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function fxy(x,Vy) {

return y

# analytic solution of y(x)
function yas(x) {

return exp (x)

# absolute wvalue

function fabs (x) {
if (x > 0) return x

else return -xX
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BB OTEH (—R)

|# T2,B] I= [B,A]

with (Physics) :

Setup (noncommutativeprefix = {A, B}):

# exp(x) up to x"1

expx := x —-> 1 + x;

# the authentic operator (lst)

expx := x —-> 1 + x;

# the authentic operator (1lst)

opeauth := expand (expx (t* (A+B)));

# si operator (1lst)

opesiml := convert (expand( expx(cl*t* (A)) *expx (dl*t*(B)) ),polynom);

# sort and truncate up to t"2
sort (mtaylor (combine (opeauth), [t], 2), t, ascending);

sort (mtaylor (combine (opesiml), [t], 2), t, ascending);




BB OTEH (—R)

[N/ Maple 2018 (X86 64 LINUX)

Y | /] . Copyright (c) Maplesoft, a division of Waterloo Maple Inc.

\ MAPLE / All rights reserved. Maple is a trademark of

< > Waterloo Maple Inc.

Type ? for help.

> expx = x —> 1 + x;
expx := x —-> x + 1
> opeauth := expand(expx(t* (A+B)));
opeauth := A t + B t + 1
> opesiml := convert (expand (expx (cl*t* (A)) *expx(dl*t*(B)) ),polynom);
2
opesiml :=cl t dl (AB) +cl tA+dl £t B+ 1

> sort (mtaylor (combine (opeauth), [t], 2), t, ascending);
1 + (A + B) t
> sort (mtaylor (combine (opesiml), [t], 2), t, ascending);

1+ (Acl +Bdl) t

o o o e

2018
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c,=1
d, =1
(k=1)



O —

R OEHER (ZX)

# [A,B] != [B,A]

with (Physics) :

Setup (noncommutativeprefix = {A, B}):

# exp(x) up to x"2

expx = x -> 1 + x + (x°2)/2!;

# the authentic operator (2nd)
opeauth := expand (expx(t* (A+B)))

# si operator (2nd)

opesim?2 := convert (expand( expx(cl*t* (A)) *expx (dl*t* (B))

*expx (c2*t* (A)) *expx (d2*t* (B)) ),polynom) ;

# sort and truncate up to t"2
sort (mtaylor (combine (opeauth), [t], 3), t, ascending);

sort (mtaylor (combine (opesim?2), [t], 3), t, ascending);
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R OEHER (ZX)

> expx = x -> 1 + x + (x72)/2!;
expx := x -> 1 + x + Physics:- * (Physics:- " (x, 2), Physics:- "~ (2!,
> opeauth := expand(expx(t* (A+B)))
2 2 2
opeauth (= 1 + t A+t B+ 1/2 t ~(A, 2) +1/2 t (A B) + 1/2 t (B A)
()

> sort (mtaylor (combine (opeauth), [t], 3), t, ascending);

1+ (A+B) t+ 1/2 (A, 2) +AB+BA+ ~(B, 2)) t
> sort (mtaylor (combine (opesim2), [t], 3), t, ascending);
2
1+ (Acl +Ac2+Bdl +Bd2) t+ 1/2 (¢l (A, 2) + 2 c2 cl ™A, 2)
2 2 2
+ c2 ~A, 2) + (B, 2) dl + 2 "B, 2) d2 dl + ~(B, 2) d2

+ 2 dl c2 (BA) + 2 cl dl (AB) +2 cl d2 (AB) + 2 c2d2 (AB)) t

2
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- Leapfrog & &1

67'(A—|—B) _ €%A€TB€%A + 0 (7_3)
. T 0T
=73 q" = q(0) - 5 5
P 1p(0)
oV
7)=p(0) — 7 —
p(7) = p(0) 5 |
«(7)=q" + - o
T) = |
2 Op p(T)
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“RDAE (F7-1F Leapfrog)

BEGIN{
#dt = 0.10 # from the command line ‘2
q = 1.0 # initial wvalue
p = 0.0 # initial wvalue
tmax = 100.0
}
{
t =0

while (t < tmax) {
t += dt
gd = g + dt*p/2
p =p - dt*ad
g = gd + dt*p/2

printf ("%e %e %e\n", t, g, p)
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“RDOAE (£7-1% Leapfrog)

s S EXF L (D). D XEET 5% (HL)
o T V2, T — 67‘{ H}

o/\i}l/l\:_?\/H

H=T4+V

7_2

| 24 (2{{T7 V}7 V} - {{Vv T}aT}) T 0(7-4)

e TADNIIINEZT UV EDERIZFOR) ICBE S
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= RDFE

RIS E T I
eT(A+B) _ edgTA603TBedQTABCQTBeleAeclTB +0 (7_4)
PREX 7232 1
01_247 1_37 62_47 2 — 3’ C3 = 247 3 —
EEENREZH
oV 0T
p1 = P(O) —arT 8— 3 q1 = Q(O) +diT c’)_ ;
9 14(0) Plp,
oV oT
P2:p1—c27'8— ; Q22611+d278— ;
q q1 p P2
oV oOT
P(T):m—c?ffa— ) Q(T)ZQ2+d3Ta—
9 gy P p(r)

Ruth (1983)
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https://ui.adsabs.harvard.edu/abs/1983ITNS...30.2669R/abstract

TUIR D57k

* ﬁ? ﬂ/ﬁ Eﬁ
eT(A—I—B) _

eclTAedlTB€CQTA8d2TBngTAedgTB€C4TA€d4TB i O (7_5)

« BRIy DY

1 1 _ 93
61264: N ] 02263: )
2(2—25) 2(2—25)
1 23
— 973
di = ds = oy = _ dy=0
92— 93 2 _ 93
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6 KA ¥ — L DIREAH

W3 0.784513610477560 x 10°
wo 0.235573213359357 x 10"

LU BROFE (BHR) ;L

8 KA ¥ — L DERED

wy 0.104242620869991 x 10!
we 0.182020630970714 x 10°
— o jj—: /—\E\Z E\Z L, : i
_//\0) /f SZ 7& = L Ti‘ﬁ ':|| B Yoshida (1990) ws 0.157739928123617 x 10°
Wy 0.244002732616735 x 10
T T T )
53 T Vv 5 T e :0R0)/ 219( -2
52 (7-) _ 62{ ) }6 {, }6 2{ , '} wy  —0.716989419708120 x 10
wy  —0.244699182370524 x 10*
w;  —0.161582374150097 x 10!

ﬁ EZ Wo 1 — 2 ('(Ul - Wo + - 4+ “"‘7)

S™(1) = So(wmT)Sa(Wpy_1T) - - So(w1T)Se(woT)Sa(wyT) -+ + So(Wyy—17) S (W, T)

AR (m=3TRY %)
S6 (7') — SQ (ng)SQ (U}QT)SQ (wlT)SQ (U]OT)SQ (wlT)SQ (U)QT)SQ (U}37')

AR (m=71HE)
Sg (7') — SQ (U]?T)SQ (U}67')SQ (U}57')SQ (UJ47’)SQ (ng)SQ (UJQT)SQ (wlT)SQ (U}()T)

+ So(w1T) S (weT)Sa(wsT)Se (waT)Ss (wsT)Se (weT)Sa (weT)
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0] (time-reversible) p

(%lo» Po)

* (Aos Po) = T = (g, P1) /\(
| . 01, P1)

» ZZTp % RER L
* (A, P1) 2t (A2 P2) \/(ql, p1)
> 50— E p & KEs ’
* (G2 P2) = (Qo, Po) 75D A e
> (BFEIXERIZEE L 7)
EONEREBERECE L TAS > S e oo

dp
= _VV
o VVi(q)




0] (time-reversible) p

(%lo» Po)

EEEERTRET G //—\7\\\v |
/ 41 P2

GTQZQ7 GTP:P i g

BRREEETEET T \\—/////ﬂ%m
Tq B Q7 Tp ~ _p (02, —02)

+ 71 g\ (1 O q
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F#2 (normal)

cEMENLERTH 2«
TI.=1_T
]j:;¥i711jr =T

7o 1%

‘IlAtJEB

Tnﬂ(%) T(d)({f
Po Po —Po

FT,AT(QO)FT,A( b )(
] Po —Po

|

/

q
—Po

|

¥ XAFMA O TRIE L TR UL

»
>

" q

(41, —P1)
.

(02, —P2)
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F#2 (normal)

[aE g I EWFNDI
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TFR (symmetric) p

(%lo» Po)

CEAERNECBSe //—\7\\\\
F—T — FT 1 + 4= 1+ F_; _ FT E(qlipl)

o I, & T pld W N6 IFFR \J(ql »
I 74 = FT_ia I',p=1I,p @ T

BE T Ll 3E7R
(—-frAF—frf_s)—1
=T g7 Tl I g =1 &Y)

=1 plra — —ROIVTLIT 4 7EDEIZIERFR



YFR (symmetric)

BB T, g Ly ETITR
17 =1%pa1551%0
'~ =[I_rpal_sp F—T/Q,A)_l
— F—_frl/z,A F—_’rl,B F—_frl/z,A

— 1 7/2,A FT,B FT/Q,A

¥ XAFMA O TRIE L TR UL
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_________ -
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o (time-reversible)

(%lo» Po)
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[ =G, + TE + O(rF )
I, =G_.+ (—0)"""E+ 0@

e I I =1+ (—T)k+1 EG, + ™™ 'G__ E + O(Tk+2)
« [GIRFDIERIZLLT

G,=1+0(r)
« §1 %

P L= 1+ | (=) + 7 B4 O 12)

« COEMENN I M L= =1 £>C
I, I =T ()" +77 =0 —Skiz@EHTHBRE



Hairer, Lubich, Wanner (2003)

Hairer (2006)

7&1_‘[% El/j %= / \}j)\ Mclachlan & Quispel (2006)

“... One powerful approach is through geometric integrators, which preserve
(some of) the geometric properties of the phase-space flow described by the
original equation of motion.” (Tremaine, 2023)

« F1. BEIRENEEZTRTH D Z & ZRD
> T LT 4 B EREE

« B2, FFRIRERICXT T S Al % R D
> RIS BUERE A

> Leap froglZWINDHEEBEH BT 5 (1BEFH)
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cH=T(p)+V(q) [ZFE 7Ly
« TNENHAEDRBELZE LA THR L

o Fl. AR—=R T TV DEENET 5N 0

“Let us consider the following autonomous Hamiltonian function

H(v, A, 7, 0) = Hyep1 (v, 1) + Hiot (A)

+ Hgeopot (7, 8) + Habody () + Hsrp(T)
Hubaux+ (2012)
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