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{@J « FNEAZEFE (X, y) = (0, 1)

« BRE iR y = eX

| BEGIN{
#dx = 0.10 # from the command line
x0 = 0.0 # initial value
yv0 = 1.0 # initial value

x = x0

y = y0

while (x < xmax) {
y += fxy(x,y)*dx
X += dx

printf ("%e %e %e\n", x, y, fabs(y-yas(x)))

Y# y' = dy/dx = f(x,Vy)
function fxy(x,Vvy) {

return y

# analytic solution of y(x)
function vyas (x) {

return exp (x)

# absolute value

function fabs (x) {
if (x > 0) return x

else return -x
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BEGIN{
#dx = 0.10 # from the command line
x0 = 0.0 # initial value
yv0 = 1.0 # initial value
xmax = 10.0

x = x0
y = y0
while (x < xmax) {
yeu = y + fxy(x,y)*dx # Euler
y +=dx * (fxy(x,y) + fxy(x+dx,yeu))/2 # Trapezoid
X += dx
printf ("%e %$e %e\n", x, y, fabs(y-yas(x)))
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#dt = 0.10 # from the command line 1
q = gpre=1.0 # initial value H = (q %—Z) )
p =ppre =0.0 # initial value 2
tmax = 100.0 B E) 5 IR T
}
{ dq OH dp  OH
£t =0 dt (9p — b dt  Oq 1
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p -= dt*q pre }Eﬁ%ﬂ:ﬂ_“%@ ('f‘ 7F ZEFEEWTOD a Eﬁ)
printf ("%e %e %e\n", t, g, p)
g pre = g q(7) cosT sinT q(0)
p_pre = p p(T) —sinT cosT p(0)
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BEDOTER (—X)

|# T2,B] = [B,A]

with (Physics) :

Setup (noncommutativeprefix = {A, B}):

# exp(x) up to x"°1

expx := x —-> 1 + x;

# the authentic operator (1lst)

expx := x —-> 1 + x;

# the authentic operator (1lst)

opeauth := expand (expx (t* (A+B)));

# si operator (lst)

opesiml := convert (expand( expx(cl*t* (A))*expx(dl*t*(B)) ),polynom);

# sort and truncate up to t"2
sort (mtaylor (combine (opeauth), [t], 2), t, ascending);

sort (mtaylor (combine (opesiml), [t], 2), t, ascending);




BEDOTER (—X)

\

<

I\"/ | Maple 2018 (X86 64 LINUX)
Y | /| . Copyright (c) Maplesoft, a division of Waterloo Maple Inc.
MAPLE / All rights reserved. Maple is a trademark of
> Waterloo Maple Inc.
Type ? for help.
expx := x —> 1 + x;
expx := x —> x + 1
opeauth := expand (expx(t* (A+B)));
opeauth := A t + Bt + 1
opesiml := convert (expand (expx(cl*t* (A)) *expx(dl*t*(B)) ),polynom);
2
opesiml :=cl t dl (AB) +cl tA+dl £tB+ 1

sort (mtaylor (combine (opeauth), [t]l, 2), t, ascending);
1 + (A + B) t
sort (mtaylor (combine (opesiml), [t], 2), t, ascending);

1+ (Acl+ Bdl) t

o o o e e

2018
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BEOTER (ZX)

# [A,B] != [B,A]

with (Physics) :

Setup (noncommutativeprefix = {A, B}):

# exp(x) up to x"2

expx = x -> 1 + x + (x°2)/2!;

# the authentic operator (2nd)
opeauth := expand (expx(t* (A+B)));

# si operator (2nd)

opesim2 := convert (expand( expx(cl*t* (A))*expx(dl*t* (B))

*expx (c2*t* (A) ) *expx (d2*t* (B)) ),polynom);

# sort and truncate up to t"2
sort (mtaylor (combine (opeauth), [t], 3), t, ascending);

sort (mtaylor (combine (opesim?2), [t], 3), t, ascending);

O —
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BEOTER (ZX)

> expx = x —> 1 + x + (x"2)/2!;
expx := x -> 1 + x + Physics:-"*" (Physics:-""" (x, 2), Physics:-""" (2!
> opeauth := expand (expx(t* (A+B)));
2 2 2
opeauth := 1 +t A+t B+ 1/2t ~(A, 2) +1/2t (AB) +1/2 t (B A)
(FRES)

> sort (mtaylor (combine (opeauth), [t], 3), t, ascending);

1+ (A+B) t+1/2 (*(A, 2) +AB+BA+ "B, 2)) t
> sort (mtaylor (combine (opesim2?2), [t], 3), t, ascending);
2
1+ (Acl +Ac2+Bdl +Bd2) t+ 1/2 (c1 "(A, 2) + 2 c2 cl ~(An, 2)
2 2 2
+ c2 ~A, 2) + ~(B, 2) dl + 2 (B, 2) d2 dl + ~(B, 2) d2

+ 2 dl c2 BA) +2cldl (AB) + 2 cl d2 (A B) + 2 c2d2 (AB)) t

2
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p(7) = p(0) 5 |
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—RkoAHE (Leapfrog)

BEGIN({
#dt = 0.10 # from the command line ‘2
q = 1.0 # initial wvalue
p = 0.0 # initial wvalue
tmax = 100.0
}
{
t =20

while (t < tmax) {
t += dt
gd = g + dt*p/2
p =p - dt¥ad
g = gd + dt*p/2

printf ("%e %e %$e\n", t, gq, p)
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0,003
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- 7= 1% Leapfrog)

0002 I

0,001

LT RILF—DIRE of

=0, 001

-0,002

-0,003

S ——
512

120,608, -0,00233840
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= RXDHE

RIS E T IL
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PREX 7232 1
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9 14(0) Plp,
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Ruth (1983)
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https://ui.adsabs.harvard.edu/abs/1983ITNS...30.2669R/abstract
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eT(A—I—B) _
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6 KA ¥ — L DIREAH

W3 0.784513610477560 x 10°
wo 0.235573213359357 x 10"

(/ — 717— T /fEfl KED > w,  —0.117767998417887 x 10
CJ: ) IE_] /A 0) /L\ < F% ﬂ_ //\ Wo 1 —2(wy + we + ws)

8 KA ¥ — L DERED

Wy 0.104242620869991 x 10!
N N We .182020630970714 x 10!

— Ny N A N - B [
— XD /f SZ 7& — E\X—, L T 4‘§E\Z, a] HE Yoshida (1990) ws  0.157739928123617 x 10°
) A 9'7¢ ? = 1
1{ T} T{ V} :{ T} Wy 0.2%400_732616730 X 1(_)‘)
52 (7—) — 2Ll seTh Vipgts ws  —0.716989419708120 x 102
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ﬁ ﬂ:é Wo 1 — 2 ('(Ul - Wo + - 4+ “"‘7)
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https://ui.adsabs.harvard.edu/abs/1990PhLA..150..262Y/abstract

Hairer, Lubich, Wanner (2003)

Hairer (2006)

7\&1_'[% El/j =/ \\j):: MclLachlan & Quispel (2006)

« II1.

“... One powerful approach is through geometric integrators, which preserve
(some of) the geometric properties of the phase-space flow described by the
original equation of motion.” (Tremaine, 2023)

0 R O E T % R D
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https://ui.adsabs.harvard.edu/abs/2006JPhA...39.5251M
https://press.princeton.edu/books/ebook/9780691244228/dynamics-of-planetary-systems
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~

cH=T(p)+V(q) IZFE © 7Ly
« TNENHAEDRBELZE LA THR L

e Fl. AR=XT 7)) OEHICET HmXD 0

“Let us consider the following autonomous Hamiltonian function

H(v, A, 7, 0) = Hyep1 (v, 1) + Hiot (A)

+ Hgeopot (7, 8) + Habody () + Hsrp(T)
Hubaux+ (2012)
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