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Introduction
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o Conserved quantities : Hamiltonian, linear momentum, the position of
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Introdu

‘Features of General Three Body Problem‘

o Singularities : A Source of large error

o Conserved quantities : Hamiltonian, linear momentum, the position of
center of mass, angular momentum

@ Periodic orbits 00 orbits corresponding to Lagrangian triangle solutions,
figure-eight choreography, Broucke's periodic orbits .....

Comparison between known integrators

Eliminating | Conservation Re-establieshed
singularities particular solutions
Energy-momentum M Complete Circular Lagrangian, eight
integrator (P.7 Graph)
Symplectic integrator No Imcomplete Circular Lagrangian, eight
NBODY 1 — 6 Yes Imcomplete Almost of all Lagrangian, eight

Energy-momentum integrator: T. Matsuo, D. Furihata, D. Greenspan, O.Gonzalez, ...
Symplectic integrator: H. Yoshida, R.D. Ruth, F. Kang,...
NBODY1-6: S. Aarseth, K. Zare, K. Nitadori



Introduction

’ Destruction of orbits due to numerical integration‘

.
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Orbits of an elliptic Lagrangian triangle solution
by an energy-momentum integrator [Greenspan’s method (1974)]

’ Infuluence of singularities !
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‘Features of General Three Body Problem‘

o Singularities : A Source of large error

o Conserved quantities : Hamiltonian, linear momentum, the position of
center of mass, angular momentum

@ Periodic orbits [0 orbits corresponding to Lagrangian triangle solutions,
figure-eight choreography, Broucke’s periodic orbits .....

Comparison between known integrators and proposed method (d-GTBP) ‘

Eliminating | Conservation Re-establieshed
singularities particular solutions
Energy-momentum Complete Circular Lagrangian, eight
integrator
Symplectic integrator No Imcomplete Circular Lagrangian, eight
NBODY 1 — 6 Yes Imcomplete Almost of all Lagrangian, eight
Proposed method (d-GTBP) ‘Yes ‘ Complete All solutions described above




GTBP in the barycentric inertial frame

‘ Barycentric inertial frame‘

e Canonical eq.

iq _ bi
dt v m;
i o In the case of two-body collisions, we need to
dtpl - |m 13 consider two vectors simultaneously.
qi — dk .
_mkzig,’ (4,5,k) = (1,2,3),(2,3,1),(3,1,2)
lai — ax

e Hamiltonian

H = Z [lpl m;m; ]
(i 2™ 14 = a]




GTBP in the barycentric inertial frame

‘ Barycentric inertial frame‘

e Canonical eq.

iq' i

dt " m;

4 =, BT Y

" Mg — a4
Qi — Ak

o qi — qk
(3,4, k) = (1,2,3),(2,3,1),(3,1,2)

e Hamiltonian

H = Z [lpfl __mumy

(i L2mi i — gy

m;p; — M;p;
% =4 — 9, Pij= - M

M =my +ma+mg3

Fig. The barycentric and relative
coordinate system
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GTBP in a relative coordinate system

‘ Relative coordinate system‘

e Constrained canonical eq.

[Constrained formulation with Lagrangian multipliers]
d M d__ mm p(a)\ "
qr i = mim; —— Pij atPi = EWIE 3] aq
(¢,5,k) = (1,2,3),(2,3,1),(3,1,2), X @ Lagrangian multipliers

e Constraint
¢(q) =d1,2 + 92,3 +d31 =0

e Hamiltonian

M m;m
= Z [2 |pz,J|2 +¢(Q)T)‘
m;

(g k) M |ig |
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GTBP in a relative coordinate system

‘ Relative coordinate system‘

e Constrained canonical eq.
[Constrained formulation with Lagrangian multipliers ]
d M d _mym

T O I2)\

dtqz,] - mim; —Di,j» dtpz,g — | 1,3|3

(4,5,k) = (1,2,3),(2,3,1),(3,1,2)

In the case of two-body collisions, we have only to consider just one vector.

e Constraint
¢(q) =qi,2+adz23+qs1 =0

e Hamiltonian

M m;m
= § |: |pz,_1|2 + ¢(Q)T)‘
2m;m;

| m|
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GTBP in a relative coordinate system

‘ Relative coordinate system‘

e Constrained canonical eq.

[Constrained formulation with Lagrangian multipliers ]
d M d m;my

dtqz,g = mim; —Pi,j» dtpz,g = 7 3% — I\

(4,3,k) = (1,2,3),(2,3,1),(3,1,2)
e Constraint
¢(a) —Q12+Q23+Q31 =0

——¢(q) =

|qi,j

d d d
3—P1,2 + M1—P2,3+mM2—p31| =0

dt2 mimeomms < dt ’ dt dt

e Hamiltonian

M i
-y [|pm|2 mm’]w(qm

2m'bm | "4.7 |
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GTBP in a relative coordinate system

‘ Relative coordinate system ‘

e Constrained canonical eq.

[Constrained formulation with Lagrangian multipliers ]
d M d m;m;

dtqz,g = m; —Pi,j dtpz,_j = _73(311‘,]' — I
(5,5, k) = (1,2,3), (2,3,1), (3,1,2)

e Constraint

#(q) =q1,2 + 92,3 +as1 =0

nm1Mmo21Ms3 Qi,j5

— A=
M

E
(i) 03]
e Hamiltonian

M m;m
H = —|pi P - — A
) [2mimj|p gl ] + ¢(a)

(3,4,k) |51
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GTBP in a relative coordinate system

‘ Relative coordinate system ‘

e Constrained canonical eq.
[Constrained formulation with Lagrangian multipliers ]

G M A mmmy

dt “J m;m; “I? dt "I |Qi,j|3 d

(7'7.7ak) = (192a3)3(2a331)7(33 1’2) T

e Constraint ’Singularity Point : A Source of large error

¢(q) =dqi1,2+923+4q3,1 =0

mi1msoMms qdi.5
A= — sJ

K]
(il |
e Hamiltonian

M
H= > [ piil? —

() L2 .51

m;m;

]+¢mﬂw
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Heggie's Regularization of GTBP

’ Before regularization ‘

o Hamiltonian
mi;m;
H= 5 gt ol T2 | 4 (o) "
(4,5.5) 2mym las,51

e Constraint
¢(q) =dqi1,2 + 92,3+ qs1 =0

16



Heggie's Regularization of GTBP

’ Before regularization ‘

o Hamiltonian
H=
> ||
(%,3,k)
o Constraint
¢(q) = ai1,2 + 92,3 + a3

Pl —

m;m;

lgi,;]

=0

} + ¢(a) " A

17

for every pair (%,7)

(D. C. Heggie, 1974)
G511 = Qi1 Q5021

1 2 2
@12 = %(Qi,jm — Qi j21)
_ P Qi pt PipQiin
e Qi
P Qi i — P Qi
P = [




Heggie's Regularization of GTBP

for every pair (%,7)
Bel — (D. C. Heggie, 1974)
efore regularization
’ ¢ ‘ Qi) = Ci?i,j[llQi,j[zl,
e Hamiltonian _— || aeam = %(Q?,jm — Qi)
2
H= ) [2m Ipiil™— i d + ¢(a) N T 5,d0Q,5 1 Pi, 13 Q4,4m
(irdrk) im i it Q.5
e Constraint
#(q) = qi,2+ 923 +qs1 =0 Pig = Pi,iji,am—Izz‘,in,jﬁ
|Qi.; |
U LC tr
After Regularization‘
I 1 M 2 .
e Hamiltonian H = ——s | m——— P —2mim; | + P A
Q.5 {2mimj| 1l J} @

(2,3,k)

e Constraint] ®(Q) =
(4:3,k)

1
> Qi Qi 2

T

~ Q)| =0

> {Q%n

(4,3,k)




Energy-momentum Integration

’ Continuous-time Hamiltonian system ‘

H(p,q) = const.  =esceerceencnenen. -+ Hamiltonian is conserved.

:II dpi _ oOH
LT i dp; 0H | dg: 0H\ _ Autonoumous dt —  0q;’
dt™” 4\ dt dp; = dt dqi) Hamiltonian eq. * | dgi _ OH

= dt — 9p:

{ Discretization

’ Discrete-time Hamiltonian system ‘ D. Greenspan, T. Matuso, D. Furihata, R. |. McLachlan,

SH=Hp"*V,q*)-—HEp®,q")=0 .-.... Hamiltonian is conserved.
>
HE) gtk pi"’"‘l)—pgk) 6H n qik’"'l)—qgk) OH |\ _ o discrete partial
t(kt1) _¢(k) = t(kH) (k) | §p; t(kH) —¢(k) | 8q; | — derivative
g peH) _ pk) SH | ™ _q®  [sH
Discrete-time Hamiltonian eq. : —5—~—F~ = — y T =
(k1) _¢(k) dq; t(kH1) (k) opi

10




Regularized GTBP and BEC

’ Regularized GTBP
M P ;

i 778‘”%’ 1Qi,;]2’ 0 o

dp, = Qi Pi,? — 2mim') _ { i,502] i,511] } A

dt ™ 7 |Qijl* 2mimj| il 7 Qi —Qij2]

{ Energy-momentum integrator
’ Basic Energy Conservative scheme‘ (‘ Gonzalez, 1999‘ € Matsuo, Furihata)
order 2, time revserible

d
2t Qi = 2(Q)=0

(k1) (k) (k+1) (k)
Qi; ' —Qi; M Qi 1P+ 1Q; ,g |2 (P(k—i-l) n P(k)) a(Q*+) = o
At T Amymy |Q(k+1)|2|Q( |2 ’
(k+1) (k) (k+1) )
Pii — Pl — Qi +Qi; M (I (k+1)| + |P( I ) 2T
At Q k+1)| |Q(k)|2 4m;m; H
(b1, 0B (oF1) | (k)
Qi,j(2) +Qu[21 Qi +Qu[11
A, A : Lagrangian multipliers
(k+1) (k) (k+1) (k) '
Qi) +Qz G _ Qi) +Qz 2]

20



Regularized GTBP and BEC

| Regularized GTBP

d M P, dsz, _
FQ = gt B(Q) =0 = Fictious time i, <5 = Qug| ™"
Qiji2] Qm[ll

175 = vt (g Pl = 2mems ) | }
7Pi i = > Pi,' —_ 2mim- —_ A
dt” "7 Qi j]* \ 2mim; [Pasl 7 Qi —Qijz

{ Energy-momentum integrator

’ Basic Energy Conservative scheme‘ (‘ Gonzalez, 1999‘ € Matsuo, Furihata)

order 2, time revserible

k+1 k k+1 (k)
QY — Qi M 1Q 12 4+ 1Q% IZ(P(k+1) +P®), $Q*) =0
At T 4mim; (’“+1) 2 (k) 2 24 ’
. . i IQ(’c 121Q:; |
1 1
Pg,f)—Pg,) — Q(+)+Q ) { M (| <k+1)| +|P(k)| )—2'm~m.}
k3
At |Q(k+1)| |Q( |2 4m;m; ’
QE’“JT;])—FQ%)[Z} QE’“JTE])+Q£’?[1] Iiscrete fictious tlmle s(k)D
A = Si,j
(k+1) (k) (’e+1) (k) =
Qi +Qza[11 _ Qi +Qu[21 At |Q(k+1>| |Q( 2

21



Regularized GTBP and BEC

| Regularized GTBP |

i M
% = Qi [*Piy, 2(Q) =0 ‘Eliminating singularities (Regularization)‘
2y i j
dP;; M 2 ) 4 [ Qiji21 Qi ]
20— Qi [ ——— P2 — 2mym; | — i ) 5 A
T4 — Quy (g Pl )) =1l | Gue G
{ Energy-momentum
{ integrator

’ Basic Energy Conservative scheme‘ (‘ Gonzalez, 1999 ‘)

Q(‘k'—i_l) — Q('fc) M k41 k+1 k k
Ao = dmns (QETEH1QIE) RE +PE), 2@Q*Y) =0
(2¥) £
pler Iy
(k+1) (k) (k+1) (k
PP (0t 4 a) {2 (R + ) — 2mam;)
A i ( 4 7
g QD L o) Z}kﬂ)+Q<k>
|Q(k+1)| |Q( E LA(2] - ~%.3(2) I i 268 A Eliminating singularities
Qfﬁ"'ll])-l-QikJ)[l] Qiﬁ';])-i-QE'?m (Regularization)

29



Fault of BEC
’Advantages of BEC‘ Fault of BEC

Analytical features Numerical features
@ All conserved quantities but @ Hamiltonian drift is observed.
angular momentum are preserved. (R.I.McLachlan & M.Perlmutter, 2004)

@ Hamiltonian 3 000255

o Linear momentum : E Pi
i=1 3
@ Position of center of mass : E m;q;

-0.0026F

-0.00265

Hamiltonian

=1 -0.0027
@ The existence of Lagrangian
triangle solutions can be proved.

00 200 300 400 300
Time

Fig. Absolute error of H
The condition number of the iteration

Numerical features matrix is very large.
@ The errors do not appear in the case @ => BEC destroys the long-time
of very close encounter. behaviour which Lagrangian triangle
<= Regularization solutions with linear stability have.
@ All masses move along a figure eight @ Broucke's periodic orbits can not be
shaped orbit. reconstructed.

23



Fault of BEC

1
‘ Broucke’s periodic orbits‘ miy = Mg = M3z = 3 At = 0.05
@ Theoretical Orbits e BEC (0 <t < 25)

[Family A]
Commensurability ratio

3 g

5
[Family R] 2

Commensurability ratio
1

3

o 07 " oa 08 o 02 g
aly ay




Constrained formulation without Lagrangian multipliers (Proposed method)

’ Regularized GTBP |  [Constrained formulation with Lagrangian multipliers ]
d M P ; i

EQ%J - mim; |Qz,]|2 kil Q(Q) =0

d Qi ) { Qijiz1 Qi

sz 1 : 2, 2 T ’ ’ A

dt” " Qg s Byt ) QU — Qg

25



Constrained formulation without Lagrangian multipliers (Proposed method)

’ Regularized GTBP‘ [Constrained formulation with Lagrangian multipliers ]
dg, M Py e _,
dt > T mam; Q2] a2

ipm_: Qi ( M lPi,jlz—zmim]>_ { Qijiz1  Qigm |
dt Qi \2man; Qi —Qij2)

Q) =0 =

{  Eliminating A

26



Constrained formulation without Lagrangian multipliers (Proposed method)

[Constrained formulation with Lagrangian multipliers ]

’ Regularized GTBP

d M P,
Q= —— % $(Q)=0

dtQ sJ msz |Q2"7|27 (Q)

dp Qi ( M i’jf_2mim]>_ { Qijiz1 Qi } A
dt Qi it \2mam; Qi —Qij2

{  Eliminating A

’Constrained formulation without Lagrangian muItipIiers‘

d M P,
—Q;.i = 2 L)) =
dtQ 7 mim; |Qi,j|2 ’ (Q) 0

f(P1,2,Qu1,2) = f(P2,3,Q2,3), f(P2,3,Qz2,3) = f(P3,1,Qs,1),

where

1 Qi1 Qi )| dPsj Qi,j M 2
Q) = ) , J_ , P, 1?2 —2m.m.
F®:5Qi) 1Qi,j12 Qi1 —Qiyr2ll]| dt |Qusl* Zmima‘l i B

] : Two-body problem

b



Constrained formulation without Lagrangian multipliers (Proposed method)

{ Eliminating A\

’ Proposed method (d-GTBP) ‘

Q(k+1) Q(k) B M 1Q k:+1)| + |Q( | ® Pt N P(k)) (I)(Q(k—f-l)) o
At 4mimg |Q£f<;+1)| |Q( |2 i, s =
F(1,2) = F(2,3) = F(3,1),
where
Ny L el efirel,
F(i,j) = |Q(k+1)|2 + |Q(k)|2 Qikﬁlll)—i-Q(k) QE’?B?-I—QY?D

(k+1) (k) (k+1) (k)
P, — P Q.; T +Q;; M (l (k+1)| i |P(k)| )_m,m,
At |Q(k+1)|2|Q(k)|2 8m;m; v

[] : A conservative discrete-time two-body problem (2002,2004, Y.M and Y. Nakamura)

28




Numerical results for d-GTBP

‘Conserved quantities‘

Elliptic Lagrangian triangular solution with linear stability
(B =0.14, e = 0.54)

At =0.01, 0 <t < 10000

le-10 1e-10,
5e-11- 1 5e-11+ R
0 0
-Be-11- . -5e-11 i
1e10 2000 4000 6000 8000 10000 €105 2000 “ 4000 6000 8000 10000
Time Time
Fig. Error of Hamiltonian Fig. Error of angular momentum
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Numerical results for d-GTBP

‘Conserved quantities‘

Elliptic Lagrangian triangular solution with linear stability
(B =0.14, e = 0.54)

At = 0.01, 0 <t < 10000

1le-10

1e-10
S5e-11- set1l ]
or * o %
-5e-11- se11l ]
1o G0 meTT 0 Bell  1el0 1eagh ‘ ‘
m1 q1[1]+m2 g2[1]+m3 p3[1] -1e-10 -5e- 11 le-10

L0 T
. . p1[1]+p2[1]+p3[1]
Fig. Error of the position

Fig. Error of linear momentum
of center of mass

20



Numerical results for d-GTBP

‘ Elliptic Lagrangian triangle solutions‘

o Linear stability of the elliptic Lagrangian triangle solutions
(J.M.A. Danby, 1964; G.E. Roberts, 2000; ....)
27(m1m2 + mams + msml)

o the mass parameter : 3 = M

o the eccentricity of the orbit : e

0.8

0.6
unstable

04 Transition curves 1
- \
1.10,0.24)
0.2 1.10,0.23)
0 05 1 ' Ls




Numerical results for d-GTBP

‘ Elliptic Lagrangian triangle solutions‘

At =0.01, 0 <t <£10000
= Proposed method (d-GTBP) can draw both stable and unstable orbits correctly.

o Orbits with linear stability in

theory

B =0.14
e =0.54
B =1.10

e =0.23

a2

+mI=00210340150643290
m2=00210340150543290)
- me=095793196913420

o
ay

@ Orbits with linear instability in

theory
B =0.14
e = 0.55
8 =1.10
e =0.24




Numerical results for d-GTBP

‘ Figure-eight choreography‘
At = 0.01, 0 <t < 10000 (1580 revolutions)
\ ‘ T ‘

04—

02—

ql2]
=
T

02—

04 -

0
all

Fig. Figure-eight choreography
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Numerical Results for d-GTBP

1
‘ Broucke’s periodic orbits‘ mi; = mg = mg = —, At = 0.05

w

@ Proposed method (d-GTBP) (0 < ¢ < 100)

[Family A]
Commensurability ratio
3

5
11 revolutions

[Family R]

Commensurability ratio
1

T oL

18 revolutions B T A B B T I

aly ay




BEC vs d-GTBP

Fault of BEC

Numerical features

‘ Advantages of d-GTBP ‘
Numerical features

@ Hamiltonian drift is observed.

@ BEC destroys the long-time
behaviour which Lagrangian
triangle solutions with linear
stability have.

@ Brocke's periodic orbits
can not be reproduced.

Advantages of BEC
Numerical features

@ The errors do not appear in
the case of very close
encounter.

@ All masses move along a
figure eight shaped orbit.

@ All conserved quantities are kept
constant.

@ Of the orbits corresponding to

Lagrangian triangle solutions,
o linearly stable ones are closed ,
o linearly unstable ones are not closed

@ Brocke's periodic orbits can be
reproduced.

@ The errors do not appear in
the case of very close
encounter.

@ All masses move along a
figure eight shaped orbit.
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Conclusions for d-GTBP

e d-GTBP (= a proposed method for | GTBP |) has the following
advantages.

The errors do not appear in the case of very close encounter.

o Theoretically, all conserved quantities but angular momentum are
kept constant.

For stable periodic orbits, All conserved quantities are kept
constant.

o A lot of orbits corresponding to particular solutions can be drawn.
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Conclusions for d-GTBP

e d-GTBP (= a proposed method for ) has the following
advantages.
= d-GTBP can draw orbits more correctly than
symplectic integrator and energy-momentum integrator.

o The errors do not appear in the case of very close encounter.

o Theoretically, all conserved quantities but angular momentum are
kept constant.

o For stable periodic orbits, All conserved quantities are kept
constant.

o A lot of orbits corresponding to particular solutions can be drawn.
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Proposed method for RTBP (d-RTBP)

mg — 0 Vi, =P j/m3, (i,4) = (2,3),(3,1)

’ Proposed method (d-RTBP) ‘ — DA

(kt1) (k) (kt1) (k) : a conservative
e —Qia M Q15 1P+1Qp 512 p (D) | p(k) u discrete-ti
At T Amima (k1) 1214 (k) |2 ( 12 +Pi2)p iscrete-time
Qi " 171Q7 2] two-body problem

1 k
Q¥ +af")

k1 k
P _p*)
)

QY 121Q(%) 2

At

M [ E] k
— (G (P24 P %) — 2mams )

QM —Q)  armg 1Q81241Q)12
At am;m; |Q£f<;|-1)|2|Q§f€j)|2
EF1 EF1 E E EF1 EF1 E k
F(Vg,s )7Q;,3 )’V;,gv ;,?);):F(V:(;,l )7QS°.,1 )av:(i,:zv L(%,%

where

(V'E,k;'_l) +V1(,k;‘)) o (7’7.7) = (2s3)a (3v 1)?

(ot1) L (k) (ot1) L (k)
1 5121 T 9i,412) 1,501 T 94,50
F(V(k-l-l) Q(k-‘rl) V(k) Q(k)) — (k’+1)2 . (b+1)2 .
i Qi H Ve Qi) = 1 %
Q%I 121Q) |12 | Quimi T i _ Qi Tl
2 2

- k ™.
At Q85 121Q47 12 \Amimy

(k1) (k) (k1) (k)
Vig —Vij _ Qij Qi Mms )2 k) 2y oMMy
(VEDR+VE ) -2

20
nYe)



Numerical results for d-RTBP

‘Conserved quantities‘

Elliptic Lagrangian triangular solution with linear stability
(v ="2 =0.19, e = 0.19)

At =0.01, 0 <t < 10000

; ; ; . -0.01829946 . . . .
£ .0.018200465} 1

: 5

00093195 S 001820947} 1

) 2 0015200475 j
2o 5

-0-009319500015—"1500 2000 3000 4000 5000 0018299487550 2000 3000~ 4000 5000

Time Time
Fig. Error of Hamiltonian Fig. Error of angular momentum
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Numerical results for d-RTBP

‘Conserved quantities‘

Elliptic Lagrangian triangular solution with linear stability
(v ="2 =0.19, e = 0.19)

At =0.01, 0 <t < 10000

le-16 T T T
le-16
oI Se-17
= 5e-17F
] I
£ oo o
=) E oo
— ol
= =
2 -5e-17f =
Se-17F
R VS TR - R Sel7  Te-6 el6 . . .
mlql[1]+m2q2(2] -le-16 -Se-17 0 Se-17 le-16
pll1+p2(1]

Fig. Error of the position

Fig. Error of linear momentum
of center of mass
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Numerical results for d-RTBP

‘Conserved quantities‘

Elliptic Lagrangian triangular solution with linear stability
(v ="2 =0.19, e = 0.19)

At =0.01, 0 <t < 10000

0.0001 T T
Theoretically and numerically,

* Hamiltonian

* Linear momentum
* Angular momentum
* Center of mass

* Laplace vector
are the conserved quantities of

0 1 1
>e-06 Al] 1e-05 a three-body problem and all preserved.

Fig. Error of Laplace vector
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Numerical results for d-RTBP

‘ Elliptic Lagrangian triangle solutions‘ At = 0.01, 0 <t < 10000

@ Orbits with linear stability @ Orbits with linear instability
1 T 1
" :
13 m3 1F
v =0.006 =% 1 v =0.006 =%
e = 0.51 of 1 e = 0.52 o .
m
-0.5F 1 -0.5F :::'24
05 0 05 1 13 05 0 05 T 15
qlt] q(1]
1 1

+ ml

5 0 0‘.5
altl
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Numerical results for d-RTB

‘Broucke's periodic orbits (Broucke,1968) ‘ At = 0.01, 0 <t < 10000

@ Linear stable orbits in the family J;

J1-20

more than

1500 revolutions

J1-91

more than

1500 revolutions

x[2]

[*)

x ml

0 0,
x[1]

\
.5

@ Linear stable orbits in the family Ay

Al1-226

more than

780 revolutions

A1-310

more than

780 revolutions

2
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Numerical results for d-RTBP

Broucke’s periodic orbits (Broucke,1968) ‘ At = 0.01, 0 <t < 10000

@ Linear stable orbits in the family BD @ Linear stable orbits in the family H
1 0.06f EETU
1 0.04F tmy ]
1 0.02f 1
BD-61 ] H1-11 g o . ]
3
more than ] more than -0.02F 1
. . 0.04F 1
1500 revolutions b 8800 revolutions
] -0.06f E
] 05 0 03
x[1]
< mi 0.06F * ml 1
B N x m2
‘ m ooaf o
0.5p 1 0.02F E
BD-71 _ H2-119 —
o oof x 4 o4 oF x E
% E
more than 05 more than -0.02F i
1500 revolutions 1 4050 revolutions -0.04F 1
) -0.06 <
RN b 03 i 05 0 0.3
x[1] x[1]
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Numerical Feature of d-RTBP

o d-RTBP (= proposed method for | RTBP |) has the following
advantages.

e The errors do not appear in the case of very close encounter (cf.
Al1-226, BD-71).

o All conserved quantities are kept constant.

o Many linear stable orbits can be drawn.
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Numerical Feature of d-RTBP

o d-RTBP (= proposed method for | RTBP |) has the following
advantages.

—> Proposed method can draw orbits more correctly than
symplectic integrator and energy-momentum integrator.
o The errors do not appear in the case of very close encounter (cf.
A1-226, BD-71).
o All conserved quantities are kept constant.
o Many linear stable orbits can be drawn.
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Lagrangian Equilibrium Points in RTBP

For simplicity, m1, m2 in circular

orbits.
x(2] L,
Ls L‘1 L.
ml ° ﬁZ X1
4

Fig. Lagrangian Equilibrium Points in
the rotating barycentric coordinate

system

Ly,L5,L3: CollinearEquilibriumPoints
—> Linear Unstable

Ly, Ls: Triangular Equilibrium Points
——> Linear Stable

’ LEPs in the rotating LC variables‘

Ly : 1 1
1 X1,2 = (7“2 = 2), X2,3 = (Xz(,gh)], —)5(‘15[11)]),

L L
Xg,1 = (x:s(,1%1)]’ Xs(,1:[l1)])’

3 3
Yi,2 = (—U(I—V)m2 ,—u(1—u)m2) s

1 _3 1 _3
Wa,g = (—um2 rT2 (Xz(f;%l)])a,—um2'r 2 (x;’l:;[ll)]ﬁ),

»1[1]

-
-3 x(Z1) '
—(1—v)ym1l/2,7 2 (x {71 ])3

( (1—u)7n1/27‘_%()C3(L1))3
3,101

where (xg‘ll))2 = (xg‘sl)F 4

VvV3—1 1 /341
r2,
2 2
v3+1 1 /3—-1 1
r2, 2 |,
2 2

B 1 1
X1,2 = (r2,—r2), X2,3 =

"o =
3 3
Yi,2 = —v(1l—v)m2,—wv(l—v)m?2 |,

(ﬁ+1 1 V3—-1 1)
Wa,3 = vm2,———vm?2 |,
2 2
(ﬁ—l 1 +/3+1 L)
W31 = (1—v)ym?2, A—v)ym?2 |.
2
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Relative motion of primaries in d-RTBP

Hereafter, for simplicity, the primaries 1 and m2 are supposed to be moving in
circular orbits.

Relative Motion of Primaries in d-RTBP in the barycentric coordinate system

(k) & 17 _ % Q . Q T
[Q1,2[1]’Q1,2[21] =r2 cos(EkAt),mn(EkAt) ,
Discrete analogue of Kepler’'s 3rd law : Ait tan % =4/ %

J At—0
Relative motion of primaries in RTBP in the barycentric coordinate system
T

(k) ® 17T _ .1 w in(® . L= M

[Ql,z[l]’ Q1,2[2]] =r2 |:cos(§kAt),51n(ikAt):| , Kepler's 3rd law : w = 5
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d-RTBP in the rotating coordinate system

Introduce a rotating coordinate system with an uniform angular velocity Q.

‘ d-RTBP in the barycentric coordinate system (O — Q[1]Q|2] system) ‘

J mi=0Q—-v)m,m2=vm

d-RTBP in the rotating coordinate system (O — X[1)X|[2] system)

’Xl,z = (r1/2,—r1/2) ;Y12 = (—v(1 —v)m3/2, —v(1 — v)m3/2) : Fixed Points

(k1) k
(==X~ O+ X500 22 gy, 1 XERV PR (Wa,s)
At At 2,3[2] 4’/ |X(k+1)|2|X(k)|2 A 2,3)
(k1) k
(1= =) X3 — U+ 22) Xy 22y (bt1) leélff)l +IXS )|2 (Wa,3)
At T AT 2Ty xR |X(k)|z A2(Wa2,3),
1
Z)Xe,’f[rl]) (1+2) X4 Al 22 (k1) 1 IXE R xR (W)
At - At 3,1[2] 4(1—V) |X3(k+1)HX(k)|2 1 3,1)»
(k1)
%)X, ,1[2] (1+z2)X3 ,1[2] (kt1) | 1 |X3(k+1)|2+| (k)|2 (Ws.1)
At Atxa 1[1] 4(1 ll) |X3k+1)|2|x(k)|2 2 3,1)»

where z = tan % Ai(x)=(1-— zz)m(k'H) + 2zzc<k+1) + 1+ zz)wff]),
Az (x) = —2zg D) + (1 - zz)m[(;]—"_l) + @1+ z2)w(k).

(1] [2]
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d-RTBP in the rotating coordinate system

‘ d-RTBP in the rotating coordinate system (O — X[1]X([2] system) ‘

{X(k+1>x<k+1) o xEED x(BHD | b)) (D) _ o

1,2[1] “71,2[2] 2,3[1] “72,3[2] 3,1[1] “73,1[2]

1 (etn) (k1) 1/ (et1) (kt1) 1/ (etn) (1) \2) _
S (D2 = XD+ 5 (XD = (X EHED )+ 5 (X - (x{ap?) = o,

Ga2,301] = G3,1[1]» G2,3[2) = G3,1]2]

where

Gas=B) (555 (4169 (=225 + (1 = 22 — (1 + 229 8))
+A2(9((1 — 22y 22y — (14 22 ))
_W <$(|y(k+1)|2 4y ®2y — l,m) A1(x)A2(x) ),

Ga=B0) (555 (4169 (=225 + (1 = 2l — (1 + 229 8))
+A2(9((1 — 22y 22y — (14 22 )

2 1
xR 2@ ]2 \8(1—1)

Iy B4 +1y O ) = (1 =w)m) A1 (9 42,
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d-RTBP in the rotating coordinate system

‘ d-RTBP in the rotating coordinate system (O — X[1]X|[] system) ‘

Gz, 3[2]
1
=B() (547 (A160((1 = 2T + 2293 — 1+ 22)u())

—Az(x)(—Zzy(f+1) + (1 2)y(k+1) (1 + z2)y(:’:’))
(1] [2]

~ e (o VTR +Iy®2) —vm ) (4169)° = (4269)%)).

Gs,1[2]
1
=B(x)<m <A1 (x)((l - z2)y(k+1) + 2zy(ki+1) 1+ z2)y[1] )
—A2(x) (—22y T + (1= 2yl — (14 22)y))

~ s (g oy (Y Py ® )= (1 =w)m) (41 (0)* = (42))?)
Bx) = (1427~

X (@12 4 |x®2) 4-2(1—

20, )6 o) 09 6ot
2) @l e +al el —az@i Vel —a V2 l)) 7

Rl



Outline for existence proof of LEPs

@ Assume that the d-RTBP has the same LEPs as the original RTBP in the
rotating coordinate system at two discrete-time ¢(*) and t(*+1) namely,
X =X =X, 5, (,3)=(1,2),(2,3), 3,15 Y=Y =v,
w(’“)_w(’““)_w igr (5,3)=(2,3),(3,1)

Example 1| L, : Collinear Equilibrium Points
X1z =(r5,-r%), Xas = (X510~ X5h)s Xea = (50 X55)

Y1,2=(—V(1—u)m2 ,—u(l—u)m2) ) Wz,s:(—um%r Xz(LZ))S,—um%r_f (X‘z(gfl)] )

»3[1]
1 i _3
Wa,i = (1—v)mEr= 5 (X512 - —vmEr— 5 (x{50)?).

L
where (Xé’ll[i]f (X;I;[i])z + 7.

Example 2| L4 : Triangular Equilibrium Points
3—1 3+1 3+1 3—1
X1,2=(T%3_T%)3 X2,3= \/_2 T%3 \/_2_{— T%)y X3,1=<\/_2+ 7'%9 \/_2 Té)a

(\/§+1 1 VB3-1

2 ’ 2

Yi,2= (—u(l—u)m% ,—u(l—u)m%) , W2 3=
1 1
Wiz (\/‘ A +

(1—v)m

(1—1/)m§> .
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Outline for existence proof of LEPs

° Substltut%+1) . it
XF=x*=x,;, (1,))=(1,2),(2,3),(3,1); Y=YV =v, ;
wgf)_wgfy*l):wi,j, (3,5)=(2,3), (3,1) into the d-RTBP in the rotating
coordinate system.

o In the case of L, Ly, L3

The only one quatic equation for Xé’L:;[)l] is given by substitution.

This equation is the same as the equation for the original RTBP .

Example 1| L, : Collinear Equilibrium Points

CEEDPOHB—)r (XS P HB—)r2 (X0 —ord (X)) — 20t )2 vrB =0.

o In the case of Ly, L5
We can show that each equilibrium solution satisfy the d-RTBP by substitution.

Conclusion : The d-RTBP has the same Lagrangian equilibrium points as
the original RTBP in a rotating barycenric coordinate system.

5%



Linear Stablity Condition of triangular equilibrium points in RTBP

The substitution of displacements from the equilibrium point L4

X233 =X (L4) + AXo,3, X3,1 = X(L4) + AX3,1, Wa3 = W(L4) + AWz 3,
Wi, = W(L4) + AWs, (Note AXy 5 =AY, =0.)

into RTBP.

M
‘ Linear approximation of RTBP‘

4
‘Characteristic eq. for linear approximation of RTBP ‘ <= Algebraically solvable !

(Gascheau, Routh, Szebehely, Roy, ....)
4r°A* + amr® A 4+ 27m*v(1 —v) = 0.

’ Eigenvalues = The solution of characteristic eq. ‘

A= i\/z—]\i (—1 +V1-—270 + 27u2), i\/% (—1 —V1i—2mw+ 27u2)

’ Linear Stability Condition ‘ = The condition that the real part of \ is negative.

O<1/<f—ﬂ

18
54

1 —27v + 2702 > 0, namely




Linear Stablity Cond i brium points in d-RTBP

The substitution of displacements from the equilibrium point L4
X0 = x{5) 1 AXY), X9} = X550 + AXGL, W) = wiki) + Awg),
W) = Wi 4+ AWY) (Note AXY) = AYY) =0),  j=kkt1

3,1 = 1,2 — 1,2 —
into d-RTBP.
0
Linear approximation of d-RTBP |
4

Characteristic eq. for the linear approximation of d-RTBP ‘

eoX® + e1 A% + eaA* + esA® +ead? +ertd+eo =0,
If and only if X is inside the unit circle, d-RTBP is linear stable.

where
eo~z10 4+ (54+120—1202)28 4 (104480 — 4802) 26 4 (104480 — 4802) 24 + 522 41,
e1~6210 4 (104-24v —2402)28 — (44+1920 —19202) 2% — (12+ 4800 —48002) 2% — 222 1 2,
e2~152'0 (54120120728 (42 4+ 480 — 480 2% (10— 1680r 416800 2% 1122 -1,
es ~ 20210 — (20 + 48v — 480728 — (56 — 384v 4 38412)2°
+(24 — 2496v 4 2496v2) 2% + 3622 — 4,

QAL

z = tan ——
4
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Linear stablity of triangular equilibrium point

‘ Jury’s stability test ‘ haracteristic @q. :%Asﬁ-ajAs +%)\4 +%)\3 +%A2+ﬂ)\+@ =0

as as a3 a2 a1 ao
ke = ao/as

_) aoka aike azkqa aszka agkq aska o

b1 b2 b3 ba b5 kp = bs/bo
—) bsky baky bzky baky, bikp

c1 Cc2 c3 ca ke = C4/CO
_) cake CSkc cake cirke

d > s kg = ds/do

—) dskgq d2kgq dikg ke = e2/eo
—) ezke erke kf = .fl/fo
fl
=) Jiky Raible’s Tabulation

Nonsingular case

All elements of the 1st column ( and are nonzero.
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Linear stablity of triangular equilibrium points in d-RTBP
Jury's stability test | CE : agA® + asA® + agd? + agA3 + a222 + a1X +ap =0

as a5 as as ax a1 a ka=ao/as
—) aoka aika az2ka aska aska aska

bo b1 b2 b3 ba bs ky = bs/bo
—) bsky baky bsky bok, biks

co c1 c2 cs3 ca ke = ca/co

—) C4kc C3kc C2kc Clkc

ka = da/d

—) dskq d2kq dikg ke = e2/eo

eo el ez
—) e2ke eike ks = f1/f
f=JT1/Jo
fo f1
—)  fikg
go Raible’s Tabulation

Nonsingular case

All elements of the 1st column ( and ) are nonzero.
and

A complete row of zeros is never present. (cf. (do,d1,d2,d3) # (0,0,0,0))
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Linear stablity of triangular equilibrium points in d-RTBP

| Jury’s stability test | CE : agA® + asA® + aad? + asA® + a22? + a1X + ao = 0

as as aq as az ai ao k. —
_) aoks aika a2ka aszka aska aska @ ao/ae
b1 ba bs ba bs ky = b5/b0
_) bSkb b4kb bskb b2kb blkb
c1 c2 c3 cq ke = ca/co
—) C4kc C3kc C2kc Clkc
di1 da ds kd = d3/d0
_) dskq d2kgq dikg ke = 62/60
er ez
—) e2ke eike ky = fi/fo
7
— k
) Raible’s Tabulation
In the nonsingular case , and ag > 0 ,

@ Number of postive caluculated elements in the 1st column (. E,
= Number of roots inside the unit circle

@ Number of negative caluculated elements in the 1st column (, , o
= Number of roots outside the unit circle

o[o0])
[s0])
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Linear stablity of triangular equilibrium points in d-RTBP

‘ Jury’s stability test ‘ CE : agA® + asA® + agA* + asA3 + a22? + a1\ +ag =0

as as aq as az ai ao kb —
_) aoke ai1kea azks asks agks aska a = aO/G'G
b1 b2 bs bs bs ks = bs/bo
_) bskp baky bskp baky biky
i ez e ke = ca/co
_) cake cake ca2kc cirke
di d2  ds ka = ds/do
_) dskd dzkd dlkd ko — 62/60
_) exke er1ke kf — fl/fO
fa
=)  Jiky

Raible’s Tabulation

In the nonsingular case, andae > 0O the discrete system is| linear stable

when all roots are in_the unit circle, namely, |bo > 0,co > 0,do > 0,eq >0, f0 > 0,90 >0 |.
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Linear stablity of triangular equilibrium points in d-RTBP

‘ Jury’s stability test ‘ Singular case
CE: agA® 4+ asA® + aqA* + azA3 + azx 2 +aiA+ao =0,
where @n = an(1 + ne).

G  as @a as @z a1 ao  ka =ao/as
_) aoka ai1ka adzks askq agkq askq ~ ~ o~
bo b1 b2 b3 ba bs ky = bs/bo
—) bskb b4kb b3kb bzkb blkb =~ ~ ~
Co C1 C2 Cs3 Ca ke = é4/co
—) éikc é&skc é2kc éEikec - - -
do dy d2 ds ka = ds/do
—) dskgq d2kgq dikg Py
& & &2 ke = &2/80
—) é2ke é1ke - o
ky = fi/fo
Jo fi !
—) fiky
go Raible’s Tabulation
- B . All roots of CE are on the unit circle.
In the case of € > 0, bg, Co,* -+ ,go are all positive. Namely, the dicrete system is linear
and o B . stable (but is not asymptotic stable
In the case of € < 0, bg, €o, -+ ,go are all negative. ).
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Linear stablity of triangular equilibrium points in d-RTBP

From Jury’s stability test

mo 1 V69
0<v = —<= — = 4 0(2?
< <" 18 T (%)

1 69 2
= E_K +O((At))

= ‘ Upper limit of linear stability condition for RTBP ‘ + O((At)?).
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Linear stablity of triangular equilibrium points in d-RTBP

From Jury’s stability test

me 1 /69
0<v = 2

<z 13 TOGY
1 169
=315 + 0((At)?)

= ‘ Upper limit of linear stability condition for RTBP ‘ + 0((At)?).

Conclusion : The linear stability conditions of the triangular Lagrangian

equilibrium points in the d-RTBP are accordance with those in the orig-
inal RTBP up to order one of At.

62



