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Isosceles Three-Body Problem (3BP)
Equations of motion (m; = ms = m, ms/m = )
ov

MyeGe = %’ qe ERgv £=1,2,3, or m:f(w)7
i

where x = (q1, g2, g3, P1, P2, P3) with p; = m;qg;, and

m;m;
V(Q17(I27Q3) Z| - 2
i<j q; — q,7|

G finite dim. Lie group s.t. f(gx) = gf(x), Vg € G
» X is said to lie on a relative periodic orbit if ¢ > 0 s.t.
®,(Z) € GT (Py: flow)
» T = inf{t > 0| &,(Z) € G&}: relative period
» Relative equilibrium if T =0
» {g®:(Z),t € R,g € G} is regarded as the same
relative periodic orbit



Euler Orbits

» Circular Euler orbit => relative equilibrium

m; my

\

» Elliptic Euler orbit = (relative) periodic orbit

N

my m;

.
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» Abundant families of symmetric relative periodic orbits
bifurcating from 2 families born from circular Euler orbit

» As angular momentum — 0, many of numerically observed
families — heteroclinic connections between triple collisions or
planar periodic orbits with binary collisions

» Some of them converge to “previously unknown” periodic orbits
in the planar problem



Blown-up Equations of Motion

T =vrcosyp, @ =uw,

1
v = (U(cp) — 5'02 + 2rh) cos ¢,

. dau 0 1
w = —(p) cos” p — —vw cos ¢
de 2
— (2U(¢) — v*® + 2rh) sin ¢ cos ¢,

4a3/2

\/a—|—2sinch

» r = 0 & triple collision

U(p) = secp +

> o= :t%ﬂ' <> binary collision

» Conservation law

1 w?
> ('v2 cos? p + w? + —) — U(p) cos® ¢ = rh cos? ¢
r



Reversibility

Rewrite (r, Y, v, 'w)—system as
£=F(¢)

» Reversible w.rt. R;, @ = 1,2, where
R, : (r,p,v,w) — (r,p, —v, —w),
Ry : (ryp,v,w) — (r,—p, —v,w)
E F(Ri¢) + RiF(§) = 0
» £(t) = (r(t),p(t),v(t), w(t)) is a solution
= R;£(—1) is a solution
» £(t) is called R;-symmetric if R;&(—t) = &(t)
» £(t): R;-symmetric
& £(t) intersects Fix(R;) = {R;¢ = &}



Equilibria
» B4, E7Y, Cy on collision manifold
N ={r=0, w=0}
where

Ej: - RlEi - R2E:F, v
WU (Ey) =RaW"(Ex) /"
:szu’S(E:F)

1
> (7, p, v, w) = (—%(404 +1),0,0, 0)

_4a—|—1)

=> Circular Euler solution (w = Wy



Theoretical Results

Periodic orbits of reversible system
(< relative periodic orbits of 3BP)

» Elliptic Euler orbits

» Another R;- and Ry-symmetric family — circular Euler
orbit as w — wyq for a # %
*.') Devaney's result (1976) and proof by contradiction

» R;-symmetric (resp. Rg-symmetric) families approaching
to heteroclinic cycles connecting E4 with E7 (resp. E;)
when oy < a < 22 (resp. 0 < o < az), where
a1 < 6.52 and as > 2.25 (Shibayama and Y, 2009)
Numerical observation: a¢; = 0 and e = 2.6...

» R;- and Ry-symmetric T-periodic orbit
passing @ = :t%ﬂ', VT, > 0
(<> planar periodic orbits with binary collisions in 3BP)
(Shibayama, 2011)



Numerical Computations of W"(E,) (v = 0)
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Numerical Approach

» Boundary value problem with boundary conditions

¢(£T) € Fix(R;), i=1,2

v

AUTO97 (Doedel, 1997)

Starting solution: circular Euler orbit

v

Continuation of solutions with T
r(£T) and o(£T) or w(ET): free parameters
Angular momemtum w: monitored

>h,:—]_

v

v

v



Bifurcation Diagrams (#1)
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Bifurcation Diagrams (#2)
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R;-Symmetric Periodic Orbits (#1)
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R;-Symmetric Periodic Orbits (#2)
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R»-Symmetric Periodic Orbits (#1)
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R»-Symmetric Periodic Orbits (#2)
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Relative Periodic Orbits in 3BP (#1)
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Relative Periodic Orbits in 3BP (#2)
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