osakt University

with T. Ichita & H. Asada
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Three-body problem

Particular solutions to the three-body problem

Fuler’s collinear solution (1765)

Lagrange’s equilateral triangular solution (1772)



Equilateral triangular solution

(' : the center of mass



LLagrange points




Lagrange points

Trojan asteroids

What happens in the general relativity (GR)?



GR etfects of Solar system

Two-body system: O

(e.g. the perihelion precession ot Mercury)

Three-body system: ?

» It 1s interesting as a new test of GR



Gravity in GR

Einstein equation

G = 1.
/ {—Matter

Curvature of Spacetime

10 non-linear second order
Grawty partlal differential equations




Distance

Post-Newtonian approximation

' Post-Newtonian (PN) l
. approximation ‘

Black hole

Numerical method .
sen) perturbation

Mass ratio



Post-Newtonian approximation

A:(E)ZNGM <1

C rc?

v : velocity, ¢ : light speed, s : distance, M : mass

‘ Expand Einstein equation

fFuﬂ order of GR
Q=+Q1)\+Q2)\2+---

T corrections of GR

Newtonian term

First order of A = 1PN approximation



Finstein-Infeld-Hoftman (

GR correction by velocity

EIH equation of motion

Newtonian term

GR correction by mass

HIH) equation of motion for N bodies

d’r 5 Gmampg
uisze 7 E TAK
TAK

2
: ALK

@ Z GmB Sh Z Gmc ( TAK"’“CA)
2 2
B#K C#ACTCA 2r¢ 4

+<"’f>2+2<”:>24<”s>-<?>2(“2;;“) _
- 5 [1%) - ] S o (22) -4 (25)

T
A#K AK

Gmemyg Gmagy :
_l’_
325 By tripe produc

We look for an equilibrium solution 1n a circular motion
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Equilateral triangular contiguration

V3 ms




Center of mass at 1PN

2 ; 4 - 2
ZVATA 1+ = (U—A) o Z QmB A
A | % C B#Ac AR :
T"Gq — 5 3
1 2 G
e s T) 3
C _ 2 C D#Cc rCD :

In general, it is different from Newtonian one

» In this case, it agrees with the Newtonian one




Equilateral triangular solution at the 1PN

At 1PN order, EOM for m becomes
2 M

W My, = _gnl + gpN1TU]

A M
16(v3 + vovs + v3) a®

gPN1 =
X [48(y§ + vovg + yg) — 2<8V23 + 71/22V3 + 7V2V§ + 8V§)

+ (16v5 + 41vsvs + 84vsvs + 4lvovs + 16V§)}

w : angular velocity, Vj = m[/M, W= Zm[ ([ — 1,2,3)
I

/b= ’I"l/"f‘l‘, A e = ’Ul/"vl‘, n|q 1S normal to (L5



FEquilateral triangular solution at the 1PN

5 M

WMy, = —gnl + gpN1TV]

In only 2 cases, bodies satisty EOM;

® s ratio 1 o] ® mass rattio 0 : 0 : 1

This solution does not alwayls exist in GR }

[Ichita, KY & Asada, PRD 83, 084026 (2011)]




Equilateral triangular solution at the 1PN

For the arbitrary mass ratio,
the solution exist?

[ ]

cfe [E. Kreefetz, Astron. |. 712 471 (196 7]
for restricted 3-body problem
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Corrections of distance




Corrections of distance

We can ignore the correction for center of mass



Triangular solution at the 1PN

FEOM for mq becomes

—w2r1 —

v wJQVrl

+ 1o <—3
+ v3 <—3

+ V1V + VolVs3 e Vol oem §V3[5 ST 3(V1 = VQ)]

3
—+ V19 —+ Vols3 —+ Val/gs o §V2[5 I 3(V3 -+ Vl)]

— 3(v2€12721 + V3631731)

)
)

)\T‘Ql

)\T‘gl




Triangular solution at the 1PN

As a result, we could uniquely express ey

G

GpRa=—"x7

Ea

: i :
1 — §(1/1V2 + Vo3 + 31y ) + §V3[5 — 3(v1 + )] | A,

z ; g
el g(VlVQ + vovs + v3q) + gul 15— 3(ve + v3)] | A,

3 | | 2
1 — §(V1V2 -+ Vo3 + V3V1) R §V2[5 R S(Vl = Vg)] .

1

1

» Triangular solution for the arbitrary mass ratio at 1PN

[KY, H. Asada, in prep.]



Application for Solar system

Corrections for 1.4 (I.5) ot Solar system [m]

Planet Sun-Planet | Sun-1.4 (L.5) |Planet-1.4 (1.5)
Farth -1477 -1477 -1477 -923
Jupiter -1477 -1477 -1477 -922

The sign + denotes increase of distance
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Summary

We tound a triangular solution with
1PN corrections of distance

The 1PN triangle 1s smaller
than the Newtonian one (for same masses)

This result may be applied to
also near SMBH and compact binary

The future observations are needed



Future works

The Stability

The Gravitational wave
An elliptical motion

More bodies
Higher order PN approximation



Thank you tor your atten
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Collinear solution

Collinear solution

hanll




Lagrange points

°
"--..,..I.’lanck (CMB observatory)

Wy
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Three-body problem in Newtonian gravity

rﬁa’ “q/r; 'a !

I'rianou to the general relativistic
three-body problem

Collinear solution to the general relativistic
three-body problem

Application to Solar system

Summary



Collinear contiguration

A
gl =
S LT >
23 12
Y e e LT PP e R LT >
o mi
O %
<€ v
9( > T]‘
2 ro




W

Collinear solution in Newtonian

_m2

Equations of motion for 3 masses

mg_

2
719

2

T3 _

2
U

2
1o

%

ras _

A
NS TOTRR:




GM
Ay = —

ac
A6:1—I/3—|-

A5:2—|—1/1—21/3—|——

A4:1+2V1—V3+—

GM

ac?

Collinear solution at 1PN

i) = :E::

o=

S 0@ — dus) + 2(v8 4 2v103 — 202) — 2v4v3(vy + v3)

S0, 100s) £ 2(203 + 8uivs — 13)

L el e R T Vg’)] ,

GM
- | —15 — (18v1 — bus) + 4(5v1vs + 4v73)
ac

+ﬂﬁ—mﬁ—@+

GM
O O AR G s v PR )

ac?

e Dl e 31/3)} ,

9

7

Az =

Ay =

A =

Ao

GM
—(1 AR 21/3) +

GM
T ASE 2 U

—(1 = Vl) i

G

ac?

Akzk —0
0

3 6 4 2(2v1 + 5uv3) — 4(4v3 + vivz — 203)

£ 2(3u] 1 2uiv e e 31/5’)} ,

15 — (5vy — 18v3) — 4(4v? + buyws)

ac?
+aﬁ+ﬁw—@+

GM

ac?

13 — (1717 — 10v3) + 2(vi — 8vqv3 — 203)

TR e S Vg)] ;

4 — 2(4v1 — v3) + 2(207 — 2v1v3 — v2) + 2v1v3(vy + v3)

[Yamada & Asada, PRD 82, 104019 (2010)]



/th-order equation

o 57 s =1/T A =GM ca Il

2.5e+19
2e+19
1.5e+19 +
1e+19 r
F(z)
5e+18 -
o
-Se+1§
-le+ : ' : !
0 500 1000 1500 2000
z
0.0006
0.0004 |
0.0002 |
0
-0.0002 | 5t
-0.0004 | ek
-0.0006 1.5

0 0.0002 0.0004 0.0006 0.0008 0.001 0.9 0.95 1 1.05 1.1



/th-order equation

/th-order equation may have 3 positive roots

v

Smallest root and largest one give fast motion,

which is comparable to speed of light.

v

# of physical roots = 1




PN angular velocity

PN angular velocity 1s expressed as

. For i
= | | :
o 2FN 2R31

Fn = aé\iQ e (22 )2

s 4323 [(4 e L) ) —2v1(1+v1 —v3)(1 —v1 —v3)2
+ (12 — 7v1 + 3v3)(1 — v1 — v3)2 + (2 — 2y +v3 + 6vivs — 3vs + 17 — 3vius — Byt T e
RIS e ) L 2(2 — v~ ) (i e e e
SRS e s 8hirs 1+ 3u7 - 3u2)] 4 (24 v — 203 — 3v2 L 6uvs S5 — 3Avs — Suivs R
D) A e A e e LDy Ay (e S
ISMOREE (= D g2

— T = 1/3)26] s

Ll AL e

wp : Newtonian angular velocity



PN angular velocity

For same masses and full length a(= 731)

we can prove inequality

Lok

Thus, PN angular velocity 1s always smaller than Newtonian

v

Namely, PN orbital period is always longer than Newtonian



Numerical example

1 2:3 A =10 (gwlO_l)
C

T
1.5 |

1L

0.5

| | | | | | |
-1.5 -1 -0.5 0 0.5 1 1.5

[Yamada & Asada, PRD 83, 024040 (2011)]



