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Various enhancement of symplectic integrators are reviewed from the viewpoint of dynam-
ical astronomy, especially in our solar system dynamics: mixed variable method (Wisdom-
Holman map), warm start, individual stepsize method, several techniques handling close
encounters (democratic heliocentric coordinate (DH), symplectic massive body algorithm
(SyMBA), hybrid method, modified SyMBA), and a regularization method by Mikkola.
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000 @®)00dododoooboooobbbo0o0oooooogedgogoooooo
O0009/06*00/00* 000000000000 DOOODO

O @)oooooooooooOooo0oOoUoLOUUoboULbLOL (boo)yD oODOD
goboobooboobobooboobooboooboobobooobooobooon

/ (Hy — HY)dt*, (88)

J—J)=(J)=(J)y=T" - J* (89)
(7-7)
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0000 (89 00000000000000000000000000J000J00000
0000000000000000000000000000000000000000000
00000000000000 (89)000(J)—(J)=J*-J*00000000000J00
0JOOO0OO00000000000000000000000000000000000 (J*O
J0000000000000000000000000020

00000000000000000000000000 (82)00000000 (73)000
00000000000000 0()0000000(He)=(H,)=000000000

Hy(J*) =0, (90)

0000000 DDOOOOOObDD

) = Hy(J)+H{(J),

= H(T), (91)
000000000000000000000000000000000000&*(J*) 000(e)
000000000000000

T —
= w*(j*) (92)

0000006*J*)0(0000000)0000000000000 (0000000)00
0 F*00000000000000000«*(J*)00000000000000
000000000000000000000000000000000000000000
0H(00OO00000000000 A% 000000000000000000000000
00 (92)0000e*(J*) 00000 (J 00000000000

OH*(J*)
(I = 93
w*(J%) 57" (93)
00000 (92)00000
J =T, (94)
0D000000000000000000
W (J*) = W (T7) = & (), (95)

000000000000000000(9%5)0000000000&*J*) 0000000 O(e)
000000000000000w*(J)0000000000000006e000000000
0000000000000000000000000000000000000000000
0oooooooo
000000000000000000000000000000000000000000
0(94)0000000000000000000000 warm start 0000

000000 OSaha & Tremaine (1992) 0 p. 1636 0000 0000000000000 0((19a)(19b) 000
O00000000000000O“Since J is fixed in the surrogate system (f[), and J is fixed in the real
system (H),...” 000 “fixed” 00 000/000000000000O0ODO0OCOOOOOOOODOOOOOO
JOJOOOODOD0DO000O000000000 “fixed” 00000000 Saha & Tremaine (1992) 00000
00000000J,J0000000000000000000000J*,J*000000000000000
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3.2

Warm Start O 0 O

Warmstart OO0 OO0 000000000000 O0O00OO0O0O0OO0O0ObO0O0bO0oOon

1.

2.

3.

uoboobbooobrooobooboboon
oobo-00bb0oobooon

gbd-0gbobobobobobobobobbbobobobobobon

000 1. 02 000000000000000HO000000O0O0OOOOOO0O000
O000000000000000000Warm start 000000000 O (“special start-up
procedure”) DO OOO0O0OOOODO

0oddoooobooboboooboooobbooboobobooobodn Saha and
Tremaine (1992) 0000000000

0.

1.

4.

Warm Start D00 O00000O000O0O0O0O0O0O0O0O sOO00O0O0ODOOO

ogooooooo-ooodooot+t=0000007=,00000000000000
godooosogobooooogooooooooooodniioobodogoogon
DT(), 27’0, 37’0,..., ST()DDDD

LsSubobooboobbboboooboboo 20 oboboooobobobobooo

0000070000000000000 (S+1)n, (S+2)n, ..., 3S0000

LS+28=3s0000b00b0poouoboobobooboonbn sooooboboobooobooo

O0O00oO0oODOO00b0nDDOO00O0000bO0O0d 38+ 1)1, (38+2), ..., 4570
oon

goboobbo4sSpy=rUbboboboobbooooobbooobon

gbooboodooouoboobos. bbb ooooooboobooboboboooo
gbodtbddt+=0o0b0oobobbooboboooboboooo.goo s.oooooobo
o000O0O02.000000D0000000 (O03)f0DODOOOOoOOobOOoOoDoboboOoD

T(=0001.00000) = m+20+310+...+ 870
= MT@, (96)
2
T,(=0002.00000) = (S+)10+(S+2)70+(S+3)70+...4+3S70
<SS(SS+1) S(S+1)>
et — T0
2 2
= (4S2+S) To, (97)
T3(=0003.00000) = BS+1D)10+BS+2)10+ (35 +3)19+...4+4Sm

2 2

(45(45 +1) 35(3S+ 1)) o, (98)
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god

S(S+1)  45(4S+1) 35(35+1
TlJrTB:<(2)Jr (2 ) _ (2 )>_TO
= (487 +8)m

= T, (99)

goboobbooobboobbooobbooobbog s~s50000000000 warm start O
gboogbobbbobobobobobobobobobobo

-T3 t=0 T1
T, Ssteps
2S steps Sty
38y, ‘

O 3. [A schematic illustration of the warm start] Warm start 0000000007000
OO0 soooooog2sooooboboOo0o0 sooooooooooo0t=o00000000
(ITa| + T3] = [T2)0

3.3 Warm start U 0O

Ub-000-gtbbodbddbidbwarmstart U0 D OO0 0O0O0O0O0OO0OOOOOOOO
0000000000000 000 (Ceres, Pallas, Juno, Vesta) 00 000000000000
00000000000000000000005%x10*00000000 warm start 0000
00000000000 (eoldstart 000 ) 000000 DO0O0O0ODI000DOO0OODOOODOD
000000000 0000oooDoDD (r=0120)000000000000000O0O0O
000000000 CboOoOobO0o0boOooboboooobDoOoooO (r=400)00000DO
00000000 00bOb 40 CeresUOO0O0OD0ODOODO0ODO0Owarm start DO OO0
bbodbootbobobddUbeddstart OO0 OODOODOOOOOOODOOOODO
oooooOoOoOOO0OO0o0ooooOoOooooooobobobobooooD (o5, 06,07O000O
U0 warmstart U OO D000 0O0O00O0O0O0O0O0O0O0O0O0O0OO0OO0O0O0O0O0O0O0OOOO0OO
gooooooooboogon

4. 00O0O0ODO (individual stepsize method)

ggobobooooboboooooboobobooubbooooboobbooobbbooo
goooooob2sodgooobbboboodooooooobbbbboboo0ooogog
gooobboboobooooooogoobbbobooooooooobobbboooDoooUUo o
O0D00D00ODO0ODOODO0O0000DDOO0O0ODC0DOO0O0O0D (individual stepsize method)
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Difference [deg]

Difference [deg]

100

o
o

0.01

0.001 ¢

0.0001

1e-05 |

10 |

Ceres

cold start

0

10000

20000 30000 40000 50000

Time [years]

O 4. An example of warm start (errors in mean anomaly): (1) Ceres.

100

o
-

0.01

0.001

0.0001

1e-05 |

10 |

Pallas

cold start

10000

20000 30000 40000 50000

Time [years]

[0 5. An example of warm start (errors in mean anomaly): (2) Pallas.
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Difference [deg]

Difference [deg]

Juno

10 ¢

0.01 Pyt

0.001 | .

0.0001 ¢

oy

AR RRRRRRRE]
cold start

=

ASDSHAL A SIS
SRR

arm start

le-05
0

10000 20000 30000 40000 50000

Time [years]

0 6. An example of warm start (errors in mean anomaly): (3) Juno.

Vesta

10 ¢

0.1

0.01

cold start

- ~ warm start

0.001

10000 20000 30000 50000

Time [years]

40000

[0 7. An example of warm start (errors in mean anomaly): (4) Vesta.
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O0D0D0OD0O0DD (Saha and Tremaine, 1994) 00 0000000000000 ODODOOODODO
00 (individual) 000000000000 OCOCOCOODODOD (fixed) DODDODDOOOODODO
O (variable) 0000000000 DODO0O0OODOODOOO0OOOODOODODOOOOOODODO
000000 Gladman et al. (1991) O Yoshida (1993) 00 000000000000

4.1 QUO0ooooobboooodd
gbobodogooboboboboboooboboboooboboobobobonoo

H = Hyep + €Hjppy. (100)
O000H,0eH,,0000000 KO IOOOOOOOOOO
e K---UUODOOODDOOODOODOOODLDOODLOOLODLDOODOOLODOODOD
e /[...-O00O00O0OOLODOODLDDLDOOLOLDOODLOOLDOLDO

U000 WHmapOUOOUODOO KO IODODOOOOOOOOODOODOOOODOOO

KOi-O0OO
(ko3r000)
IDTDDD>
KO 4r000)
(

00000000 (b00-0)000000D0O0DOODODOOO0O0O00O0O0OOODODOD

(kD3r0DD0)

loop
IDTDDD>
DDDDDDDlmmDDDD>
KDTDDD>

end loop
(koiro00o)

gooooooooo  NOOodoDodooooooooooddodn HeeUeH;,000

goooooooo
N

N
erp = Zerp,i’ eH;py = ZHint,i, (101)
=1

=1

00 Hyep,U Hye /0000000000000 O0O0O0
e Hyep , --- U0 000 000OO00OOOOOOOOONO
[

mty - 0000000 +1,---, NOOOOOOOOOOOOoooo

000000 N=2000000000 (2r)0000000000H;w,=0000000
gooouobooboooog
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(K\0 47, K0 4r000)
hDTDDD>
JGDTJQDTDDD>
hDTDDD>

(K047, K,04r000)

00000 N=3000000000 (3r)00000000000000000 Hipez=0
good

(K10 47, K0 37, K30 3700 0)
thbDTDDD>
KﬂhﬂQDnKﬂTDDD>
hDﬂhDTDDD>
KﬂnKﬂhDDD>
thhDTDDD>

(K0 47, K0 47, K30 3r000)

4.2 0O00OO0O0OOOOOOO0

gbobobobobobbobobooboooboboboboooooboboobooooo
gbboooboobbooooobooobooboo

1. 0goooooooboooD Kk, m00oboooooon
2. 000obobooooouobD K, Loobooobooboooo

. jdboddbobubobobubooooooobooo

00000000000 boobboobobo0oobogn Peisson JOOO0OOOOOO
000000000000 Hgep:U Hipe OO OOOOOO0O0OO00000000000000
googouoboobobooboooooon

{erp7i7erp7j} =0, {Hint,iaHint,j} =0, (102)

{kﬁmpi,fnnaj} =0. (j>1) (103)

O00O0O0O0ODODODODODOOO0000000000000 Saha & Tremaine (1994) OO0 0O
gboobbooboobooobooboboobooboobooboobooUoUg s oo
Un0o0oobogbboobbooobboooboboobboooboobbooobooobog

procedure TICK(7)
K03n000)
LO0x000)
ifi>1
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loop 7;/7;-1 O
call TICK(: — 1)
end loop
end if

(k,04n000)
end TICK

gboobobob NOODbOobobuobuonnyobooooooo

call TICK(N)

00000000000 N=2000 (cal TICK(2)) DOOODO O =2n00000000
gboboooboodb pbooboooboobobbbooboobboobobon

K,03n000)
thDDD>
K,0in000 >

<11D71DDD
K,0ln000
K 0L Tlmmmi
LOnRO00)
§K1D 7'1DDD>
KQD %TDDD

4.3 U00OO0OOOODOOOODOO

O000OO0DOO0000OOOoDOoOOoboOoobOoDOoOoODODobCOo0oD KMOOOOm/24m/2
gooooboobboooboobobooobobboobbooboobboobboobooo
gbooobooobobooboobboobooobooboobobooooboboobooo
gobooobooboooboobbooobooobooobooobo0obooboogbo

(00000000 K045000)
loop
K0 [00000000000000000:0000,5405000)
0000 L0000,000000000000 exit loop)
loop fori=1,---,N
(i=1000 Ki+ir < K;,000,K07000)
end loop

end loop
(00000000 K045000)

U000 N=20000000000n=2n00000
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(K0 m, K>0 3000 )
LDnDDD>
KﬂﬁDDD>
hDﬁDDD>
KiO3r, K0 4n000)

gobooooobooobobbooboobooboob kbbb b ooboobo
O00000000DOO0000CDODO0O000COODOOUObOODOO N =3 (call TICK(3))
JboobbooboobuogbuooON =300000 =2rr=4n000000000O0O0OO
gooooboobboooboooboooboobooboboboobobbboobboobooo
gooooboobboooboooboooboooboobboobooboobboobLooo
oo NOOOOooboobbooobobbboooboooboobbooobooobo

K;03n000)
LO7n000)
$QD;@DDD>

IQDTQDDD>

(K0 in000)
LOnO00)
K,0in00O
Kﬂ%nﬂﬂﬂi
LOR000)
Ki03n000)
K,Oln000O
&QD%@DDD?
(LOmOOO)
K,0ln000
LOn000)
K,04n000
K:O03n000
LOn000)
K:0in0OO
(K0 47,000)
(K;03m000)

~— S~~~

(K30 47,000 )
K,0 37000
&QD;ﬁmmmg
L0000
L0000
L0000
(K,0n000)
(honO0oOo)
(K,0nD0O0)
(hOnOOD)
K\0n000
K,O0n000
n0n000
ébmmmmmi
(K30 7000 )
K,0 37000
&QD;ﬁmmmg

0000000000000 000000000000000000000720000000
gbodgbouonN =200000000000L00DLDODLDOODOOOOODODDODLOODD
gopoooboobboobooob BcHUOODOOooooooooboooooobooooboo
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Herr = 5 <{{erp717Hint,1} ,Hmt,1} + % {{erp,l,Hmm} 7erp’1}

+ 4{{erp’27Hint,l}7Hint,1}+2{{erp727Hint,1}7erp72}

+ 4{{erp,2,Hmt,1},erp,l}) +Oo(Y), (104)
ODo0oooooooooooooooooooooooooooooon

e At =00 K;JOoooooooooaooooo

e At;, =00 ,OOOOOOODOOOO0O0OO0O0O

gogbooobooobobobobobobobobobobobobobobobobo
goood

N
Aty Atr,
Z[ K, + (N —1) I’]
oooog oL Ti 1028 (if Atg > Aty) (105)
00000 =~ NAtg N N(N —1)At; | 046 (if Atg < Aty)

T 2T

Saha & Tremaine (1994) O Fig. 1 0 Fig. 200000 9000000000000000
00000000000000000000000000000000000 (105)00000
0430000000000000000000000 2000000000000000000
0ooo

00000000000000000000 (1)0000000 (2)0000 (3)000000
0000000000000000000000000000000000000000000
0000000000000

5. Uooooon

000000000 (close encounter) 0000000000000 00ODOOOODOOOO0O
O000dooooodbood genericd WHmap OO OOOOOOOOOOOOOO O Generic
WHmapOOOOOOOOODODDODOOODODODODOODODODDODOOO0OO0O0O00O0D0OODOO0O0O0O000O000
O closeencounter 100 0000000000000 OODOOODOODODOOOOOOOOOO
0000000000000 ooobooooooooooooooooooon
0o0oooOooOoooOooooooooon

5.1 UUOoouogboood

0000000000 DOO0D0OCDOO0ODODOODOODOOD OSkeel & Biesiadecki (1994)
O0D0OD00O00000DO Lee et al. (1997) 000 Duncan et al. (1998) 0000000000
gboboooobobobboobooobooobooobbobboobooboobboobooo
gobboooboooooooobooooobbooboboobobobobobbooobooogo
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1. oo oo ooboobo
gobboobboooboobbooobooboooboon

2. 0000b0b0obOobOobobbobOobobOobOobOobobnb

. ygbobbodbobouoobuoobobo0boooobobbooboobobobo
ubobooobobobooboobbobboobobooboboon

ubobbobobobobobobobbbdbeH 00bobobobobuobobo

G
Hy = — 2o (106)
T

000000000000000 Ay0000000000 HyD
o0
Hy =Y Vi, (107)
k=0

gobov,obooobooooooobobobooH, 0O O0DOO0bO0bobobobobooo
gooogno

H=Hr+>» W, (108)
k=0

gooooboooobooobooobboobobo iyvOoobo viooboooobooboo
bbb oboboudb rbbdoo R 0000 bboogo
goobooooboooobobobobooboobooooooboooobboobbbobo
Uodbb0 RyOO0ODbbOOobbOo0bobbo Rbooobooboobbooo

1. 0000 0000F(@) =2, Fi(r),

2. 7r>Ry (k>1)000 Fj =0,
O000F,0000700000000000000
e DF,0000000000007

o /700000000 (0000 M)

O00D000000D0000ODuncan et al. (1998) 0 Fig. 100000000000O0ODO
000000000000 (00 MO0ODO0O0000) 000000000 ODOOOoOoogoo
Ub0rm=Mn0OOOO

ol ) = ol e Vi)
o B ol Hr T Vi W)

T T oo T M
~ el Vo} [671{ ,V1}e7'1{ JHr+y 0, Vk}e%{ ,V1}]

ez "o}, (109)

Uoogbodbd BCcHOOODOoOobOoboobo kboboboobobooboboooon
gddboboboobbboobooboobuobobuobobooboo

T2 1 >
Hepr g = é{{vkaHT}aHT‘i‘sz"‘ > W}+O(T§)- (110)
I=k+1
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gbobooobobobuobobobobobobbobbbobobobooobon

) 7_2 1 oo
Herr = Z l% {{VkaHT} 7HT + §Vk + Z ‘/l} + O(leb (111)

k=0 I=k+1

0000000000 00000 (11)0Oooooooooooooooooooooooo
gobooobooboboobooboboooboobooboooboobobooon

O000D0D0O0OD0ODODOD0O0000000000000 (fixed) 000000O0O0OODODOOOD
O0D00000 (variable) 0000000000 00O0QO Duncan et al. (1998) 00000000
U0b000b000douobOodnO “multiple stepsize” method D OO OO OOOOONO

5.2 UUOUOOoobbooood
gbogboobobobobobobobooooobobobobouobobobobo

o0
Hy =Y Vi=Vo+ (Vi —-Vo)+(Va = Vi) + -, (112)
k=0
oo
~ ~ ~ ~ k
Vo=Vo, Vi=Vi=Viey (k>1), Vi=> W (113)
=0
0000000000000000000 VOOOOOFOOOOOO0OO0O0O0000
. oV,
= 114

DDDDFMDDDDDDDDDDDDDDDﬁhﬂﬂ

1. Rp<r 00 r200000
2. Ry <r <R, 0000000000
3. 7"<Rk+1 oo 0,

gooooboobboobooboobooobooobobboboon

7%, (Re <7)
= Ry —r q
Froi=4 — (’“) 9 Ry <r<R (115)
i R — By ) 727 (Re1 < k)
0. (7" < Rk+1)

00000 fi(z)0 20000 241000000000

fi0) =1, fi(1) =0, (116)
000000000 OO0000000000000 ((=1)00

filz) = 22 — 327 + 1, (117)
000000v00000000000000 (1=3)00

1(x) =20z — 702" 4+ 84x” — 352~ + 4,
202" — 702 + 842° — 352% + 4 118
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l ————___ T T T
2X"3 -3x"2 +1 ——
20X"7 -70X"6 +84X"5 -35x14 +1 -
0.8 | .
0.6 | 1
8 \\
o \
0.4 | §
0.2 1
0 1 1 1 \I\\\\\\*——<
0 0.2 0.4 0.6 0.8 1

X

O 8. [An example of fi(z)] fi(z) = 223 — 322 + 10 fi(x) = 2027 — 702° + 842° — 352* + 4 .

gopoooboogb fhooboosgbooooboaoon
odboobboooboobboobboooboobbooboooboobooobUooboo
00000 bboO0bDbOd generic WHmap OO OO OOooooooooooooooono
obooubboooboooobboobboob0bo0o0bbdGeneric WHmap OO
0000 Jacobi DO0O0OO0O0O000O0O00O0O0O0O00O0DO Hyep (35), 0000000 Hgyr (37),
O0D0D0O00 Hiyg (38) J000D0DO0O0O0ODO0ODODOO HpyOOOODODDODOOOOOoD
0000000 HipgO JacobiOOOODODODO (heliocentric) 00000000 OO0O0O0O0OOO
goooboooouobooogobooooooobb oo oo oooOo o
goobbbod H,dooooooobooooooooooboooooboboboooooooooo

67-0{ 7erp+€Hint}
~ 67—?0 7EHint}eT0{ aerp}eT?O{ 75Hint}

— el Hina} o3 7Hdir}e7'0{ ,erp}e%o{ s Hair} o 3 Hina}
M TO

~ e 2t Hina} [e%{ cHair b il s Heept Doy Hairi } o34 7Hdi7",1}:| ezl Hair}

~

~a. (119)

ggboooobobooobooobobboooboboo Hpoooooobooooooo
00000 (D00 JacobiDOOOOOOOOOO)000O0OO0OOOODOOOOOOOODOO
godoodooooooooodoodoooodoodoood He,,dOodoooooo
000000000000 000000000 (119)0ooOo0000 Hyg0OODODODOoOOoDo
UOoooo0UH.,d00d0000o00do00aoodoogooodoogoodgodn
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U00000b000udbOn genericd WHmap O OO OOoooooooooooog
oopooobbogon

5.3 Democratic Heliocentric Method

0000000000000 generice WHmapOOOOOODOODOOOOOODO Jacobi OO O
00000000000 000000000OJacobiJ00OOO0 WHmapOOOOOOOODO
gogoogoboboobobobobobobobobobobooooobobobobobo
O0D00O0000D0O00000D0 (Democratic Heliocentric coordinate (0 O O O method), 00O
ODbHODOO)OODOOOOOODOOOOOOoOO

q 90 (Z =1, 7N)
N
Q= 1 : (120)
m;q;, (2=20
Mtot JZ:;) Jq] ( )
m; N
pz_mtltzpja (2_17 7N)
ot _
P, - = (121)
Zpga (Z = 0)
=0

oo mtot:Z?]:OmjDDDDDDDDDDQiDP¢DDDDDDDDDDDD
DHOOOOOODOODOOOOCODOOOOODOODOOOCOO (heliocentric) 00D0O0O0O0OODO
0000 (baryecentric) 0000000000 DOO0ODOOCOOODOOOOODOOOODOOOOOO
O00D0OD00000O0DHOOOODDOOO (mixed-centre coordinate) 00000000 0O
DHODODDODDOOOODOOOOOOOOOOOOOOODOOOOoOoOooboboOoooboboboOo
00 generic WHmap 0O OODODOODODODDDODOO0ODDOD0OODOD0O0D0OODOOOOO0O0

H = HKep + HSun + Hint, (122)
N 2
| P;| Gm;mg
H = — 123
RN
Heun = — S Pl | 124
Sun 2m0 ; ( )
Gm;m;
znt Z Z — (125)
=1 j=1+1 ‘Q Q |

0000000000 Hgep, Hsun, Hrny 0000000000000 0000O0O00OOOO
0000000000000000 (126) 00 O{Hsyn, Hin;} =0000000000 e2{:Hine}
0ezlAswloooOoO000O000DOOO00OOn

e%{ 7HSun}e%{ 7Hint}e7_{ 7HKep}e%{ 7Hint}e%{ 7HSun}- (126)

O (12¢)J0000D0ODOO0O00O0OOOOODODOOOOOOO

*00000eH:»:000 Hint, HrepD Hrep, Heun Hs,, 000000000000000000000OOO
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OHsun
1. Hs,y, 0000000000 (linear drift)000000 ~ 255w = 7 N p..
2 8Pl 2m0

2. H,,O0ODOOOOOO (kick)Or/200
3. 00000 0o0bob0uboooboOg drift, 700
4. 00O kick, 7/200

5. 00 linear drift, 7/2 00

DHOOOOOOODOOOODODOOOODODDODOOOOOOOOOoOOooOoOoOoOoooan
e 10IOIOOODOOODDODOOOOONONO multiple stepsize method D OO OO OO

e OO ODODLOLDDODLODLODUODUODOOOODNJacobi DO UODOODO generic
WHmap OO DOOO0O0OO0OO0OODOODOODOOO0O0O0OOODODODOOOOOOD
(Chambers and Wetherill, 1998)0DHO 000000000 OOOOO

e J00DDODDODODODODODD (DDODDOD)DDOODDODDDODODDDODODDODODODO generic
WHmapOOOQOoOooooogno

boobobooooooodg symMBAODUOUDOODODOOoOoooooooooooboooo
gbogboboboboboboboo

5.4 Symplectic Massive Body Algorithm — SyMBA

Uboobooooooooouooobobol DHmethodODOODOODODOODOOOOOO
OO0 multiple stepsize O OO OO0 OO0OO0O0O0OOOOOOOOOOODOO

70{  Hsun+Hint+Hrcep }
e P
~ 6%0{ ,qum}e%o{ 7Hint}e7—0{ ,HKep}e%O{ 7Hint}e%){ s Hsun}
oo M
~ el Hsun} [e%{ 7Hint,1}e7'1{ cHiept) ooy Hint,i}e%{ ,Hint,1}] e Hsun}

(127)

O (127 0000000000000 000C000DO00DO0000DO0D0O000OooOoD

72

1
Hep = % {{HSuruHKep} 3 HKep + §H5un}

3

k=0

(128)

2 1 -
% {Hint,lm HKep} s HKep + §Hint,k + Z Hint,l —+ O(Tlg)
I=k+1

Duncan et al. (1998) 0000000000000 0O00OO SyMBA (Symplectic Massive Body
Algorithm) 00 0000000000000 0D00OOOSyMBAODOOODOODOOOODOO generic
WHmap UOODOOOO0OOOO0O0OO0OOO0OO0OOO00O0O0O0O0OOO0O00O000o0oOoOonoon
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5.5 A hybrid symplectic integrator
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HKep — Z GZ Z . [1 K(TU)] ’ (131)

= \2mi 740 i=1 j—itl i

N N
;M4
Hip=-G>_ > —L K (rij). (132)
i=1j=it1

000000 KOOOOoOOoOoObObOoDbooooboo @ebo)o

0, (y <0)
y2
K={ 7  (0<y<l1 133
2y2_2y+1( y<1) (133)
1, (y>1)

755 — 0.17rcpi

y = 134
0.97‘0Tit ( )

ub r00o0obooboobobooboooooboobooooboobobobooooooboon
Chambers (1999) 0 Figure 90 0000 OO0 0 hybrid integrator 0 DHOOOOOOOOOO
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2

1 N
Hgun = DTN <; pl-) : (135)
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Changeover function y"2/2y"2-2y+1
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0.2 1

-0.2 0 0.2 0.4 0.6 0.8 1 1.2
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O 9. [Anexample of K(r)] 0 (133) 00000000 0ODOO0OOOCCOO

5.6 Modified SyMBA
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H = Hy,, + Hg,, + Hint, (137)
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Hoyn = [1 — F(ry,- - )], (139)
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i=1 j=it1 ‘Q QJ|
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D0000000H,, 00044 |z Vol P, ,r,)00000000000000000
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O0o00000r00000
r=(2,9,2,0) = Lu, (146)
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Uy —u2 —U3 Uq
U2 Uy —Uug —U3 (147)

u3 Ugq uy U2

Ug —U3 Uz —Up
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dt

1. =9, (148)
S
00 ¢(-)000+000000000 kernel function 000000000000

g(r)=r, (149)
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000000000000000 (cf. Arakida & Fukushima 2000, 2001)0
oo onoooooooooooo
O00000D000 (Brumberg, 1995)0Mikkola (1997) 0 WHmap OO OO KSOOOOOOODO
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['=g(r) [H(q,p, q0) + po] - (151)
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