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Figure 1: Euler Angles.
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wy = ¢sinfsiny + 0cos
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1
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Euler AICHZITEH &

or
p¢:8—¢.) = L,sinfsiny + Lysinfcosy + L, cos0
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O
X (4D &Y
L, = pycosty+ L ( cos 0) sin ¢
) 1
L, = —ppsiney + ﬁ(m — py cos ) cos

Lz = Dy
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1 1 .
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L9
20t
ﬁ%ﬁ ¢‘(i—‘j-/f 7 U D 77 >p¢ e Const
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1 L?

N P R N O
Fe (G 1)+ = (17)
HERIZYA 7)Yy — S =cont——>J = const
EBEHENX
dl oF 1 1
w_or G, »

oG A
[ = mt—l—lo, (20)
A4S —EE (GEEMEK : Fv > NS —#H (BEHOFEERS))
g = ngt + go. (21)

%% 3Lk
Kinoshita, H.:1972, First-order perturbations of the two finite body problem, Publ. Astron.
Soc. Japan, vol. 24, pp. 423-457.
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An Exact Solution of Torque-Free Motion

* Short axis mode

L,/G =sinJsinl =sinj cn u, (22)
Ly/G:sinJcosl:—\/(1—|—e)/(1—e)sinj sn u, (23)
L./G =cosJ =cosj dn u, (24)

G, . 1 1, =
9= at + 9o — G(E o Z)QKTL[H(SD’ _26/(1 o 6), k): (25)

where oK
¢ =amu,u=—(—m/2). (26)

m
[ =ngt +7/2,§ = ngt + Go. (27)

1,1 1 1 1 11 1

=g AP p=eatE 28)

which is a measure of the triaxiality of the body. The parameter e varies from 0 to 1:e=0
for an oblate body(B = A) and e=1 for a prolate body(B = ('). In (25) and (26),K is the
complete elliptic integral of the first kind with modulus &2 is given by

2e
1—e

K =

tan? j. (29)
* Long axis mode

The solution of the long axis mode is obtained just by replacing A and C' by C'x and A
in (22)-(29). For example

1,1 1
5(6 + E)’ (30)
%% 3Lk

Kinoshita, H.:1972, First-order perturbations of the two finite body problem, Publ. Astron.
Soc. Japan, vol. 24, pp. 423-457.

Kinoshita, H.:1982, Analytical Expansions of Torque Free Motions for Short and Long Axis
Modes, Celest. Mech.,53,365-375.



Table 1: Triaxiality and Dynamical Ellipticity of the celestial bodies in the solar sys-
tem:triaxiality e = 1/2(1/B—-1/A)/(1/C' —1/2(1/A+1/B)), e* =1/2(1/B—-1/C)/(1/A—
1/2(1/C +1/B)), dynamical ellipticity H = (2C' — A — B)/2C| here we assume a uniform
density distribution except Earth and Moon.

2a x 2b x 2c(km) e H e*
MI Phobos 28x22x20 0.719 0.185 0.0889
JIV Amalthea 270x166x150 0.900 0.276 0.0270
SVII Hyperion 350x240x200 0.723 0.278 0.0685
SX Janus 220x190x160 0.445 0.197 0.238
SXI Epimetheus 140x116x100 0.556 0.197 0.166
SXIII Telesto 30x26x16 0.311 0.338 0.357
SXVI Prometheus 140x100x76 0.681 0.305 0.105
SXVII Pandora 110x86x66 0.562 0.277 0.163
433 Eros 35x16x7 0.919 0.467 0.0215
951 Gaspra 35x16x7 0.900 0.260 0.027
243 Ida 19x12x11 0.960 0.515 0.010
(243)Ida 1 Dactyl 1.6x1.4x1.2 0.434 0.181 0.246
253 Mathilda 66x48x46 0.852 0.173 0.030
Halley 16x8x7.5 0.971 0.324 0.00753
Earth 0.00328 0.00327  0.987
Moon 0.214 0.000520 0.478

Expansions of the Torque-Free Motion for Small e and

€

The major planets from Mercury to Pluto and the major satellites are approximately
oblate spheroids and the parameter e for them is small. Therefore we expand the solutions

in terms of the small parameter e and the following expressions are based on the results by
Kinoshita (1972):

=1

B |

o1 !
g=g+§a681n21——a

L —

(a% + 1)esin 20 +

1
16

64

16

(a? —1)%e%cos 4l + O(e?),

1 -
—(a* + 60 + 1)e*sin4l + O(e?),

(a? + 1)e?sindl + O(e?),

(31)

(32)

. 1 1 .
GcosJ[1 — g(a4 —1)e* - §(a2 —1)ecos 2l +

(33)



or

1 ~ -1 -1 ~
J=J+ 1—6(2a2 + 1)e* tan J + tan J(Ee cos 2l — 1—6a262 cos4l), (34)

where

a=secJ =G/L. (35)

L is the action variable canonically conjugate to [ and one of the integral constants. The
relation between J and j is given by

- 1 1 3
cos J = cos j[1 — 3¢ tan® j — (Z tan® j + 6 tan® j)e?] + O(e?), (36)
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Expansions of the Torque-Free Motion for Large e and
6*

sin 21

1
I=1"—~ey/(1+e)/(1 —e)j>———— + 0%, 37
eV + e/ -aff ——=—+0("), (37)
g = §1+i(—v1—62(l*—l~)
Dn[
1 esin 2] 2 .
+—(1+e)j? -+ *—10)]) + 03", 38
F(Lte) [1+ecos2l m( )]) +0G") (38)
1 -
L= G(l — 5_]2 — ﬁ]QCOS2 l) +O(]4), (39)
or
, 2e ~ 3
J=] 1+1_eCOSQZ+O(j ) (40)
In (37) and (38) I* is defined such as
tanl* = /(1 —e)/(1 +e) tanl. (41)

% 30k
Kinoshita, H.:1982, Analytical Expansions of Torque Free Motions for Short and Long Axis

Modes, Celest. Mech.,53,365-375.
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BHEY Y RIA7 - RETCRA LV THAPHEHEERTS.

1k2M’

R:_8 a3

(1 —€2)732(3cos> T —1)(3cos® J —1).

(51)

AER g hZT A7 VYD > L = const,G = const, H = const > I = const,J =

const.
Wz o KIEEE)
dh  OR 3 3 KM (C — A)
at ~om - gl Tt )T ggm (o) e

75— D83 2(M + M) = n*d® 2 HWT

dh 3C—A M N 3
- — — = - ! - /2_ __u‘. 2 SO .
7 5 ¢ '+ME(1 €'2) w(l 5 Sin J)cos [
HEHIAHEHTH .
L E P AN

(52)

(53)

Kinoshita, H.:1977, Theory of the Rotation of the Rigid Earth, Celest. Mech., vol.15,

pp-277-326.
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K=F+F (54)
FIFBEBHERTONIINNZ 7T FEEERICENT S Z 210 &5 M NHE
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EENZL M7 VRREROES. AMGORGERICHBERATES.
(EXDEH X
Kinoshita,H.:1993, Motion of the Orbital Plane of a Satellite due to a Secular Change of
the of the Obliquity of its Mother Planet, Celest.Mech., 57, 359-368.
Kinoshita,H.:2003, A Note on Secular Resonance,in Proc.  34th symp. Celest. Mech. ed.

Kokubo et al.,in press.)
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J[SH : REDORIADEIEIEE)

REOHEHIREMMHAEER TR ATENSBEATEORAFHEHOERGOEL L TE

BLTWV5.
K RIS 1M L e AR OB AE % [ HRARE R O LT
p =sin [, sin (), ¢ = sin [, cos (2,,.

HMEKFEEH (Brouwer and Clenence 1961) & W

7 7
p=> Njsin(s;jt +0;),q =Y Njcos(s;t +9;)

J=1 Jj=1

BME B(1, < 1)(¢=Q,,0 =1,,¢ =-Q,) &

7
E =Gsinl) Njsjcos(sjt+8; — h)

=1
KFREEN
* % 1 3-2 O_AQ 2\—3/2 2
K—F——4(1—28m J) c n“(l —e”)™>*(3cos” [* — 1)
[ %5 9 2 Bl E IS L U 228 8 1T
dh” _ OF" _ cos”*
a —omr “
h* = acos It + hy,
_ 3C—An? 9y—3/2
= e W)
BHAEE

RAPEHGI L LYHETL 3.
38 KD HEE)

1 L Njsj(a—sjcos )

Ah = )

o *
sin[* i

(s; —acos [*)? st 05 = 1)
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HETE ICHERL U = HE R A O R AL

7 g
Ar=—y %

Jj=1

AL IS HERL U = HE R O R AL

sj —acos [*

A — _27: alNjcos [*

o1 sj —acos It

FLLIF

cos(s;t +6; —h").

cos(s;t +6; —h").

(64)

(65)

Kinoshita,H.:2003, A Note on Secular Resonance,in Proc.  34th symp. Celest. Mech. ed.

Kokubo et al.,in press.)
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