure 1. Usually B is a band matrix with band width 
k + 1, i.e. 

B1,k(t) = B2,k(t) = · · · = ~i-1,k(t) = 0, 

Bi+k+2,k(t) = Bi+k+a,k(t) = · · · = Bn,k(t) = O, 

where qi::; t::; qi+l· 

(27) 

Thus the approximation function can be calculated by the sum of products of 
k + 1-th coefficients and basis functions: 

left(t)+k 

r(t) = I: Bi,k(t) · Ci, (28) 
i=left(t) 

where left(t) stands for a function whose value is j if q; ::; t < q;+1 is satisfied. 
The partial derivative of the expansion of the approximant r( t) is given by 

dr(t) = t dBi,k(t) Ci. 
dt i=l dt 

(29) 

The derivatives of the basis functions of the k-th order iteration are given by the 
basis of the k - 1-th iteration, 

dBi,k = (k _ l) { Bi,k-i(t) _ Bi+t,k-1(t)}. (aO) 
dt qi+k-1 - qi qi+k - qi+l 

As the same way, k-th derivative of basis function d:~e 
3 Truncation errors 
The truncation errors is estimated by 

(
6t)max(k+l,l} 

llr - rll ::; 2 { 1 + 11.Ckll} llr<k+1>11, (31) 
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where r is an approximation function and ot is a distance between neighboring 
knot points, l is a continuity of function/ E C1, and 11.Cmll denotes the Lebesgue 
constant given in Ref. [19],[18). £ = 1 rv 10 in this cases. If there is no collision, 
l = oo in this case. 

Although the spline approximation is higher order approximation, Runge's 
phenomena in Lagrange's approximation does not appear [6]. Because the spline 
approximation uses the basis with compact spatial support, the effects oflocally 
violent points do not propagate immediately as far as the approximation function 
is determined by local rules. Since there is no need to make a uniform mesh, it 
is possible to concentrate the mesh points around a locally violent region. 

4 Round off errors 

From the above discussion, we see that the spline approximation has very small 
truncation errors and that these errors occur locally. It is not easy to estimate the 
round-off errors when the equation is written by a summation as in equation (6), 
but since the expansion coefficients are obtained by solving the matrix equation 
(7), we can estimate the round-off errors by analyzing these matrices. 

We first calculate the condition number of matrix B, and then show how 
errors in the coefficients of matrix C, which are caused by errors in either B or 
f, are related to this number[20). We choose to define a norm of a matrix A by 

(32) 

where A~ are the eigenvalues of the matrix AT A. 

(33) 

This is called the Von Neumann p-condition number. We take it as the definition 
of the condition number for matrix B. 

We write numerical error of vector h, 6.F, matrices 6.J, round off error of 
evaluation functions 6F, and evaluate the relative error of expansion coefficients 
in equation (19) 

(J + 6.J)(h + 6.h) = F + 6F. (34) 

For any norm, we have by definition 

IIJII · 11h11 ~ IIFII (35) 

From equation ( 34) 

-373-



Hence, we have the inequality 

where 

IIAhll 

N 
11111111-

1
11 (IIAlll ll5FII ) 

< 1- 11111111-1 11 7iJif + lllllllhll 
11111111-

1
11 (IIAlll ll5FII) 

~ 1 

II Tl1111-1 11 11111 + M 
PJ (IIA1 I lh1'11) 

= 1-EJ liJif+M ' 

-1 IIAlll 
EJ = Ill IIIIAlll = PJliJjf, 

(37) 

(38) 

so that the growth of the relative error in his bounded above by condition number 
of J times sum of the relative error in equation {32). 

The relative error of vector r, Ar is given by 

(B + AB)(C +AC+ 50) = r + Ar. 

Since IIACII = IIAhll, and from equation (39), we obtain 

IIArll 
7jtjf ~ (IIBIIIIB-1 11 + llllkllllB-111) ( lill

0
CII + ll5CII) 

= (PB+ EB (IIACII ll5CII) II II 11011 
) 11°11 + IICII 

From equation {37) we obtain 

{39) 

(40) 

IIArll < PBPJ (IIAlll + ll6Fll)+P ll5Cll+e { PJ (IIAJII + ll5FII) + llc5CII} 
llrll - 1 - EJ IIJII IIFII B IICII B 1 - EJ IIJII IIFII IICII · 

(41) 
where PBis Ba condition number of matrix B, EB = PB 11

1
f.s1f

1
11. PBPJ is a dominant 

value of numerical errors. 
In de Boor-Cox's recurrence formula(22), the following relation are satisfied 

t - q; < 1 and q;+k - t < 1. - , . -
q;+k-1 - q; q;+k - qJ;+1 

If B;,k-n(t) have some numerical error, it will be canceled while calculating basis 

functions, and the practical upper limit of round off error is V k(kil) x e, where 
e is a computer epsilon. Thus the upper limit of IIABII is computer epsilon xk 
in practical use. In the case that both qi and t are binary descriptive values, 
there are no errors in B;,k, and IIABII = 0. IIAhll is determined according to the 
judgment standard of newton method, and is a size level of the computer epsilon 
X size of matrix. 

We show the dependence of the condition number on the number of knot points 
and on the order of the basis in fig. 3 and fig. 4. Since the condition number 
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increases with the order of the basis, the error of the expansion coefficients relative 
to the error in the approximation function will also increase with k. The condition 
number increases as 10(-o.t33+o.23ixk) for N = 64. 

If we reuse double precision variables with IEEE format, the figure part have 
52 bits and exponent part have 12 bits. Therefor the computer epsilon is 2-s2 = 
2.220E - 016. Thus the maximum value for round-off errors are approximately 
2.2 X 10-16.133+0.231xk. 

Order of basis functions is important especially in high accuracy calculation. 
For example, the round off error with N = 64, k = 10 is about 3.337 x 10-14. 

From equation (31), the truncation error is about const X (1/27l+l, where const 
is 1 "' 10. The truncation error for k = 10 becomes const * 6.62 x 10-24. In 
this case, there is no needs to use high order approximation function with double 
precision. 

The round off error with N = 64, k = 3, is about 8.0 x 10-15 • The truncation 
error is about const x 3. 7 x 10-9 • In this case, higher order approximation function 
is useful with double precision. 

5 Detection of errors 

If we evaluate the equation (31) and equation (41), the upper bound of the error 
on collocation point can be calculated. 

dkr{;n 
It is clear that di'k grows as Tij decreases. In other word, we only have to 

d2qil} 
use 6t properly according to the size of~-

Division points Tu,TL2, ···,are determined so that the interval ( or one unit 
) contains 64 basis functions. One can cope with the stiff equations by using 
more fine mesh point calculation where the second derivative are large as shown 
in table (5). 
Ll Ti 
L2 Ti T2 
13 T1 T2 T3 T4 
14 Ti I T2 T3 I T4 Ts I Ta T1 I Ta 
15 T1 I T2 I Ta I T4 Ts I Ts I T1 I Ta Tg I T10 I T11 I T12 T13 I T14 I Tis I Tis 

For instance, r {il} is by r}il} and is not stiff and does not exist in stiff ( ,£ is 
small). The approximate value made from Tu is used for r{il} . The thing to de­
cide the approximation function made from TLa can be done for T{jl}· (Naturally, 
it is similar concerning r{ix}i{iy} of r. ) 

In the case of the sun (almost geostationary), the earth (cycle on year), the 
moon ( cycle a month), and Pluto ( cycle 248 years), it is necessary to calculate 
all in a usual method. 
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Wh hi en t h d. . d ·t. s met o 1s reqwre , 1 1s enoug h ass hown in the following tables. 
cycle Level calculation points 

moon lmonth Ll0 (1024) X 64 
earth lyear 16 (64) X 64 
Pluto 248years Ll 64 

Moreover, a vertical axis to the orbit side can almost be calculated enough 
with the calculation point of L1 • 
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Spline basis 

al 

X 

Figure 1: The spline basis functions with order 3. The number of the knot points is 
10. Figure 1 ) shows the basis functions for fixed boundary problems. Spatial region is 
[O, 1]. 
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Derivatives of the spline basis 
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X 

Figure 2: The derivatives of the 3rd order basis functions. Fig. 2 a) shows the deriva­
tives for fixed boundary problems. The region of both systems is the same as in fig. 
1. 
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Figure 3: Dependence of the condition number p on the number of knots N. The 
condition number tends to some limit as N increases. The limit value increases when 
the order of the basis increases. 
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N=64 Condition nuber (p) 
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Figure 4: Dependence of the condition number on the order of the basis functions. The 
condition number incr~ases when the order of the basis functions increases. 
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Relative Orbit Estimations for Close Geosynchronous Satellites 
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A new technique for monitoring the relative orbital motions of closely operating 
satellites is described. A radio-interferometer receives signals from two satellites 
so as to observe their differential line-of-sight directions, and a Kalman filter 
estimates the relative orbital state of the satellites. Estimation performance 
indicates a potential accuracy of 1 00m for relative satellite position, and this 
makes satellite near-miss warning and collision avoidance feasible. 

Introduction 
Due to the worldwide growth of satellite telecommunication activities, new launches of 

artificial satellites into geosynchronous orbits continue as illustrated in Fig. 1. The 
geosynchronous orbit is a unique existence, as it is a circular orbit with a particular height 
due above the earth's equator. As more and more satellites come into this orbit, spatial 
separations between satellites reduce. This tendency is seen in Fig. 2, where the occurrence 
ofsmall separations between adjacent satellites as 0.1 degree or less has doubled in a few 
years. 

eoo,...-----------------. 

Fig. I Geosynchronous launch, 
yearly cumulative 

150 ,---------------------, 

100 

50 

m 199s 
D 1995 

-0. 1 0. 1-1 1-10 10-

longitude separation [ deg] 

Fig.2 Small separations between stallites 
increase 

Satellites operating closely to each other raise a potential risk of collision[l]. Though the 
actual collision probability is not high, any event of collision will generate a number of 
fragments which will then dissipate along the orbit to damage the environment of our 
precious orbit. So, any collision must be avoided, and this necessitates developing a 
technique for warning every possible near-miss between the satellites. Near-miss warning 
has to be accurate enough, since a poor accuracy must be compensated for by an enlarged 
error-margin of warning zone around each satellite and this would result in frequent 
triggering of unessential avoidance actions. 
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The present paper describes a newly developed technique for accurate near-miss 
warning. A radio-interferometer tracks two satellites so as to observe differential line-of­
sight direction of the satellites, from which relative motions of the satellites are estimated. 
The relative motion estimation is accurate, because the differential observation eliminates 
any errors arising commonly for each satellite. The following sections describe the 
interferometer concept along with the relative orbit estimation filtering and its 
performance. 

Differential Interferometer 
The radio-interferometer has been set up at Kashima Space Communications Center, 

Communications Research Laboratory, as illustrated in Fig. 3. Three antennas of 1.2m 
diameter are directed to a group of TV satellites operating in 11 GHz bands at 110 degree 
east of the geosynchronous orbit. The antenna baselines are arranged so that AB measures 
the azimuth and BC the elevation. Antenna sites are connected to a measuring site by 
cables for transmitting IF signals and distributing down-conversion reference signals, and 
in this respect our interferometer looks simply traditional. 

A B C 

+- 110m ___. +- 130m _. 

Estimation Filtering 

Fig. 3 Outline of radio-interferometer 

What_ is particular with our interferometer is its capability of differential observation. At 
the measuring site, two beacon signals are detected separately as coming from two 
satellites. This choice of two is any out of the grouped satellites, and the chosen two are 
called "Master" and "Slave" satellites for convenience (which one is Master is arbitrary). 
Then we have three beacon signals of the Master satellite as coming through sites A, B, 
and C. We measure the phases of the A-site signal and of the C-site signal against the B­
site signal. The same phase-measurement proceeds also for Slave satellite signal. Then 
evaluate the difference between the Master and Slave, for baseline AB and for BC. This 
provides, schematically speaking, differential azimuth and elevation observations of the 
two satellites, and the differential procedure will eliminate any observation errors that arise 
commonly for each satellite. Particularly important here is that the phase-measurement for 
the Master and that for the Slave take place strictly at the same moment by means of digital 
signal processing, and this proves essential for accurate differential observation as seen in 
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the next section. 

Observation Data 
Observation of satellite line-of-sight direction is subject to errors ansmg from 

atmospherical fluctuations. As a matter of fact, non-differential phase measurements with 
our azimuth baseline appear, for the Master and Slave, with fluctuating errors as shown in 
Fig. 4. By contrast, the differential data "diff', Slave minus Master, become smooth. Time 
scale is magnified in Fig. 5 to clarify the differential procedure; the observed data fluctuate 
from minute to minute almost identically for Master and for Slave. Owing to our 
interferometer design of measuring the phases simultaneously for two satellites, the 
common fluctuations are eliminated from the differential data. The same effect of 
differential observation operates also for the elevation baseline. 

phase (deg) 
360---~-------r.----:::-=---c-............ ,-.!l\ltmAr-.-. 

0 +u,-..&..:..~"---&li,_,..:11----y':Ail--JI.L-,-.:....,;a~aa;aill-LI 

0 720 
time [min] 

1440 

Fig.4 Non-differential /differential data 

Observation Modeling 

phase (deg) 

360-.----------------. 

o ~-.......--.........------------1 
320 380 

time [min] 

Fig.5 Differential effect 

The path-length from a satellite to one antenna of an interferometer will differ from the 
path-length to another antenna, by a p, as illustrated in Fig. 6. Phase measurement for one 
satellite is then modeled as 

,p=(2,r/ A)p+(2,r/ A')(/1 -12) 

where A and A' are the wavelengths in a vacuum and in cables, and 11 and 12 are the 
lengths of IF transmission cables - so the second term is a "cable-term." The cable-term 
includes equivalently the delay in the antenna and receiving equipment. We have two 
satellites at different positions with different beacon wavelengths. Differential phase 
measurement, Slave minus Master, is then modeled, for the azimuth baseline, in the form 
of 

.. (1) 

where subscript Mand S are for Master and for Slave, and the cable lengths refer to Fig. 3. 
Also for the elevation baseline, we have 

2,r 2,r ( 2,r 2,r ) Ae,p=-qs --qM + -,---,- 01 -/3) 
As AM As AM 

.. (2) 

with q 's denoting the path-length differences for this baseline. We should set to 

-384-



11 =12 =13 , so as to make the cable terms in (1) and (2) vanish. Since we prepare identical 

antennas and equipment for the three sites, our problem is to make the lengths of IF cables 
equal. -If the phase measurement should be accurate to 0</>, the three cable lengths must 

then be equal to a precision of li, with 

8(> =( 2,r _ 2,r J 8/ 
l' l' S M 

In our experiment, 8(> is one degree, the IF is in a 100MHz band, and two beacons differ 

by not more than 1 OMJlz; hence 8/ is 8cm. Actually, cables were pre-cut to that precision 
of equal length before they were installed. 

y 

Fig.6 Phase measurement modeling 

Relative Orbit Estimations 
Two approaches are possible for estimating the relative satellite orbital motions. One is 

to assume that both satellite orbits are unknown. The other, which is simpler, assumes that 
the Master orbit is known and the Slave orbit is unknown. Our experiment chose the latter. 

The Slave satellite's orbital motion is defined by inertial position and velocity and by the 
satellite's area/mass-ratio parameter; these are combined to make Slave satellite's state 
vector. An observed set of differential azimuth and elevation data makes an observation 
vector. A Kalman filter is then organized in an established procedure so as to update the 
state vector each time we obtain a new observation vector. The satellite dynamics in the 
filtering considers the solar/lunar gravity, the earth's potential, and the solar radiation 
pressure. The Slave's state is thus updated, while the Master's state is predicted from its 
assumed orbital elements. Thus we have a set of two orbital states: updated Slave's and 
predicted Master's, and this set provides the estimate of the relative orbital motion. The 
resultant estimate of relative motion is accurate as corresponding to the precision of the 
differential interferometer observations. 

Estimation Performance 
The relative orbit estimation performs as shown in Fig. 7. Parameter estimation for the 

solar pressure parameter ( effective area/mass ratio) indicates the filter's convergence after 
one day of tracking. The 0-C magnitude after the convergence corresponds to an accuracy 
of 80m of relative satellite position. 

Relative position accuracy will go down when predicted, and so this is critical to our 
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near-miss warning. One can evaluate the degree of the accuracy reduction by switching the 
state-update on and off in the filtering, and this evaluation indicated that the relative 
position accuracy of around 100m is available after one-day's prediction. This accuracy of 
near-miss warning enables a collision avoidance strategy at a reasonable cost of satellite 
propellant consumption and reasonable extra operational workload[2]. 

area/mass 
[m"2/kg) 

Summary 

0.0..._ __ ........... ____________ _____. 

20~-------------

10 

-10 

-20-+-L----------------~---1 
0 1440 2880 4320 

time [min] 

Fig. 7 Relative orbit estimation performance 

Relative orbit estimations using differential interferometer is a feasible approach to 
accurate near-miss warning and hence to collision avoidance for closely operating 
geosynchronous satellites. Choice of two satellites is arbitrary as long as the interferometer 
receives the satellite signals, so the present technique can be applied to any group of close 
N satellites in-geosynchronous orbits. 
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Abstract. The space within a latitude ±0.2° of the geostationary orbit is surveyed between 

68° and 190° east longitude by using a 35-cm reflecting telescope with a software detecting 

geostationary objects at Kashima Space Research Center. 67 satellites recognized by North 

American Air Defence Command (NORAD) are confirmed, and 2 satellites unrecognized by 

NORAD are found. There are also several objects crossing the viewing field. A low drift-rate 

object considered to be a space debris is followed for three days. By the orbital determination 

and its error estimation, it is found that at lea.st two days are needed to monitor the motion of 

a near-geostationary debris. 
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Figure 1: The telescope system at Kashima Research Space Center , Communication Research 

Laboratory. 
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Figure 2: Distribution of objects around the geostationary orbit from 12 Jan. to 17 Feb. 1999. 
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segment is the result of fitting the plots sampled on the 14th. 
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Figure 4: Telescope image around 110° E, 0° N at l3:13:30'(UT) with an exposure of 20 seconds 

on 16 February 1999. The three white dois in the lower part of the frame are B-SAT lB , B-SAT 

l A, and BS-3N (starting from the left) . The upper dot is considered to be a debris since this 

object was ejected outside the frame 30 minutes later. 
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Table 1: Orbital elements of the debris found by us. 

sam pie dates t (UT) a[km] e i[ 0] n[ 01 w[ o] M[ o] 

(1) 14 14th, 0:00 42350.424 0.00151015 0.9630 88.4345 230.0255 301.0312 
(2) 16 16th, 0:00 42351.658 0.00144334 0.9676 88.7131 230.2970 297.8603 
(3) 17 17th, 0:00 42346.753 0.00150786 0.9689 88.8095 230.0681 296.6275 
(4) 14,16 14th, 0:00 42345.822 0.00160761 0.9634 88.4332 229.9252 301.0944 

(5) 14,16,17 14th, 0:00 42345.818 0.00160583 0.9634 88.4280 229.9453 301.0794 

-c, t. O)~ffi.;·elii]-0)77• Y ~~~ L tc c !¥1JiJr L tc. 
17 8 t.t, 14 8 c 16 8 0) 48 ~ra,-C\ ~ii§!J:~~imi&b L td!J.t;6~ c"h,til'tfn-c 0 o 7}:i.~JHH L, 

2 -C-WIJ-:> -c 24 ~raiO)-ftt,~ 1±1 L -c, 16 8 O)~,i3Jii&b~J.t7}:i. b~ Ls I 0 tc. t. h,tc J: o c, 1 8 9)-0)-f 
tt,t.t 2.3 ° -c-, ~ 17 B tct.tJR~ 107.90 ° O)~i!J:~~ 21~429t (JST) tcim;/!bi'"o. ~~0)9tt,a­
l/J7JE~~JO) 1 ~ra,f§!Jro 7}:i. b liiffiJ~ lffltdt L tc. i!iffUka* ~ ~ 2, 3 tc~-t. ~iruffi~J.t c ~~ r.t :t:3' .ta 

J: -t riflU c -!c L, f0iiflU 3 13 13 tc L -c D 0) t.lJ t ~ m~-r o t. c tcfflt:F)J L tc. 
c. tL b 3 8 Fa19tO)filiflU:r - ? ~ 5c tc, ifih.R#tJE ~ fi t.t -:> tc. ilt3t! 0)1*JE c r.t, ~ o ~~J t tc :t:3' lt o 

~~- - ifih.m~$~ (a), MUJ~ ( e ), ilt.mfffif!ii~~ ( i), ~~F.!,tJF~ (n), 5lri&#.:s ll'l (w ), 1Jl:fsJi6: m:•~ ( M) - ~#tllJ o t. c -c• ~ o. ifih.R~JEO)Jjf{Jll!t.t, :liiJJtc-=c:r 1t.-(f(Jf.tfi1~1li5E L, ~l}jO)~l'j~ 
1.m~L-cfiliflUfil c 0)~0)=*1fl:fsJfil7}~,J"~ < ~ o J: 5, Btfrift~~~ ~ ~T t 0)-C·~ o. 

-~=-~tcJ:~#tJE~tLtcilt.R~;«~-ltc~To 189J-O)ifliffiJ:r-?O)~~R-:>-cilt.m#tJE 
~Ltcctt.J:,~k0)8-C-a,etc.m-c:tt.t0*f~O)~b~t~~C-c0ot.c~b~o(.J:fl 
(1),(2),(3) ~~JfflO)t. c ). i tc, £~~~U t 7}~ 2 J=) 14 8 0 ~ UT O)illll.,t!~~~J!o c, l 139)-c 2 8 

9J-O)liiflU:r-?7}:i.b>J<~tc a, e tct.t-*IP.t-ftL~~C-c00 (.J:fl (1),(4) ~~Jt«O)c. c). L?}:i.L, 

fiiJ C t = 2 J=J 14 8 0 ~ UT O)ilt.R~~-c· t, 2 8 9t c 3 8 9)-0)ftiit{U:r-? 7}:i. b>l<l/J tc a, e tc r.t ti c 
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4-0)~ffitc-~tc,:r7Y~~IJJaWTo7~~9~AO)~frlffl~~~~·tcL~~b,~~ 
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::.-- A :r Alffl~tc~b-:> tc~~tt.:c.1 • 1- • .:C.A, ~EB~Jit~ (iffifg;fgftluf,ef]r), aJII~~ (~ 
iii~~~) tc~atfLi-r. 

[1] Guide Star Catalog - Ver.1.1, Space Telescope Science Institute, 1992. 
[2) GEO list, North American Air Defence Command, http://www.spacecom.af.mil/norad/ 

[3) Schildknecht, T., Hugentobler, U., Verdun, A.; Optical observations of space debris with the 
zimmerwald I-meter telescope, Advances in Space Research, 19[2), 221-228, 1997. 
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Clustering control of geostationary 
satellites using artificial interactions 

Hiroaki UMEHARA 
Kashima Space Research Center, Communications Research Laboratory 

Hirai, Kashima, lbaraki 314-0012, Japan(ume@crl.go.jp,http://www.crl.go.jp/ka/) 

Abstract. The collective motion of geostationary satellites is searched for with artificial inter­
actions of the Gaussian potential. These interactions are treated as a time-continuous maneuver. 
The potential parameters are found so that the five satellites maintain a cluster configuration 
in the tolerance region of the geostationary orbit. 

1 Introduction 

The number of geostationary satellites is greatly increasing although the available region 
is limited around the geostationary orbit. Therefore, station-keeping maneuvers are more com­
plicated to prevent collisions, near-misses, etc. The linear theory has been used to develop 
optimal collision-avoidance strategies in a few satellite systems (Harting et al., 1988; Eckstein 
et al., 1989). Our aim is to search for an optimal procedure in a cluster system by using the 
mechanism of collective motion found in many-body systems. 

We apply external forces with attractive interactions on five geostationary sattelites closely 
located to each other. These satellites are considered to be massless particles which are affected 
by the terrestrial gravitation and the solar radiation pressure. It is assumed that the external 
force is given by the Gaussian-potential function of mutual distances with several parameters. 
We will search for the parameters where the particles form a cluster in the tolerance window of 
the geostationary orbit. 

The perturbations (the lunar-solar gravity and the earth non-sphericity) with the exception 
of the solar radiation are ignored since these forces accelerate the neighboring satellites in the 
same way and the perturbed orbits would be parallel to each other. The solar radiation pressures 
act on the satellites with various magnitudes causing complicated maneuvers since the effective 
cross-sections are different from each other. 

Here, we investigate only the condition of spontaneously collective motion. In particular, 
we study the effect of attractive force on the motion. Our future work will be to search for 
impulsive collision-avoidance maneuvers which minimize the overall fuel consumption as well as 
operational efforts on the ground. 

2 Simulation model 

· Let us describe the relative motion of each satellite with the nominal stationary position 
denoted by S0 • The positions of the five satellites are denoted by Si, i = 1, 2, ... , 5. The 
rotational coordinate system with the vector from the earth to So is introduced. The x-axis is 
directed radially outward from the earth. The y-axis is along the direction of motion and the 

-----+ 
z-axis is normal to the orbit plane of S0 • Let qi= (xi, Yi, zi)T be SoSi, The equations of motion 
are given by: 

(1) 
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[ 

- cos Ot cos wt - cos 60 sin !lt sin wt ] 
fi(t) = CTiP + cos nt sin wt - cos Oo sin nt cos wt , 

- sin 60 sin Ot 

n-1 n 

U = -c LL aexp(-a2r?j), Tij = SiSj, 
i j>i 

(2) 

(3) 

where w is the earth rotation angular velocity, n is the earth revolution angular velocity, 60 is 

the maximum declination of the sun, Ui is the effective area/mass ratio of a satellite Si, and 
Pis the solar pressure constant (4.5 x 10-5 [N/m2]). The time is initialized when the x-axis is 

directed to the vernal equinox. The perturbation of the solar radiation pressure is expressed 

in eq. (2). The last term of eq. (1) corresponds to the external force, which is considered as a 

maneuver and is given by the Gaussian-potential function U (see eq. (3)). It is noted that the 
linear part of eq. ( 1) corresponds to the Hill equation in the earth-So-Si system. The analytic 
solution of eq. (1) without the last term is derived by Kawase (1989). 

The parameters of individual satellites are fixed as u1 = 0.20, u2 = 0.10, C13 = 0.05, 
u4 = 0.02, and cr5 = 0.01. The initial points stand at S1 (0, 0.2L, O), S2(0, 0.lL, O), Sa(0,0,0), 
S4 (0, -0.lL, 0), and S5 (0, -0.2L, O), where L = 74 km. The tolerance window is regulated as 

by= oz = 2L. We assume the x-tolerance as bx = 1.5L. 

3 ~ umerical survey 

Figure l(a) shows five-satellite orbits without control (c = 0). The three-dimensional orbits 
are projected onto the (a:,y) plane. About two weeks later, S1 is ejected from the tolerance 
window. Figure l(b) represents the time-dependent moment of inertia I(t) where the masses 

of the respective satellites are considered as a unit. The maximal cluster size increases with 

increasing time. 
Next, the-parameters ( a, c) of the artificial force function which maintains the cluster con­

figuration in the five-satellite system are searched for in Fig. 2. The duration of the cluster is 

long ~n the range: 

C > 1, a rv 1. (4) 

The above parameter region is suitable for the clustering control. 
Our model is the time-dependent Hamiltonian system. The time-independent part of the 

Hamiltonian (fi = 0) is given by: 

(5) 

Here, Pi = ( Ui, Vi, Wi f is the canonically conjugate momentum of qi, We find that the IHI­
distribution is similar to the duration distribution in the ( a, c) space. 
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Figure 1: Five-satellite orbits without control (a) and time-dependent moment of inertia of the 
system (b). 
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Figure 2: Duration of the cluster in the tolerance window. 
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A Study on the Orbital Analysis of Geosynchronous Satellites -V. 
- The Relation between Post-fit Range Residuals and Meteorological Elements -

Masashi KAWAI* 

Abstract 
It was tried to investigate the relations between meteorological elements and 

post-fit range residuals for discussing the causes of the 12-hour and 24-ho~r 
period fluctuations in post-fit range residuals in orbital analysis of 
geosynchronous satellites. Meteorological elements such as air pressure, air 
temperature and relative humidity were observed at meteorological stations 
around the tracking station. The results of the investigation are as follows. 
(1) There is a correlation between 24-hour period fluctuations and relative 

humidity. 
(2) In case that 12-hour period fluctuation appears in a clear shape, relative 

humidity doesn't change almost. 
There is a correlation between the 12-hour period fluctuations and tidal 

generating forces, therefore it seems that the fluctuations are caused by tidal 
generating forces. It was verified that the 12-hour period fluctuations are 
explained by only thinking that the tracking station waves horizontally with 
earth crust. It is considered that there are horizontal flows of asthenosphere 
which are generated by tidal generating forces, and the earth crusts moves 
horizontally with the flows in the mantle such as ocean currents and tidal 
currents in ocean. 

It is considered that 24-hour period fluctuations in post-fit range residuals 
are clue to relative humidity and the observed range to the geosynchronous 
satellite CS-3b increases about one meter by tropospheric refraction of a radio 
wave as relative humidity increases 20 percents. These results are reported in 
this paper. 
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Table 2. CS-31.>. Tracking Data Olisl~l'vod at. Kimi t.u 

8 is the angle between the sun and the moon at the earth. 

-r--7 -r - -7 II, ffi1J Wrnfl (JST) B 
Cbl 1993~ o6J:J 0513 08n~ -· 1993~06~ 0113 01nt 162-

Cb2 1993~06J:) 12f3 08Pt--1993~06Jj 14 f3 07~ a2· 

Cb3 1993~06J:J 1913 08nt--1993~06J:J 2113 01nt 2· 

Cb4 1993~06J:) 2613 08Pt--1993~06J:) 2813 07P~ 90° 

Cb5 19 9 3 ~ 0 7 J:) 0 3 13 0 8 p~ -- 19 9 3 ~ 0 7 JJ O 5 13 0 7 p~ 177° 

Cb6 1993~07J:)1013 08Pt--1993~07 ~ 1213 07Pt 101 ° 

Cb7 1993~07 J:) 1713 08P~--1993~07 JJ 1913 07P~ 20· 

Cb8 1994~06J:) 0413 08P~--1994~06JJ 0613 07P~ 48° 

Cb9 1994~06J:) 1113 08Pt--1994~06J:) 1313 07~ 30° 

CblO 1994~06J:) 1813 08P~--1994~06J:) 2013 07P~ 118· 

Table 3. The Locations of Tracking Stations 

TSCJ-C2 is station for observing ranges of CS-3b at Kiwitu. 

TSCJ-ANG is station for observing angles of CS-3b at kimitu. 

Station Coordinate Latitude Longitude Height 

TSCJ-C2 GEM-10B 35° 11' 35. 795"N 140°04' 29.486"E 189. 742w 
TSCJ-ANG GEM-10B 35· 11' 36. 822"N 140 ° 04' 3 I. 221 "E 200.836w 

Table 4. The Tiwe of Transit of Moon across the Kimitu Meridian 

Data Time of Meridian Transit of the Moon (JST) 

Cbl 1993. 6. 6. lH, 1993. 6. 7. 2H 

Cb2 1993. 6. 13. 6H, 1993. 6. 14. 7H 

Cb3 1993. 6.19. llH, 1993. 6.20. 12H 
Cb4 1993. 6. 26. 17H 1 1993. 6.27. 18H 
Cb5 1993. 7. 3. 23H, 1993. 7. 5. OH 

Cb6 1993. 7. 11. 5H, 1993. 7. 12. 5H 

Cb7 1993. 7. 17. lOH, 1993. 7. 18. 11 H 

Cb8 1994. 6. 4. 8H, 1994. 6. 5. 8H 

Cb9 1994. 6.11.13H, 1994. 6, 12. 14H 

CblO 1994. 6.18.19H, 1994. 6, 19. 20H 
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The averages of post-fit residuals of range data for every hour. 

Vertical line shows time of transit of the moon across the station 
meridian. The effect on O-C by horizontal movement of the earth crust 
is remained. e is the angle between the SWl and the moon at the earth. 
• : Data Cb3,RMS=0.9m, 8 =2. · x : Data Cb6,RMS:::::().5m, 8 =101 • 

L¾I 
100 G; 

t"'4 

85 ~ 
< 

70 tr1 e 
55 ~ 

~ 
~ ~ -4. O ~.L----4-----1----4--+--'-----t---;------,.---,- 40 

~ O 6 12 18 24 30 36 42 48 lHOURJ 
8 14 20 2 8 14 20 2 8 [ JST l 

Fig.2 
TIME PAST EPOCH AND JAPAN STANDARD TIME 

The averages of post-fit residuals of range data Cb7 for every hour. 
Vertical line shows time of transit of the moon across the station 
meridian. The effect on O-C by horizontal movement of the earth crust 
is remained. e is the angle between the sun and the moon at the earth. 
+: Data Cb7,RMS=0.8m, e = 20 • 
• : Mean relative humidity around Kimitu Satellite Control Center 
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Fig.3 The averages of post-fit residuals of range data Cb3 for every hour. 

[ml 
e 4.o 
~ 
f-c 2.0 

~ 
Cl) 0.0 
0 
P-4 

~ -2.0 
~ 

Vertical line shows time of transit of the moon across the station 
meridian. The effect on O-C by horizontal movement of the earth crust 
is remained. B is the angle between the sun and the moon at the earth. 
+: Data Cb3,RMS=0.9m, B = 2 ° 
• : Mean relative humidity around Kimitu Satellite Control Center 
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TIME PAST EPOCH AND JAPAN STANDARD TIME 
Fig.4 The averages of post-fit residuals of range data Cbl0 for every hour. 

Vertical line shows time of transit of the moon across the station 
meridian. The effect on O-C by horizontal movement of the earth crust 
is remained. 8 is the angle between the sun and the moon at the earth. 
+ : Data Cbl0,RMS=0.8m, 8 =118. 
• : Mean relative humidity around Kimitu Satellite Control Center 
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Fig.5 The averages of post-fit residuals of range data Cb7 for every hour. 

Vertical line shows time of transit of the moon across the station 
meridian. The effect on O-C by horizontal movement of the earth crust 
is remained. 8 is the angle between the sun and the moon at the earth. 
+ : Data Cb7,RMS=0.8m, 8 =20. 

8 [JSTJ 

• : Mean pressure on sea surf ace around Kimitu Satellite Control Center 

Fig.6 The averages of post-fit residuals of range data Cb3 for every hour. 
Vertical line shows time of transit of the moon across the station 
meridian. The effect on O-C by horizontal movement of the earth crust 
is remained. 8 is the angle between the sun and the moon at the earth. 
+ : Data Cb3,RMS=0.9m, 8 = 2 • 
• : Mean air temperature around Kimitu Satellite Control Center 
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TIME PAST EPOCH AND JAPAN STANDARD TIME 
The averages of post-fit residuals of range data for every hour. 

Vertical line shows time of transit of the moon across the station 
meridian. The effect on O-C by horizontal movement of the earth crust 
is removed. B is the angle between the sun and the moon at the earth. 
+ : Data Cbl,Cb2,Cb4,Cb5,Cb8 
• : Mean relative humidity around Kimitu Satellite Control Center 

TIME PAST EPOCH AND JAPAN STANDARD TIME 
Fig.8 The averages of post-fit residuals of range data for every hour. 

Vertical line shows time of transit of the moon across the station 
meridian. The effect on O-C by horizontal movement of the earth crust 
is removed. B is the angle between the sun and the moon at the earth. 
+ : Data Cbl,Cb2,Cb4,Cb5,Cb8 
• : Mean air temperature around Kimitu Satellite Control Center 
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Estimation of a flying object trajectory and its major specifications 

Arata Sengoku (Hydrographic Department) 

Abstract 
This paper describes a method to estimate a flying object trajectory and its major 
specifications. It is generally hard to know the trajectory or perf onnance of the flying 
object without knowledge how the object is controlled. HoweYer: we can roughly estimate 
them with several assumptions. This method is useful when time of launch, bum-out and 
fall is kn0\\11 as well as distance between the lunch site and fall points. 

o -r-;; r-, ~ ~-{ 1vf.l ~-O)JfU~H*O)~ilHi, f~*.;}O)PfM~~f.l ~1lO~f*O)fft1fUtutOJttjj~;;: 
J:: ~:dfi1J fl.Gn~ ~ :o t 0) 0), ~- 0) J:: 5 f-t iWI.ilH;:-t :o n~ii m1Hw11-t :o 1Jl1J --c- 13 IE,;: :=z 1/ r o - 1v-t :o :. :!:: 
n~"i:iJTi~--C-~Qv L,ip L,, 1i0~H*O)t1-t.JJ:Jt\ ~~O).~* · tJJ ~ ~It L- • ~r~O)~~IJ~m-mn~b 
n~-5 c, ~-5fi~:Jt~~Jtf.l ~-O)·~tii~~ilO~f*O)ifiJL~,;:01.,,-c~JET -o:. ~ n~PJjj~ ~ f.l-oo 

1 . 1JO~H* 0) if)I.~ 
tt~!fSl-n~~m L- -c1.,,-5iirJ&1:,:1, 11o·fff*=O)iM.~ii, ff€5i§:h, t&Lta#rJL tJl=%.~tt\ tt~!fSI-O)Jtft 

J:t CV\ 0 f;:ff€i1!~ffi:O)•ti~,.:. J:: 0 "'( ~-5figtffl.i.E ~ h.'oo Ln~ L, ~~rdJ0)1fU~{*O)IA] ~~P.l 
M~~ 1£:iffll~-t -5 t~ ~-- O)ffilHwlJ 1rrr ;tti, mtfl{icJ)iM.~ ,;1:n:d.t ~ El IE,.:.~ ;t -o :. :!:: n~ --c-~ -5o 1.t, 
b ti, fhlH!P-t Q 1Jl1H.:.1!lt ~R 0) 13 IE J3t n~ ~ -o :!:: v' ;t -o o 

-jj, ff€~:hn~ffit < free fall Lt v '{)$lr~--c-:;t, 1ft1'flf*O)ip)Lifili:t~i.Ef~a~,.:.J~i~ {):. c n~"i:iJ 
"~~~{),:> fffi!\!O)f;:~:k%.t~m1d!lHJlT -5 :!:: , mtflf*O)iWJ.jfjJi, 77°7-iJ!!mtJ :!:: f.t ~, lJJWHll: 
fft :!:: ~f3rO)Jt.-r:~Ji: ~ tl,{)o 

1 . 1 . JJOJm~ OJ11U.lHt~ OJim!WJ 
:. :. -c·,:1, 11!:h r;;1:~m, L-, mrflf*fiWt~a~ ,.:.J!l!mtJT -o t 0) :!:: ~JE-t -5 o 1fO~f*0)1f Ji:1£: m, 

~gr 1i: v, 1ftJJtJl=~3mJJt ~ u', ~ T {) :!:: (-g III, 1998L 

dv ,dm 
111-=-11 -

dt dt 
:. :. ~, tJl:5Kii :!:: '.fft:J.JtJl:~UllltJ~-?E ~ ~7ET Q :!:: , 

v(t) = v0 -u' In( m(t)) = v0 - u' ln(l -at) 
mo 

v1 = v0 -u'ln(l- µ) 
u' 

/(t) = /0 + v01 +-[(I -at) ln(l - at)+ at] 
a 

t;: t-f:. L-, vo i:t.mWJ~f3r, vrJ:t~~i~H~, µ tt~;fSl,O)W:QJ:t, 1 ,i1JJWJ{i'Lfftt.,~ ~ O)fjlt.Jf€Jilft a; 
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'j:'jtflO)~{timft~"t"h-t:h~i-o 

m=m0(1-at) 

I . 2 . ~1JUJmff!jO)jfUtfl1*0)i!f!IJJ 
1F1JO imll#OJffl; 1-:iH* 0) ~ It] ~j: -7 :t' 7 -im!IJ.rt:~i!t! ~ ~ Q O fij 11! 0) t:. bl)' ih.ili ffiHi1m ima~ ~ !A] -

~~~~Q~~~TQo *~,*~~~~-ffiToo 
-7 :t' 7 -~!ttr-c: ~ Q t, ~ &::> , nWI O){flfil • iM! ft~ 4 *- Q ~ lih.ili ni ~ * o up: iffi rrmm-c:· ~ o n ~ G 

13 Jilft 4) t,i, nWJO){fL§: • rir±&ii • 1ltffff#rJJO) 4 00):/1~4*-. -c bih.il!~\m:'* oo 1JJWHtl 
til ~ m:r{flffi':OJ±&1L'~ ~Ml~ <I>~ T Q ~ (Figure 1 ~fRU, ±&3*:i3*""t:~o t 0) t t&~ L -C, 

c:p = 2 tan-1(b + .Jb2 +ac) 
a 

t:. t:. L, a. b, diJ;l. r"'t:JE. ~ :no t OJ c T Q o 

a = 2re (1 + tan 
2 y O) - (ro + re )llo 

b =~ore tan yo 
c = (r0 -re)1;0 
ll0 = r0v0 I GM 

.::. .::. ""t:, re, ro. yoii-t:h-t:h,±&1*~11, flJWJOJ!&,C,,ffi~lt, ~l3rO){fP~"°t:&.>Q_, mrrn~rJJ ni, 

T 
_ _ E - E0 - e(sin E - sin E0 ) 
-1-10 -----------

n 
t:.t:.L, £,ifiltf,C.,ifi:,~-ftq, niiSJZ.t$JJl!mt.J~, ~Jlr,~~ f, filtt,L,$ eft~':!::W.rO)lffliJH:~Qo 

tan 1 =l+e tanE 
2 1-e 2 

f = fo +<1> 
I' (pl r0 -1) 

COS.1o = 
e 

n = ~GM(l-e 2
)

3 I p 3 

e = ~l +u0(l10 -2}cos2 y0 

p = a(l-e2
) = r01'0 cos2 Yo 

l2"J:.7J~b, ro, fo. T, <1>~4*-.--C, -yo, '10 ~;ft~, ::.nt:>n~t:>-7::1'7-~*~aHfTQ::.t 
ni -r-~ o O J:. ~,i 'Y o. I' o ,r. 0 v, -c m~a~_H;: 1q~ < .:. t ni ~~ft", 0) ~, ~f01a~ ,;: f4, ~ 3ft ~ o -=­
c: {;:ft Qo 

2. - f& P -7 o/ "0) event time sequence iP b1lUfl'f*O)f'.£~ c!:: igh,ii ~fff~~i- -o 
JIOfl{ifqi, -~9'.1¥-J{;:~~ t1 -7 o/ "OJtM5l t ft,:) -Cv, Qo -=.n:i, tT~J:.'f O)~J$~ fAJJ:. ~ -tt 

{)f:.bl),r.&;,~c:f,t{,l}OY'(~~Q 0 .::..::.~,j:, -=~t1?"o/ f--O)~.g-7c£:~;l{) 0 Figure2ii-=$1P 
-7-Y "O)fT~J:.WA:\=--A--C~Qo -~a~,;:, ffi=t9:P'7o/ f,-O)~i!~7~, 7t:,tJfMO)jJ/~-~ 

iit4 L, AI~r~~lih.i!t,r.~.i\ T-o t:.~O)i${im;oiffbhtdf ';:*-= $Jtni"WJ '? fillt ~:h,-o o 

.::. .::. --c:, -= ~ t1 -r o/ "O)n~-1:.w,r.oo L -c *r&OJ~* • w" fill L • ~ra~~1J c *~O)fir 
{1l1'ti6~ ~~ll"'t: &') Q ~.g-0) t1 -7 o/ " 0) th.ii,;: 0 V \ -c ~~ T Q 0 
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Figure 1. Trajectory of a fl~·i11g ohjL'Ct. Po and P stand for burn-out/separation and fall 
points, respf'ctin:.ly (after Tomi tn, 19!1:n. 
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1. 1sl Stage Motor Ignition• Lill-oll 

3Jiit0~-:, 1-1.::.U,UIRUillli,MJIII 
Examplo ol Low Earlh Orbit lnjuction by 3·5tagcd J-1 

10. 113lil.!!llm7 
10. f~J~o Molor 

11. ltili!Hl:I 
I 1. Payload Separation 

Figure 2. Launch scheme of a flying objC'ct with three stages (from a brochure of Jl roC'ket 
by National Space Developmen1 .-\gency of J<1pan). 
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1 ffiH;: t~~-..:t;:: J:? {;:, no•~O)fJL~:;:.-:,t,,,··n:ti«IH~ib~f.&:~-t -'5o LiP L, .::.ntt:tO) 
f.&iE-z:i:t::f+~-z:~-5t;:~, .l2J-rO)f&:a::~~ G,;:1Jo*.-5o 

• ~~f.i {;: ia~lB!lt.J ~1.&::a::T Q O :JJo•n#O)fJLJij'H:ttlrtL~ C TJ:. Q O 
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• ~~0)1f~)Jfjj:~JmJ.lij:~ \..,l,, \o 

• ~fl-;o:;~*.~~ -5 c ~IJ#{;:WJ l? f!Jft~tL!>o 
• W '? ~ L c ~P!n;:ts.!J< ~ tL-5o 
'i t;:.. ffl t:JH,~q-;;t :!:~ ~ ; 0) JJ ,~H;: t tr~ J:Jf (:> i"L-°5 "i:iJfiM1:;o~ ~ !> ;Q~, M .$ 0) t;: ~ 1i )1H;: n ~ J:: 

W i:>tL-5 t 0) c T-'5o 
El J:E~rfl1t0)$Jt.jJ]-;;t, 77°7-ilf!ftVJ :!:: L .. I. 2 ,;:~~t;::~~~ffll.i'-°5 tO) c-t-5" 

OO~:!:L-C .. l2J-rO)J:5~~~~~*.-C~J:5o 
.::.n,:t .. 1998 ~ a A 31 13 ;;:tJ~J:.WGttt;::Tiif ~-1/;;:rMJ-t -?d1;Jrllt'Jt•ffl~*- c ~t;: t,0)-z-,~ 

Qo 

Table 1. Time of separation/fall and distance between the launch site and the fall points 
Time since the launch 

Separation (first stage) lm24s 
Separation (cover) 2m10s 
Separation (second stage) 4m24s 
Fall (first stage) 5m00s 
Fall (cover) 9m20s 
Fall (second stage) 10m04s 

2 . 1. ffi-~ O -7 o/ J,- O)~ t tttm 

distance 

410km 
1090km 
1620km 

ffi-~ o 7 o/ H:t,:t C~~m];:tJ~J:.,f Gno t 0) c L ( -v 1 =90deg) .. ffi-ilo 7 o/ r 0) 

~;fSJ-O)mtttt ~ o. 6 c 1.&1ET oo 1IO~Hi0).1=ft:JJfJl=~iaHli>~bi>~-0 -c v ,tt,ifmiiJ=tO){-tb l? ;;: .::. 
i;, i:> ~f.&iE L -Ct &v 'o ffi-~ o 7 o/ r O)~tli>~~b -0-CW l? ~It~ tt,t;::~O)ffp~ ( y 2) c ;ff ~--·lt (u? ~R-~T:Oo M-mo7o/rO)WJl?~L:t&RS.O)*~&~c•J.l~ .. ~~~ 
~-JlUJ:. t· {;: J: -0 -c Rb -0 -c < -5 o ffi-tl o 7 o/ H:t~ *.~ ~ tdl, ff P ~ ( y 2) -z::li~ l? ~ W 
J::Wt:Jtt-c El JilfftrT -5 tO) ~ -t :Oo tT-t;,J::W±&~ c ftr±&AaraiO)ffe~fU:t±&~@il~*-z:ffltl~ ~ 
ti -Cv ,-5 O)~±&~O) 13 ~~~at L-Ctlt·t1* "t* Jltd&,t,~ 4'~aHJ L -cto < &,~i>~~ :Oc 

u'c y 2 ~~-,;: L -c .. ~r:ffi3,~ 'i "t-'O)ffi~ft c ~rf11t~1Jt,~~ 5 ( y 2, u? O)~Jl~~b-tt~~-t 
(Figure 3) c .. l2J-rO)fi.il c ft:Oo 

u'=2. lkm/sec 
y 2= 17deg 

1ft.1.1t)l=~Jm~i:t.. o 7 o/ r- 0)£*a'-Jtt·tifi~O)t1' c -0-z:, -~9:a'-J ,;: 2---.i. 5km/sec flMfO)ff ~ c 
Q.;, 

2. 2. jJ.1'\-t~=~o.;-o/ f,-0)~ 
~=$9: o 7 o/ 1' 0)1f~fjl:.imJ.tl:tffi-$i o 7 o/ t-- c ~ L,t,,, c 1.&~-t-'5o mWJO)ffp~ ( y 1) 

~-;;t 17 deg c T -5 o ~;fSJ-0)£:ii:.l:t c iJ -'"-il~WJ l? li!ft ~ tL t;::P!j:O)frp~ ( y 2) ,:t~•-z--~-?> o 

W-J::i>~€>W l? ~I L:t&~~at~ L.. ftr±1BRS. c ~rf11t~1Jt,~~? ( -v 2, µ) ~~-t (Figure 4) 
~ .. .l2J- r O)fj t fJ:. -5 o 
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Abstract 

A system for visualization of satellite orbital motions by virtual reality has been 
developed. The system can display orbital calculation results of the satellites as moving 
computer graphics images. Three-dimensional orbital motions of a number of satellites 
can be simulated with the viewpoint and the viewing direction of selected and controlled 
arbitrarily. The merit of this system is that complex orbital motions of satellites can be 
intuitively understood by visualization. Not only the motion of each satellite, but the 
variations of constellation, coverage pattern, visibility, and relative positions of 
approaching satellites also can be clearly displayed. 

1. Introduction 
In general, orbital motions of satellites are analyzed using analytical methods or 

numerical calculations based on the equations of orbital dynamics and orbital elements 
of all satellites. Although exact positions and velocities of all satellites at arbitrary times 
can be calculated in these analyses, it is not easy to understand the motions of the 
satellites in the three dimensional space. Especially, it is difficult to get a whole image of 
a system that consists of a lot of satellites. Even if there are some trivial mistakes in the 
equations or calculation program, it is difficult to find them only by looking at the 
calculated values. 

In order to simulate and visualize satellite orbital motions, an orbital motion analysis 
system using virtual reality has been developed. The results of orbital calculation of the 
satellites can be displayed as moving computer graphics images using this system. The 
system projects three-dimensional orbital motion of a number of satellites. The viewpoint 
and the viewing direction of can be moved arbitrarily. This system is useful not only in 
orbit analysis and design but also in presentation of satellite orbital motions for such 
non-specialists of orbital dynamics as mission operators and users of satellite systems. 

When the initial system which can display only the motions of planets and asteroids in 
the solar system was being developed, the outline of the system has already been 
introducedJ1l The functions of simulating orbital motions of artificial satellites have been 
newly installed. 

This paper describes in outline the hardware and software construction of this system, 
features of this system, and applications. Some examples of images generated by this 
system are also shown. 

2. Outline of the system 
2.1. Hardware 

The system is installed in a large capacity data storing and processing system, which 
exists for research and development of satellite communications technologies with very 
high data rate for high quality multimedia communications, and which can generate 
virtual reality images as the data sources for satellite communications experiments. 
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Figure 1 shows the configuration of the hardware. There are five computers in this 
system connected with a local area network. The main computer is a Power ONYX Reality 
Engine 2, which gives excellent performances on image processing. It can output 3-pipe 
computer graphics images simultaneously to three CRT monitors. Two graphical 
workstations (Indigo 2) are also used to analyze and simulate orbital motions. The data 
and images generated by the computers can be stored in the file servers. The main 
computer can produce oblong images with the screen width equivalent to three CRT 
monitors just arranged side by side. The images are divided into three parts, and output 
simultaneously from three terminals of the computer. Output image signals from each 
terminal are distributed to the corresponding CRT monitor and projector. Three 
projectors reproduce original wide images onto the wide arch screen with a height of 2 
meters and a width of 8 meters. 

Stereographic images can also be seen using special glasses with synchronized liquid 
crystal shutters. The main computer generates the images for the left eye and right eye 
alternately with high frequency such that the viewer cannot recognize the switching of 
the images. The computer sends synchronization signals to the 3-D controller coincident 
with each transmission of images. The synchronization signal emitter converts the 
signals into infrared signals that can be received by the 3-D glasses. When the images for 
the left eye are projected onto the screen, the glasses open the liquid crystal shutter for 
the left eye and close that for the right eye; as a result, only the left glass becomes 
transparent, and one can see the images only through the appropriate one's left eye. As 
the images for each eye can be seen with the appropriate eye, one can see three­
dimensional images by using the glasses. 

The main computer is equipped with a joystick controller as one of the input devices. 

File Server 
(DEC Alpha x2) 

Sync. signal emitter 

~ dearchsc 

CRT monitors 

Figure 1: Hardware configuration 
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When satellite orbital motions are simulated with this system, th e viewpoint and the 
viewing direction can be moved manually by using the device. Consequently, the 
hardware constituting this system enables us to see rather large images in a three­
dimensional way with an arbitrary view, and really to experience the world of satellite 
orbital motions. 

2.2. Software 
Virtual reality software to analyze and display orbital motions of satellites h as been 

deve loped a nd installed on the computers. This software is based on ready-made 
software of virtual reality for ge neral use. The functions of the software have been 
enhanced by adding special functions to display orbital motions, such as, displaying lines 
representing satellite orbits, character strin gs, and dots for small objects. Data 
conversion programs h ave also been developed. The programs m ake data files to be 
loaded to the virtual reality software, which requires a proper data format in accordance 

----------~Motion of viewpoint and line of sight 

artificial satellites (spin, 3-axis) 

space shuttle space station 

space debris 
(irregular shape, sphere, point) 

Earth Sun Moon planets 

asteroids (true shape, sphere, point) 

background stars (constellations) 

circles or elipses denoting orbits 

positions of earth stations 

orbital motion rffifuit-1,1 
attitude motion 
(precession, nutation, maneuver) 

Display of moving elements 

chang~ .of 9rbital cirdes qr ellip$eS · · 
(pei-turba.tion ,' orbital rri'ar\euver:) ': ;i: ·: 

:traJe'~to'.ie5: 

lines (satellit$.tb · !;,Ub-satel!ite point) 

circles of satellite footpdnts:-: ': . 
(service area of the satellites)" . 

·cones '<corr1mUnic~t1on beams) : 
circles .. ,; : ·•• · 
(field' of vie~; elevatkin angle)· . 

. ·,. 

character strings ,, . 
(time,_ posi\i?h; n:i~ssage) . 

in equatorial coordinates reffered to the earth center 

in ecliptic coordinates reffered to the solar center 

in coordinates synchronized with earth rotation 
(longitude, latitude, altitude) 

manual control 

in coordinates synchronized with orbital motion of a satellite 

..----1 Input/ Control 

key board & mouse 

joystick controller 

data files 

----------1Qutput / Display ~-------, 

CRT monitors (20, 30 using liquid crystal glasses) 

wide arch screen (20, 30 using liquid crystal glasses) 

250" screen (20, 30 using polarization glasses) 

NTSC video HDTV RGB files MPEG files 

Figure 2: Functions of the simulation software 
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Figure 3: Sample images of object models and moving elements 
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with the proper coordinates for virtual reality, from the technical data such as orbital 
elements, positions of earth stations, and change of view. 

Main functions of the software are shown in Figure 2. The software arranges selected 
objects in virtual reality space and displays them. Models such as satellites, earth, and 
planets can be processed in the space with orbital and attitude motions including 
rotation, if necessary. Not only object models without transformation but also moving 
elements whose shapes are altered at every moment can be displayed. By using this 
function, it is possible to simulate changing orbits by maneuvers or orbital perturbations. 
Motions of cones that express communication beams and change of satellite coverage 
denoted by circles on the earth also can be displayed. Sample images of object models and 
moving elements are shown in Figure 3. Although motions of viewpoints and line of sight 
must be described in virtual reality coordinates primarily, the conversion programs help 
to change the data based on the coordinates listed in Figure 2. It is also possible to make 
the data only giving a table describing a time sequence of view control. Each line of the 
table consists of time, object of observer, and target object, where 'object' means a 
satellite, an earth station, or the center of the earth. Using this function, images of the 
earth or target satellite viewed from a satellite or earth station are acquired very easily. 
Manual control of view using joystick controller or mouse is also supported. Although this 
software normally outputs moving images on CRT monitors or screen, recording the 
images to an NTSC video recorder or saving still images to RGB files can also be 
performed. 

3. Simulation procedure 
The procedure of simulation by this system is illustrated in Figure 4. At first, it is 

necessary to make four files: an orbital element file in which the Kepler elements of all 
satellites are written, an earth station file containing the positions (longitude, latitude, 
and altitude) of all stations and reference points in coordinates rotating synchronously 
with the earth, a moving element definition file, and a view file. Shapes of the circles 
under the satellites, both ends of cones, and lines to the sub-satellite points including 
colors of all these elements are described in the moving element definition file. Time 
variations of viewpoint and line of sight are defined in the view file. 

After these files are prepared, the conversion program is executed to produce data files 
for the virtual reality software. Next, the files read by the virtual reality software are 
edited. After making a scenario file to control models appearing and disappearing, 
change of scenes, and so on, simulation can be done by executing the virtual reality 
software. After the simulation, ifit is necessary to modify parameters or conditions, the 
procedure mentioned above is repeated. 

Orbital element 
file 

Earth station file 

Moving element 
definition file 

View point & 
line of sight file 

(Edit) 

(Convert) 

Hardware 
configuration 
file 

Model files 

(Edit) 

Figure 4: Procedure of simulation 
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Figure 5: Images of a satellite system using inclined synchronous orbits 

Figure 6: Simulation of COMETS orbit 
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4. Simulation examples 
Not only the motion of each satellite, but the variations of constellation, coverage 

pattern, visibility, and relative positions of approaching satellites also can be clearly 
displayed. Visualization of the results of orbital motion analysis by numerical calculation 
is also useful for the verification of the algorithm and computing software. Accordingly, 
designing of satellite constellation, planning of station keeping operation, mission 
analysis of rendezvous, and so on, may be efficiently performed by this system. It may be 
useful to simulate the orbital motions of deep space missions such as explorations of 
planets and asteroids. 

Actually, this system is applied to design satellite constellations of non-geostationary 
satellites in our laboratory. The orbital motions of a satellite communications system 
using inclined synchronous circular orbits are being analyzed. Some scenes produced by 
this virtual reality system are shown in Figure 5. The upper left image of the figure is the 
satellite constellation in inertial coordinates. Communication beams from the satellites 
are also displayed. The upper right image shows the coverage area of the satellites where 
each satellite can be seen with elevation angles more than 60 (within outer circles) and 
70 (within inner circles) degrees. The lower left image indicates that more than one of the 
three satellites always exists in the communication beam pointed to the zenith with a 
divergence angle of 20 degrees. The variation of elevation angles of satellites viewed from 
the surface of the earth can be seen by the images like the lower right one. Thus this 
system is useful in order to optimize orbital parameters of the satellites and to visualize 
various properties concerned with satellite orbital motions. The images made by this 
system are very convenient to introduce the concepts of investigating satellite systems to 
the peoples with insufficient knowledge of orbital dynamics. 

Orbital motions of COMETS (communications and broadcasting engineering test 
satellite) are also visualized using this system. The satellite was launched on 21 
February, 1998. However, due to a failure of second stage engine of the H-11 rocket, it 
was failed to be injected into the geostationary orbit. The orbit of the satellite was 
changed by seven orbital maneuvers in order to conduct communications experiments. 
Finally, the satellite was injected into a sub-recurrent elliptical orbit on which the 
satellite revolve nine times in every two days. Images of the COMETS orbit simulated by 
this system are shown in Figure 6. The upper left image is the orbit viewed from the 
direction of the orbit normal. The shape of the elliptical orbit with an eccentricity about 
0.56 can be grasped at a glance. Experiments are conducted while the satellite are 
orbiting around the apogee. A geometry at the timing is shown in the upper left image. 
An image of the earth viewed from the satellite with an attitude bias for antenna 
pointing to the earth station located at Kashima can be seen in the lower right image. 
The lower left image shows a satellite motion viewed from the earth station. It is useful 
to know conditions of experiments in advance. 

5. Summary 
A system for visualizing satellite orbital motions by virtual reality has been developed. 

The greatest merit of this system is that complex orbital motions of satellites can be 
intuitively understood by visualizing the results of orbital analysis. It is also useful for 
various presentations for non-specialists of the orbital dynamics. 

An advanced simulation software is being developed. In this system, parameters such 
as the orbital elements of each satellite can be easily changed by graphical user interface, 
and the consequent orbital motions are immediately displayed. 

Reference 
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