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e An Insight into the Solar System History through the Size Distribution of Jupiter’s

Trojans
S 2 (ERXA)

We investigated the size distributions of 1.4 and L5 Jupiter Trojans separately by Subaru
telescope with Suprime-Cam. We found a slight difference between the size distribu-
tions of L4 Trojans and L5 Trojans with D< 5km. This slight difference in the size
distributions of two swarms and some theoretical works together can give us a insight

related to the origin of Trojans.
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Multiple precision X Guaranteed accuracy + Regularizability x Integrability
Proceedings of the 41st Symposium on Celestial Mechanics, 2009
Eds. M. Saito, M. Shibayama and M. Sekiguchi
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A Structure of singularities of solutions of Dynamical Systems and
Integrability

Masaharu ISHII
School of Modern Management, Sugiyama Jogakuen University

Abstract. We investigated a certain class of autonomous 2-degree of
freedom Hamiltonian systems, and obtain a necessary and sufficient
condition for nondegenerate integrability and a necessary condition for
degenerate integrability. Distributions and characters of singularities of the
solutions are roughly known from the conditions. Especially nondegenerate
integrability requires Painlevé property. Further we classify chaos into
chaos virtual and chaos real and say a hypothesis about these from
observations of the distributions of singularities.
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NIR lightcurve of (832) Karin and its rotation

Takashi Ito

Center for Computational Astrophysics (CfCA), National Astronomical
Observatory of Japan (NAOJ), National Institutes for Natural Sciences
(NINS), Osawa, Mitaka, Tokyo 181-8588, Japan.

Abstract. (832) Karin, an S-type main belt asteroid, is the largest
member of a very young asteroid family: the Karin family. This asteroid
is likely a large fragment of a disruption event in the main asteroid belt
about 5.8 million years ago. We carried out a near-infrared photometric
observation of this asteroid in 2006 February near its opposition, and
obtained its multicolor lightcurves over nearly the entire rotation phase.
This asteroid has been reported to have surface color variation that may
indicate the existence of both mature and fresh surfaces, perhaps caused
by the disruption event that created the family. However, through our
observation in near-infrared wavelength, this asteroid shows almost no
surface color variation along its rotation phase. This result, together
with the results of previous observations of this asteroid, might give us
some insight into its spin axis orientation and hopefully its shape.

1. Introduction

The Karin family, a small asteroid cluster in the large Koronis family, was rec-
ognized quite recently with the estimated age of only about 5.8 million years.
This family consists of about 70 asteroids with sizes ranging from about 1.5 km
to 20 km in diameter. Most asteroid families are in general very old, and they
have undergone significant collisional and dynamical evolution since their forma-
tion, which likely masks the properties of the original collisions. However, the
remarkably young Karin family asteroids possibly preserve some signatures of
the original collisional event that formed the family. This extraordinary feature
of the Karin family provides us with several significant opportunities for the
research of young asteroids such as detecting tumbling motion, obtaining distri-
bution of rotation periods, and estimating the shapes of newly-created asteroid
fragments.

The Karin family is also quite interesting in its relation to the general
difference of the reflectance spectrum of S-type asteroids from that of ordinary
chondrites. Although S-type asteroids (like the Karin family members) are very

14



NIR lightcurve of (832) Karin and its rotation 15

common in the inner main belt, their reddened reflectance spectra are different
from those of ordinary chondrites, the most common meteorites. Though there
is little observational confirmation on the relation between asteroid age and the
degree of surface alteration, space weathering have been thought responsible for
the spectral mismatch. In particular, since (832) Karin is the largest fragment of
a recent asteroid disruption, it is possible that this asteroid has both young and
old surfaces together: a young surface that was exposed from the interior of the
parent body by the family-forming disruption, and an old surface that used to be
the parent body surface exposed to space radiation over a long time. Therefore,
if the mixture of these two surfaces is detected by multicolor observation of this
asteroid, it could have significant implication for research on the evolution of
asteroid surface spectra.

Driven by these motivations, we have begun a program since November
2002 to observe the lightcurves of all the Karin family members. The potential
result derived from our observation could be a strong constraint on laboratory
and numerical experiments of collisional fragmentation and space weathering.
In this paper we report the result of our near-infrared multicolor observation of
the largest member of this asteroid family, (832) Karin. Our largest purpose to
publish this manuscript is to present near-infrared lightcurves of this asteroid
that were obtained near its opposition in the spring of 2006, which have not
been on previous literature yet. Not only for confirming whether or not this
asteroid has in homogeneous color pattern on its surface, but the lightcurves of
this asteroid we obtained will serve as an important constituent in future when
we construct a detailed shape model of this asteroid that includes information
about its spin axis direction, together with the lightcurves that we have already
obtained in visible wavelengths from other observation opportunities in the past.

In Section 2 we describe the observing instrument and our observation
method. Section 3 is devoted for describing the observation result. Section
4 goes to some discussions and interpretation of the results.

2. Observation method

We carried out simultaneous imaging observations of (832) Karin in the near-
infrared bands J (1.25um), H (1.63pum), and K (2.14um) from February 17
(UT) to 21 (UT), 2006, when the asteroid was close to its opposition (the exact
opposition was on March 10, 2006). See Table 1 for detail of the observation
parameters. We used a near-infrared camera called SIRIUS equipped with the
1.4-m Infrared Survey Facility (IRSF) telescope at Sutherland, South Africa.
The camera is equipped with three 1024 x 1024 pixel HgCdTe (HAWAII) arrays.
Two dichroic mirrors enable simultaneous observations in the three bands. The
image scale of the array is 0”.45/pixel, giving a field of view of 7.7 x 7'.7.
We measured more than 300 independent data points of the asteroid for each
of the J, H, and K bands with the exposure time of 15 seconds. Typical
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Figure 1.  J, H, K lightcurves of (832) Karin. The rotational period
is 18.15 4 0.05 hours. Solid lines are the best fit curves for each of the
data sets: fourth-order Fourier series.
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Table 1.  Major parameters during our near-infrared multicolor ob-
servations of (832) Karin. From the left, UT date referring to the
mid-time of each night, distances (AU) between the asteroid and the
Sun (r) and the Earth (A), observer-centered ecliptic longitude (A) and
latitude (), and the solar phase angle («) of this asteroid. The unit
of angles is degree.
Date (UT) r A A g a
20060217.02 3.0666 2.1450 173.660 —1.433 7.979
20060218.03 3.0670 2.1391 173.487 —1.437 7.629
20060219.00 3.0673 2.1337 173.318 —1.441 7.289
20060220.01 3.0677 2.1283 173.138 —1.445 6.931
20060221.02 3.0681 2.1232 172.953 —1.448 6.569

seeing was 1”7.4 (FWHM) in the K band during our observation period. Two
standard stars in the faint infrared standard star catalog were also observed
(Persson 9143 and 9149) several times at each night for photometric calibration.
We used the NOAO IRAF software package to reduce the data. We applied
the standard procedures for near-infrared array image reduction, including dark
current subtraction, sky subtraction, and flat-fielding.

Lightcurves from the photometric data were constructed following one of
the standard procedures. Principally this method is an iterative repetitions
of frequency analysis and fitting to Fourier series. We use Lomb’s spectral
analysis method and the WindowCLEAN analysis for frequency analysis of the
lightcurves, and fit the data with a fourth-order Fourier series. Since we carry
out relative photometry of an asteroid and nearby stars in the same frame,
we have to be particularly careful when we combine the lightcurves of several
observing runs. We combine the lightcurves of multiple observing runs based on
the zero-level of each of the frames to obtain final result.

3. Observation results

In Fig. 1 we showed the phased lightcurves of (832) Karin at J, H, and K bands
after calibrating with the photometric standard stars, together with their best
fit sinusoids. In total there are 301 data points on each of the panels in Fig. 1.
Through the period analysis, we determined the rotation period of this asteroid
as 18.15 4+ 0.05 hours for J, H, and K. This value is very close to what has
been reported as the rotation period of this asteroid, 18.35+0.02 hours through
the lightcurve observation in the visible wavelengths. The difference between
these two period values is only about twelve minutes, and we do not think this
is significant, judging from the rather scattered lightcurve data shown in Fig.
1. The maximum peak-to-peak variation magnitudes of the lightcurves deduced
from the best fit curves shown in Fig. 1 are ~ 0.57 for J, ~ 0.56 for H, and
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NIR lightcurve of (832) Karin and its rotation 19

~ 0.51 for Kg. The J band amplitude, ~ 0.57, is greater than the lightcurve
amplitude of this asteroid obtained by previous optical observations in R band.
This is not surprising because at this observation period in 2006 February we
looked at the asteroid from a different direction than at previous observation
opportunities. Also, since our observation was performed in the near-infrared
wavelengths, the lightcurve amplitude can be somewhat different from that in
the visible wavelength.

As seen in Fig. 1, the lightcurve data that we obtained covers almost all of
the rotational phase of this asteroid. Readers will notice that data points are
sparser, as well as scattered, between the rotation phase 0.4 to 0.8 compared
with other phase range. This is mainly because one of the observing nights,
2006 February 19 (UT), suffered from a relatively poor sky condition: barely
photometric.

We plotted the color differences of this asteroid such as J-H, J-Kj, and
H-K as shown in Fig. 2. We calculated the errors of these values from the
photometry errors of each of the J, H, and Ky images: For example, the error
of J-H is V0J? + §H? where §H and 6J are the photometry errors of the H
and J images (i.e. basically the square root of the counts that are calculated by
IRAF packages).

Looking at the three panels in Fig. 2, none of J-H, J-Ks, or H-Kj values
shows significant change throughout the asteroid’s rotation. Although there
seems a small color change at phase ~ 0.4 (such as relatively large J-Kg and
H—-K values), so far we cannot be quite sure if this feature is really significant
or not because this part of data is followed by the data points that are rather
scattered (rotation phase 0.4-0.8). We need more observation data for this
rotation phase in order to confirm whether or not the apparent color variation
really exits.

To inspect the potential surface color variation of this asteroid in more
detail, we calculated the wavelength dependence of the relative reflectance of
this asteroid (Fig. 3). The relative reflectance in Fig. 3 is normalized at the
wavelength of J band, 1.25pum. Note that here we subtracted the solar values
of J-H = 0.23, J-Ks; = —0.29, and H-K; = 0.06 from the asteroid’s data.
Actually it is not so straightforward for us to tell whether the surface color
of this asteroid is really “red” or not only from the data in this wavelength
range from 1.25um to 2.14um: For S-type asteroids like (832) Karin in general,
spectral difference between weathered (and hence red) surface and fresh (not red)
surface typically appears in shorter wavelength range, such as ~ 1pm, which is
not included in our current observation data. Nevertheless, it is clear that there
seems no significant difference in the relative reflectance of this asteroid at any
part of the rotation phase, as is easily seen in Fig. 3.
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4. Discussion

Ever since (832) Karin was identified in 2002 as the largest member of an ex-
tremely young asteroid family, many observing attempts have been carried out
to detect potential color variation on its surface. Several years ago two observa-
tion results were reported that claimed that this asteroid had a heterogeneous
surface, some part being typically “red” i.e. very old and mature. This red sur-
face was observed near the opposition in 2003 September through a near-infrared
spectroscopy as well as through a multicolor photometry in visible wavelengths.
At that opposition, heliocentric true longitude of Karin was ~ 338° with respect
to the ecliptic and mean equinox of ICRF/J2000.0 reference frame. Note that
at that opposition Karin was relatively close to its perihelion (its argument of
perihelion w during this opposition was ~ 325°), so Karin was relatively brighter
due to its smaller distance from the Earth.

Recently, results of spectral observation in visible and near-infrared wave-
lengths were reported, claiming that there is no anomalous color change on the
surface of this asteroid. Both of these observations were carried out around the
opposition in 2006 March, at nearly the same time as our observation that we
have reported in this manuscript. At this opposition, heliocentric true longitude
of Karin was ~ 165°, and Karin was rather close its aphelion (argument of per-
ihelion w ~ 153°) and relatively dark. As we have described in this manuscript,
we could not detect any significant surface color difference on Karin’s surface
at this opposition. In this term our result is consistent with what was already
presented. We should also note that our own multicolor observation in visible
wavelengths in 2004 September, a year after the opposition in 2003 September,
did not detect the red surface on the asteroid.

The key to solving this problem — whether this asteroid has a significant
surface color variation or not — lies in determining the spin axis direction and
the shape of this asteroid. If Karin’s obliquity (i.e. the angle between its equator
and its orbital plane) is so large that its spin axis is close to its orbital plane,
it might account for the fact that this asteroid occasionally shows surface part
with a different color as it rotates, such as at the opposition in 2003 September.
Having the lightcurves that we obtained this time, together with the lightcurves
that we have obtained in previous observation opportunities, it is principally
possible for us to determine the spin axis direction of this asteroid, as well as to
construct its synthetic shape model. This kind of model, when established, will
enable us to confirm whether or not Karin really possesses a red, mature surface
that was once reported but received with some skepticism.

One thing that we might have to keep in mind when we discuss and compare
surface colors and spectra of a certain object by various authors and literature
is the effect of backscattering that can cause opposition surge and variation
of slope parameters. It is already known that apparent spectrum of the solar
system objects can be quite different when their solar phase angle is very large.
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Although we are not yet sure how serious this effect could be when the solar
phase angle is very small (such as when the object is around the opposition),
influence of the backscattering effect on color and spectrum of the solar system
small bodies, as well as its dependence on wavelengths, must be explored in
much more detail in future observations.

(832) Karin will come to its opposition to the Earth about every 15 months.
While we can obtain information of this asteroid around any oppositions, the
opposition in 2013 September will be one of the best opportunities for us to
get significant information of the surface property of this asteroid, since at this
opposition we will be able to observe this asteroid from nearly the same direction
as we did in 2003 September when the property of red surface was once observed.
Observation of this asteroid at this opportunity will definitely add something
else to our current knowledge of this intriguing asteroid.
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Tl, &#EfM L ( Nakamura & Hamada (1996))
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Abstract. Buttari et al. have proposed the mixed precision iterative refinement
using the IEEE754 single and double precision arithmetic for solving linear
systems of equations. We broaden the scope of applications of the mixed preci-
sion iterative refinement by using a combination of double precision arithmetic
and multiple precision arithmetic, and show that the new method has higher
performance and yields more precise solutions than the original method. Fi-
nally, through our numerical experiments, we demonstrate that the fully implicit
Runge-Kutta methods with the mixed precision iterative refinement can speed

up.

1. Introduction

In 1967, C. Moler proposed the original iterative refinement for solving linear systems
of equations. His idea is based on Newton method to be applied to a n-th dimensional
equation such as

fx)=0, f:R" > R". €))

In this case, the iteration formula is

of !
Xi+1 := X — [&(Xk)] f(xp), (2)

where 0f (x;)/0x is Jacobian matrix of given function f.
If (1) is the linear system of equations such as

f(x) = Ax — b,

the correspondent Jacobian matrix is given as the constant matrix A. So the Newton
iteration changes the following algorithm:

| ye b- AXk (3)
Solve Az, = 1y for z; 4)
Xp+1 1= Xg + 2 )

34
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The above one is the algorithm of iterative refinement for solving linear systems of
equations, Although these iterations are not theoritically necessary, actual finite pre-
cision floating-point arithmetic generally create nonzero residual ry due to round-off
errors occuring in these processes. Therefore several iterations are executed to mini-
mize the norms of residuals in many cases. The residuals must be precise in order to
obtain the high precision approximations X.

Buttari et al. shows that when the condition number «(A) = ||AJ|[JA~!]| is not so
large in comparison with the precision of employed floating-point arithmetic, the suffi-
cient condition for convergence of mixed precision iterative refinement is satisfied even
if the precision of (4) is lower than the residuals. Their benchmarks clarify that their
proposed one in which (3) and (5) are calulated with IEEE754 double precision (sim-
ply double precision or DP) and the linear system of equations (4) with IEEE754 single
precision (single precision or SP) can perform better than purely double precision direct
method. Their proposed one needs well-tuned computation environment on which sin-
gle precision computation is certainly faster than double precision computation, such as
Cell Broadband Engine or a combination of standard CPUs and well-tuned LAPACK
like ATLAS or GotoBLAS.

In this paper, we firstly explain the mixed precision iterative refinement proposed
by Butttari et al. and confirm that it can be extended with multiplre precision envi-
ronment. Secondly we will experiment their original SP-DP (single precision - dou-
ble precision), MP-MP (multiple precisions) and DP-MP iterative refinements applied
to well- and ill-conditioned problems on standard PC environment and demonstorate
that our proposed DP-MP iterative refinement can obtain the maximum speedup ratio
while achieving MP accuracy. Finally, we will benchmark a fully implicit Runge-Kutta
method with DP-MP iterative refinement in order to show its advantage.

2. Theory of Mixed Precision Iterative Refinement

We suppose that the targeted linear system of equations is

Ax=Db

6
AeR™ xeR" beR", ©)

where the coefficient matrix A is always normal. And we also suppose that any elements
of A and b in (6) can be given in any expected precision.

Buttari et al. have proven that mixed precision iterative refinement can obtain
the approximation at the same level of relative errors as by using standard methods
for solving linear systems of equations which purely uses L decimal digits floating-
point arithmetic. Moreover their proposed mixed precision iterative refinement can
gain better performance if (4) is calulated with S(< L) decimal digits. They have
also maintained that the algorithm employed in this part must be numerically stable,
concretely like GMRES method or direct method. In this paper, we employ the direct
method by LU factorization with partial pivoting as solver for (4). In this case, (4) is
expressed as

(PLU )Zk = Ig.

Before iterations, A must be factorized into PLU, where P is a permutation matrix
identified with partial pivoting. Forward and backward substitutions are executed only
in the process of iterations.
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The whole algorithm of the mixed precision iterative refinement corresponding to
the formulas (3) - (5) is as follows:

1. Al := A, AST .= AlL] Bl .= b, pIS] ;= plL]
9 AIS1._ pISIISTg/IS]
3. Solve (PSILSITISHxE! = bS] for x(*!

[L] ._ LIS]
4. X, =X

5. Fork=0,1,2,...
[L] ._ nIL (L]
(@) r,” = bl — Ax]

[S1._ L[]
®) ry =1,

(¢c) Solve (P[S]L[S]U[S])ZIES] = rIES] for Z][CS]

(L] ._ ,IS]
d) z," =z

L L L
(e) X][H_]l = X]E ] +Z1E]

.. L L
(f) Exitif Nl < Vi ex IAlIFlIx 2 + £a,

where AlS! and b!* means the approximated matrix and vector rounded to S or L deci-
mal digits floating-point numbers.

We will describe the conditions for convergence of the S-L decimal digits mixed
precision iterative refinement below.

The symbols €5 and €7 denote the machine epsilons in S and L decimal digits
floating-point arithmetic, respectively. In L digits arithmetic, (3) can be expressed as

r, =b— Ax; + ey,

(N
where [lexll < @1 (m)er (Al [ Xkl + |Ibll) .

The residual ry contains the computational error e;. In similar way, we can express (5)
as

Xk=Xk+Zk+fk,

8
where [[f¢]| < pa(n)er (Xl + llzkll) - ®
Moreover (4) can be also expressed as
(A + Hp)zy = 1y,
)

where [|Hil| < p(n)esIAll.
At this time, we denote that ap, Sr€ R are as follows:

oy = _HOKAes
[= dm(A)es
+ 2p1 e KAz
= UrK(A)es (10)
Br = 4¢1(k(A)eL + a(mer +4(1 + er(meL)pa(mK(A)es
= pr(Wi(A)ey (an

+ 201(mMk(A)er + pa(n)er
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If the conditions
pr(nk(A)es

1 = yr(n)k(Aes
are satisfied, we can expect that

<1 and afr <1 12)

(|- (13)

lim ||x — x¢]| < Br
k—o0 1 —ar

It means that the normwise relative error in the approximation X, can reach the order of
Br/(1 — aF).

Therefore S -L mixed precision iterative refinement can certainly converge if
k(A)es << 1 (14)

is satisfied. According to the large condition number «(A), it needs to be larger compu-
tational digits S enought to converge. On the other hand, it requires more computional
cost and its advantage would decrease. In addition, the question why we require L > §
digits approximation would occure in spite of small x(A). The cases that S-L mixed
precision iterative refinement will be advantageous are :

e to require over L digits approximation if egl > k(A)

e to be in computational environment that S digits arithmetic can be executed much
faster than L digits arithmetic

and vise versa. Figure 1 explains such circumstances.

Computational Time »
L digits Forward &
Direct LU Decomposition Backward
Method Substitions
sdigis | .
|
Direct LU : gf;]:l |
Method I !
_________ a
***** T I
S-L Iterative LU Matrix-Vector | F&B Matrix-Vector | F&B :
Refinement Multiplication : Subst | Multiplication : Subst |
_____ __ J—
}% Iteration %{

Figure 1.  Structure of Computational Time of Mixed Precision Iterative
Refinement

3. Iterative Refinements with Multiple Precision Floating-point Arithmetic

Multple precision floating-point arithmetic more than quadruple precision implemented
as software libraries generally needs much more computational cost than IEEE754 sin-
gle or double precision floating-point arithmetic embedded as hardware units on CPUs.
For that reason, mixed precision iterative refinement which uses S decimal digits and
L decimal digits floating-point arithmetic, can gain better performance than, and the
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approximation at the same level of relative errors as by direct methods which purely
uses L decimal digits floating-point arithmetic, if users require U decimal digits ap-
proximation more than quadruple precision and U is much less than log; «(A), where
L > U +log|gk(A) and § > log;, k(A). So we select 3 combinations of precisions (SP-
DP, DP-MP and MP-MP) to be applied in mixed precision iterative refinement, which
can optimize the level of relative errors and computational costs.

1. k(A) < 107 = Single Precision(S = 7)-Double Precision(L = 15): SP-DP type

2. k(A) < 10 = Double Precision(S = 15)-Quadruple Precison or Mutiple
Precision(L > 30): DP-MP type

3. k(A) > 10 = Quadruple Precision or Multiple Precision - Multiple Precision
: MP-MP type

DP-MP and MP-MP iterative refinements in above combinations can gain better
performance than original SP-DP type proposed by Buttari et al. We can expect that
DP-MP iterative refinement will gain the best performance in them, because it uses
high-speed hardware computation (DP) and slow software computation (MP).

But actual performances of these mixed precision iterative refinements depend on
the computation enviroments on which they are executed. As Figure 1 maintains, S-L
iterative refinement would be meaningless if S decimal digits computation could not be
executed faster than L decimal digits one. For that reason, we set S and L as L/S > 2 in
our numerical experiments described in this paper. It is one of future works to minimize
the ratio L/S enought to gain better performed mixed precision iterative refinement.

4. Performance Evaluation

In this section, we evaluate performances of SP-DP, MP-MP and DP-MP iterative re-
finements on the following environment:

CPU Intel Core2Quad 6600

RAM 4GB

OS CentOS 5.2 x86_64

C compiler GCC 4.1.2(gcc and gfortran)

Multiple Precision Library MPFR 2.3.2/GMP 4.2.1 + BNCpack 0.7b
Linear Alegebra Computation Library LAPACK 3.2, ATLAS 3.8.3

SP and DP computations are executed by using BNCpack without taking advan-
tages of CPU architectures, original LAPACK (compiled with gfortran), its tuned AT-
LAS and GotoBLAS. Core2Quad contains 4 cores, but we did not use any paralleliza-
tion.

MP computation is executed by using BNCpack based on MPFR/GMP. Muliple
precision floating-point variables provided by MPFR and GMP are able to have any
length of bits of mantissas, so mixed precision computations are freely executed in any
positions of codes.
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We set the parameters for stopping rule as
ER ‘=&, EA = 0, (15)

in order to obtain the best approximation as far as we use less than L decimal digits
computation.

4.1. Performance Evaluation of SP-DP Iterative Refinement

To prepare test problems for numerical experiments, we create the dense square ma-
trix with fixed condition number by multiplying normal matrix X generated by us-
ing standard random generator, its inverse matrix X~! and the diagonal matrix D =
diag(n,n —1,..., 1) as follows:

A =XDX! (16)

So we can obtain well-conditioned matrix A with k2(A) = n. We employ a true solution
asx = [12...n]" and create test problems with correctly rounded A and b = Ax. Due to
limitation of main memory, the maximum dimension # is 4096. In all cases we create,
SP-DP iterative refinement can converge after 2 or 3 iterations.

First, we show the wall-clock times to execute IEEE754 double precison direct
methods (LU decomposion with partial pivoting, and forward and backward substitu-
tions) and speedup ratio of single precision direct method (= wall-clock time of DP
direct method/ wall-clock time of SP direct method) in Figure 2.
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o
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Dimension

Figure 2.  Computational Time (sec) of DP Direct Method(Left) and
Speedup Ratio (Right) of SP Direct Method versus DP Direct Method

Among DP computation libraries, the performance of BNCpack is the worst and
others are at the same level of performance with growing dimensions. GotoBLAS can
especially obtain the best performance in small dimensions and the largest speedup
ratio of SP direct method. These benchmarks show that the SP-DP iterative refinement
using GotoBLAS can obtain the best performance on our PC environment.

Next, we show speedup ratios of SP-DP iterative refinement (= wall-clock time of
DP direct method / wall-clock time of SP-DP iterative refinement) and maximum ele-
mentwise relative errors of approximations obtained by direct and iterative refinements
in Figure 3.

We can recognize that relative errors of SP-DP iterative refinements are entirely
2 or 3 decimal digits larger than of DP direct method, but we cannot maintain that
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Dimension .15
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Figure 3.  Relative Error of DP Direct Method and SP-DP iterative refine-
ment (Left) and Speedup Ratio of SP-DP iterative refinement (Right)

such tendency toward relative error is definite, because the approximation obtained by
iterative refinement with GotoBLAS can obtain the best accuracy for 4096 dimentional
problem. We also can recognize that the accuracies of approximations obtained by both
methods are closer with growing dimensions of problems.

These benchmarks shown in Figure 2 attest to well-tuned high performance lin-
ear computation libraries able to execute faster SP computation than DP computaion
for SP-DP iterative refinement. GotoBLAS produces the largest speedup ratio as we
expected, but LAPACK or ATLAS may do worse.

4.2. Performance Evaluation of MP-MP Iterative Refinement

We evaluate the performance of MP-MP iterative refinement by using the well-conditioned
problem (16). Due to limitation of main memory, we set the dimentions as n =
128,256,512 and 1024, computaional digits as L = 50,100 and 200. S is fixed as
L/2. For comparison, the wall-clock times of purely L digits direct methods are shown

in Table 1.

Table 1.  Computational Time of Multiple-precision Direct Method (sec)
n | L=50] 100 200
128 0.15 0.24 0.46
256 1.81 1.97 5.66
512 | 1383 | 23.59 447

1024 | 93.90 | 160.51 | 264.94

Figure 4 shows the relative errors of MP-MP iterative refinement and the speedup
ratio of MP-MP (L/2-L) iterative refinement versus L digits direct methods.

Similarly, in the case of SP-DP type, the approximations obtained by MP-MP
iterative refinement can be 2 or 3 decimal digits worse than by MP direct method. The
speedup ratio can be about 1 to 2 times larger. For the test problems, we can expect
that MP-MP iterative refinement can perform better if we select much less S than L.
These results suspect that we can obtain the best performance with DP-MP iterative
refinement.

Next we use Lotkin matrix (17) as a example of ill-conditioned problems.
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All elements in the first row are replaced to 1 on Hilbert matrix which is also well-
known as ill-condtionded. The condition number of Lotkin matrix is the same order
as Hilbert matrix. If the order of the condition numbers is larger than the number of
decimal digits, A"l rounded in L decimal digits have the smaller condition numbers
than true one (Table 2). In this case, this phenomenon occurs in the 512th dimensional
Lotkin matrix rounded in 500 decimal digits.

Table 3. Computational
Table 2.  Condition Num- Time of Multiple-precision
bers of Lotkin Matrices Direct Method (sec):
L = 500, 1000 and 2000

log,(x1 (A1)
n L =500 | 1000 | 2000 Comp.Time (sec)
64 | 960 | 960 | 96.0 W T L=5001 1000 | 2000
128 193.9 193.9 | 193.9 64 0.19 0.57 2.19
756 | 380.8 | 389.8 | 380.8 28 151 450 1747
512 506.0 781.6 | 781.6 256 12.15 35.96 139.51
512 97.00 | 286.76 | 1115.88

For these reasons, MP-MP iterative refinement in 500 decimal digits computaion
can converge for under 128th dimentional problems, for under 256th dimesional ones in
1000 decimal digits computaion, and for under 512th dimensional ones in 2000 decimal
digits computation. As shown in Figure 5, the relative errors of approximations is
at the same level as L decimal digits direct method if converged. In case of 1000
decimal digits and 512th dimensional problem, direct method can obtain 200 decimal
digits approximation but MP-MP iterative refinement cannot converge due to about
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800 decimal digits (S = 500) lack of accuracy. In similar case of well-conditioned
problems, more decimal digits MP-MP iterative refinement can perform about 1.5 to
3.4 times much better MP than direct method as shown in Figure 6.

4.3. Performance Evaluation of DP-MP Iterative Refinement

We here evaluate DP-MP iterative refinement by using well-conditioned linear system
of equations (16). In this algorithm, LU factorization outside iterations and forward and
backward substitutions inside them are executed in DP arithmetic. On the other hand,
the residuals and renewal of approximations inside them are done in MP arithmetic.
This combination causes limitation of accurary for approximation due to occuring un-
derflow in DP arithmetic. If the length of exponent in MP floatint-point number is
longer than DP’s one, the renewal of approximation cannot be invalid when the norm
of residual is under about 1.0 x 1073%. For that reason, we limit the computational
digits to L = 50, 100 and 200 and the dimension of test problems n = 128 to 1024. The
results are described as below.

Table 4 shows the relarive errors and iterative times of DP-MP iterative refinement.
For comparison, the results of MP-MP iterative refinements are shown at first column
in it.

Table 4.  log,y(Relative Error) and Iterative Times (in Parethesis) of DP-
MP Iterative Refinement
L=50
n MP-MP BNCpack LAPACK ATLAS GotoBLAS
128 -47.63 (2) -49.10 (4) -49.02 (4) -49.23 (4) -49.21 (4)
256 | -46.71(2) | 4884 (4) | -4880(4) | -48.74(4) | -49.12(d)
512 -47.24 (2) -48.09 (4) -48.41 (4) -48.76 (4) -48.79 (4)
1024 | 4696 (2) | -48.75(4) | -4861(4) | -4832(4) | -48.36(4)
n L =100
128 -97.38 (2) -98.94 (7) -98.69 (7) -98.93 (7) -98.86 (7)
256 -96.93 (2) -99.04 (7) -98.96 (7) -99.04 (7) -98.94 (7)
512 | 96.18(2) | -98.00(7) | -9843(7) | -98.62(7) | -93.60(7)
1024 | -95.56 (2) -98.66 (7) -98.71 (7) -98.60 (7) -98.64 (7)
n L =200
128 | -197.39 (2) | -198.50 (14) | -198.59 (14) | -196.97 (13) | -198.64 (13)
256 | -196.38 (2) | -198.65 (14) | -198.68 (14) | -198.71 (14) | -198.38 (13)
512 | -196.13 (2) | -198.20 (14) | -198.04 (14) | -198.42 (14) | -198.56 (13)
1024 | -196.11 (2) | -198.46 (14) | -198.52 (14) | -198.56 (14) | -195.25 (13)

There is very little difference between the relative errors of approximation of DP-
MP iterative refinement and of MP-MP type one. In many cases, DP-MP type can
obtain a little bit more precise than MP-MP type. When the ratio L/S is larger, the speed
of convergence of iterative refinement is slower. For that reason, DP-MP type requires
more than 2 to 7 times iterations than MP-MP type. Figure 7 shows the speedup ratio
of DP-MP type versus MP-MP type.

Throughout these numerical experiments, we can recognize that more computa-
tional digits tend to reduce the speedup ratio. This is because MP computations of
residuals in more iterations reduce the speedup gained by LU factorization as Table 4
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shows. Even though there are such disadvantages, actual DP-MP iterative refinement
can perform 10 (in 50 decimal digits) to 30 (in 200 decimal digits) times better with
GotoBLAS, 1.8 to 4 times better with BNCpack at least.

5. Application to Fully Implicit Runge-Kutta Methods with DP-MP Iterative Re-
finement

As mentioned above, the DP-MP mixed precision iterative refinement can perform bet-
ter to relatively well-conditioned linear systems of equations from which DP direct
method can obtain precise solutions. The advantage will be maximized for fully im-
plicit Runge-Kutta (IRK) methods.

For the initial value problem for n-th dimensional ordinary differential equation
(ODE)

& = fxy
{ydé) - (18)

we discretize it over integration interval [xg, ] with constant stepsize & = (@ — x¢)/(2 -
4"y, When we obtain new approximation y;;; = y(xo + ih) from the former y;, we must
solve the nonlinear system of equations

L
|

f(x,' + Clh, Yy + h ZT:I Clljkj)
f(x,- + coh, y, + h Z;‘n:l a2jkj)

=
)
I

km = f(x,' + th, Yy, + hz;nzl am]kJ)

and then we calculate y;; as follows:

m
Yi+1 =i+ hZ wik;,
=1
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where m means a number of stages of IRK method, and ¢, a,, and w, are contants
chosen in IRK method. In our numerical experiments, we select 3 stages 6th order
Gauss type formula.

To solve the nonlinear system of equations above, Newton’s iteration is often ap-
plied as follows:

kElH) kEl) k(ll) —f(x; +cih,yi + h ijl aljkg.l))
kD k' kY - f(x; + coh,yi +h Y ar ~k(.l))
CHR T B R RO SO0Y B : ! =1 R
l' 1 '1 '
k£n+ ) kgn) k,(q? —f(x; + cph,yi + h 2?21 amjkg.l))

where J (k(l), k(zl), k,(,?) means

Li—Ju| —Jio |-+ ] —Jim

- | Lhi=Jn || -
TR, kD) = [ — = (19)

—Jml —Im2 N

In above formulas, 7, means n-th dimesional identity matrix and J,, means

a m
Tog = hapg5 £ + cph,yi + > apk) e r,
=1

where 0f /dy is the Jacobian matrix of f.
We can expect that the linear system of equations emerged from Newton’s itera-

tion, have the property that J(kgl,k(zl) , ...,k,(,?) — I, in case of i — 0. Due to that
property, DP-MP iterative refinement may be applicable to them for IRK method with
small 4, because they would be well-conditioned in many cases. In such situations,
DP-MP iterative refinement may speed up IRK method requiring MP approximation.

To confirm the hypothesis, we prepare the constant linear ODE

f(x,y) = -Ay, y(0) =[1 ... 11",

with the well-conditioned 128th dimentional matrix A (||A]|; ~ 10%) based on (16), and
then apply the 3 stages, 6th order Gauss type L = 50 decimal digits IRK method to it.
Figure 8 shows the history of relative errors in the approximations versus stepsize #,

and the histories of condition numbers and Frobenius norms of J (k(ll) , kg), e kﬁ,?).

In case of & = 512, we can recognize that the approximation y; can reach about
24 decimal digits precision and that the condition numbers decrease in 3.8 x 103 to 1.7.
These facts verify the applicability of DP-MP iterative refinement to the linear ODE.
We show the speedup ratio of IRK method with DP-MP iterative refinement versus with
direct method in Figure 9.

IRK method with DP-MP iterative refinement can perform about 7.5 to 8.9 times
(with GotoBLAS) better than with direct method. In case of with BNCpack, it can do
about 3.8 to 4.8 times better at least.
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6. Conclusion and Future Works

Numerical experiments we mentioned above clarify that all types of mixed precision it-
erative refinements can bring us the approximation at the same level of relative error as
L decimal digits direct method if the sufficient conditions for convergence are satisfied,
that well-tuned LAPACK like GotoBLAS or ATLAS enable us to perform DP-MP iter-
ative refinement as well as SP-DP type in comparison with direct method, and that the
application to fully implicit Runge-Kutta methods may provide us enough efficiency.

Our future work is to investigate mixed precision refinement method’s applicabil-
ity to more general class of initial value problems for ordinary differential equations
through various numerical experiments. Especially the most important problems are
time-dependent partial differential equations. In many cases, the discretization for these
PDE:s lead to ODEs with sparse matrices, so iterative methods such as Krylov subspace
methods will be more expected than direct methods as we experimented in this paper.
Buttari et al. have already proved that SP-DP iterarive refinement method can enhance
the performance of Krylov subspace methods. According to their results, we can ex-
pect more highly performance for DP-MP and MP-MP iterative refinements applied to
Krylov subspace methods.
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ms = O),m3 = 1(m1 = M9 = 0) C:ﬁﬁﬁ‘?‘é

Thsb. ZIZT,0s=005ETd >0, 0w=0LTow >0THBHZEDD
[:={6s>0,0w >0} BEIAAETH D Z L3005, TcWHC) E T IKHEn
% DT, YW {v = 0} I2E8 1T 2 WU (C) DERED T ICE E4 5. reversibility &
b WH(D) I WH(C) % s OV TRIEL 2 b D726, W (D) & WH(C) 136k
Wit D 2 B0 5. DF D, D26 C ~NORII~Ta 7V =y 7l
DHET 5.

% 7z, Shibayama (2009) T %34 3 RREICN L THW 7 Fikz FEkIC, H
& THEZ N2 2 ik b, ARIEREDO~T 1 7Y =y ZPLEIFET %
bbb, IHIC D) BELHREDHENRIEL D ThoD~Tr 7Y =y JH)
BIE (PAHINC) BT CTH 5. 76> T, D D> 6 C ~D B IERRE O REWTHY 72 ~ 7
n7 Y=y ZHGEBFET 5.

McGehee FEERICBI U TRV 2 98— B0 F MA(EL 72 8§ 5. F I3 WY(D),
We(C) ETHUfEZE &2 2 & EFWIEICKD, dF E~T R 27 ) =y ZEE ETO
oIRGB, ~Tu 2 ) =y ZHLEIXIRMES D R 2RO 2 &
YO 2DT, RITEICE D 2D X9 & FIRERBIBTH 5. fit> T, McGehee
JFERRICBE U TIENTIY 22 58— BT I3 IS L 5\,

FERRE DD FIRE LT ERREVHT E 25037 5. ¥R E, m =
m3 =0,V HETOHAELU EDOZ LIBT3, 206 DGE, HHET
H—REI2E 1/ r DHEBPEENTE D, McGehee FEESRICE W TRITII TR K, Z
DX ) BRE-EIVBHR LN 2056 TH .
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6. NIIIhYRO—MREEE LTI

—HED NIV RTIE, FEAO (FHNZ) IR AR & 2% o ulig sk
DOEEHEM: X B B D7

— R L L CIEBIEME IR R A v, 2R EFROBAICHZEIT S,

o IEHNLWTRED D ISy 2 fARR

o IEHIMLATRED>DIERTRE Sy HIFR 3 fARRTE (FR A 2 R EZE D ATH D, 1IEH]
{LRIHE)

o IEHHEATIEED> D AfESY: 3 Ml (Hiraoka (2008))

o IEHHLATIRED DIEAIRLE S (CFIH & 2\ 13 22[H]) 3 (ki

3 (RO 3 K22 % BRI BIEIREIC D O B T 3 % C & AT, 1A
(LR TP & JETREI S L 5 . 3 WO WZE% Helk 113 Ty 23750,
L9 5, B Baston OREETOENHLITAELE 2 & THRUMER HIET 5

+
v

Figure 10. 3 ifED 3 AFEZELEHE DB (Hiraoka 2008)

DIFWEELR L) TH 5.

fME —Mam & L3RR ATRE & AIfE s OB BARIZ 2 VD TH 5 9 2. fill
LPDOWBRIZE Y, Painlevé 5 DEZFEBT LI LIITELDTH A ) ».

7. Ziglin i

—77°C, Ziglin @bt 2 F o 72 EHR 3 RRTEDIE AR T R DG b e ST 5. H
B 3 IRITE % W2 e BT, = —VV(q), ¢ e RZDIBICT S, —c=VV(c)
%% cDMET 5 (2D e lFHLXIE (central configuration) 12X 5).

VONyT7 Y ViV (e) DBEIAED 121 —2THDH, bH12% N T 5.
Yoshida (1987), Morales-Ruiz & Ramis (2001) ORI & b, & LEMR 3 (kfE
BB THEH6E A E - 11 (jeN) LwIBOBKTHS.
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m2+m3—1kL“Cb>5) %huﬂ@%é@)\%j{&)%@ i;]ﬁ,% .%ﬁf%%
DY, A THA LY. WEE ¢ = r(cos,sinf) ZFHWS L, V(g) =r1g(0) £EZ
N%. —q=VV(q) ZMMEETET &,

cosf \ o cos 6 , —sin
—r< sin ¢ >_T (—9(9)( sin 6 )—1—9(9)( cos 6 >>
it > T, FLEIZICHHET % (1,0) = (re,00) 13 ¢'(0:) = 0,72 = g(0,) ICX DEZE

5. Fi, I

A_iQ_FiQ_iZ_{_}g_}_liQ
C0x2 oy or2  ror 12062

THHIDH,
traceV2V (q) = AV (q) = r3(g(8) + ¢"(9)).

fit> T, FuDBFITR LT

g//(ec>
g9(0:)

V2V (c) D1 ODEHEEIX -2 £ > TW3DT, D OREHAE ) 1Z

traceV2V (c) = 1 +

Th5.
FLDBE, g(0) =0%2 0. KL T, A =3+ g"(6.)/g(6.) p5 —2U-1
1Q6N)®%®katéﬁihi#TF FCHB. L

) = mims 1 m3m3 1 m3ms 1
9= my + mg |sin g ma + ms |sin(f — ¢z)] my + ms |sin(0 — c3)|’
\/mg(ml +ma +ms3) \/ml(ml + ma +ms3)
tancg = , tancs = —
mims mams
Th 5.

RN, N2 THETKD 2 DB DS, FEFHEL THAZ ER 11D X
127 %, IERIMLATRE & 722 283 & 2R3 L 72\,

IE e kARG & Ziglin AT DBIFRIZ 2\ D 93?7

8. F&&

Tk 3 PRSI 45570 3 (RRE OB Ay, 3 (2 O WA TE LA Tl A o
5 A AR, 2 AU IR TR T B (3 ).
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Figure 11. A% —40-0 1 MIp#esuc 72 2 B0 () & 3 (RMZEH5IE
HIALTTRE & 72 2 BT R (75)

2. IEHIfEATREMEIC & & 97, McGehee HEER TNV 2 86— S FETE L 2\ C
EZAEH L 72 (2NDGRIDOFEFIRTH %, 5 fii).

3. —MGmIIc &, AL ATEEYE & IR PO BIIHLIE X < 23 d0 5 2w (6 ).

4. Ziglin f#NT & 2SRRI IZ &0 & DRFR N OMEICE b Tw 3 i
LEIH 5T, Bl X < 6 72w (7 ).
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An analysis of a lunar occultation of Mercury

MHISF (mitsuru.soma@nao.ac.jp)
Mitsuru SOMA

EZ KX A

= MHIA (kmiyash@js5.so-net.ne. jp)
Kazuhisa MIYASHITA

FRP UL 2 S T 3 R SR A A

Abstract. A lunar occultation of Mercury was observed with video
equipment on 2008 December 29 by two Japanese amateur astronomers
Masayuki Ishida and Hisashi Suzuki. Although the event occurred in the
daytime, the light variation during the event was successfully analyzed
using Limovie, software to analyze light variation during occultations
(Miyashita et al. 2006), and using the functions by Hapke (1986, 1993)
for the brightness distribution on Mercury’s apparent disk we were able to
obtain precise central times of the reappearances of Mercury, which enable
us to get precise lunar limb corrections. It is noted that the magnitude
of Mercury given in the “Calendar and Ephemeris” published annually
by the National Astronomical Observatory of Japan has errors of up to
0.6 magnitude. This is because it is based on the expression by Danjon
(1949, 1953) and it is recommended that a more recent expression for
Mercury’s magnitude, such as that of Hilton (2005), should be used.

Keywords: magnitude of Mercury, planetary occultation, lunar limb
profile

1. @FUsIC

2008 £ 12 H 29 HER IS = 72 HIC X 2 /KE iz, EINO 7 <F 2 7 &l
FIZX DB fTb, EFARENLINS., FESIIZZNSDE T4 Dt
2%, MY 7 F 7 X7 Limovie (5 N5 2005) Ik 2HDGE, 202X D
Bono4 rh—7 EKEOHESAE T IV E DRI X ) BRI oHEE %
fio7z. KEOREE AR E 721 Hapke DEIEZE V72, 2 DFER, #ERIZIA
HEEINTE, HEDDH 2 KOS 6 AR ZHEE TE % L 9) L% %
Rl 57— 2135 2 LB TE 7,

7%, Hapke DBIEZ 2% &, EEDMMHAIIK T 2KEDERZFHET
52 ENTE S, HRMERET L IBERIERTHRA L T 2 KEDERDFHEAIL,
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IKEDMHAIZ L > TIX 0.6 FIET ZHAENH D Z EDHLLIZH>TWED
T, ZOT7 =2 HOLBRICIIHEREIN L,
ARG DIBNTHERIZOWT, ZEL CIFENIRCEBERICHKET LT ETH 5,

2. BRACAEDE

BN E B OAHIETR & #REOBARFRICE DiTbit, Wiz
FEEEORNZX1ICRT. ZORASBRESNIHIRIZK2IRTEED T, H
RIZBEOBIR LS, FEhiigOBERT, Z£HEORWGANICMEL TWwi 2 &
Wb s, B O T — & 13BICHHT 2SR E L HIcELITR LT,

1 BLIAGIER L MRS R
(FEREEE IR, REZII 2008 4E 12 H 29 Ho UTC)

BIE AHIEST (WEESFILT) 8K FE (FRR AT
fEL I A g 135° 56’ 3376 BfE 137° 427 4874
dbf& 35° 06’ 2273 AbfE 34° 45’ 5378
BEE 85m S 50m
S 0em2Iv ALY 2B5em R_RAHA—V v F—2LF TV
EFAH AT WATEC WAT100N WATEC WAT100N
i vy & —filiH] Shuter Speed: 7 (1/10000)
Gain Control: Manual 3/14 HED
Gamma: OFF Gamma: OFF
SOk miniDV # & 2 —4%—28l  miniDV 74 4 2 — & — 1§
HIHDIREZ 05h 08m 24.69s + 0.10s 05h 13m 40.16s %+ 0.08s
HoOFFE (1,b)  (—3°034, +2°358) (—3°076, +2°340)
(VATENE 2739762 269° 664
Higom & —17899 —2"283
Watts D7 —% —1"87 —92"54

AEIE 1217 20 43 (JST) WHIC H DEFFICIEA L 7228, Eo@Bic kX K E b
BT 22 LIETEY, 4RBAE (JST) IS Z > 7WHED 5 DHBLC O W TO A
BB RSN, Z2FnoBllle b, BEIOBHRKTH 2 I2b b 6T, w#Hi)
BIRIESLTA VOFEP L INT WS Z EL, IREI N t‘%‘ﬁ 12/ 4 X4
t,cu)tuv\/uifﬁl,tﬁf%%k&o“cmé ¥7, BROARY (HFL—2av)
b7, REZLEZHET Z2DICRERETATH 7%,

:@ﬁ%iﬁ@%$#6®&ﬁf%b,M%WV7FW17Umwm%mwT
Ny 2779 FOWHL I ZIEMICELIE, KEONKBZLEZHE L2, 2D
T4 MA=T7%K3ITRT, KEIZWSIPLhAHFREZHCTHML T3, 5
DRI BRICHHT 2 KEDHE S M DET VDL GEEL 74y FIEHD
Th b,



IREDEMEIE & KB FE DT 61

Suzuk1 Hisashi

1. 2008512 A 29 H DK ER DRHLK

3. YIal—yarviomEBZHEE

3.1. KEBDKXREDEEHR

KR, HERIUC X)) RiEBRIBH S, 2D, MEELEBIRFICEZ
LRI E D, ~%%kiﬁ%$%ﬁﬂ@“£i%ﬁ%®5wz X7 5 20,
L7BoT, 94 b A—=T7ICBIT5HE 50% D7 L —LZFELTZEN2HR
FUDREZ & L THERE T 5, kwvﬁﬁ%mw% clFTERW, 51, 74 F
A—=TIWEREADY v F L= a ilkd /A ADBE-LST0EIEDS, FED
HDO 7L —20%b > CIEMERRRIZ L T2 L3 TER W, E£72, /A4 XKW
DI=DIZT7 L —LHMOBREIEE R EONEZ2i{To7- L LTdH, FNTIFRERZ R
BEH 2R, e oBiicmz, JeEE T i/\/777*7/]‘0){ﬁ75:ﬁ
REICZELEI Z EWEETH 2 Z L, IRGEBHIPCPE T AT —DHMHIC
ﬁ%@d,Hﬁkﬂ%®@®%%@%%mowf,ﬁ@@ﬁ%ﬁﬁﬁiﬂ%:k
REDPS, R, KERL EDHITEZ K-> 7 RIKOWMHIHSR D> & IEME 2 Bl IR
ANERDZ Z EIZHEEE INTE,

3.2, YIaL—yYavEFTILDOER

R DOHEE I BT 2 DA EOREZ gk 3 2121k, AEOBHIEZ, BHHRIC
WTHIRF SN A HBEILDOE TNV L > TEMIZ H, %thfwﬁ%$%ﬁﬂ
ZHoTRDBELETNITE L, EFAINHEIETHIUL, B 5 N7 HL L R
fEL7%213TTHY, BAEBFHEICIoTHBEL A ENTHEL 4 5.
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2. KERHPR LI L&A

ZOFRIZEWT, IEMRRZIE 2179 720121, KT 2E7VIiE, "Rk
FR D IEMEICHR DR T 2RI L T2 Tl 6 %\, Hapke (1981, 1984, 1986)
DB V2 &, HPKEZ EDORIELR Z RO REICOWT, REERHICE
B I DRRENAR T TS I LW TE S, 22T, 28V 2 T Hapke O
B X D KEEREOME A %25 T2Y 7 b 27 2EK L 72, Hapke OB
B Bie 6 DN T X —% —12DOW» T, Mallama et al. (2002) %35, HE3K
O EBFANCINZ, SOHO I X b & sk v, KEDEHOBIHIHE &
Hapke DBIEIC X 2 €TV £ DK Z 1T, JAWHEHIPHONAHAIZOWTHEET %
EZ2ETED, KELEMOKEREZ LS ELTWEEEZSNE I LD, Z
N 7z, Mallama et al. 12 X 2 @NTHRE R IX, BIEDKIEE The Astronomical
Almanac DIKBDZERDHEDTEBEIZ L > TWn 5,

RNT, 707700k, BHEINTEESM>» S, RIS 2EEOKEDH
FIWCHNLT, 0.0l BT LICHBBHER L 22036 B8 L 2854810 2 2 6821k %
HEL 7, ZoFHEICEWTIE, ABROBERSIIETHE /NI W EHWL, H
BOEMRTH 2 EDRED D LI Z2iTo 7, BT 7 4 v b IE7HEL
B3I SRR TR L, e, BonHRPOLRZNZER 1IN L 7.

4. REOMFDOHEE

H & BREDOMEFIRICIE JPL ORFTD I X & DE421 (Folkner et al. 2008) %
v, HO¥PELE LT 1738.0908 km 28 LT, SHDKEEOHRELID 5
A#D 7T —% 2K, fFREFEL1ITRLTH S, HOMEIE Eckhardt (1981,
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1982) KD E, KEE The Astronomical Almanac ¥88D H OFFE) & [F U &£k
ZERHLCEHE L2, BITICERL T, MR2ZHDILADEZ Z2HLICHERLT 3
HIC T 2720, HOMEIZIZEL EPRTLOZDHIEZIT>Tnaw, Kot
friE S 13 H o Higlh o A5 w0 & KIRFEHRI D Il > 72 fTh 5. £, HBD
S EH O S oF iz HoVFiEHEE 384399.05 km 72 5 WL 7- il i 4%
LT3, R1ICIHKDO-0OIZ, Watts (1963) 12k 5 Hig7T—% bR L 7-.
AT — % 13 HE DT & Kb DIELE D2 % KD B FEIC %E%T%%@g&
mondi et al. 2009). FflllZe HIEMIZ 1%, HADO HEEERFLE T < 0y Ik ko
5417 (Araki et al. 2009). ZD T — ¥ DIEEZHFRL 72012, SHEFS Ik
k) RABRT =Y IIEETH 5.
ks, REicimz, HEOMHERIE LTROEIKRD 5T n 5,
AHKOEM 1/ cos(Ctt) ZHRSE 2l 3.7°
EARICOBIH 1/ cos(Ctt) ZIERIE Ml 5.7°
I, Ctt THDOMTAMZOEE L, Z I odbAINC +, FMAMIZ — OFF
FEROFTH-> 7l (avy 7 7V 7N) THD.

5. KEOFMDHEI

Wik Hapke DB E FV 2 &, EREDHMAHMICN T 2 K EOEREZGHT 5 2
EDITE S, HBMERPIERERDKE DL DA IC X 224D id Danjon
(1949, 1953) IZ &> T2 A3, ZaUdfrifl 169° T CHEL D 0.6 F B4
E, HENMEHTE RO I EDHL IR > T3 (IS 2009). BERMERETR S
JERELRZFAT 2B, ZORICERI N, BIEOKEFBTIE, FIo
SOHO FH D BIHIFEF b & TR 6 417z Hilton (2005) 12 & % 5HERDH »
LTV 5D, ZUd Hapke DR ZHWTEIELZD D E LS —H LT3

6. fEim

KEBZEE LETAL S KEOEZHEL, KEDKESHETILED
gz & 0 B AR R R 2 HEE L 72, BB LIFE T L E 2 vuAaA KK
—HLTWBE I EDS, BORBETHRAZRDZ Z B TERLEELZOND,
F 7z, HIE SN RGNS BRI 2B R 2R L Tws Z LA <, HED
{Eﬂ BT aEHRdEONE I L6, AROHIEZKkD 52 7—% L LTHHT

fek, MREZ R 2 RIRIEBHROMEICHES e INTERLD, R
@ﬁﬁ%ﬁ%ﬁﬁ%% EOHEE R RIRIcB WL, ZoOFERHVWS I LIk

D, EEIC X 2L Mk, HBROWBIRD 7 —4% 2152 7% £ OREE 2 AEHIE
WL THWR I ENTES L) IR EHfFIN%,

PRMERIET & BRELDKEDEROBEEPHEHTE 2V HHS T LT

HIEE.

AH, SSROMKIZIE, HPOHRLE VI E L WEAICHED S FHEHICED
HEN, HOoEmWEHE 74 ZREC 2SIk, £/, T2 —va yOffk
IZH 7> T, Anthony Mallama K725 ZTHEZ W 72Wiz, 206 DERRIZIK
#d 5.
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KAM Theory, Aubry-Mather Theory and
Hamilton-Jacobi Equation

T
R A B B T2

1. Hamiltonian Dynamics and Hamilton-Jacobi Equation
AfTlx, LT X9 7% C?2-Hamilton BI% H Xt d 3 1IFHE R %E2E 2 5.

H(g,p): T" x D — R, T":=R"/Z", D CR", (1.1)

q'(s) = Hp(q(s),p(s)), p'(s) = —Hqy(q(s),p(s))- (1.2)
(T" Loz, £l EA 52 %L, R Lo Z-FMBEE b AL T.) IL#
KR (1.2) OFIS UL (0, 1) 7 2 10% 2N ZIRD X 9 12 £ T
Oy, du(0,1)

Hamilton JJ*#%2DHLHIRED 12 & LT, Toj- AL b —7 22T H3h
(DS BRINTVD, nRIUEMWREKT 03¢5 AL P—FATHSLEIE, RDIE
DR SEOHAZ V) TIE T DT x D DS REOAATH ) 0%
sERICHLT

$3(T) C T.
RETE R RICD ¢5-AE L —F AL FEEZEZL I EICLT, TREHICAZL b —
TAEMRZ LIZT B,

1.1.
b % IEHES R Y 54 (FHAEMIZ T x D L3RS &), Ihzils
IEHEEWIC X > T, RDOF% L 72 Hamilton BE%

H(q,p) = Ho(p) : T" x D — R (1.3)

DIEMSHRICEWTESL Z Lhib 5, I, H 5 (1.3) D&% 5 I21E
AR (1.2) XIS IR LS

o1 (0,1) = (q(s),p(s)) = (OpHo(I)s +6,1) mod 1.
IHIAELF—FRAELT, HIeDIIXLT

T =T"x{I}
67



68 EE e
5%, £7 L 2TOWERFRCES

A= lim 19

|s| =00 S

ZROEME RS, 7272010 4(s) i q(s) € T" DR ~DOFH EIFTH S (¢(s) = G(s)
mod 1), A\ ZHEDEHFELR T F oL &,

= 0,Ho(I)

1.2.
Hamilton BI%( (1.1) B RDIBEFOGEEE X 5.

H(q,p) = Ho(p) + Hi(q,p)

CHUIAES ROBEFE L L CHARKEN S, TH D+ /NS W EERE—F
ZNIFAET B0 £\ [EIZ, Hamilton 1722 DHEAREE L TREMZEI N
T3, ZOMEOEANREER, BHimN 7 70 —FIcB BN 11 /(w-2)
DI TH L., L weR?, 2€Z" THS, FwllWN LT, HTIEHRT
2 ELHIEL T, w-2 3 0IICRT 2, ZoWEEE NgRIORE) LR
1%, Kolmogorov (1954) I & > TR E RANEDN D 72 5 S 47z, Kolmogorov 13,
w2z DR T IV 2 | DEAXFTI2oMAS6NS X9 % w HSHIEEIE
THAET 5 Z EIZHEH L, Newton D X I ISR 2 BICEMEEZ EL L
T, AEF—FADLGEHEET LI L 2FRELL., 2D X % w % Diophantine
R7 PV EWVI) . BICEE 2GS Arnold (1963) 12X > TH X 6k, Kz HE
U< LT, Moser (1962) (&Y A 2 b BARTJHRITN S 5 [FARROD[H7E %2 A 1 Rk
L7z, Is =8I E 2 012028, EXT 2> T, TKAM #in, L
N5, DUTNIE Hamilton JJ5A4R ISR $ % i & FEHERY 2 KAM EHITH 5.,

TE 1 (KAM) D 2GR E T2, RD (A1)-(A3) ZIKET 5.
(A1) H(q,p) = Ho(p) + Hi(q,p) 13 T" x D D& 5 EFEFF G TRATHY.
(A2) Ho(p) 13IERAL, T74bE Hy D Hessian 751D 7 >~ 713 D ETHIC

(A3) || H l|= sup | H (g,9)] 1 F500 500,
COLE, FEb— AT OBRBEELT, Z0AEELlF oMz T
mes [UZ] — mes [T" x D] as || H |- 0.
T CRESINAEAZE L —F AT 1%, K TKAM F—7 2 LN ROME

BaRio:
(1) T1xd2FEMINZEE f(q): T" =R DT F77L%%, Thbb

7 ={(q, f(q)) g€ T"}.

(2) T3 Lagrangian kil & 72 5.
(3) % ZIZxfL T Diophantine X7 FV X € 9,Ho(D) B3fFEL T, T LD
2T OWE
FIEEER 7 BV A 2RO,
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(2) &b, (1) D fixd2FEMHMNRAD 7 —FS R - ROAME LS. (3)
0, 1 XKOWEIRT 2TEIC~DC 5, HOEIZPUEICH > TALELRDT, X
DEIRERS.

H(q,VS(q)) = const. in R".

bt KAM #MEwX, H(q,p) = Ho(p) + Hi(q,p) IZX9 % Hamilton-Jacobi /7
RO FEINT 52 52 5.

1.3.
KAM BB W, KE (A3) IFEMIIC S EANIC O EETH 5. BHjE KE
T 312N T, KAM F—7 2134 7% <%, RO DIThA R LTS AE
b =7 2RI N2 CHGEISEFRET 2, ZORTIEEER A S ICH
I s, —#D Hamilton BIE (1.1) 1T LT, AE =T A2 RHOF 26—
BHEZSDEZ A, Lo Luds, BIREINREAL F—F ATlE%L
HIDUIELRRICT 2 £, KAM Bl B o ERH» IR R O EEIRE & 1%
%75 % Hamilton 222D 7 7 ATHEEIC 72 %, 2 DR8I, Fathi & E
(1999) Ic X 5. A. Fathild n-HHEABRZI Hv, W E I 1-HHEIEA
F2WOPH. ZNZF N, Hamilton-Jacobi HFE & Hamilton J155% & @ Bk 5
WERDBHH S iz E T WnW B,

MEDEF R—2 a VIFROMWH TH 5. Hamilton BIEL (1.1) 1 LT
@ Hamilton-Jacobi ST %Z#% 2 5.

H(q,VS(q)) =h inR™ (h: const.). (1.4)

= OISR TR O MR I 6 2 TR O R 1%, R 4
WS DR E T 2k E LCRAAISNT WS, SO8idy, Bkl i
HER (1.2) o Th 2, ZHUEEL T, RO EDHD LD,

WmE2 SeR" - R%Z C?-BHLET 2. S D Hamilton-Jacobi JTFE (1.4) % Wi
7LD VS B 2N 61X, VS D “7577

Z={(¢;VS(q) mod1[GeR"}
FIEHEGFE (1.2) DAL —F Rk D, £LIDOWHIEL WL,

#2775 5 Hamilton-Jacobi AFER (1.4) 12k L T, —ic C-Md o liffcx
72\, L7235 T Hamilton-Jacobi TR DfENT X, EE TR, LRI 2
SO CfTbNn s, RS IR VE»6#l5 L, KAM F—7 ZDfF
TEI3H D THIAHPHRILTH 5. Hamilton-Jacobi TR (1.4) DREEEMED LR,
Lipschitz ##ERIED 7 7 A THIfF 41 5. Lipschitz #ifiBA% S 21T EA LR S
i AIREZ DT, VS @ “7' 7 77 IZEWRZFFD. 7272 L VS 13— Al
%%DT, VSBZ-AHNTH->TH, 20«77 77 IF T IHM L IZRS 7%
v, BRLZEELE LT, PIZIEROZ ENEIToN,

e Hamilton-Jacobi 3 (1.4) DRGEMET, V.S 23 Z"-FIIINIC 7 2 & D37
fET20?
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o FIET D01, VSD “T T 77 1% ¢3-AEICHRDH?
o NEILRL6IX, ZOLOBRWEBEDOMERKIZED X H IR D0 ?

1.4.
1.3 THEF 7% LU IR L 27 C2-Hamilton B TE 2 5.

1
H(a,p) = H(q1,42,p1) +p2 = 571 = Flar,@2) +p2: T x R? = R.
AU RIS AR D 7O Hamilton BA%L H (¢, u) % HE K22 C A 7 ?é) D
Th 5. HIZHWIET 5 Hamilton-Jacobi T2 (1.4)y Z TN ¢ T
uw=2"Sg, ¢=(z,t) LEL &, XITHL7AWN T4 Burgers ﬁﬁf—ﬁ%f%%.

up + uugy = F. (1.5)

2 OISR A, OB E AT 5 A LT, EiCHIIE
DY T b u E—fE) LIEEN 2 55RO CRAlIciffi S Tw 5, il
Bgb vy e e—fie LCGiFsns, a(x, t) Z2 A 11 Burgers 77134 (1.5)
D7y b e E—RT

1
<u>= / u(z,t)de = C (C: const.)
0

2 THDET L, ZOXIRaFHEEDO C e RICHLTALRL LD I DIFH
9 % (Bl 213 Jauslin et al. (1999) Z2Z:H), fliHZZGEICE D, XD & 2]
729 Lipschitz i 2 Z2-FIBIE v (z,t) B3 a(z,t) D ML TE 3.,

vt H(z,t,C +v,) = H(C) in B2 (KilEfRoEHRT),

/ H(xz,t,u(x,t))dxdt,
[0,1]2

C+uv,=1u a.e.

22T 8%G) = Cq + v(d1,Go) & Hamilton-Jacobi SFER (1.4) DORGMEMRT
Hh, VSO Z Z2-AMTchH 5. RS NI MERORIARNKD S, oz, t) 1&
H(z,t,C +p) D p BT % Legendre 4 LC (z,t,&) ZHWTRD & H ICRRE
nas.

vat) = it {/ LE(n(s), 5,1 (8))ds + v(n(r),7)} + B(C)(t - 7).
nEAC n(t
22T AC Fito i 2 R L, 7 <t MEEOHTH S, _wﬁﬁff“w;%%aﬁﬁ
DEE RS, AUADENMEEZ (CV)P L RT. 50 (CV)2' @ minimizer
v [rt] — RIFFFHEL, LC 1IZBIT % Buler-Lagrange RO E %22, L7
o T
(X(5),U(5)) = ((s),C + LE (7(5),5,7'(5))) mod 1
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(I E i EHE ST RS
X'(s) = Hy(X(5),5,U(s)), U'(s) = —Hy(X(s),s,U(s)) (1.6)
ZWi7z 9. ROEHIZE (1999) 12X 5.

TE3 1. % (v,t) € RRIINLT, v(t) = 2%% v(s) : (—oo,t] — RTX
DWEZFFOD DVFEET B (one-sided minimizer): DX [t1,t0] C
(=00, t] IZRF U T oy, 4 1FEITTHIE (C’V)Zl(to)’to D minimizer £72 0, K5
(7(8),8) (s <t)ITEBWT vl 2o A[HET

va(Y(5),8) = LE (4(s), 5,7 (5)).

2. v*(s) : R - R TCRDOMWEHZEF Db DINFET 5 (two-sided minimizer): fT:
DA [t1, o] C RAISH LT A* |y, 4 FETE (CV)Q:(tO)’tO D minimizer
LD, KR (v(s),8) (s € R)ICBWT v & o TIHET

ve(v*(5),8) = Lg (v*(5), 8,77(5))-

3 HC)ECIRORMREL, C € ROBKE LT C-fkT, H'(O) XHFHM
mcd 3.

4 1m 29 ey, m 29 - ae),

s——00 § [s| 20 S

5. % one-sided minimizer v (2% L T two-sided minimizer v* 3FEFE L C
|v(s) —~v*(s)] = 0 as s — —oc.
ER 306, JEEIERES B (1.6) DL LT
(X(s),U(s)) = (7(s),C + vz(7(s),8)) mod 1, s<t,
(X*(5),U"(5)) = (7"(5),C + ve(y"(s),5)) mod 1, seR
DHET D E3bn 5, Lic->T, FFEAMEAESTEN(1.6) DE (X (s),U(s))
WXL Te(s) = (X(s),s,U(s)) mod1 EES &, ¢(s)D3H b s=1t,T
graph(u) = {(z,t,C + vy(z,t)) mod 1|z,t € R}

WWET 2% 61, cfs) ld s < tg THIC graph(u) ICHIH I NS, ¢(s) I s — —o0
T, graph(u) DETHEA

*(a) = {(v*(s),s,u(y*(s),s)) mod 1|s e R, v*: two-sided minimizer}
WCHRE S 5. PR T* IZIET ¢ (s) 13, s € R THIZ graph(u) ICHIRI N5,
VSC D “7F 771k, HBAMEIC ¢5-AETHD, 2O LOETOWIEILE I
EICHHRBAR 7 bV (H'(C),1) 285D, £/ VSC D “7'F 7" OEBEAT 65
AEEBLZLOVBFELT, 2O LEOETOWMEIIIEER Y MLV (H'(0),1) %
Fo. JEABNE#ESGER (1.6) @ time-1 map (2K LT, VA &2 M G412 RICHE

$ % Aubry & Mather DFERDIRD 20, DL EOHEGR TAENZIKE X, H DL
itk Hyy > 0 & superlinear PE: lim, o H(x,t,p)/|p| = 00 TH 5.
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2. Difference Approximation to graph(u) and I'*(u)

IR DR T b BRVE VLRI X graph(a) & T*(u) TH 5. Lax-Friedrichs 2457
BT a ORI TET, Z2N2H05 2 LTI (a) DERPITE S
(Nishida & Soga). % DECAMEEMITHIZET 5 Z LI LT, BUEFHHE ORI 2
95, A E L TROBIZER S,

1
F(x,t) = 10 cos(4mx) sin(27t).

Figure 1 1%, ERII 7 graph(a), T*(u) 8L WL e(s) D, Wi T x {t =0} x R
WX BYD MZ2ERT, WA CHS X2/ 0L, 1 KD A F AED V72 b
DTH 5. ZDOHITHIZb 3 ANfithEt (W% < § 5 oI Al R D% \»T
HH)D, HDCITHNT S graph(a) DYID 1TH 5. graph(u) ICF->7 8 DDK
KT (a) DYDY ITH 5, 505G, T (a) 3 4 255 2 K0 R uE s
5%%.

0.6 - 1

04 .

N 0 / \\ / /\ 4

0.2 | : / \_
bl / —— A |
v P

-0.6 | 1

Figure 1.
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Figure 2 (¥ T*(u) & T2 ~"FHE L b DTH 5.
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Figure 2.

Figure 3, 413, graph(u) hDO&WIE c(s) D3R A1 I T*(u) NHE T 556+ %
T? N LTRL TV,

1 T
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0.8 |

0.7

0.6 |
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Figure 3.
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EZR XA

AR =)V E—AY 22— (HS) DHFDOWLEITFIS 0 & 1 DFLE I TRl S 5
[1]. L2 LEd5dlEhRI <, fdB5 0 X DLEDHELS D D6 w». bivbi
I 2 & NS IAEREE Hénon BAR [2] (T 1 yni1 = yn + a(zn — 22), Tpi1 =
T+ Yns1, a>0) ZFAAL T, FMHE L A€ 7Y =y 78O SFNI P
BEWRZGZ, 2z bLICHS ICEENHHLUEE FEZ7 Y =y ZHLiED
FEFNCBIT 2 LT ol % 5 2 7-

Z 29 % Hénon BARIZBH I 2 & I3 iEICE £ O TH 5. Hénon BAR
DY FIVAEI R P DEESIRIE W, & ANLESRRE W, OFEEIX Fig.1(a) & (b)
WWRLTHS. ZnsDiiz T, HS 28T 2 7= O DRGIDEK Z % FE
ER-Y
I. AfREEICEIL T
(a) Bl LTS Dt B2 522%. 6 %47 ((2°—2)/5 =6) D51 dH
%. 5% D 1203, 104, 1*0, 10120, 1%0%, 10102 D 6 ¥ A4 7" TH 3. T4 oM
ObZED, PLA YTy 71k (3,4] & D Burau 1741k [5,6) Z FIH 4 % & A7t
My brE—D TRPH OGNS, LTI TEHEHOZOMHENZY PrE—D T
RO ERBIMMHN LY PaE—LIES. RYID 4006156 15 M
FreE—lZ€uTh sy, KO D205 FIEOMHNTZ Y tuE =26 5.
ERERA 2N ROSCE IRV IIDY 23 = R el YA QA E L T A N B e PRl w B VN T
DOPYHIWITE 57259 0.

(b) Hénon G DM EIAE) R Q DRELITIE T Q OR Y ICAM#uEDS4 U 5.
D J AE IS % Bl 5 A OREBLATIZ Dullin-Meiss—Sterling (DMS) [7] 12 & >
THRLNTW S [ (i) 2 & &]. I(b) 28T % 1204, 10°, 1402, 101°%0, 1°0 1%
DMS DRHNZHE > TR TE 5. —J4, 10103 & 1303 133 KL/ — Rl cAE L
7S 5 BB TH B, H FL ) — Folc4: U= AMduE oy § 238550 % &£
DENICRD TS K Dd, SLFHOBRBHIEEID L)Ll oNnsD
7259 .

(c) B ZEET 5. D hdBIoRI 2RO 5. BIHNZ Y PrE—
DIEDFEFINDAE Z 5. MHNIZ Y b =R KOG S & ROl FH1
7229 . N Z Y P e E—=2RKOMADD LR/NDIHAD S IEM7E 5 9
PELBFVEZ SN [8]. MMHNT Y b u E—2R KD L /DL EFIT
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LR XN DENTED Z DNEBIZE T BN DL 307 ) B 2D TIE R \WiE A9
. DFDMMHNZ Y brE—DKNE Z ONETOEED KT H 3 NZDOTE
RRAZITHWITE R \WiEA S D,

II. REZVZy 78EICEL T

FEZ Y =y ZHEDF T 0°1w10>® EEHIT 5. wlidids 0,1 DFRD
RIX0iBITHS. ZZTIRwDEIVIUEDFEZ YV =y VB2 EZ 5.
bbbt w ZWEEMY, C = 1wl 3K EMES. EEROIFFID 0°1 & 10
MELTOVBIESIZ Z DBEFRICHS. FwDREINB1DLEE, ZONKIEE
LT3 HERD Z DBRICH 5. DF D) (w DR E-1) HOWEERIZ Z DWNERIC
Hb. ZITCOLORBEINIAMENLIY PRE—Z hep(C) LHFE, 20D
(C, C") DIEFBR%E C — O £3EL.
() w=0FIF 11X, HSPHEEL TV LI LEEHET S, LoTRE M2k
DAKEHEZ 5. BEIV2LUEOWK w2 L TN 2 E®RE2 5 2 6 vz
WZA I DFE D Z oWNE OB E N OEZ BRI 2 2 L3 TE RV
7259 D,
(b) C — C" THD hiop(C) > hiop(C) Z i 72 T D NEFFEIR DR S 117 0 72
590 9] RIS ZIEFRERZ RO 2 HE»HRDEHE LY. 20805 ET
RO TV BIEFERIZAHD b DNBIFEAETH L. Bl C — C' Rt
TH, NIy buE—DRNZRDZ72DITIFE ) L THEMEFHICHS &
2% Z 72\, BUEEHEICBI L TR I1(d) ORMEDH 5. Z D7 RIS T 2 7R
RIZVTTHETE LRV DEALI) . ED X)) WER R EBIETFAT S
NDDEA59 h.
(c) WEDEI 2k L ZIHBoNMMHNTZ Y PuE—E L TRADMHET
IV huY—%252 2WNEIEMD. IR DOMNHNEZY tuE—%52 2 W%
AT ZOREIZI(d) OFTEE BEHEL T 5.
(d) B8, C ET 2RETHL Y 2R ZHH L, P.Collins ® b L Y Ak
[10] TR Y F o E—%25HRT 5. Zofiz bl (C) &35, —75, il &
DAV ZEY AN T P e —25t5H 2. Zofiz bl (C) £T5. C
IZ&k o TR AL (C) = hE(C) Zillit= 33, hl (C) > hB (C) £ 55 2L b b 5.
HlZfENY 5. B C = 1010128 LT hl(C) =In1.9688 T, hf (C) =In1.7953
TH5. F1M%C =0110 12 L TE, b, (C) = (C) =In1.8037 TH 5. —
75, EFBRELTC — O BRILL T, ZOBE, Mty rrE—L L
ThE,(C) =1n1.9688 2 THUL, hiop(C) > hiop(C") LY D, LL, b
LY ZARIC K 2EMEIZE I DA BEOM L O TH 505, 81cb %5 L FLY A
DT 772 ITORETH L. AV DERSITIDLX I BRI L TH
fHLCEIETE 5.

SE X
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8 HERRE - ABRRE Hénon BRICDOWVWT

(a)

Figure 1. (a) T/ Y ERDLELIRIE W, EANLELRIKEW,. 2D
FEZ7V =y 7u—=7UV,# 8 Z %60 Q DIIGHIK Z, ), DEE.
(b) 250 & 1 DEE. (a =5.5).

(i) ABIE P = (0,0) 139 F)L. 2DV FADRRESRE W, & LELREER W,
DIRT Z %ML T 5. a > 5.17661--- Tl Z I HS BEET 5.

Fig.1(a),(b) 1T HS D358JK L 7 2 DAL E L Mlk & ZESRIE DG %2R L
TH5. Figl(a) iIcB8WT, 4 2Dk [Pulw,, [u,vlw,, [v,Tulw,, [Tu,Plw,
THENZLHTEED Z Th 2. B E R 2FEERTS. €Y
=vru—=7UF2 2D [u,v]lw, & [u,vlw, THENZLFHABEBRTHY, T
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7=y 7ua—=7 VI3 220 [v,Tulw, & [v,Tulw, THE N7 TH
5. AW Q DHMBHE 2, % Zop = ZUUUV T35, (iv) TR 2
NEhZMC2E, U =hV, Z = hZ, Zogy = hZyy DILY LD, 4 DD
[P,T_lu]wu, [T_l’u,,tl]ws, [tl,Tu]Wu, [Tu, P]WS TH ¥ N7 PRI C B F 03 H
%L &G0 LT 5 (Fig.1(b) 2R X). 4 208K [T v, ulw,, [uw,v]lw,, [v,t-]lw,,
[t T~ 0]y, T E N7 FIREBICHUE M H 5 & FT13 1 £ T 5.
(ii) TEIR Q = (1,0) 130 < a < 4 TIFHEME, a > 4 TEKERHY FL. 22T
EHELEE 9 & &, MHADEG L KERNY FATHh 25028, JHIHuE I
TR EELRTS. A% ¢ £ 92. 1 AYOMICHEMHEAREN Q DAL %
A U 7200803 p Tdh 2 & &, [MsEE p/q L EHKT 5. A OmEEKIE0/1 T
H5.
(iii) B a. = 4sin®(pr/q) T, Q &V HIEHL p/q O FIMIWE DS 2 48 (B FoL &
FEMR) BT 3. & D47k % BRI S3IE & WESS. [RlE 4y ¢4 U 72 FIiE o 5l
G DRERHLR [7] 2 LT ISR

W38 p/q (0 < p/q < 1/2) D Farey 3%l % FPp/q] = {pi/a, pr/a-} (p =
PP q =+ g prq—pg = 1) ET 5. B p/q DY FALDELEIZ S(p/q)
L, MDA % E(p/q) £ ¥ 5. M p, /q- DY FLOEFIZ S(p,/gr)
&L, MBS % E(p./q,) €T 5. FRIZ S(pi/q) & E(p/q) BEAT 3.
2ZTS0/1)=0%,F3. E0/1)=1THELLFORAITIEMEHL v, &
7-5(1/2) =11 £ L E(1/2) =10 £ §5%. HlHID7DIZ S(1/2) ZEENIEAL
7o, S HIORERAANZ DL ISR S

S(p/q) = S(r/ar)S(p1/@) = 11s, E(p/q) = 10s.

CITslERS g-20FdTHS. Hlzmrd. S(1/3) = S(1/2)S(0/1) =
110, E(1/3) =100, S(2/5) = S(1/2)S(1/3) = 11100, E(2/5) = 10110.

[iv] TWEASEAERTH L. 2FD TR 2200 E g hOBMT T =hog &
32, NEgthETHROLIICERINTLS.

9(z,y) = (z,—y — a(x — 2%), h(z,y) = (x —y, —y).

20D g & h DABIROEEDINIRTHS. 2FD 5,0 y=—(a/2)(z—2?)
ESh: y=0TH%. ZNZNDONHME 20D 7 7V FILT 5. Sy Ta > 1
DHBICH D77 F2Sf L, e <1OBBICHZ 77 F 25, L5, 5
bRRICERT 2.

[v] [RHSALSyIE CA: U 7 FIIGE 1 3 RO RIEE T h 2. 2 F ) ufRfE b
CHERZ & 0. RIS T N TORMEMABPLEIX SF BICHuER 252 (7). 20
HELD SF FEM LTINS,

[vi] N MHLEZ % 2 5. FBMEEDOS A, S, b 2 HuERZ b Dd,
£7:03 5, B2 2 Rz &, B GHO%E, S, LI 1 RUERZ
B, DS, R 1 MR E b . RS AR U 7 0B R I HLE O [l 50 %
0 <p/q< /2%l LBERIZECH 5. FIIRE IR I & D v, s
5 FIIARE A3 C U3 FOVIGE & REFE S cAE U w6 Th .  Fv/ —
Ry T4 U 7 A IHE D s p/q 1%, 0 < p/q < 1/2 27§09 L b
W8T d % L IZBRS 720,
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[vil] F €27V =y 7 Ruv 3 ERETZ Y v VEGEREMITN S, w DELFFIIX
0°10%° TH H, v DFEHFFNIZ 0°110° TH 3. ZnsDELFI»r5EL N0
My teE—k¥utds. ¢ DiLsdE 0°1010° TH D, ¢, DILFHIZE
0°1110° TH 5. TNoDFFI» 6HFELNAMMHNTZY FoE—13In2ThH 5.
FLEA 0®1wl0® D w DL HZ 16 HICH 2 1 DEICHEZ ) =y ZHEDS
ERIQOMYZBEHEL 72T, TNEDFAEZY) =y ZHED Q DY DnliE
B (k+1)BTH 2. bRARICEFIEZY =y ZHMFBEDRIEREIL 1, ¢; & ¢,
DOWIBEDRERMZIE 2 TH 5.

BBRICHAEZ Y =y 7B L Claligt = k/ (WO ES +1) 28 AT 5.
[z Lk % B E o [RlHR 5 & FARIC i S .



