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ABSTRACT

Context. Convectively-driven flows play a crucial role in the dynamo processes that are responsible for producing magnetic activity
in stars and planets. It is still not fully understood why many astrophysical magnetic fields have a significant large-scale component.
Aims. Our aim is to investigate the dynamo properties of compressible convection in a rapidly rotating Cartesian domain, focusing
upon a parameter regime in which the underlying hydrodynamic flow is known to be unstable to a large-scale vortex instability.
Methods. The governing equations of three-dimensional nonlinear magnetohydrodynamics (MHD) are solved numerically. Different
numerical schemes are compared and we propose a possible benchmark case for other similar codes.
Results. In keeping with previous related studies, we find that convection in this parameter regime can drive a large-scale dynamo.
The components of the mean horizontal magnetic field oscillate, leading to a continuous overall rotation of the mean field. Whilst the
large-scale vortex instability dominates the early evolution of the system, it is suppressed by the magnetic field and makes a negligible
contribution to the mean electromotive force that is responsible for driving the large-scale dynamo. The cycle period of the dynamo is
comparable to the ohmic decay time, with longer cycles for dynamos in convective systems that are closer to onset. In these particular
simulations, large-scale dynamo action is found only when vertical magnetic field boundary conditions are adopted at the upper and
lower boundaries. Strongly modulated large-scale dynamos are found at higher Rayleigh numbers, with periods of reduced activity
(“grand minima”-like events) occurring during transient phases in which the large-scale vortex temporarily re-establishes itself, before
being suppressed again by the magnetic field.

Key words. Convection – Dynamo – Instabilities – Magnetic fields – Magnetohydrodynamics (MHD) – Methods: numerical

1. Introduction

In a hydromagnetic dynamo the motions in an electrically con-
ducting fluid continuously sustain a magnetic field against the
action of ohmic dissipation. Most astrophysical magnetic fields,
including those in stars and planets, are dynamo-generated. In
numerical simulations, turbulent motions almost invariably pro-
duce an intermittent magnetic field distribution that is correlated
on the scale of the flow. However, most astrophysical objects ex-
hibit magnetism that is organised on much larger scales. These
large-scale fields might be steady or they may exhibit some
time dependence. In the case of the Sun, for example, obser-
vations of surface magnetism (e.g. Stix 2002) indicate the pres-
ence of a large-scale oscillatory magnetic field in the solar inte-
rior that changes sign approximately every 11 years. Depending
upon their age and spectral type, similar magnetic activity cy-
cles can also be observed in other stars (e.g. Brandenburg et al.
1998). Whilst appearing to be comparatively steady on these
time-scales, the Earth’s predominantly dipolar field does exhibit
long-term variations, occasionally even reversing its magnetic
polarity (although rather irregular, a typical time span between
reversals is of the order of 3× 105 years, see, e.g., Jones 2011).

Our understanding of the physical processes that are responsible
for the production of large-scale magnetic fields in astrophysical
objects relies heavily on mean-field dynamo theory (e.g. Moffatt
1978). This approach, in which the small-scale physics is pa-
rameterised in a plausible way, has had considerable success.
However, despite much recent progress in this area, there are
apparently contradictory findings, indicating that we still do not
completely understand why large-scale magnetic fields appear to
be so ubiquitous in astrophysics.

Convectively-driven flows are a feature of stellar and plan-
etary interiors, where the effects of rotation can often play an
important dynamical role via the Coriolis force. In the rapidly
rotating limit, convective motions tend to be helical, leading to
the expectation of a strong α-effect (an important regenerative
term for large-scale magnetic fields in mean-field dynamo the-
ory, usually a parameterised effect in simplified mean-field mod-
els). Many theoretical studies have therefore been motivated by
the question of whether rotationally influenced convective flows
can drive a large-scale dynamo in a fully self-consistent (i.e. non-
parameterised) manner.
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背景：乱れた熱対流中での磁場の組織化

✴Kapyla+	(NORDITA)	と我々が独立に熱対流中での磁場の組織化を発見

✴理論的な予言	(e.g.,	Krause	&	Radler	1980)	は存在.	数値的には長い間未発見.	
（乱流起電力による大局的磁場の生成・増幅・維持）

✴世界的にその結果の真偽について半信半疑.	
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Using the Boussinesq approximation, in which the elec-
trically conducting fluid is assumed to be incompress-
ible, Childress & Soward (1972) were the first to demon-
strate that a rapidly rotating plane layer of weakly convect-
ing fluid was capable of sustaining a large-scale dynamo
(see also Soward 1974). Many subsequent studies have ex-
plored the dynamo properties of related Cartesian Boussinesq
models (Fautrelle & Childress 1982; Meneguzzi & Pouquet
1989; St. Pierre 1993; Jones & Roberts 2000; Rotvig & Jones
2002; Stellmach & Hansen 2004; Cattaneo & Hughes 2006;
Favier & Proctor 2013; Calkins et al. 2015) as well as the cor-
responding weakly-stratified system (Mizerski & Tobias 2013).
However, whilst near-onset rapidly rotating convection does
produce a large-scale dynamo (see, e.g., Stellmach & Hansen
2004), only small-scale dynamo action is observed in the rapidly
rotating turbulent regime (Cattaneo & Hughes 2006), contrary
to the predictions of mean-field dynamo theory. Indeed, Tilgner
(2014) was able to identify an approximate parametric threshold
(based on the Ekman number and the magnetic Reynolds num-
ber) above which small-scale dynamo action is preferred: low
levels of turbulence and a rapid rotation rate are found to be es-
sential for a large-scale convectively-driven dynamo.

There have been many fewer studies of the corresponding
fully compressible system, so parameter space has not yet been
explored to the same extent in this case. Käpylä et al. (2009)
were the first to demonstrate that it is possible to excite a large-
scale dynamo in rapidly rotating compressible convection at
modestly supercritical values of the Rayleigh number (the key
parameter controlling the vigour of the convective motions).
However, it again appears to be much more difficult to drive a
large-scale dynamo further from convective onset, with small-
scale dynamos typically being reported in this comparatively
turbulent regime (Favier & Bushby 2013). This is in agreement
with the Boussinesq studies, such as Cattaneo & Hughes (2006).
Moreover, as noted by Guervilly et al. (2015), the transition from
large-scale to small-scale dynamos in these compressible sys-
tems appears to occur in a similar region of parameter space to
the Boussinesq transition that was identified by Tilgner (2014).

In rapidly rotating Cartesian domains, hydrodynamic con-
vective flows just above onset are characterised by a small hor-
izontal spatial scale (Chandrasekhar 1961). However, at slightly
higher levels of convective driving, these small-scale motions
can become unstable, leading to a large-scale vortical flow (Chan
2007). With increasing rotation rate, Chan (2007) observed a
transition from cooler cyclonic vortices to warmer anticyclones,
and subsequent fully compressible studies have found similar be-
haviour (Mantere et al. 2011; Käpylä et al. 2011; Chan & Mayr
2013). In corresponding Boussinesq calculations, Favier et al.
(2014) and Guervilly et al. (2014) found a clear preference
for cyclonic vortices, and dominant anticyclones are never ob-
served, although Stellmach et al. (2014) did find states consist-
ing of cyclones and anticyclones (of comparable magnitude) at
higher rotation rates. As noted by Stellmach et al. (2014) and
Kunnen et al. (2016), this large-scale vortex instability is inhib-
ited when no-slip boundary conditions are adopted at the upper
and lower boundaries, so the formation of large-scale vortices
depends to some extent upon the use of stress-free boundary con-
ditions.

From the point of view of the convective dynamo problem,
this large-scale vortex instability can play a very important role.
In the rapidly rotating Boussinesq dynamo of Guervilly et al.
(2015), the large-scale vortex leads directly to the production of
magnetic fields at a horizontal wavenumber comparable to that
of the large-scale vortex. Although the total magnetic energy in

this case is less than 1% of the total kinetic energy, the resultant
magnetic field is locally strong enough to inhibit the large-scale
flow. This temporarily suppresses the dynamo until the magnetic
field becomes weak enough for the vortical instability to grow
again. In some sense, the dynamo in this case switches on and
off as the energy in the large-scale flow fluctuates.

In the fully compressible regime, the large-scale vortex in-
stability has been shown to produce a different type of dynamo
(Käpylä et al. 2013; Masada & Sano 2014a,b). As in the Boussi-
nesq case that was considered by Guervilly et al. (2015), the
large-scale flow produces a large-scale magnetic field which ex-
hibits some time-dependence. However, whilst the large-scale
vortex is again suppressed once the magnetic field becomes dy-
namically significant, these dynamos are able to persist with-
out the subsequent regeneration of these vortices (suggesting
that these dynamos may be a compressible analogue of the dy-
namo considered by Childress & Soward 1972, albeit operating
in the strong field limit). Once established, the magnetic energy
in these dynamos is comparable to the kinetic energy of the sys-
tem, with the horizontal components of the large-scale magnetic
field oscillating in a regular manner, with a phase shift of ap-
proximately π/2 between the two components, leading to a net
rotation of the mean horizontal magnetic field. Although each
component of the mean magnetic field certainly oscillates, be-
cause the temporal variation in the mean field essentially takes
the form of a global rotation of the field orientation, it should be
kept in mind that in a suitably corotating frame the mean field
would appear statistically stationary.

The large-scale dynamo that was found by Käpylä et al.
(2013) and Masada & Sano (2014a,b) is arguably the simplest
known example of a moderately supercritical convectively-
driven dynamo in a rapidly-rotating Cartesian domain. However,
to achieve this nonlinear magnetohydrodynamical state, any nu-
merical code must successfully reproduce the large-scale vortex
instability of rapidly rotating hydrodynamic convection in order
to amplify a weak seed magnetic field. In the nonlinear regime
of the dynamo, the resultant large-scale magnetic field must then
be sustained at a level that is (approximately) in equipartition
with the local convective motions. As a result, this dynamo is an
excellent candidate for a benchmarking exercise. Correspond-
ing benchmarks exist for convectively-driven dynamos in spher-
ical geometry, both for Boussinesq (Christensen et al. 2001;
Marti et al. 2014) and for anelastic fluids (Jones et al. 2011). To
the best of our knowledge, there is no corresponding benchmark
calculation for any fully compressible dynamo system.

The main aim of this paper is to further investigate the prop-
erties of this large-scale dynamo, focusing particularly upon the
effects of varying the rotation rate and the convective driving,
as well as the size of the computational domain. We will estab-
lish the regions of parameter space in which this dynamo can
be sustained, looking at the ways in which the dynamo ampli-
tude and cycle period depend upon the key parameters of the
system. Most significantly, we will show that it is possible to in-
duce strong temporal modulation in large-scale dynamos of this
type by increasing the level of convective driving at fixed rota-
tion rate. Finally, we carry out a preliminary code comparison
(confirming the accuracy and validity of one particular solution
via three independent codes) to assess whether or not this system
could form the basis of a nonlinear Cartesian dynamo bench-
mark, possibly involving broader participation from the dynamo
community. In the next section, we set out our model and de-
scribe the numerical codes. Our numerical results, are discussed
in Sect. 3. In the final section, we present our conclusions. The
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(a) (b)

Figure 3. Same as Fig. 1 but for oscillatory α-shear dynamo Run A2 (a) and α2 dynamo Run D1 (b).

(a) (b)

Figure 4. Phase diagrams for the same runs as in Fig. 3.

dynamical states of runs with large-scale cyclones as initial conditions for our dynamo simulations. We find
that a large-scale dynamo is excited provided the magnetic Reynolds number exceeds a certain critical
value. Furthermore, as the magnetic fields become dynamically important, the cyclones decay and are
absent in the non-linear stage. The large-scale magnetic field is oscillatory in the two cases with different
values of Co that we have considered. We conjecture that the dynamo is of α2 type in which case oscillatory
solutions can be excited if the α-effect has a suitable spatial profile (e.g. Baryshnikova and Shukurov 1987,
Rüdiger et al. 2003, Mitra et al. 2010). Figure 3(b) shows the horizontally averaged mean magnetic fields
from a rigidly rotating Run D1 where an α2 dynamo is excited. In Run D1 the large-scale fields are only
functions of z whereas in the more rapidly rotating Run D2 the large-scale fields depend also on x and
y. Furthermore, the oscillatory nature of the solution is then not so clear. Figure 4(b) shows the phase
diagram of the horizontal components of the large-scale field in Run D1. There is a phase shift of π/2.
The saturation level of the dynamo is sensitive to the magnetic Reynolds number. Decreasing Rm from

66 to 39 by doubling the value of η, decreases the saturation field strength by a factor of three (Run D1b).
Another doubling of η shuts the dynamo off (Run D1c).
Our standard setup in the present paper is to use perfect conductor boundaries at the bottom and

vertical field conditions at the top. Changing the lower boundary also to vertical field conditions produces
no discernible difference in the solution (Run D1d). However, imposing perfect conductor conditions on
both boundaries decreases the saturation strength to less than a half of that in the standard setup and

S2-4 Publications of the Astronomical Society of Japan, (2014), Vol. 66, No. SP1

Fig. 2. Time–depth diagram of the horizontally averaged horizontal magnetic field. Panels (a) and (b) [(c) and (d)] demonstrate ⟨Bx⟩h and ⟨By⟩h

normalized by Beq for model A [model B]. The orange and blue tones denote the positive and negative strengths of the magnetic field. (Color online)

the bottom boundary. The internal energy is fixed on the
top boundary.

Equations (1)–(6) are solved by the second-order
Godunov-type finite-difference scheme which employs an
approximate MHD Riemann solver developed by Sano,
Inutsuka, and Miyama (1998). The magnetic field evo-
lution is calculated with the CMoC-CT method (Clarke
1996). Non-dimensional parameters Pr = 1.4, Pm = 4.0,
Ra = 3.9 × 106, constant angular velocity of !0 = 0.4,
and the same grid spacing are adopted for both models.
The total grid size is 256 (in x) × 256 (in y) × 64 (in z)
for model A, and 256 (in x) × 256 (in y) × 128 (in z) for
model B. A small random perturbation is added to the
velocity and magnetic fields when the calculation starts.

3 Simulation results

3.1 Properties of convective dynamo

After the convective motion sets in, the system reaches
a saturated state at t ≃ 250τ cv for both models. The
mean convective velocity is evaluated there as ucv = 0.017
(0.019), providing Beq = 0.045 (0.045), Co = 47 (42), and
τ cv = 58.8 (52.6) for model A (model B). Since a sufficient
scale separation between the convective eddies and the box
scale is known as a necessary ingredient for the large-scale
dynamo (e.g., Brandenburg & Subramanian 2005; Käpylä
et al. 2009), we have chosen a relatively rapid rotation
(Co ! 40), yielding small convective cells relative to the
box scale.

Shown in figure 1 is the distribution of the radial velocity
in the horizontal plane at z = zm when (a) t = 40τ cv and
(b) t = 400τ cv for model A [panels (d) and (e) are those for
model B]. The darker and lighter tones depict downflow
and upflow velocities. In figures 1c and 1f, the temporal
evolutions of two-dimensional kinetic energy spectra for
models A and B are shown. Note that a two-dimensional
Fourier spectrum of the kinetic energy at the each
depth is projected onto a one-dimensional wavenumber
k2 = k2

x + k2
y and is then averaged over the convection zone

and the time span shown in the figure legend. The different
lines correspond to different time spans. The horizontal axis
is normalized by kc = 2π/W.

In the kinematic phase of model A (left top) we can
find the appearance of large-scale vortices, which have been
discovered in earlier studies of rotating convections (e.g.,
Chan 2007). In this phase the spectrum has a peak at
k/kc = 1 (purple long-dashed line). As found by Käpylä,
Mantere, and Brandenburg (2013), the large-scale vortices
decay as the magnetic fields grow, and finally disappear
at the saturated phase. In the saturated phase, the convec-
tive motion is characterized by broader and slower upflow
surrounded by narrower and faster downflow lanes. The
spectrum has a peak at around k/kc ≃ 6 for both models.
Since there is no physical mechanism for symmetry breaking
in the horizontal directions, mean horizontal shear flow
is absent in our simulations. In contrast, a mean kinetic
helicity naturally arises from the up–down asymmetry in
the convective motion (e.g., Spruit et al. 1990). This could
play a prominent role in sustaining the large-scale dynamo
in our systems.
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(a)

(b)

Figure 1. (a) Model setup and surface visualization of vertical velocity uz at
t = 400 τcv for the reference model. The red (blue) tone denotes downflow
(upflow). (b) The vertical profiles of the effective helicity Heff (solid) and
the average velocity u2

rms (dashed). The time average spans in the range of
400 ! t/τcv ! 800. The profiles are normalized by their maximum values.
(A color version of this figure is available in the online journal.)

The dimensionless quantities are introduced by setting d =
g0 = ρ0 = 1, where ρ0 is the initial density at the top surface.
The units of length, time, velocity, and magnetic field are then
given by d,

√
d/g0,

√
dg0, and

√
dg0ρ0, respectively. The vol-

ume average in the convection zone and the horizontal average
are denoted by single angular brackets containing the subscripts
“v” and “h,” respectively. The time-average of each spatial mean
is denoted by an additional set of angular brackets. The mean
convective velocity and the equipartition field strength are de-
fined by ucv ≡

!
⟨⟨u2

z⟩⟩v and Bcv ≡
!

⟨⟨ρu2⟩⟩v. The Coriolis
number and the convective turnover time are subsequently given
by Co = 2Ω0d/ucv and τcv ≡ d/ucv.

All the variables are periodic in the horizontal direction,
whereas stress-free boundary conditions are used in the vertical
direction for the velocity. Perfect conductor and vertical field
conditions are used for the magnetic field at the bottom and
top boundaries, respectively. While a constant energy flux is
imposed at the bottom boundary, the internal energy remains
fixed at the top boundary.

The fundamental equations are solved by the second-order
Godunov-type finite-difference scheme that employs an ap-
proximate MHD Riemann solver (Sano et al. 1998). The mag-
netic field evolves with the consistent MoC-CT method (Evans
& Hawley 1988; Clarke 1996). Nondimensional parameters
of Pr = 1.4 (Prandtl number), Pm = 4 (magnetic Prandtl

number), and Ra = 4 × 106 (Rayleigh number), constant
angular velocity of Ω0 = 0.4, and the spatial resolution of
(Nx,Ny,Nz) = (256, 256, 128) were adopted in the reference
model (see MS14a for definitions of Pr , Pm, and Ra).

Initially, small random perturbations are added to the velocity
and magnetic fields. Typically after the magnetic diffusion time,
a saturated turbulent state is achieved. The convective motion
there provides ucv = 0.02, Co = 40, Bcv = 0.045, and
τcv = 50. The surface visualization in Figure 1(a) indicates the
vertical velocity at t = 400τcv, with the red (blue) tone denoting
downflow (upflow). The convective motion is characterized by
cellular upflows surrounded by downflow networks. Since there
is no symmetry breaking in the horizontal direction, the mean
horizontal shear flow, and thus the Ω-effect, are absent in our
model.

The time-depth diagram of ⟨Bx⟩h is shown in Figure 2(a).
The orange and blue tones represent positive and negative ⟨Bx⟩h
in units of Bcv, respectively. The time is normalized by τcv.
As seen from this figure, oscillatory large-scale magnetic field
spontaneously organized in our reference model. The ⟨Bx⟩h has
a peak in the middle of the convection zone and propagates from
there to the top and base of the zone. Note that ⟨By⟩h shows a
similar cyclic behavior with ⟨Bx⟩h yet with a phase delay of π/2
(see also Figure 3).

It is well known that, in the αΩ dynamo solution, Bφ lags Br
by π/4 (for ∂Ω/∂r > 0), while Bφ advances Br by 3π/4 (for
∂Ω/∂r < 0) (e.g., Brandenburg & Subramanian 2005; Käpylä
et al. 2013b). In contrast, our DNS model provides a phase
relation similar to the S-parity solution of the MF α2 dynamo
model of Brandenburg et al. (2009), wherein the vertical field
condition is imposed on the top boundary (note that z-axis points
upward in Brandenburg et al. 2009). If the top perfect conductor
condition is adopted in our model, it is expected that ⟨By⟩h
advances ⟨Bx⟩h by π/2 (A-parity solution).

The large-scale magnetic field with spatiotemporal coherence
was a remarkable feature of the convective dynamo achieved in
our DNS. This feature is reproducible using a mean-field dy-
namo model with the velocity and helicity profiles consistently
extracted from DNS results.

3. MEAN-FIELD DYNAMO MODEL

3.1. Governing Equation and Link to DNS

To explore the mechanism underlying the large-scale dynamo
in our DNSs, we construct a one-dimensional MF dynamo
model wherein velocity profiles are adopted from the DNS
results of the saturated convective turbulence and determine
the coefficients required for MF modeling. See Simard et al.
(2013) for the similar approach.

Since the Ω-effect is excluded from our MHD simulations,
the α2 dynamo rather than the αΩ dynamo will be realized.
The MF equation for the α2 dynamo is obtained from the
induction equation, by dividing the variables into the horizontal
mean values and fluctuating components, u = ⟨u⟩h + u′ and
B = ⟨B⟩h + B′, and taking the horizontal average:

∂⟨Bh⟩h

∂t
= ∇ × [E − η0∇ × ⟨Bh⟩h] , (2)

with

E = α⟨Bh⟩h + γ ez × ⟨Bh⟩h − η∇ × ⟨Bh⟩h , (3)

where η0 is the microscopic magnetic diffusivity, Bh = (Bx, By)
is the horizontal field, and E is the turbulent electromotive
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Fig. A.2. Horizontally-averaged horizontal magnetic fields (normalised by the equipartition field strength) as functions of z and time for Code 1
(left), Code 2 (middle) and Code 3 (right). Note that the time-axes for Codes 2 and 3 have been shifted by 420 turnover times and 480 turnover
times (respectively) for ease of comparability with Code 1.

Fig. A.3. Volume-averaged horizontal (squared) magnetic fields, B̃2
x/B

2
eq (blue) and B̃2

y/B
2
eq (red), as functions of time for Code 1 (left), Code 2

(middle) and Code 3 (right). For each code, the black dotted line shows (B̃2
x + B̃2

y)/B
2
eq as a function of time. Note that the sampling time for the

mean fields is less frequent in the right-hand plot than in the other two.

Fig. A.4. Typical power spectra of velocity (black lines) and magnetic field (red lines) from the middle of the convective layer for Code 1 (left),
Code 2 (middle) and Code 3 (right). In each case, the inset shows the smallest wavenumbers to illustrate that the magnetic field peaks at k = 0.
All spectra quantities are normalised by the average kinetic energy at zm during the nonlinear phase.

linear dynamo solution is therefore an excellent benchmark can-
didate.

Article number, page 16 of 16

A&A proofs: manuscript no. paper_arxiv

Fig. A.2. Horizontally-averaged horizontal magnetic fields (normalised by the equipartition field strength) as functions of z and time for Code 1
(left), Code 2 (middle) and Code 3 (right). Note that the time-axes for Codes 2 and 3 have been shifted by 420 turnover times and 480 turnover
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linear dynamo solution is therefore an excellent benchmark can-
didate.
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3	nonlinear	solu1ons	by	3	different	codes	①	
Masada	(我々)
-	2次のGodunov	(空間)
			(c.f.	,Sano	et	al.	1999)

-	CMoC-CT	(磁場)

Bushby	(NewCastle	U)
-	FFT	(水平)	+	4次差分	(垂直)
-	3次のAdams-Bashforth	(時間)
-	poloidal-toroidal	分解	(磁場)

Kapyla	(Nordita,	PENCIL)
-	6次有限差分	(空間)
-	low	storage	RK	(時間)
-	vector	potenYal	(磁場)

定量的に一致.	大局的ダイナモの存在の裏付け.	
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Fig. A.2. Horizontally-averaged horizontal magnetic fields (normalised by the equipartition field strength) as functions of z and time for Code 1
(left), Code 2 (middle) and Code 3 (right). Note that the time-axes for Codes 2 and 3 have been shifted by 420 turnover times and 480 turnover
times (respectively) for ease of comparability with Code 1.

Fig. A.3. Volume-averaged horizontal (squared) magnetic fields, B̃2
x/B

2
eq (blue) and B̃2

y/B
2
eq (red), as functions of time for Code 1 (left), Code 2

(middle) and Code 3 (right). For each code, the black dotted line shows (B̃2
x + B̃2

y)/B
2
eq as a function of time. Note that the sampling time for the

mean fields is less frequent in the right-hand plot than in the other two.

Fig. A.4. Typical power spectra of velocity (black lines) and magnetic field (red lines) from the middle of the convective layer for Code 1 (left),
Code 2 (middle) and Code 3 (right). In each case, the inset shows the smallest wavenumbers to illustrate that the magnetic field peaks at k = 0.
All spectra quantities are normalised by the average kinetic energy at zm during the nonlinear phase.

linear dynamo solution is therefore an excellent benchmark can-
didate.
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Appendix A: A possible dynamo benchmark

This appendix contains further details on the quantitative com-
parison that has been carried out between the three codes that
are described in Sect. 2.4. The aim here is to assess whether or
not this large-scale dynamo solution could form the basis for a
community-wide nonlinear dynamo benchmark. We choose to
present the details here to encourage other researchers with sim-
ilar codes to try this calculation. If there is sufficient enthusiasm
from the community to carry out a detailed benchmark study,
we would agree on a common set of initial conditions and carry
out a detailed analysis of the early evolution of the system as
well as the final nonlinear state. Here, we focus upon the sim-
pler questions of whether or not the final nonlinear solution is
robust to small changes in the initial conditions, confirming that
three independent codes can produce quantitatively comparable
nonlinear dynamos.

Fixing λ = 2, Pr = Pm = 1 and Ta = 5 · 108, it was
first confirmed that all three codes agree on the critical Rayleigh
number, Racrit = 6.006 · 106, with exponentially growing (de-
caying) solutions being obtained for values of Ra that are frac-
tionally above (below) this value. Once this agreement was con-
firmed, nonlinear dynamo runs were carried out for the refer-
ence solution value of Ra = 2.4 · 107 (see the upper three rows
of Table 1). As has already been described, this reference so-
lution exhibits highly non-trivial behaviour, in which the initial
convective instability is subject to a secondary hydrodynamical
instability (corresponding to the large-scale vortex). The result-
ing flow then drives a nonlinear large-scale dynamo in which
the total magnetic and kinetic energies are in a state of near-
equipartition. This solution is therefore an excellent test of all as-
pects of any compressible Cartesian MHD code. Although they
were all evolved from the same initial polytropic state, random
initial perturbations were applied. Some quantitative differences
between the codes are therefore to be expected during the early
stages of evolution. If, however, it is possible to confirm that all
of the codes converge upon the same nonlinear dynamo, then this
comparison can be deemed to be successful.

Figures A.1–A.4 show the evolution of this system for each
of the three codes. Figure A.1 shows the time evolution of the
rms velocity and magnetic field. The time- and z-dependence
of the mean horizontal magnetic field components is illustrated
in Fig. A.2, whilst Fig. A.3 shows the corresponding vertically-
averaged values. Finally, Fig. A.4 shows the mid-layer kinetic
and magnetic energy spectra at the end of the three runs. It is
immediately apparent that all three codes are producing quanti-
tatively comparable nonlinear dynamos. There are similar pro-
nounced peaks at k = 0 in the magnetic energy spectra, whilst
the kinetic energy spectra all have broad peaks at around k/k1 =
7–9. The peak amplitudes of the large-scale horizontal magnetic
field components show similar levels of agreement (as indicated
by Fig. A.3). Table A.1 shows the (time-averaged) values of
urms and brms, the rms velocity and magnetic field (respectively),
from the nonlinear phase of the dynamo. It is clear that there
is quantitative comparability for both of these quantities across
the three codes. Whilst there is some variability in terms of the

Table A.1. Details on the benchmark simulations.

Case Code Grid urms brms τcyc
A1 1 2563 0.0355 0.0364 ∼1050
A2 2 1923 0.0359 0.0346 ∼1060
A3 3 2563 0.0364 0.0327 ∼970

Fig. A.1. Root mean square velocity (top) and magnetic field (bottom)
for Code 1 (solid line), Code 2 (dashed line) and Code 3 (dash-dotted
line). The inset in the upper plot shows the early time behaviour, high-
lighting the different initial conditions that have been used.

measured cycle periods (970, 1050 and 1060 convective turnover
times), it should be stressed that there is some intrinsic variation
in the cycle duration as the dynamo progresses. This is one of
the main contributors to the error bars in Fig. 8, and the variation
across the three codes could simply reflect this variability. This
variability in the cycle period may complicate a future bench-
marking exercise, but this can probably be addressed satisfacto-
rily by running longer calculations to average the cycle period
over more cycles.

We should also note some other differences between the
three cases. As shown by Fig. A.1, the initial large-scale vortex
growth phase is longer in Code 3 (with a lower growth rate) than
it is in the other two codes. This can be probably attributed to
differences in the initial conditions: the initial rms velocity starts
from a much lower level in the case of Code 3, which apparently
delays the onset of the large-scale vortex instability. It is also
worth noting that the seed magnetic field is weaker in Code 3
than it is in the others, so it takes longer to grow to a level where
it is able to influence the flow. This dependence upon the strength
of the seed field clearly indicates that it is the Lorentz force that
is eventually suppressing the large-scale vortex instability rather
than a geometrical constraint due to the finite box size. Further
differences can be seen in Figs. A.2 and A.3, where the large-
scale dynamo emerges at different times for the different codes.
Again, this can be explained by differences in the initial condi-
tions. The important point to note is that this large-scale dynamo
is robust to small variations in the initial configuration. This non-
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instability (corresponding to the large-scale vortex). The result-
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the total magnetic and kinetic energies are in a state of near-
equipartition. This solution is therefore an excellent test of all as-
pects of any compressible Cartesian MHD code. Although they
were all evolved from the same initial polytropic state, random
initial perturbations were applied. Some quantitative differences
between the codes are therefore to be expected during the early
stages of evolution. If, however, it is possible to confirm that all
of the codes converge upon the same nonlinear dynamo, then this
comparison can be deemed to be successful.
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of the three codes. Figure A.1 shows the time evolution of the
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of the mean horizontal magnetic field components is illustrated
in Fig. A.2, whilst Fig. A.3 shows the corresponding vertically-
averaged values. Finally, Fig. A.4 shows the mid-layer kinetic
and magnetic energy spectra at the end of the three runs. It is
immediately apparent that all three codes are producing quanti-
tatively comparable nonlinear dynamos. There are similar pro-
nounced peaks at k = 0 in the magnetic energy spectra, whilst
the kinetic energy spectra all have broad peaks at around k/k1 =
7–9. The peak amplitudes of the large-scale horizontal magnetic
field components show similar levels of agreement (as indicated
by Fig. A.3). Table A.1 shows the (time-averaged) values of
urms and brms, the rms velocity and magnetic field (respectively),
from the nonlinear phase of the dynamo. It is clear that there
is quantitative comparability for both of these quantities across
the three codes. Whilst there is some variability in terms of the
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Case Code Grid urms brms τcyc
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for Code 1 (solid line), Code 2 (dashed line) and Code 3 (dash-dotted
line). The inset in the upper plot shows the early time behaviour, high-
lighting the different initial conditions that have been used.

measured cycle periods (970, 1050 and 1060 convective turnover
times), it should be stressed that there is some intrinsic variation
in the cycle duration as the dynamo progresses. This is one of
the main contributors to the error bars in Fig. 8, and the variation
across the three codes could simply reflect this variability. This
variability in the cycle period may complicate a future bench-
marking exercise, but this can probably be addressed satisfacto-
rily by running longer calculations to average the cycle period
over more cycles.

We should also note some other differences between the
three cases. As shown by Fig. A.1, the initial large-scale vortex
growth phase is longer in Code 3 (with a lower growth rate) than
it is in the other two codes. This can be probably attributed to
differences in the initial conditions: the initial rms velocity starts
from a much lower level in the case of Code 3, which apparently
delays the onset of the large-scale vortex instability. It is also
worth noting that the seed magnetic field is weaker in Code 3
than it is in the others, so it takes longer to grow to a level where
it is able to influence the flow. This dependence upon the strength
of the seed field clearly indicates that it is the Lorentz force that
is eventually suppressing the large-scale vortex instability rather
than a geometrical constraint due to the finite box size. Further
differences can be seen in Figs. A.2 and A.3, where the large-
scale dynamo emerges at different times for the different codes.
Again, this can be explained by differences in the initial condi-
tions. The important point to note is that this large-scale dynamo
is robust to small variations in the initial configuration. This non-
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最もシンプルな熱対流ダイナモのベンチマーク問題

Masada	(我々)
-	2次のGodunov	(空間)
			(c.f.	,Sano	et	al.	1999)

-	CMoC-CT	(磁場)

Bushby	(NewCastle	U)
-	FFT	(水平)	+	4次差分	(垂直)
-	3次のAdams-Bashforth	(時間)
-	poloidal-toroidal	分解	(磁場)

Kapyla	(Nordita,	PENCIL)
-	6次有限差分	(空間)
-	low	storage	RK	(時間)
-	vector	potenYal	(磁場)

飽和状態は初期擾乱の大きさ
に寄らない.	論文では,	他にも	
ダイナモ機構についても解析

(Nicholas Brummel,  
 UC Santa Cruzらも挑戦中)



z
y

g

Ω

2.	熱対流ダイナモの励起条件：
-	ダイナモ励起のロスビー数依存性	-
	（Masada	&	Sano	2018,	in	prep.）



：solar-type	stars	(F,G,K)	[two-layers:	CZ	+	RZ]
：rapidly-rotaYng	M	dwarf	(fully-convecYve)
：	slowly-rotaYng	M	dwarf	(fully-convecYve)

Sun

Wright	&	Drake	(2016),	Nature
see,	also	Wright+11

Stellar	X-ray	luminosity	v.s.,	Rossby	number	

mechanism that does not rely on a shear layer. Existing dynamo simulations for fully convective stars 
succeed in generating magnetic fields, but are unable to predict their behaviour as a function of the rotation 
rate17. However, it seems unlikely that both partly and fully convective stars would have the same rotation–
activity relationship (requiring both their dynamo efficiency and rotational dependence to behave in the same 
way) without their dynamo mechanisms sharing a major feature. 
 
A third possibility is that convection in the cores of fully convective stars could be magnetically 
suppressed27, leading to the existence of a solar-like tachocline, although some studies suggest that 
convection would not be completely halted, only made less efficient28. Furthermore, the field strengths that 
are necessary for such a transition are 107–108 G (refs 28, 29), orders of magnitude larger than the fields 
thought to exist in the solar interior and at levels that simulations suggest are impossible to maintain30. 
 

 

	
Figure	 1.	 Rotation–activity	 relationship	 diagram	 for	 partly	 and	 fully	 convective	 stars.	 Fractional	 X-ray	
luminosity,	LX/Lbol,	plotted	against	the	Rossby	number,	Ro	=	Prot/τ,	for	824	partly	(grey	circles)	and	fully	(red	circles)	
convective	 stars	 from	 the	 most	 recent	 large	 compilation	 of	 stars	 with	 measured	 rotation	 periods	 and	 X-ray	
luminosities7.	 The	 best-	 fitting	 saturated	 (horizontal)	 and	 unsaturated	 (diagonal)	 rotation–activity	 relationships	
from	that	study	are	shown	as	black	dashed	lines.	The	four	slowly	rotating	fully	convective	M	dwarfs	studied	here	are	
shown	 in	 light	 red	 (error	 bars	 indicate	 1	 standard	 deviation).	 The	 uncertainties	 for	 the	 other	 data	 points	 are	 not	
quantified	 but	 will	 be	 comparable	 to	 the	 M	 dwarfs	 for	 the	 Rossby	 number	 and	 approximately	 twice	 as	 large	 for	
LX/Lbol.	
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Since	Lx	reflects	Tcorona,	which	is	determined	by	magneYc	acYvity,		
we	believe	that	it	should	be	an	indicator	of	stellar	magneYc	acYvity

ROSAT,	Chandra

This	flat	ceil	is	considered	to	be	related		
to	the	saturaYon	of	the	coronal	heaYng	
(see,	e.g.,	Blackman	et	al.	2016)

Focus	on	this	regime	
(The	magneYc	acYvity	is	directly		
	reflected	in	the	X-ray	luminosity)

・The	low	mass	star	(F,	G,	K,	and	M-type	here)	has	a	same	or	similar	Lx	-	Ro	relaYonship
・Stellar	X-ray	luminosity	is	strongly	dependent	on	the	Ro	with	focusing	on	the	regime	Ro	>	0.1~

・The	stellar	magneYc	acYvity	is	a	funcYon	of	Ro,	not	solely	the	stellar	mass,	luminosity,	&	structure
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①Numerical	Seeng	:	strongly-straYfied	atmosphere	modeling	the	solar	CZ

●	Basic	eq：Compressible	MHD【rota1ng	coordinate】
●	1-layer	polytrope【convec1on	zone	only】	
				aspect	ra*o：Lx/Lz	=	Ly/Lz		=	4,	Ω	is	an1parallel	to	g

●	non-D	parameter	:	Pr	=	12,	Pm	=	2,	Ra	=	3.6×107

-	B-field	・・CZ	surface：Open	Boundary	
　　　　						CZ	bogom：Perfect	Conductor

●	polytropic	index：1.49	(super-adiaba1city	δ=10-3)

-	u-field・・	stress-free	at	CZ	surface	and	bogom

-	constant	dε/dz	at	the	bogom		→	driving	convecYon

●	Boundary	Condi1on（horizontally	periodic）：

Semi-global	Dynamo	Model	(see	YM	&	Sano	2016)

②	Control	Parameter	:	angular	velocity（Ω）

g

We	solve	global	structure	in	the	depth	direcYon	but	assume	periodicity	(local)	in	the	horizontal	direcYon

・density	contrast	=	700	
・covering	over	the	layer	of	
　0.71Rsun	<	r	<	0.99Rsun
・no	mean-flow	and	thus	no	Ω-effect

By	changing	Ω,	Ro-dependence	is	studied

Ω

dynamo	acYvity	in	the	strongly-straYfied	convecYon



Progenitor Model (Ω = 0) (a) Ω = 0.05 (b) Ω = 0.1

(c) Ω = 0.25 (d) Ω = 0.5
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Response	of	Turbulent	ConvecYon	to	the	Change	of	Ω

②ConvecYve	velocity	decreases	with	the	increase	of	Ω
①ConvecYve-cell	shrinks	with	the	increase	of	Ω

increase	of	Ω
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→ Ro = 0.09

→ Ro = 0.04

→ Ro = 0.015

→ Ro = 0.005

evaluated	as

Ro ≡ 
2Ω dcz

urms

velocity	decrease

size	shrink

From	the	distribu1on	and	spectrum	of	uz		

(model	1) (model	2) (model	3) (model	4)

(model	1)

(model	2)

(model	3)

(model	4)

Surface	distribuYon	of	the	convecYve	velocity	for	the	models	with	the	different	Ω：	

history	of	the	RMS	velocity



Ro-dependence	of	Turbulent	ConvecYve	Dynamo①
Depending	on	the	Rossby	number,	the	dynamo	properYes	also	change:		

→		Rocrit	~	0.015	-	0.04There	exists	a	cri1cal	Ro	for	the	
successful	large-scale	dynamo

Ro	>	Rocrit

Ro	<	Rocrit

High	Ro	model:	
-	turbulent	B-field	becomes	dominant
-	weak	large-scale	B-field	grows	iniYally	

●

		but	is	not	sustained	and	decays	with	Yme

Low	Ro	model:●
-	strong	large-scale	B-field	grows	and		
			is	sustained	for	sufficiently	long-Yme
-	turbulent	and	large-scale	fields	co-exist

model	1 model	2

model	3 model	4

model	1

Ro = 0.09   (model 1)
Ro = 0.04   (model 2)
Ro = 0.015 (model 3)
Ro = 0.005 (model 4)

model	2

model	3

model	4

●	distribuYon	of	the	verYcal	field	(Bz)	@	CZ	surface●	Yme-evoluYon	of	εmag



(a) Ro = 0.09 (τcv = 31)

(d) Ro = 0.005 (τcv = 54)

(b) Ro = 0.04 (τcv = 34)

(c) Ro = 0.015 (τcv = 44)
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Time-depth	diagram	for
・High-Ro	model	:		
		〈Bh〉starts	to	grow,	but	decays	as	t	passes	
・Low-Ro	model	:		
		〈Bh〉grows	and	is	then	maintained	

● 〈Bh〉
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(a) (c)

(b)

Figure 1. (a) Normalized time-averaged mean rotation profile Ω/Ω0 =
Uφ/(Ω0r sin θ ) + 1. (b) Relative kinetic helicity density hrel. (c) Rotation profile
(color contours) and meridional circulation Um = (Ur, U θ , 0) (arrows) near
the equator. From Run B4m.
(A color version of this figure is available in the online journal.)

and p is the pressure. The fluid obeys the ideal gas law with
p = (γ − 1)ρe, where γ = cP/cV = 5/3 is the ratio of
specific heats at constant pressure and volume, respectively, and
e = cVT is the internal energy. The gravitational acceleration
is g = −GM r̂/r2, where G is the gravitational constant,
M is the mass of the star, and r̂ is the unit vector in the
radial direction. We omit the centrifugal force (cf. Käpylä
et al. 2011b). The rate of the strain tensor S is given by
Sij = (1/2)(ui;j + uj ;i) − (1/3)δij∇ · u, where the semicolons
denote covariant differentiation (Mitra et al. 2009).

2.1. Initial and Boundary Conditions

The initial state is isentropic and the hydrostatic temperature
gradient is ∂T/∂r = −g/[cV(γ − 1)(m + 1)], where m = 1.5

Figure 2. Bφ near the surface of the star at r = 0.98 R as a function of latitude
90◦ − θ for Co = 4.7 ((a), Run B3m), 7.6 ((b), B4m), and 14.8 ((c), B5m). The
white dotted line denotes the equator 90◦ − θ = 0.
(A color version of this figure is available in the online journal.)

is the polytropic index. We fix the value of ∂T/∂r on the
lower boundary. The density profile follows from hydrostatic
equilibrium. The heat conduction profile is chosen so that
radiative diffusion is responsible for supplying the energy
flux in the system, with K decreasing more than two orders
of magnitude from bottom to top (Käpylä et al. 2011a). A
weak random small-scale seed magnetic field is taken as initial
condition (see below).

The radial and latitudinal boundaries are taken to be impen-
etrable and stress free; see Equations (14) and (15) of Käpylä
et al. (2011b). For the magnetic field we assume perfect con-
ductors at the lower radial and latitudinal boundaries, and radial
field at the outer radial boundary; see Equations (15)–(17) of
Käpylä et al. (2010). On the latitudinal boundaries we assume
that the thermodynamic quantities have zero first derivatives,
thus suppressing heat fluxes through the boundaries.

On the upper boundary we apply a blackbody condition

σT 4 = −K
∂T

∂r
− χtρT

∂s

∂r
, (5)

2

Ro	=	0.035

Ro	=	0.02

Kapyla+12	(see	also,	Warnecke+14)

NO	cyclic	large-scale	dynamo

cyclic	dynamo

Ro-dependence	of	global	spherical	model

Rocrit	~	0.02	-	0.035
From	global	model

	Compa1ble	

ダイナモの成否を決めるメカニズムはグローバルもセミグローバルも共通

model	1

model	2

model	3

model	4

Ro	>	Rocrit

Ro	<	Rocrit

Rocrit	~	0.015	-	0.04
From	our	model

Presence	of	the	large-scale	component	can	be	confirmed	from	TD	diagrams:		



(a) Ro = 0.09 (τcv = 31)

(d) Ro = 0.005 (τcv = 54)

(b) Ro = 0.04 (τcv = 34)

(c) Ro = 0.015 (τcv = 44)
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+	非線形効果(クエンチング)

●	Results	of	our	MHD	simula1on ●	Results	of	MF	simula1on	+	quenching

臨界ロスビー数を決めているのは乱流α効果と乱流磁気拡散のバランス

(α-effect	is	suppressed	with	the	increase	of	the	B-field)

(c.f.,	Brandenburg		
								&	Subramanian	05)

MHD	simula1on	v.s.	Non-Linear	Evolu1on	of	MFD	model	

Ro	=	0.005

Ro	=	0.015

Ro	=	0.04

Ro	=	0.09

平均場ダイナモ方程式：
∂⟨B⟩

∂t
= ∇× (α⟨B⟩) + η∇2⟨B⟩ (1)

1

乱流α効果 乱流磁気拡散
(シミュレーションから評価)
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Abstract: Macroscopic evolution of relativistic charged matter with chirality imbalance

is described by the chiral magnetohydrodynamics. We study the nonequilibrium real-time

evolutions of dynamical electromagnetic fields and fluid motion by solving fully nonlinear

chiral magnetohydrodynamic equations numerically. We observe not only the inverse en-

ergy cascade of the magnetic field, but also the inverse cascade of the fluid kinetic energy.

This provides the first numerical evidence that chiral transport phenomena reverse the

direction of the turbulent energy transfer in three-dimensional flows. This feature may be

relevant, e.g., to the physics of hot electroweak plasmas in the early Universe and dense

chiral matter in core-collapse supernovae.

3.	カイラル対称性の破れが担うダイナモ
(Masada,	Takiwaki,	Kotake,	Yamamoto	2018	in	prep.)
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Chiral	Plasma	Instability
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(a) (b)

Figure 1. (a)Dispersion relation of the instability induced by the chiral magnetic effect. The hori-
zontal and vertical axes are normalized respectively by kcrit = ξB and σmax = ηξ2B/4. (b)Temporal
evolution of the volume-averaged magnetic (red), kinetic (blue), and thermal (green) energy densi-
ties. The dashed-line is the prediction from the linear dispersion relation.

As described in Yamamoto (2016), the chiral magnetic effect destabilizes the system

and induces the amplification of the magnetic field. When adding the plane-wave pertur-

bation (∝ exp[ik · r − σt]) to the induction equation (3.4) with the stationary uniform

background state, the linear dispersion equation

σ = −ηk2 + ηξBk , (3.8)

can be obtained, where k = |k|. Shown in Figure 1(a) is σ(k). The instability grows only

in the low-wavenumber regime

k < kcrit ≡ ξB , (3.9)

and takes the maximum of σmax = ηξ2B/4 when kmax = ξB/2. The mode with k > kcrit
is suppressed due to the magnetic diffusion. In our simulation, the size of the CMC is

determined so as to correctly capture the linear exponential growth of this instability, that

is ∆ ≪ λcrit ≪ L where L is the size of the simulation domain, N is the number of the

simulation grid, ∆ ≡ L/N is the grid size, and λcrit ≡ 2π/ξB is the minimum wavelength

for the instability.

The simulation domain is a cubic priodic box with the size L. The length unit is chosen

to be L = 1. The system of equations is normalized by the initial uniform density (ρ0 = 1)

and pressure (P0 = 1). The units of velocity and time are then given by v0 ≡
!
P0/ρ0 = 1

and t0 ≡ L/
!
P0/ρ0 = 1.

The fundamental equations are solved by the second-order Godunov-type finite-difference

scheme that employs an approximate MHD Riemann solver (Sano et al. 1998; Masada et

al. 2015). The magnetic field evolves with the Consistent MoC-CT method (Evans &

Hawley 1988; Clarke 1996). The constant uniform diffusivities ν = 0.1, η = 100, and the
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ties. The dashed-line is the prediction from the linear dispersion relation.
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bation (∝ exp[ik · r − σt]) to the induction equation (3.4) with the stationary uniform

background state, the linear dispersion equation

σ = −ηk2 + ηξBk , (3.8)

can be obtained, where k = |k|. Shown in Figure 1(a) is σ(k). The instability grows only

in the low-wavenumber regime

k < kcrit ≡ ξB , (3.9)

and takes the maximum of σmax = ηξ2B/4 when kmax = ξB/2. The mode with k > kcrit
is suppressed due to the magnetic diffusion. In our simulation, the size of the CMC is

determined so as to correctly capture the linear exponential growth of this instability, that

is ∆ ≪ λcrit ≪ L where L is the size of the simulation domain, N is the number of the

simulation grid, ∆ ≡ L/N is the grid size, and λcrit ≡ 2π/ξB is the minimum wavelength

for the instability.

The simulation domain is a cubic priodic box with the size L. The length unit is chosen

to be L = 1. The system of equations is normalized by the initial uniform density (ρ0 = 1)

and pressure (P0 = 1). The units of velocity and time are then given by v0 ≡
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P0/ρ0 = 1

and t0 ≡ L/
!
P0/ρ0 = 1.

The fundamental equations are solved by the second-order Godunov-type finite-difference

scheme that employs an approximate MHD Riemann solver (Sano et al. 1998; Masada et

al. 2015). The magnetic field evolves with the Consistent MoC-CT method (Evans &

Hawley 1988; Clarke 1996). The constant uniform diffusivities ν = 0.1, η = 100, and the
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• The energy relation ∂µTµ0 = F 0λjλ to the leading order in |v| ≪ 1,4

∂tϵ+∇ · [(ϵ+ P )v] = j ·E. (2.15)

For simplicity, below we will ignore the contributions of the CVE, fluid helicity, and

the cross helicity, such that we shall focus on the modifications to hydrodynamic turbulent

behaviors due to the CME and chiral anomaly. In this case, the chiral MHD equations are

summarized as follows:

• The transport equations for the fluid velocity v and the magnetic field B,

(ϵ+ P )(∂t + v ·∇)v = −∇
!
P +

B2

2

"
+ (B ·∇)B + ν∇2v , (2.16)

∂tB = ∇× (v ×B) + η[∇2B +∇× (ξBB)]. (2.17)

• The local chiral anomaly relation,

∂tn =
η

4π2
(∇×B − ξBB) ·B . (2.18)

• The energy relation,

∂tϵ+∇ · [(ϵ+ P )v] = j ·E, (2.19)

where

E = −v ×B + η(∇×B − ξBB). (2.20)

2.2 System with right- and left-handed chiral fermions

It is now straightforward to generalize the chiral MHD to a system with right- and left-

handed chiral fermions. We denote the charge density, chemical potential, and current of

right-handed chiral fermions as nR, µR, and jR, respectively (and similarly for left-handed

fermions). The vector and axial charge densities etc., are defined as

nV ≡ nR + nL, nA ≡ nR − nL, (2.21)

jV ≡ jR + jL, jA ≡ jR − jL, (2.22)

µV ≡ 1

2
(µR + µL), µA ≡ 1

2
(µR − µL) . (2.23)

• The transport equations for the fluid velocity v and the magnetic field B are the

same as Eqs. (??) and (??):

(ϵ+ P )(∂t + v ·∇)v = −∇
!
P +

B2

2

"
+ (B ·∇)B + ν∇2v , (2.24)

∂tB = ∇× (v ×B) + η[∇2B +∇× (ξAB)], (2.25)

4The right-hand side can also be written in terms of v and B using the relations above.
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カイラルMHD方程式とダイナモ方程式の共通項
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As described in Yamamoto (2016), the chiral magnetic effect destabilizes the system

and induces the amplification of the magnetic field. When adding the plane-wave pertur-

bation (∝ exp[ik · r − σt]) to the induction equation (3.4) with the stationary uniform

background state, the linear dispersion equation

σ = −ηk2 + ηξBk , (3.8)

can be obtained, where k = |k|. Shown in Figure 1(a) is σ(k). The instability grows only

in the low-wavenumber regime

k < kcrit ≡ ξB , (3.9)

and takes the maximum of σmax = ηξ2B/4 when kmax = ξB/2. The mode with k > kcrit
is suppressed due to the magnetic diffusion. In our simulation, the size of the CMC is

determined so as to correctly capture the linear exponential growth of this instability, that

is ∆ ≪ λcrit ≪ L where L is the size of the simulation domain, N is the number of the

simulation grid, ∆ ≡ L/N is the grid size, and λcrit ≡ 2π/ξB is the minimum wavelength

for the instability.

The simulation domain is a cubic priodic box with the size L. The length unit is chosen

to be L = 1. The system of equations is normalized by the initial uniform density (ρ0 = 1)

and pressure (P0 = 1). The units of velocity and time are then given by v0 ≡
!

P0/ρ0 = 1

and t0 ≡ L/
!

P0/ρ0 = 1.

The fundamental equations are solved by the second-order Godunov-type finite-difference

scheme that employs an approximate MHD Riemann solver (Sano et al. 1998; Masada et

al. 2015). The magnetic field evolves with the Consistent MoC-CT method (Evans &

Hawley 1988; Clarke 1996). The constant uniform diffusivities ν = 0.1, η = 100, and the
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乱流α効果	
(磁場の誘導項)

乱流磁気拡散		
(磁場の散逸項)

∂⟨B⟩

∂t
= ∇× (α⟨B⟩) + η∇2⟨B⟩ (1)

∂t⟨B⟩ = ∇× (α⟨B⟩) + η∇2⟨B⟩ (2)

1

●	カイラルMHD方程式

●	ダイナモ方程式 Chiral	Magne1c	Effect同じような効果をもたらす
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Figure 1. (a)Dispersion relation of the instability induced by the chiral magnetic effect. The hori-
zontal and vertical axes are normalized respectively by kcrit = ξB and σmax = ηξ2B/4. (b)Temporal
evolution of the volume-averaged magnetic (red), kinetic (blue), and thermal (green) energy densi-
ties. The dashed-line is the prediction from the linear dispersion relation.

As described in Yamamoto (2016), the chiral magnetic effect destabilizes the system

and induces the amplification of the magnetic field. When adding the plane-wave pertur-

bation (∝ exp[ik · r − σt]) to the induction equation (3.4) with the stationary uniform

background state, the linear dispersion equation

σ = −ηk2 + ηξBk , (3.8)

can be obtained, where k = |k|. Shown in Figure 1(a) is σ(k). The instability grows only

in the low-wavenumber regime

k < kcrit ≡ ξB , (3.9)

and takes the maximum of σmax = ηξ2B/4 when kmax = ξB/2. The mode with k > kcrit
is suppressed due to the magnetic diffusion. In our simulation, the size of the CMC is

determined so as to correctly capture the linear exponential growth of this instability, that

is ∆ ≪ λcrit ≪ L where L is the size of the simulation domain, N is the number of the

simulation grid, ∆ ≡ L/N is the grid size, and λcrit ≡ 2π/ξB is the minimum wavelength

for the instability.

The simulation domain is a cubic priodic box with the size L. The length unit is chosen

to be L = 1. The system of equations is normalized by the initial uniform density (ρ0 = 1)

and pressure (P0 = 1). The units of velocity and time are then given by v0 ≡
!
P0/ρ0 = 1

and t0 ≡ L/
!
P0/ρ0 = 1.

The fundamental equations are solved by the second-order Godunov-type finite-difference

scheme that employs an approximate MHD Riemann solver (Sano et al. 1998; Masada et

al. 2015). The magnetic field evolves with the Consistent MoC-CT method (Evans &

Hawley 1988; Clarke 1996). The constant uniform diffusivities ν = 0.1, η = 100, and the
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分散関係（速度場無し）：
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zontal and vertical axes are normalized respectively by kcrit = ξB and σmax = ηξ2B/4. (b)Temporal
evolution of the volume-averaged magnetic (red), kinetic (blue), and thermal (green) energy densi-
ties. The dashed-line is the prediction from the linear dispersion relation.

As described in Yamamoto (2016), the chiral magnetic effect destabilizes the system

and induces the amplification of the magnetic field. When adding the plane-wave pertur-

bation (∝ exp[ik · r − σt]) to the induction equation (3.4) with the stationary uniform

background state, the linear dispersion equation

σ = −ηk2 + ηξBk , (3.8)

can be obtained, where k = |k|. Shown in Figure 1(a) is σ(k). The instability grows only

in the low-wavenumber regime

k < kcrit ≡ ξB , (3.9)

and takes the maximum of σmax = ηξ2B/4 when kmax = ξB/2. The mode with k > kcrit
is suppressed due to the magnetic diffusion. In our simulation, the size of the CMC is

determined so as to correctly capture the linear exponential growth of this instability, that

is ∆ ≪ λcrit ≪ L where L is the size of the simulation domain, N is the number of the

simulation grid, ∆ ≡ L/N is the grid size, and λcrit ≡ 2π/ξB is the minimum wavelength

for the instability.

The simulation domain is a cubic priodic box with the size L. The length unit is chosen

to be L = 1. The system of equations is normalized by the initial uniform density (ρ0 = 1)

and pressure (P0 = 1). The units of velocity and time are then given by v0 ≡
!
P0/ρ0 = 1

and t0 ≡ L/
!
P0/ρ0 = 1.

The fundamental equations are solved by the second-order Godunov-type finite-difference

scheme that employs an approximate MHD Riemann solver (Sano et al. 1998; Masada et

al. 2015). The magnetic field evolves with the Consistent MoC-CT method (Evans &

Hawley 1988; Clarke 1996). The constant uniform diffusivities ν = 0.1, η = 100, and the
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不安定条件：
（不安定条件が磁気拡散に依存しない）

→	擾乱磁場が自然に成長（初期磁場強度にも依らない）
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Figure 2. Sequential snapshots of the 3-dimensional structure of the magnetic field |B|. Panels
(a)–(f) are correspond to the normalized time t/τm = 3, 7, 11, 18, 21, 25.

uniform resolution of N3 = 1283 with the grid size of ∆ = L/N ≃ 8 × 10−3 are adopted

in all the models. The CMC of ξB = 20, providing λmin ≃ 0.16, is chosen for the fiducial

model. A random small “seed” magnetic field with the amplitude |δB| < 0.01 is introduced

when the calculation starts.

3.2 Fiducial Model

Figure 1b shows the temporal evolution of ϵmag (red), ϵkin (blue), and ϵth (green), where

the ϵmag ≡ ⟨B2/2⟩, ϵkin ≡ ⟨ρv2/2⟩, and ϵth ≡ ⟨P/(γ − 1)ρ⟩ are volume-averaged magnetic,

kinetic, and thermal energies. The normalization of time is the shortest linear growth time

of the instability, i.e., τm ≡ 1/σmax (see Fig. 1b). The black-dashed line is proportional to

exp(2σmaxt) = exp(2t̃) (prediction curve from the linear theory).

At the early evolutionary stage when the ϵkin is negligibly small, the ϵmag grows expo-

nentially according to the prediction from the linear theory and is amplified ∼ 1015 times.

The ϵth is amplified simultaneously due to the Ohmic dissipation of the electric current

generated by the chiral magnetic effect. As the ϵkin is amplified and approaches the ϵmag,

the growth of the ϵmag becomes gradually slower and finally saturates at around t ≃ 40τm.

In the saturated stage, the system maintains a magnetically-dominated and high-plasma-β

state with ϵmag/ϵth ≃ 0.05 and ϵkin/ϵmag ≃ 7× 10−5.

Sequential snapshots of the 3-dimensional structure of the magnetic and velocity fields

|B| and |v| are shown respectively in Figure 2 and 3. Panels (a)–(f) correspond to the nor-
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Figure 3. Sequential snapshots of the 3-dimensional struture of the velcity field |v|. Panels (a)–(f)
are correspond to the normalized time t/τm = 3, 7, 11, 18, 21, 25.
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Figure 4. The vector components of magnetic [(a)–(c)] and velocity [(d)–(f)] fields at the saturated
stage t = 29τm.
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Dynamo	and	Inverse	Cascade	by	Chiral	Magne1c	Effect①

• The vector current conservation (continuity equation) and the quantum violation of

the axial current conservation are given by

∂tnV +∇ · jV = 0 , (2.26)

∂tnA +∇ · jA =
η

2π2
(∇×B − ξAB) ·B , (2.27)

respectively, where

jV = σ(E + v ×B) + ξAB, (2.28)

jA = nAv + ξVB −D∇nA, (2.29)

with D being the diffusion constant and

ξV = ξB(µR, nR;T ) + ξB(µL, nL;T ), (2.30)

ξA = ξB(µR, nR;T )− ξB(µL, nL;T ), (2.31)

Here, we assumed the local charge neutrality by considering a sufficiently long time

scale such that the vector charge diffuses (while the axial charge does not necessarily

diffuse quickly due to the quantum anomaly).

• The energy relation is

∂tϵ+∇ · [(ϵ+ P )v] = jV ·E. (2.32)

3 Numerical results

3.1 Simulation Setup

The nonlinear property of the chiral MHD turbulence are studied by solving the fully-

compressible chiral MHD equations:

∂tρ = −∇ · (ρv) , (3.1)

ρDtv = −∇P + (∇×B)×B +∇ ·Π , (3.2)

Dtϵ = −P∇ · v + 2νρS2 + ηJ2 , (3.3)

∂tB = ∇× (v ×B) + η
!
∇2B +∇× (ξBB)

"
, (3.4)

∂tnA =
η

4π2
(∇×B − ξBB) , (3.5)

where Dt is the total derivative, ϵ is the specific internal energy, J = ∇×B is the current

density and η is the magnetic diffusivity. The viscous stress Π is written by Πij = 2ρνSij

with the viscosity ν and the strain rate tensor

Sij = (∂jvi + ∂ivj − 2δij∂ivi/3) /2 . (3.6)

From equation (2.7), the chiral magnetic conductivity (CMC) is related to the axial

charge density nA, in the limit of µ ≫ T , as

ξB =
3
√
6

8
π−4/3n1/3

A . (3.7)
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∂⟨B⟩

∂t
= ∇× (α⟨B⟩) + η∇2⟨B⟩ (1)

∂t⟨B⟩ = ∇× (α⟨B⟩) + η∇2⟨B⟩ (2)

∂tξB = f(B, ξB , η) (3)

1

(→	CMEは磁場の関数：飽和を与える)

(a) (b)

Figure 1. (a)Dispersion relation of the instability induced by the chiral magnetic effect. The hori-
zontal and vertical axes are normalized respectively by kcrit = ξB and σmax = ηξ2B/4. (b)Temporal
evolution of the volume-averaged magnetic (red), kinetic (blue), and thermal (green) energy densi-
ties. The dashed-line is the prediction from the linear dispersion relation.

As described in Yamamoto (2016), the chiral magnetic effect destabilizes the system

and induces the amplification of the magnetic field. When adding the plane-wave pertur-

bation (∝ exp[ik · r − σt]) to the induction equation (3.4) with the stationary uniform

background state, the linear dispersion equation

σ = −ηk2 + ηξBk , (3.8)

can be obtained, where k = |k|. Shown in Figure 1(a) is σ(k). The instability grows only

in the low-wavenumber regime

k < kcrit ≡ ξB , (3.9)

and takes the maximum of σmax = ηξ2B/4 when kmax = ξB/2. The mode with k > kcrit
is suppressed due to the magnetic diffusion. In our simulation, the size of the CMC is

determined so as to correctly capture the linear exponential growth of this instability, that

is ∆ ≪ λcrit ≪ L where L is the size of the simulation domain, N is the number of the

simulation grid, ∆ ≡ L/N is the grid size, and λcrit ≡ 2π/ξB is the minimum wavelength

for the instability.

The simulation domain is a cubic priodic box with the size L. The length unit is chosen

to be L = 1. The system of equations is normalized by the initial uniform density (ρ0 = 1)

and pressure (P0 = 1). The units of velocity and time are then given by v0 ≡
!
P0/ρ0 = 1

and t0 ≡ L/
!
P0/ρ0 = 1.

The fundamental equations are solved by the second-order Godunov-type finite-difference

scheme that employs an approximate MHD Riemann solver (Sano et al. 1998; Masada et

al. 2015). The magnetic field evolves with the Consistent MoC-CT method (Evans &

Hawley 1988; Clarke 1996). The constant uniform diffusivities ν = 0.1, η = 100, and the
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・一様等方媒質（periodic	box）	+	一様CME	
・fm	(10-15	m)	スケールの話	
・磁場に擾乱	→	inverse	cascade	→	15桁の磁気エネルギー増幅	



Figure 5. A series of spectra as a function of 3-dimensional wavenumber k =
!

k2x + k2y + k2z .

Panels (a) and (b) are for ϵmag and ϵkin. The horizontal axis in each panel is normalzied by
kB = 2π/L. The different color denotes the spectrum at different time (t̃ = t/τm)

malized time t/τm = 3, 7, 11, 18, 21, 25 in each figure. The vector components of magnetic

[(a)–(c)] and velocity [(d)–(f)] fields at the saturated state t = 29τm are also visualized

in Figure 4. From these, it can be found that the small-scale magnetic structure is spon-

taneously organized into the larger scale as time passes. The large-scale structure of the

velocity field is also developed at the nonlinear stage whilst it is less coherent than the

magnetic field.

The evolution of the energy spectrum also confirms the growth of the instability and

the formation of the large-scale structure. A series of spectra of ϵmag and ϵkin as a function

of k =
!

k2x + k2y + k2z are demonstrated in Figure 5a and 5b. The horizontal axis is

normalzied by kB = 2π/L. The different color denotes the spectrum at different time.

The linear unstable mode with k ! kcrit = ξB (= 20) begins to grow initially. The

energy injection scale seems to be a bit smaller in the flow field than in the magnetic

field. The energy directly cascades to the smaller scale after the evolution of the linearly

unstable scale. Since the CMC ξB becomes smaller with the amplification of the magnetic

field as will be shown in Figure 7 later, the energy injection scale becomes larger with time.

This induces the inverse cascade of the energy and then forms the remarkable large-scale

strcutures of the magnetic and flow fields.

Figure 6 is a comparison between the energy spectra ϵmag(k) (red) and ϵkin(k) (blue)

at the saturated stage (t = 35τm). The reference slopes, proportional to k−2 and k−5/3,

are also shown by dashed-line here. In the regime k ! kcrit, the ϵmag(k) is characterized

by a slope with the exponent close to −2 while the ϵkin(k) follows the Kolmogorov’s 5/3

law. Both ϵmag(k) and ϵkin(k) have a steeper slope (∝ k−4) in the regime with the higher

wavenumber. These are compatible with the theory of the isotropic MHD turbulence in

the magnetically-dominated plasma (??).
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Figure 6. The energy spectra ϵmag(k) (red) and ϵkin(k) (blue) at the saturated stage (t = 40τm).

(a) (c) (b) 

Figure 7. (a)Evolution of the volume-average of the ξB . Evolutions of the induction terms in the
early evolutionary stage (b) and the late nonlinear stage (c). Note that the absolute value of each
induction term is depicted only in the panel(b).

One of our intersts is the saturation mechanism of the chiral MHD turbulence. Figure

7a shows the evolution of the volume-average of the ξB. The vertical axis is normalized by

the initial value of it. The CMC is maintained at an almost constant value during the early

exponential growth stage of the ϵmag. It begins to decrease drastically after the evolution
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Dynamo	and	Inverse	Cascade	by	Chiral	Magne1c	Effect②

1.	特徴的な波数（kcrit）	
				から成長がスタート
2.	inverse	cascade

3.	磁場に引きずられて	
　速度場も成長

Figure 6. The energy spectra ϵmag(k) (red) and ϵkin(k) (blue) at the saturated stage (t = 40τm).

(a) (c) (b) 

Figure 7. (a)Evolution of the volume-average of the ξB . Evolutions of the induction terms in the
early evolutionary stage (b) and the late nonlinear stage (c). Note that the absolute value of each
induction term is depicted only in the panel(b).

One of our intersts is the saturation mechanism of the chiral MHD turbulence. Figure

7a shows the evolution of the volume-average of the ξB. The vertical axis is normalized by

the initial value of it. The CMC is maintained at an almost constant value during the early

exponential growth stage of the ϵmag. It begins to decrease drastically after the evolution
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of the magnetic field entering the nonlinear stage, and is finally saturated at a certain value

of ≃ ξB,init/5 when around t ≃ 40τm.

The question naturally arises as to how the saturated state is maintaned. To check

it, we study the evolution of the induction terms QvB, Qd, and QCME, which are defined,

with using equation (3.4), by

∂

∂t

!
B2

2

"
= ⟨B · [∇× (v ×B)]⟩+

#
ηB ·∇2B

$
+ ⟨ηB · [∇× (ξBB)]⟩

= QvB +Qd +QCME , (3.10)

where angular brakets denotes the volume average. Figure 7b shows the evolution of the

induction terms in the early evolutionary stage and Figure 7c is for the late nonlinear stage.

Note that the absolute value of each induction term is depicted only in the panel(b).

It should be robust that the QCME dominates over the other terms in the early evolu-

tionary stage. In contrast, we found that the saturated chiral MHD turbuelence is sustained

by the balance between “the generation of the ϵmag due to the chiral magnetic effect” and

“the dissipation of it by the ohimic diffusion”. Since the usual hydrodynamic induction

effect QvB is negligibly small, it makes little contribution to the energy balance in the

system.

3.3 Effect of ξB

The impact of the size of ξB on the properties of the saturated chiral MHD turbulence is

studied.
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- εmag	(k)	∝	k-2

- 	εkin	(k)	∝	k-5/3

・超新星内部の追加の	
　エネルギー源？	
	（磁場	→	熱	→	運動）　

・超新星内部で大きな	
　構造を生む起源？

・磁場・速度場の最終的な	
　飽和構造がどうなるか？

●	どんな役割？

●	今後の課題：



Summary
1.	熱対流ダイナモの	
				ベンチマークモデル

2.	熱対流ダイナモの励起条件 3.	カイラル対称性の破れ	
					が担う超新星ダイナモ

	（Bushby,	Kapyla,	Masada,		
					Brandenburg+17）

(Masada,	Takiwaki,	Kotake,		
		Yamamoto	2018	in	prep.)

	（Masada	&	Sano	2018,	in	prep.）
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Figure 2. Sequential snapshots of the 3-dimensional structure of the magnetic field |B|. Panels
(a)–(f) are correspond to the normalized time t/τm = 3, 7, 11, 18, 21, 25.

uniform resolution of N3 = 1283 with the grid size of ∆ = L/N ≃ 8 × 10−3 are adopted

in all the models. The CMC of ξB = 20, providing λmin ≃ 0.16, is chosen for the fiducial

model. A random small “seed” magnetic field with the amplitude |δB| < 0.01 is introduced

when the calculation starts.

3.2 Fiducial Model

Figure 1b shows the temporal evolution of ϵmag (red), ϵkin (blue), and ϵth (green), where

the ϵmag ≡ ⟨B2/2⟩, ϵkin ≡ ⟨ρv2/2⟩, and ϵth ≡ ⟨P/(γ − 1)ρ⟩ are volume-averaged magnetic,

kinetic, and thermal energies. The normalization of time is the shortest linear growth time

of the instability, i.e., τm ≡ 1/σmax (see Fig. 1b). The black-dashed line is proportional to

exp(2σmaxt) = exp(2t̃) (prediction curve from the linear theory).

At the early evolutionary stage when the ϵkin is negligibly small, the ϵmag grows expo-

nentially according to the prediction from the linear theory and is amplified ∼ 1015 times.

The ϵth is amplified simultaneously due to the Ohmic dissipation of the electric current

generated by the chiral magnetic effect. As the ϵkin is amplified and approaches the ϵmag,

the growth of the ϵmag becomes gradually slower and finally saturates at around t ≃ 40τm.

In the saturated stage, the system maintains a magnetically-dominated and high-plasma-β

state with ϵmag/ϵth ≃ 0.05 and ϵkin/ϵmag ≃ 7× 10−5.

Sequential snapshots of the 3-dimensional structure of the magnetic and velocity fields

|B| and |v| are shown respectively in Figure 2 and 3. Panels (a)–(f) correspond to the nor-
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(a) Ro = 0.09 (τcv = 31)

(d) Ro = 0.005 (τcv = 54)

(b) Ro = 0.04 (τcv = 34)

(c) Ro = 0.015 (τcv = 44)
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Fig. A.2. Horizontally-averaged horizontal magnetic fields (normalised by the equipartition field strength) as functions of z and time for Code 1
(left), Code 2 (middle) and Code 3 (right). Note that the time-axes for Codes 2 and 3 have been shifted by 420 turnover times and 480 turnover
times (respectively) for ease of comparability with Code 1.

Fig. A.3. Volume-averaged horizontal (squared) magnetic fields, B̃2
x/B

2
eq (blue) and B̃2

y/B
2
eq (red), as functions of time for Code 1 (left), Code 2

(middle) and Code 3 (right). For each code, the black dotted line shows (B̃2
x + B̃2

y)/B
2
eq as a function of time. Note that the sampling time for the

mean fields is less frequent in the right-hand plot than in the other two.

Fig. A.4. Typical power spectra of velocity (black lines) and magnetic field (red lines) from the middle of the convective layer for Code 1 (left),
Code 2 (middle) and Code 3 (right). In each case, the inset shows the smallest wavenumbers to illustrate that the magnetic field peaks at k = 0.
All spectra quantities are normalised by the average kinetic energy at zm during the nonlinear phase.

linear dynamo solution is therefore an excellent benchmark can-
didate.
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